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Abstract. We investigate the question of the rate of mixing for observables of a 74 -extension of a probability preserving dynamical
system with good spectral properties. We state general mixing results, including expansions of every order. The main motivation
of this article is the study of mixing rates for smooth observables of the Zz—periodic Sinai billiard, with different kinds of results
depending on whether the horizon is finite or infinite. We establish a first order mixing result when the horizon is infinite. In the
finite horizon case, we establish an asymptotic expansion of every order, enabling the study of the mixing rate even for observables
with null integrals. This result is related to an Edgeworth expansion in the local limit theorem.

Résumé. Cet article est une contribution a 1’étude du mélange d’observables de systémes dynamiques préservant une mesure
infinie. Nous étudions le cas de Z9-extensions de systemes dynamiques probabilisés ayant de bonnes propriétés spectrales. Nous
établissons des résultats généraux et les illustrons par plusieurs exemples. Notre motivation principale est 1’étude de la vitesse
de mélange pour des observables régulieres du billard de Sinai Z2—péri0dique, pour lequel nous obtenons des résultats de types
différents selon que 1’horizon soit fini ou infini. Nous établissons un résultat de mélange du premier ordre lorsque 1’horizon est
infini. Dans le cas ou I’horizon est fini, nous établissons un développement asymptotique de tout ordre, permettant I’étude de la
vitesse de mélange pour des observables d’intégrale nulle. Ce dernier résultat est relié a un développement de Edgeworth dans le
théoreme limite local.
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Introduction

Let (M, v, T) be a dynamical system, that is a measure space (M, v) endowed with a measurable transformation
T : M — M which preserves the measure v. The mixing properties deal with the asymptotic behaviour, as n goes to
infinity, of integrals of the following form

Cu(f, 8 :=/ fgoT"dv,
M

for suitable observables f, g : M — C.

Mixing properties of probability preserving dynamical systems have been studied by many authors. It is a way
to measure how chaotic the dynamical system is. A probability preserving dynamical system is said to be mixing if
Cn(f, g) converges to |, ufdv / 1 & dv for every pair of square integrable observables f, g. When a probability pre-
serving system is mixing, a natural question is to study the decorrelation rate, i.e. the rate at which C, ( f, g) converges
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to zero when f or g have null expectation. This crucial question is often a first step before proving probabilistic limit
theorems (such as central limit theorem and its variants). The study of this question has a long history. Such decays
of covariance have been studied for wide classes of smooth observables f, g and for many probability preserving
dynamical systems. In the case of the Sinai billiard, such results and further properties have been established in [5-10,
33-35,37].

We are interested here in the study of mixing properties when the invariant measure v is o -finite. In this context, as
noticed in [20], there is no satisfactory notion of mixing. Nevertheless the question of the rate of mixing for smooth
observables is natural. A first step in this direction is to establish results of the following form:

lim anCn(f,g)Z/ de/ gdv. (1)
n——+00 M M

Such results have been proved in [4,16,21,22,36] for a wide class of models and for smooth functions f, g, using
induction on a finite measure subset of M. We emphasize on the fact that these works, done in other contexts, provided
just an estimate of the form (1), with possibly an expansion of 1/« and an estimate of the rate of convergence, but
not an expansion of the form of the one we obtain here in our particular context.

An alternative approach, specific to the case of Z?-extensions of probability preserving dynamical system, has been
pointed out in [28]. The idea therein is that, in this particular context, (1) is related to an accurate local limit theorem.
In the particular case of the Z2-periodic Sinai billiard with finite horizon, it has been proved in [28] that

C,,(f,g):Z—O/Mfdv/Mgdv+o(n*1),

for some explicit constant cg, for some dynamically Lipschitz functions, including functions with full support in M.
This paper is motivated by the question of high order expansions of mixing and by the study of the mixing rate for
observables with null integrals. This last question can be seen as decorrelation rate in infinite measure. Let us mention
the fact that it has been proved in [30], for the billiard in finite horizon, that sums >, /| ul-fo Tk dv are well
defined for some observables f with null expectation. In the present paper, we use the approach of [28] to establish,
in the context of the Z2-periodic Sinai billiard with finite horizon, a high order mixing result of the following form:

onlfie) | ok
Calfr )= =5 +o(n™™). 2)
m=0
Our estimates are linked with Edgeworth expansions in the local limit theorem (see for example [3,14,15] for such
results in a probabilistic context and also [11] for such a result in a dynamical context).

The classical probabilistic context of Z¢-random walks, that is of partial sums Sy =3 y_, Xk of a sequence
(Xn)n>1 of independent identically distributed (iid for short) 74 -valued random variables corresponds, in terms of
dynamical systems, to a 74 -extension of the full shift, by considering M = z4 )N* x Z8, T ((xp)n, £) = ((kpse 1), £+
x1)and v = (PX1)®N* ® my with Py, the distribution of Xy and my the counting measure on 74 . In this context, if
f(x, €)= F(£), then the quantity C,,(f, g) for n > 1 can be rewritten

Z E[F(E)g((X,,+k)k, L+ S,/,)] = Z F(E)G(E/)]P’(S:l =¢ — E), with G(£) := E[g((Xk)k, E)] 3)
Lezd L0ezd

and thus its expansion is directly related to expansions of P(S), = £). As for the Green-Kubo formula, the expressions
we obtain for the coefficients ¢, (f, g) for m > 1 in the general case (general dynamical systems, or even in the iid
case when f(x,£) depends on an infinite number of coordinates of x) are complicated by the presence of sums of
covariances that vanish in (3) (see namely Section 3.2 for the case of Z¢-extensions of subshifts of finite type).

An important fact, that motivates our study, is that estimate (2) enables the study of the rate of convergence of
nCy(f,g) toco ufdv / 1 &dv and, most importantly, it enables the study of the rate of decay of C,(f, g) for
functions f or g with integral 0. In general, if f or g have zero integral we have

Cl(f’g)

n2

Cu(f,8)~

3
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but it may happen that

CZ(fv g)

n3

Cn(f 8)~

’

and even that C,,(f, g) = o(n™>). For example, (2) gives immediately that, if / uJfdv /, y &dv #0, then

Cn(f - fOT, g) = Cn(f’g) _Cn—l(fvg)

Ju fdv.[yygdv  ci(f—foT.g)

~ —c
n? n

and

Ca2f —foT —foT ' g)=Cu(f—foT,g—goT)
=2Cn(fvg)_cnfl(f9g)_CnJrl(f’ g)

N_zﬂ/ fdv/ edv_ @ = foTg=gol)
M M

n3 "3

General formulas for the coefficients will be given in Theorems 3.2, 3.7. In particular c1(f, g) and c2(f, g) will be
made precise in Theorem 1.3 and Remark 4.5 (see also Propositions A.3 and A 4).

We point out the fact that the method we use is rather general in the context of Z?-extensions over dynamical
systems with good spectral properties, and that, to our knowledge, these are the first results of this kind for dynamical
systems preserving an infinite measure.

We establish moreover an estimate of the following form for smooth observables of the Z>-periodic Sinai billiard
with infinite horizon:

C

0 /fdvf gdv—i—o((nlogn)_l).
ogn Ju M

Cn(f7g): nl

The paper is organized as follows. In Section 1, we present the model of the Z2-periodic Sinai billiard and we
state our main results for this model (finite/infinite horizon). In Sections 2 and 3, we state our general mixing results
for Z?-extensions of probability preserving dynamical systems for which the Nagaev—Guivarc’h perturbation method
can be implemented, with applications to Z?-extensions of Gibbs—Markov maps and of two-sided subshifts of finite
type. Whereas, in Section 2, we state a first order result, we establish, in Section 3, higher order expansions, which
are particularly useful in particular when at least one of the observables has null integral. In Section 4, we prove our
results for the Sinai billiard with finite or with infinite horizon. We complete our study with a computation of the first
coefficients in the case of the billiard with finite horizon (see also Appendix A).

1. Main results for Z2-periodic Sinai billiards

Let us introduce the Zz-periodic Sinai billiard (M, v, T).

Billiards systems model the behaviour of a point particle moving at unit speed in a domain Q and bouncing
off dQ with respect to the Descartes reflection law (incident angle = reflected angle). We assume here that Q :=
R2\ e Ull= 1(0; +¢), with I > 1 and where Oy, ..., Oy are convex bounded open sets (the boundaries of which
are C>-smooth and have non null curvature). We assume that the closures of the obstacles O; + £ are pairwise disjoint.
The billiard is said to have finite horizon if every line in R? meets d Q. Otherwise it is said to have infinite horizon.

We consider the dynamical system (M, v, T') corresponding to the dynamics at reflection times which is defined as
follows. Let M be the set of reflected vectors off 90, i.e.

M :={(q,9)€dQ x S':{ii(g), v) > 0},
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where 7i(g) stands for the unit normal vector to dQ at ¢ directed inward Q. We decompose this set into M :=
Uzez2 C[, Wlth

1
Co={(q.v)eM:qe| JOO;+0 .

i=1

The set Cy is called the ¢-cell. We define T : M — M as the transformation mapping a reflected vector at a reflection
time to the reflected vector at the next reflection time. We consider the measure v absolutely continuous with respect
to the Lebesgue measure on M, with density proportional to (g, V) — (ii(g), v) and such that v(Cy) = 1. We recall
that v is T'-invariant.

Because of the Z2?-periodicity of the model, there exists a transformation T : Cy — Co and a function « : Co — Z?
such that

V((g,9),£) €Cox Z*, T(qg+,0)=(q +C+k(g,v),V), ifT(qg, ) =(q,7). 5)

This allows us to define a probability preserving dynamical (M, v, T) (the Sinai billiard) by setting M :=Cy and
v = vic,. Note that (5) means that (M, v, T') can be represented by the Z2-extension of (M, v, T) by k. In particular,
iterating (5) leads to

Vi e N,VY((q,9),£) €Co x Z*,  T"(q+£,0) = (g, + £+ Su(gq, D), T,), (6)

if T"(q, V) = (¢, v,) and with the notation

n—1
Sy = ZK o Tk,
k=0
The set of tangent vectors Sy given by
So:={(g. V) € M :(v,7i(q)) =0}

plays a special role in the study of 7. Note that 7' defines a C L_diffeomorphism from M \ (Sp U T~1(Sp)) to M \
(Sp U T'(Sp)). Statistical properties of (M, v, T') have been studied by many authors since the seminal article [33] by
Sinai.

In the finite horizon case, limit theorems have been established in [6,8,10,37], including the convergence in distri-
bution of (S,,/+/1)x to a centered gaussian random variable B with nondegenerate variance matrix - given by:

2 ::ZE\;[K ®K0Tk], (7
keZ

where we used the notation X ® Y for the matrix ((x;y; + x;¥i)/2); j, for X = (x;);, Y = (y;); € C2. Moreover
a local limit theorem for S,, has been established in [34] and some of its refinements have been stated and used in
[13,26,27,29] for various purposes. Recurrence and ergodicity of this model follow from [12,25,31,32,34].

Concerning the infinite horizon case, to simplify the exposure of the results, we restrict ourself to the case where the
horizon is infinite in two directions (i.e. there exist two non parallel lines in R? meeting no obstacle). In the infinite
horizon case, results of exponential decay of correlation have been proved in [9,10]. A nonstandard central limit
theorem (with normalization +/n logn) and a corresponding local limit theorem have been established in [35], ensuring
recurrence and ergodicity of the infinite measure system (M, v, T'). This result states in particular that (S, /</nlogn),
converges in distribution to a centered Gaussian distribution with variance Ego given by

d? 5
Zgo = Z 5 o (K(x))® 7 ©
XES()QM‘TX:X |K(X)| Zl:l | l|
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where d, is the width of the corridor corresponding to x (where x = (g, v) € M N S is such that the line g + v is
contained in M), with the notation (x (x))®? := (k; () (X)), j=1,2-

Our main results provide mixing estimates for dynamically Lipschitz observables. Let us introduce this class of
observables. Let & € (0, 1). We consider the metric d¢ on M given by

Vx,yeM, di(x,y) =g,

where s is the separation time defined as follows: s(x, y) is the maximum of the integers k > O such that x and y lie
in the same connected component of M \ Uljsz T7/Sp. For every f: M — C, we write L¢(f) for the Lipschitz
constant with respect to dg:

|f(x) — f ()l
Le(f) :=sup ———2 22
£ jily) dg (x, y)

‘We then set

Ifll@) = Il flloo + Le (f).

Before stating our main result, let us introduce some additional notations.

We will work with symmetric multilinear forms. For any A = (A, . .i.)G1,..imell,...dyn and B =
(Biy,...it)iy.....ip)ef1,...ays With complex entries (A and B are identified respectively with a m-multilinear form on
C? and with a k-multilinear form on C¢), we define A ® B as the element C of Ci!- aym (identified with a sym-
metric (m + k)-multilinear form on C¢) such that

. ) 1
Vl], e lmyk € {19 ...,d}, Ci1 ,,,,, imtk — m Z Allg(l),.u,is(m) Bis(m+l) ,,,,, is(m+k)?
’ 566erk
with G,,+« the set of permutations of {1,...,m + k}. Note that ® is associative and commutative. For any A =

(Aiy, i) iy o) efl,dym and B = (Biy i), ipyell,....qyk Symmetric with complex entries with k < m, we define
A * B as the element C of C!l- ayn (identified with a (m — k)-multilinear form on (Cd) such that

Vi, .o im—k €{1,....d}Y Cij iy = > Aieocsim By 1o -

im—k+l ----- ime{l ----- d}

Note that when k =m = 1, A % B is simply the scalar product A.B. We identify naturally vectors in C¢ with 1-linear
functions and symmetric matrices with symmetric bilinear functions. For any C™-smooth function F : C¢ — C, we
write F for its mth differential, which is identified with a m-linear function on C%. We write A®* for the product
A®---® A. Observe that, with these notations, Taylor expansions of F at 0 are simply written

m

Z lF(k)(O) % x &k
k!

k=0
It is also worth noting that A % (B ® C) = (A x B) * C, for every A, B, C corresponding to symmetric multilinear
forms with respective ranks m, k, £ withm >k + £.

We extend the definition of k to M by setting k(g + £, v)) = k (g, v) for every (¢, v) € M and every £ € Z>. For
every k € Z and every x € M, we write Z; (x) for the label in Z? of the cell containing T¥x, i.e. Z; is the label of the
cell in which the particle is at the kth reflection time. It is worth noting that, for n > 0, we have Z,, — Zg = Zz;é koTk
andZ_, —To=—Y ;.  koTk

Now let us state our main results, the proofs of which are postponed to Section 4.3. We start by stating our result
in the infinite horizon case, and then we will present sharper results in the finite horizon case.
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1.1. Z2-periodic Sinai billiard with infinite horizon

Theorem 1.1. Let (M, v, T) be the_Zz—periodic Sinai billiard with infinite horizon. Suppose that the set of corridor
free flights {k(x),x € So,In #£0, T"x = x} spans R*. Let f, g : M — C be two dynamically Lipschitz continuous
functions (with respect to dg) such that

> (11, lloo + l181e, lloo) < 00 )

LeZ?

Then

1
fgoT"dv= (/ fdv/ gdv+0(l)).
/M 2my/det T2 nlogn \Jm M

1.2. Z2-periodic Sinai billiard with finite horizon

We consider now the finite horizon case. We recall that a first order expansion has already been stated in [28]. We
state here a result providing an expansion of every order for the mixing (see Proposition 4.4 and Theorem 3.7 for more
details).

Theorem 1.2. Let K be a positive integer. Let f, g : M — C be two dynamically Lipschitz continuous observables
such that

PR (I 1l + llgle, le)) < oo, (10)
LeZ?

then there exist co(f, ), ..., cx—1(f, g) such that

K-1

/M fgoT"dv= Z Cn:l(li’mg) +0(n_K).

m=0

Observe that Assumption (10) is a reinforcement of (9) (which is also the assumption appearing in [28]): first there
is an additional multiplicative factor |£/>X =2 linked to the order of the expansion we obtain, second the Lipschitz
constant appears in (10) (we use this fact to ensure existence and summability of some terms, called A,,, appearing in
the c;,,’s). We specify in the following theorem the expansion of order 2.

Theorem 1.3. Let f, g : M — R be two bounded observables such that

D 1P 1e Nl + llgle, lle) < oe.

Lez?
Then
/f.goT"dv:;{lf fdv gdv+LE‘2*2~lz(f,g)
M 2n/det 22 | Ju M 2n?
+%/Mfdv/Mgdv(z—2)®2*A4}+a(n—2), (11

with 72 = (22! and

fy(f.g) = — fM FdvB; (g) — fM g dvB(f) — /M Fdv /Mgdv%oJrZSBT(f)@‘Bf(g),



384 F. Pene

lim [ £(Z€*—mE?)dv,

m—+00 M

BI(f):

By (g):= lim [ g.(I3*—Im|Z?)dv,

m——0Q0

m—+00

M
B (= i [ fTaav B7@= tim [ eZ,an
M m—— M

Vo= lim (mT?—E;[sE?]),  As:=2r{" —3(z)%,

m—+00

with )»(()4) given in Proposition A 4.

Observe that we recover (4) since 2% X ™2 = 2 (since ¥ is symmetric), %T(f —foT)=0and %;(f —foT)=
»2 f M f dv. Indeed, on the one hand, by T -invariance of v,

BI(f—foT) =mErEoofM(f—foT).Imdu=mEr£OO/Mf.(Im —Tp_1)dv

m—+00 7

m—+00 M
:/ Fd\';./ K dv =0,
M M

with F(q, V) :=)",cz2 f (g +¢, V) and where we used exponential mixing (recalled in Proposition A.2). On the other
hand

= lim [ fkoT™dv= lim FuxoT™dv
M

BI(f—foT)= lim [ f(T22-T2%)

m—+00 M

m—2
= lim f.<K®20Tm_l +2Z(K0T’<)®(KOT"’—1)> dv
M

m—+00
k=0

m—400 M

m—2
= lim [ F. <K®2 oT" ' 4+2) (ko T*)® (ko T’"—l)) dv
k=0

m—1
lim / deEg|:K®2+2ZK®KOTk:|=22/ fdv. (12)
m—>+00 s = M

Indeed, using again exponential mixing (Proposition A.2), for 0 < k <m — 1 and the remark thereafter,

/_ <F—/_ Fdﬁ).xof"@;cofm—ldﬂ: O((Lf + IF o) 0d)
M M

/(F—/ Fdl_)).KoTk(X)KoT'"]d\_)
v W

=/ (F—/ FdD)oT_k_l./coT_l(X)Kon_k_zdl_)
M M

(Lot o + 1F ) 95 772)

(
(LF+1Flloc)05 ™ 2),

and
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and so
- = “m—1 ;= —k—=2,k 7
[ (p - de),c o T* @i o T di = O((LE + | Flloo) 9520 — (93,
M M
which, combined with (7), gives (12).
Remark 1.4. Note that

By (f) = Z / f‘(KOTj®KOTm_ED[KOT'j®KOTn1])dU

Jj.m=>0

+/ fZggzdv—i—ZZ/ f.%@KoT"’dv—%O/ fdv,
M M M

m>0

B, @)= Z /Mg'(KOTj®KOTm—EE[KOTj@)KoT’"])dU

Jjsm<—1
+/ g.Igbzdv—2Z/g.%@Kondv—%O/ gdv,
M m<-—1 M M
%T(f)=2f f.KoT'”dv—l—/ fTodv,
m=>0 M M

B (g =— Z /Mg.Kondv—l—/Mg.Iodv,

m<-—1

By = Z |m|IEf,[K ® Kk o 7_"'"]

mez

Corollary 1.5. Under the assumptions of Theorem 1.3, if [,, f dv =0and [,, gdv =0, then

2% (B () @B (9) ,2
ooT"dv = + .
/M 18 Y n22mw+/det X2 o(n )

Two natural examples of zero integral functions are 1¢, — lCel with ey = (1,0) or f1¢, with fCo fdv =0. Note
that

2
o)

— — n ~ —_—
/M((ICO 1Cel)~(1Co 1Ce1) oT )dv n227 (det £2)3/2°

with £2 = (0 i j=1,2 and that

1
/M(fICO(ICO - lce] ) o Tn) dv ~ —W Z ]Ef;[f.(o'zz,zl(‘l — 0'12)2162) 0] Tm],
m=>0

with ¥ = (k1, k2), provided the sum appearing in the last formula is non null. As noticed in introduction, it may
happen that (11) provides only fM f.g o T" = o(n~?). This is the case for example if fM gdv =0 and if f has the
form f(q+¢,9) = fo(g, v).he with E5[ fo] =0and )", hy = 0. Hence it can be useful to go further in the asymptotic
expansion, which is possible thanks to Theorem 3.7. A formula for the term of order n=3 when [,, fdv = [,, gdv =

Q~12 (f, &) = Ois stated in Remark 4.5 and provides the following estimate, showing that, for some observables, C,, (f, g)

has order n 3.
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Proposition 1.6. If f and g can be decomposed in f(q + ¢, ) = folg,0).he and g(q + £,7) = go(q, V).q¢ with
Es[fol=Es[gol=0and ) ,q¢ =", he =0 such that y_, ;> |€|4(||flcl e+ ligle, ll)) < oo. Then

322 BI(f)®B; (g) 3
. OTnd = + ,
/Mfg b 27+/det £2n3 i 4 o(n™)
with here
B3 (f) ®B; 8 . )
M = —(Z hg.ﬁ) ® (ZE‘;[fQ_K o T/]> ® (Z qg.@) ® < Z Ea[go./c o Tm]).
Le7? j=0 4=/ m<—1

2. First order expansions: General results and first examples

In this section, as in the next one, we state general results in the general context of Z¢-extensions over dynamical
systems satisfying good spectral properties. We consider a dynamical system (M, v, T') which is the 74 -extension of
a probability preserving dynamical system (M, v, T) by « : M — Z¢. This means that M = M x Z¢, v =9 @ my
where my is the counting measure on Z¢ and that T is given by

Vx,0) e M x 29, T(x,0) = (T(x), L +K(x)),
so that

Vx,0) eM x 29, ¥n>1, T"(x,0) = (T"(x), £+ Su(x)),

with S, := ZZ;& k o TX. Let P be the transfer operator associated to (M, v, T), i.e. the dual operator of f + foT
with respect to L*(9). Our method is based on the following key formulas:

/f-goT”dv= > EalfC0As5,—0—).8(T" (). )] (13)
M L0 ez?
= > B[P (gm0 /¢ )8 (- €)], (14)
.0 ezd
n _ 1 —itl pn( it.S, _ 1 —itf pn
P"(Lys,=01 f) = ) /[_M]de P"(e f)dt_—(zﬂ)d [_M]de P fdt, (15)

with P, f := P(eit* f). Note that (14) makes a link between the mixing properties of (M, v, T) and the local limit
theorem for (S,,), and that (15) shows the importance of the study of the family of perturbed operators (P;), in this
study.

2.1. General results

We will make the following general spectral assumptions about the family (P;); (or about other analogous families of
operators).

Definition 2.1. Let B, By be two complex Banach spaces, let (®,,), be a sequence of GL(d, R) and ® a probability
density function on R?.

We say that a family (Q;); satisfies Condition (H1) with respect to (B, Bo, (©y)n, ®) if (Qs)e[—z 7 1s @ family
of linear continous operators on 3 and if there exists b € [0, 7] such that

(i) B By,
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(i) there exist two constants C > 0 and @ € (0, 1) and three functions A. : [—b, b]¢ — C and I1., R. : [=b, b]? —
L(B, B) such that lim, g A, = 1 and lim,_,¢ [TT; — E;[-]11; |l (5,5, = 0 and such that, in L(B, B),

Vs €[=b,b1?, Qs=ATI3+ Ry, TRy =R, =0,  TI12=TIj, (16)
k k k k
sup [[RS | 5., = €O sup | 251 25,8, = €V (17
se[—b,bJd se[—m,x19\[-b,b]?

(iil) limy,— 4o |®;1| =0, ¥" = o(det 6;1), and the characteristic function of the distribution of density & is inte-
grable and has the form a, := e=¥©) and

Vs, )»:’@_IS ~e VO =gy, asn— 400 (18)

(wh_ere ! G),j1 stands~for the transpose matrix of @;1) and, for every n large enough, Vs € [—D, b]d, [AT] <
le=V(On9)| with e~V integrable on R.

Note that (16) ensures that
Vs e[—b,b)?, Q" =A\"TI; + R". 19)

Note also that, if (P;), satisfies Condition (H;) with respect to (B, By, (©,),, ®) with By — L!(M, v) and 1, €B,
then

n—+oo '©,'s n—>4too 'O, s n—-+oo

VseR!, eV = dim 2 = lim Eg[PL_ 1]= lim Eg[e 5],

and so (©, 1S,)n converges in distribution to a random variable ¥ of density ®. If ¥ has a non degenerate stable
distribution of index « € (0, 2] \ {1}, then ¥ has the following form

Y(s) = / |s.e|¢ (1 + tan %sign(s.t)) dr@) > cls|%, (20)
gl

where T is a Borel measure on the unit sphere sa-1 = {x e R?:x.x = 1}. If
Ay = eTVOLUSITY 4 o(|s|°‘L(|s|_1)), ass — 0,

with L slowly varying at infinity and ¥ as in (20), then Item (iii) of Condition (H) holds true with ®,, := a, Id with
a, = inf{x > 0: n|x|~¥L(x) > 1} which is 1/a-regularly varying and with ¥ (s) := exp(—% max (|s|*T, |s|°‘_£)>
d

’

(for any ¢ € (0, )). Indeed, there exists ng and b > 0 such that for every n > ng and for every s € [—a,b, a,b]

L(ISI_lan)>

M L (an)

a, ls

< exp(—ng|s|“a;°‘L(|s|—1an)> < exp(—§|s|“

< exp(—f1 max |5+ |s|“)),

using Karamata’s characterization of slowly varying functions.
Note that Condition (H;) allows also the study of situations with anisotropic scaling. We start with a simple
statement, the proof of which is short and contains the main ideas.

Theorem 2.2. Let B, By be two complex Banach spaces of functions f : M — C. Let (®,), be a sequence of
GL(d,R) and ® a density function on R?. Assume (Py) satisfies Condition (Hy) with respect to (B, Bo, (®,),, ®)
with By — Ll(M, v) and 1;; € B. Let f, g : M — C be such that

11+ := Y [ F 0 <00 and gl sy = [gC. 0] <oo,

tezd Lezd
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where || - || is the norm of B and with the notation ||u||3/0 1= SUPheBy: g, =1 |Es[u.h]|. Then
@0
/ f.goT"dv= © / fdv/ gdv+o(l)), asn— +oc.
M det®, \Ju M

Proof. For every positive integer n and every £ € Z¢, due to (15) and to Condition (H,), for every f € B3, the following
equalities hold in By:

1 w
PUsiea N = G [ e ML a0 (0" 111)

1 —zv(O 6)
= A” o I d o(v"
(2r)4 det ®, [@n[ b,b}d Era S5 ( ”f”)
1 —is.(O71) —(s)
= Fn Iy fd
1) det ©, /Rde ¢ of ds+eéncf
OO e @1
= ——- & s
det®, 0 e
with sup, llen.¢ll 28,8, = o(det®,; 1) due to the dominated convergence theorem applied to ||)Lr® . 1'[,9715
e VG )H()”‘C(B’Bo)ltgn[_b’b]d (s). Setting uy := f(-,£) and vy := g(-, £) and using (14), we obtain
O —0)
/ fgoT"dv=)" <§—®Eﬁ[ue]Ea[vz']+Ea[ve/8n,e/—z(ue)]
M e0ezd otOn
OO —10)
= > (&TEE[W]EEM +0( D lvelgllene—llcs.sylluel
e eezd " t.0ezd
®(©,' -0) i
= ) e EeludEslvel+E(f 9, 22)
e eezd "

1 3 det (;)ngn (f’g)
with limy—, o sup 7 . T8l g 1711+

and bounded (this classical fact comes from the fact that the characteristic function of Y is integrable combined with
the Lebesgue dominated convergence theorem), we obtain

= 0. Now, due to the dominated convergence theorem and since ® is continuous

n—lgr-loo CD(G)n_ (€' = €))Es[ue]Es[ve] = ®(0) Z Eslue]E; [vg/]_QD(O)/ fdv/ gdv,
L.0'ezd INGA
which ends the proof. O

We now state a more elaborate result.

Definition 2.3. Let pg, go € [1, +00]. Let V, W, Vo, Wy be four complex Banach spaces of functions f : M — C.
Let (®,), be a sequence of GL(d, R) and ® be a probability density function on R,

We say that (M, v, T) satisfies Condition (H; bis) with respect to (po, g0, V, W, W, Wo (@ I, P)if YV — Vo s
LPO(D) and W < Wy <> L9(D), if (M, v, T) is an extension of a dynamical system (A /L, r) byp: M — A and
if there exist two complex Banach spaces B, By of functions f : A — C such that By — L! (A @) and 1 € B and
such that:

e there exists an integer mg and a function # : A — Z9 such that & o p =k o T™0,
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o the family of operators (135 : f > Is(e"s"’? f ))s (with P the transfer operator of (&, [, 7)) satisfies Condition (Hj)
with respect to (B, By, (©,),, ),

e the sequence (det ®,), is a-regularly varying at infinity for some « > 0,

e there exist Cp > 0 and 8 > « such that, for every couple (f, g) € V x W and every integer n > my, there exists a
couple (f,, gn) € B x B} satisfying the following properties:

[ £oT" = fuop] g = Collflvn™.  goT" = guop| Lug, = Collglwn™.
Il fu o pliLroy < Coll fllvy, (23)

VieR, [P (e=i*Sn-mo f)lg = Collflly, and ||gne"’§"—'"0 HB(,) < Collgliw,

where S, := ZZ;(I) %otk

Theorem 2.4. Let V, W, Vy, Wy be four complex Banach spaces of functions f : M — C and po, qo € [1, +00] such
that % + qlo <1 and py > 1. Let (®,), be a sequence of GL(d,R) and ® a probability density function on R?.
Assume (M, v, T) satisfies Condition (Hy bis) with respect to (po, qo, V, W, Vo, Wo, (©)n, ®). Let f, g : M — C be
such that

S“ZIZ(”JC("Z)HVJF”g('vg)”vv)<°° and Y ([ £C O]y, + 8¢ 0] y,) < oo
te tezd

Then

/f.goT"dv: il (/ fdv/ gdv+0(1)), as n — +00.
M det®, \Ju M

Proof. Fix some b € (%, 1). Let k,, := |'nb1. Let fn(~,E) and g, (-, £) correspond to the functions (f (-, £))k, and
(g(-, £))x, given by (23). First note that, for n large enough, k,, > mo and

/M f-g oT"dv— Z E/l [fn ¢, e)l{gnofk;,fm():g/_g}gn ('En()7 Z,)]

0 eZd
= D B[/ C0Ys,—r—n8(T"O. )] = Ea[faC. O, ootimo_p_y&n (2" (). £)])
L0ezd
= D E[[f(T* )g(T" (), ) = fa(pO), )& (P(T" ) €) V5, 0700 =]
0 ezd
= Y E[([A(T*0) = fu(p(), O)]e(T" (), €) + fu(p(), ) [2(T"H (), €)) = 2 (p(T" (), £)])
00 ezd

X l{snofkn =e/—e}]~

Therefore

‘/M fgoT"dv— Z E;l[fn('v E)l{gno.[k;zmezg/_g}gn(‘En('), Z/)]

L0 ezd
< sup | (T 0) = fu(p). O], D N8(T" OO 5000y,
tez? ¢ eezd
DN Ity ACIOND] FRET S H G OND R ACIONS] 24)
el

L0 ezd
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=0( (sl 0l X 1)y, + s 5 )by X150l a7 @)

vezd tezd
=o(det®;'). (26)
Moreover,
Ea[fuCO1(g, 0zt -mo—pr— 8 (7" (). €)]

1 _iecpl_ A it.S otkn—mo A /A
=7§v/nmf'“f%dﬁu@w&’ "o (2" 0. €)]dt
— ot | B Fr 065 6 (20, )

1 oo A A A
- m/[ BB (B (L 0) G (- ) .

-7, 7T

where we used the fact that S, o £hn=m0 = §, — Skn_m() + Skn_mo o 7" and the notations I:"n,,(x, £) = f,, (x,0) x
e~ Sn=mo ™) and G, 1 (x, £) 1= gu (x, €)' Skn=mo ()
Moreover sup,, , ||f’,2k” An,,(-, Ol < Coll £, Dly,- Hence, due to Condition (H; bis),

Eafa G OLg, otimo—pr_8n (8" (). €')]

_ 1 —it(t'—20) prn- 2k, 2k, £ . A oy
- /[ BRI (P o 0) G ()] @7

(17Ol - )y 0 )

L OB G O B )]
[=b,b]

~ o
+O(£C 0y, 8 () [1,0"7). (28)
Moreover
> G | OB G O LB (B )]
eoegd b
_ Z / NG 12k t'—0))
e 7d det@n 2kn (27’[) O, an bb]d
XEu[G, g1 (ONTE g P (B g 0)]ds
n ""@n—ans ’ t®;712knb 'e,_ 2 S t@;lens ntO, Ly s
=o(det®, ) )+ Y ' Ex[Guo(- €)™V

Lvezd det ®n—2k,, (27T)d 1@y —2kp [—b,b)d

X HOﬁan S(FA;I,[®7_121( s(’g))]ds
n—2kp n n

1 )
Eaf8a (- ¢)]e”" VB[ fuC 0] ds

=o(det® ! _
“ n-,) Z det@,-ok, 1) Jo, y 1-bb1d

N2/

1
:o(det®;i2kn)+ Z —/RdE‘_’[g('a5/)]6_‘”(5)E.7[f(',5)]d5

toeTd det 67172k,, (zn)d
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=o0(det®, ") (O) / fdv/ gdv, (29)

where we used the change of variable s =70, _y, f, and three times the dominated convergence theorem together
with the fact that ®(0) = )d f]R —¥® dr, the fact that det ©,,_ 2k, ~ det®, as n — 4oo and the fact that

52k a 2 is.0- 1 (S2ky —Stu—m 2
Iy Pt()—l (Fn’l(a;—IanS(-’ g)) — Eﬁ.[fn(', 5)] _ E[L[(EH o2k (2 =Sk —mg) __ l)fn(', g)] —~0
as n — +oo (the facts that (®,;1 S’n),, converges in distribution and that || @;1 || = O imply that ®;_12kn (S‘zk” — S’k,’ —mg)

converges in probability to 0; moreover ||fn(-, Dl py < Coll £, Ollvy)-
We conclude by combining (26), (28) and (29). O

2.2. Application to 7.%-extensions of Gibbs—Markov maps

For Gibbs—Markov maps with respect to some partition 7, given @ € (0, 1), we consider the metric dg on M defined
by:

dp(x, y) 1= k=0 TEE) £ (TED)

where 7 (z) denotes the atom of 7 containing z.

Corollary 2.5. Let 6 € (0, 1). Assume that (M, , T) is a mixing Gibbs—Markov dynamical system with respect to
some partition 7 and that k : M — 74 is v-centered, aperiodic and uniformly Lipschitz continuous (with respect to
dy) on each atom of partition 7. Assume that the distortion of the jacobian is Lipschitz continuous with respect to
dg, for some 6y € (0, 1). Assume moreover that the distribution of k (with respect to v) belongs to the domain of
attraction of a nondegenerate symmetric stable distribution S of index belonging to (0; 2], with the normalization
On € GL(RY). Let f, g : M — C be such that

sup||f( O <oo and D | fC.0] [|g|dv<oo

Lezd
where ||h|| := ||h|lco + Ln, with Ly, the Lipschitz constant of h (with respect to dg). Then we have
n q>(o)
fgoT dv_ fdv gdv—l—o(l) asn — 400, (30)
M

where ® is the density function of S.

Observe that, if we apply Theorem 2.2, we obtain (30) under the stronger condition on f that ", 7a | f(-, O)|l <
0.

Proof. The fact that (M, v, T) satisfies Condition (H;) with respect to (B, B, (®,),, ®) where B is the set of Lip-
schitz continuous functions with respect to dmax(s,0,) 1S proved in [1,2]. We apply Theorem 2.4 with (A, n,T) =
(M, 9, T),p=id, mg=0, with V = B, with Vo = L®(¥) and with W = W, = L' (1), pg = 0o and go = 1. For every
couple (f, g) € V x W forevery n € N and every x € M, we take f;,(x) as the conditional expectation of f o 7" given
the 2n-cylinder Cy, (x) containing x, that is :

Con(x):={yeM:Vk=0,...,2n, yp = xi}
and g, (x) := g o T"(x). So that,

1foT" = full oy < IF16", 80" = gall 1y =00 I fulloo < I/l

”gngitgn_mo ||B/ =< Hgn HLl(ﬁ,) = ||g”W0
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The fact that || 13,2” (e Sa-mo JlB < Coll flleo follows from the next lemma applied with 6y instead of 6. |

Lemma 2.6. Letmg, N € Nwith N > 1and6 € (0, 1). Let (A, [, 7) be a probability preserving dynamlcal system en-
dowed wzth some metric dg : (x,y) — 055 (with s(£(x), T(y)) =s(x,y) — Lifs(x,y) > 1). Let ¢ : A— (0, 4-00)
and & : A — 74 be two measurable functions, Lipschitz continuous on every closed ball of radius 0. Assume that the
transfer operator of (A, {u, ©) has the following form:

Pg)y= > e ?9g().

zet~I({x))

Assume also that, for every x,y € A satisfying s(x,y) > 1 there exists a bijection Xy, y : T ({x) = 7 {y)) such
that, for every z € t=1{x)), s(z, Xx,y(2) =14 5(x,y). Then there exists Co > 0 such that, for every n, for every
function f : A — C constant on closed balls of radius 0>"*1, for every t € (—m, ), then

n—1
| PP (™50 £) | < Coll flloos  with 8y 1= & 0 2% and Pih:= P(e"*h),
k=0
where || - || stands for the Lipschitz norm. If moreover K is uniformly bounded then, for every j =1, ..., N, for every

function f: A — C constant on balls of radius 6%+ and for every t € (—m, 1),

Proof. Note that

A _ 22n—1
Pzng(x)= Z e PO+-+o( (Z))g(z).

zet =2 ({x})

9/ 2n

(P, (e =m0 )| < Con? 1 Floo-

Moreover, for every x,y € A such that s(x,y) > 1, and every n > 0, there exists a bijection .2, : $—2n {x}h) —

£727({y}) such that ¥z € 272" ({x}), $(z, Xx.y.21(2)) = s(x, y) + 2n. Note that ||13,2"(e—”5n Fllso < Il flloo. Let n be
fixed and let f : A — C be a function constant on balls of radius 921+l et x,y € A such that s(x, y) > 1, we have

5i 9/ . P
B (e =itS1-m F)@) = == (B (7m0 1) ()

@( ! atJ =

Z Ft,j(z) - Ft,j(Xx,y,Zn(Z)) s

zet=21({x))

20 2n—1 Rott ..
with F (o) = e D0 0F0G I o #tn)@ie Himmm ST £ (). By definition, £(2) = f (1x.y,20(2)) and
SO

|F;,/’(Z) - Ft,j (Xx,y,Zn(Z))|

2n—1 2n—1
< (Z £¢92n—k+s()€’)’)+ Z (1+|t|)ik02n—f+s()€»)’))(l_{_(n_'_mo)”klloo)/“fuoo

k=0 {=n—myo
gs@ M+ o
< 17(L¢ + L)1+ +mo) & lloo) (14 1£1) 11 f Nl

with L, := SUPx—£y:5(x,y)>1 W (and with convention co” = 1), and so

aj 132n

—itS _ I: +I:,? ~ j
o7 (B2 (e ) s||f||oo(2+e"1’j)(1+<n+mo)||x||oo)’(1+|r|). O
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3. Higher expansion: General results and first examples

We keep the context and notations (M, v, T), «, (M ,V, ]_‘), my, P, P; of the previous section. We are now interested
in higher order expansions. We will consider situations in which the asymptotic variance Zg of (n=1/? ZZ;(I) ko TH),

exists and in which (S, /4/n), converges in distribution to a centered Gaussian random variable with variance E%.
3.1. General results

We will reinforce Condition (H;) as follows. Notations k(()k), a(()k), l'[(()k) stand for the kth derivatives of A, a and I1
at 0.

Definition 3.1. Let 23 be a d-dimensional positive symmetric matrix. We say that a family (Qj); satisfies Condition
(H>) with respect to (5, K, L, J, 23) if it satisfies Condition (H;) with respect to (B, B, (/n1d),,, ®) with ® the
density function of the centered Gaussian distribution with variance >2 with IT and R both CX-smooth, with A
CL-smooth and such that

Ay — 1~ —(s) = —Eo*s ®2 ass—0, (31)
and Vk<J,A(()k) (k) with g, = eV ®,

Theorem 3.2. Let Eg be a d-dimensional positive symmetric matrix. Let K, L, J be three integers such that K > d,
3<J<L+1and % — % > % Assume (Py)s satisfies Condition (Hy) with respect to (B, K, L + 1, J, 23) with
B LY(M, D) and 1, € B. Let f, g : M — C be such that

Y (£ 0] g+ ¢ 0] 5) < oo (32)
Lezd

Then

L gt @D (E2E)

o (Ba[g (- )T (£ )] ® (17 /a")))
n-_2

/fgoT"dv— > Z

Y
0.0'ezd m= o (])'
—i—o(n*%), (33)

with @ the density function of the centered Gaussian distribution with variance Zg. If moreover )", 74 e qf,
Olls+11gC. Olig) < oo, then

ij+m cD(j+m+r) 0) )
fgoT"dv = Z _ ( — *(A”/a”)oj)
/M P j’rm!ru! T
K+d

£ 3 (=0 @Eg[g(- )" (£, 0)] +o(nF), (34)

L0 ezd

where the sum is taken over the (m, j, r) with m, j, r non negative integers such that j +m +r € 27 and such that
ot | L)< K/2(som, j,r <L).

Observe that

|
=% ~ (A" - () )™ (35)

mi!---ml(n—my—---—m
kimi+tkomy=j i : )t

where the sum is taken over r > 1, my, ..., m, > 1,k > --- > k; > J (this implies that m| +---+m, < j/J). Hence
" /a”)(] ) is polynomial in 1 with degree at most | j/J].
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Remark 3.3. Note that, since @ is even, (34) provides an expansion of the following form

NN en(fe) b oln"E)

fgoT"dv=
/M ”;) n2+m
Observe that
iV N —it.(t=t)yn gzg*z@ﬂn _.N (=i)" —it. =) (g _ ¢ H(m) A @)
Nioiv L e d=i" ) e (¢ -0 en™ & (1"/a")]
m+j+r=N
_ Z i/ efit‘(efz/)[(e/ —E) ® H(m) ()»”/a )(])]
B m!jlr! !
m+j+r=N
Therefore, we obtain the following
Remark 3.4. If IT is CL-smooth, the right hand side of (34) can be rewritten
L
q><N>(0) aN e N  K+d
N g (Elg (L€)AL £ 0] o(n ).
0 (¥"), due to (19), it can also be rewritten
K+d

53y

P

If moreover sup,,,_o 1 SUp,e—p ppe I (R} )(m)”(B B) =
R EUE . 1524®
g (1), ) e 07, o+ o

NN () 9V
! © *at—N(IEg[f(-,Z)e

,,,,,

1
T Z NI
2 .
0,0'eZ4 N=0
Proof of Theorem 3.2. Up to reduce the value of b, we can assume that, for every ¢ € [—b, b, A < N2 Due to

(15) and to (19), in L(B, B), we have
1 / e—it.EPtn(.) dt
[-m,7)d

P"(I(s,=¢)") =
(Igs,=¢y°) )
/ i e NI () dt + O (9")
[—b.b]

1
= o
_;/ g_il.%}\," I1 ()dt+0(l9n)
(277)‘171% [—by/n,byn)? TN I
K
—it. 1 (m) t®m ked
fA" — ™) % di 2y
e t/J/n Om! 0 “) Z +0(n )
K—-1 1
m=0 m1 X

el
§ Ji-byabynl

2m)dnz
due to the dominated convergence theorem since there exists x, NS (0, t/+/n) such that I, / [( )=

1< /2 and since

®m

tm +[(! ,/[()
K

— O |11% ar=o,

15" ()
(K)

] s

lim
N> 400 J[—b/n,by/nld
due to the Lebesgue dominated convergence theorem. Since 7 (A /a)(k) < O(nk/ Tt k) if k < J, there exists Ly > 0

L+1 |l‘|L+1
U T at)2-

such that
®j
t
(J) — = Cin
n T

L
n
)“t/ﬁ Z
i=0 n2
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Due to the conditions on L, J, K, we obtain

K
1 it 1 r®m
P (Ls,—¢) = 4d/ VI T Y 'n('”)()
(277,')‘1,}17 [—bﬁ,bﬁ]d m= Om

(1+Z M s )dt+o( R
ni

* j ¢ m n, n\( —Kid
Y Y a6 o) o).

m=0j=0N Sz m']'

This combined with (14) and (32) gives (33). We assume from now on that } ;.4 KN FCOI+1gC Ollp) < oo.
Recall that (A" / a”)(()j ) is polynomial in n of degree at most | j/J |. Hence, due to the dominated convergence theorem,
we can replace @m+J) (%) in (33) by

K—m—j+214] |
) S L G
—o rln

Hence we have proved (34). O

Corollary 3.5. Let 6 € (0, 1). Assume that (M, v, T) isa mixing Gibbs—Markov dynamical system with respect to
some partition 7w and that k : M — 7% is v-centered, aperiodic, bounded and uniformly Lipschitz continuous (with
respect to dg) on each atom of partition 7. Let f, g : M — C such that

2 (£ Ol + T8¢ Ol i g) <o

tezd

with || - || the Lipschitz norm associated to dg, then there exist co(f, g), ..., c|k/2)(f, &) such that

LK/ K+d
/fgoT"dv—Zn 2ck(fg)+0( T)

AW / 3
Z Zl N+d (N)<7) *at_N(El—}[f(~7£)e”Sng(.7E’)]eizg*ﬂ@z)lt:o

£.0'eZd N=0
Folr#),

where Eg is the asymptotic variance matrix of (Sy //M)n.

Proof. This is a direct application of Theorem 3.2 with L = 3K combined with the Nagaev—Guivarc’h’s method [1,
2,17,18]. O

For further applications, it may be useful to consider the case of extensions of systems, the transfer operator of
which has good spectral properties. We will make the following assumption.

Definition 3.6. Let 22 be a d-dimensional positive symmetric matrix. Let L, J be two positive integers and let V be
a complex Banach space of functions f : M — C. We say that the dynamical system (M, v, T) satisfies Condition
(H; bis) with respect to (V, L, J, 22) if (M, v, T) is an extension, byp: M — A of a dynamical system (A i, T)
with transfer operator P and if the following conditions hold true:
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e there exist a positive integer m¢ and a fi-centered bounded function & : A — 7% such that € op =k o T™0,
e the family of operators (P : f > P(e!** f)), satisfies Condition (H>) with respect to (B, L, L, J, 2(2)) with B —
L'(A, p), with 1 € B, and with

Vm=0.....L,  sup [(R)™] 4 =00")
ue[—b,b}4

e there exist Co > 0 and 6 € (0, 1) such that, for every f € V and every integer n > my, there exists f,, € I3 satisfying
the following properties:

||foT”—fnop||oo§C0||f||V9", VieR,Vj=0,...,L,

—S,,m j P —
i Of))HBSConJHfHV, VteR,Vj=0,...,L, (36)

H 8t! a

ztS,,,mO)

< Con’ ,
Haﬂ = Con'lgly

with §, := Y{ g & o £k,

Theorem 3.7. Let 22 be a d-dimensional positive symmetric matrix. Let K, L, J be three integers such that K > d,
3<J<L+1and % -7 % Let (V, || - lly) be a complex Banach space of functions f : M — C such that
V — L®°®). Assume (M, v, T) satisfies Condition (Hy bis) with respectto V, L+ 1, J, Eé). Let f,g: M — C such
that Y yca (1 F GOy + 18 ¢, Olly) < 00. Then, for every £, £’ € Z% and every N =0, ..., L, the following quantity
is well defined
N . _
AN(fC,0,8(-, )= lim (Es[ £, 0)."5n.g(T"(), e’)]x;”)lt:o 37)

n—-+oo 9tN

and

/ FaoT"dv (38)
M

L dMN (£=ty N

n N! 12 n 2 * —7 _K+d
D B D R LN S ) [ G A A U B E)
2T )

¢,¢'ezd N=0 "

/
N o (E20) ¢ (e 0650 ) )Y Lol ). o)
¢,0'ezd N=0 v

where @ is the density of a Gaussian distribution N (0, Eg).
If moreover Y,y IKULFC Oy + g, Oly) < oo, then there exists co(f, &), ..., cik /2 (f, 8) such that

jitm q;(j+m+r)(()) 1524452\())
/ f.goT"dv = Z p < Jrdtmtr ()‘n * )|; o)
M ", j, : n 2

m!r!
' mlrl]

£ Y (€ =0 @ A(f(, 0, g(- ) +o(n~ ) @1
L0 ezd
KR o
= Z nFIo(fig) +o(nm ), @
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where the sum over (m, j,r) is taken over the (m, j,r) with m, j,r non negative integers such that j +m +r € 27
and ™5+ — | 2| <K /2 (and j=0o0r j > J).

Proof. Up to reduce the value of b, we assume that, for every ¢ € [—b, b]d, A < N2 Let k, := [(L +
—L+é+d)logn/|log9|]. We consider fy, &, : A x Z¢ — C such that, for every £ € Z%, f,(-,£) and g,(-,£) corre-

spond to the functions (f (-, £))k, and (g(-, £))i, given by (36). Set also ¢, (-, £) := fn(p(f’k" (), £) and ¥, (-, £) :=
&n(p(T "1 (), £). Recall that, due to (25) and (27), we know that

1 PO N
fo-g"T"d” > W/[_bb]/_”“ OB BT (B (L 0) G ()] dt

L0ezd

+ O (0" + 9~ Hn), (43)
with £y ;(x, £) := fu(x, K)e_”s""*mo(x) and G,y (x, £) 1= g, (x, Z’)e”g""*’"o @) Moreover, for every t € [—b, b]¢,

Eﬁ[ﬁtn_an (ﬁZan An,[(,7 E))én,t(', K/)]egzg*mz

L
= (Bal P (FusC.0) G (- ,z/)]e%zé*f@)ffgo 18N

N=

+ 0((n(L+1)/J + ﬁ"ka"nLH)|t|L+le%23*t®2 ||f(-,€) ”V”g("e/) ”V)

o

(E‘_) [¢n(a E)eits” wn(fvn(_)’ e/)]g%Eg*t‘@z)l(tN:)O % t®N

Il
M=

=
I
)

+ 0((n(L+1)/J + ﬂn—zknnL-H)|t|L+le%E§*t®2 Hf(~, 0 ”v”g( Z/) Hv)
since P = A'TI, 4+ R" with (R")) = O(9") and (e T t(j) is in O(ni!! 5%+, Using the fact that

_ns2,,82 _Ltl+d _1v2,,®2 _Ltl+d
/ |t|L+l€ gEO*I dt =n ) / |t|L+1€ 620*1 dtZO(}’l > )’
Rd R4

and that
/ it (0=0) ;=352 QN 4,
[=b,b]

_N+td

L — 152, .®2
=n"2 il =0, @N — 355 4,

/[—bﬁ,bmf

_N+d — = C1§2,.,®2 _Ltl+d
=n= "3 | TN T gy o ()
R4

-7
S G !

we obtain

[ reomans 5 Sar e (2w fon e T, e

0,0'eZd N=0

= (n_HTHd+L%JkL'H_JL#J) —o(n_KTer)
= . — )
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But, for every N =0, ..., L,

|(E|} [¢n(a Z)eitSn 1//_11(7_-'}1()7 e/)]e%zg*[‘g’z)l(t]i)o _ (Eﬁ[f(, E)eitS"g(Tn('), e/)]e%zg*[‘g’z)l(t]\/:)o

<2| £ 0y e(- ) [,0%

=207 0ly-leC O o n™ <2 £ Ol g (- €) [yn

(eit.Sn o2 Eg*t®2)|(,N=)o ” L (D)

_L+l4d

due to the definition of &, and so we obtain (40). Let us prove that, for every N,
(A£G 0.8 ) = Es[ £ (. 0" g (T 0. €))L,
is a Cauchy sequence. For N =0, ..., L and 2k, <n <n+m <2n, we have
AN (FC 0. 8( ) = ANmam (FC 0.8 (- £))]
< |ANa($n G0 Y (- 0)) = AN (@0 G OV (L €) [+ O £ C O (- €) ,6%)
< [Ba((a7 B2 = a2y (B (e £ ) el Shommog (-, €))L
+o(™[feolyls( ) ],6")
_Ltl4d

=0((n"e" +2" ) fC Ol le (- O y) = 00> [ Ol ls (- €)y).

since A" P = 071, 4 AR and (R;Z)|(tjio = O(9"). Therefore, for every N =0,...,L and k, <n <

n + m, we obtain

sup|[Ana(FC. 0, 8( ) — AN nam (FC. 0, g (- €))]

m=>0
< sup_ |AN 200 (FC, 0, 8( €)= AN 20nim (F G, 0, g(-, €))|
pz()m: ..... Pn
_Ltltd , , _L
<o( X e olylst)ly ) = 0l ol et o) ).
p=0

Hence Ay (f (-, £), g(-, £)) is well defined and

_ L+d+1
)

ANa (¢ 0:8(-€)) = AN (fC 0.8~ )= O(| £ O g (- €) [

Hence we have proved (39) since (A" /a”)(()j ) is polynomial in n of degree at most | j/J | (due to (35)). Moreover, fix
some ng such that ng > 2k,,, then

| AN (F G0, 8( )] < [AN g (Do G, 05 Wy (- €)) [+ O (| £ G O |8 )
< |0 BT (B (g (1 0)) G () |+ O(| £ O 8¢ )]))
<o(|reofyle¢Oly)-

Thus, forevery N =0, ..., LAN(f G0, 8CENI < OULFCONvIEE €)y)-
Assume now ;7 XA GOl + llg(, ©)]ly) < oo. The proof of (42) follows exactly the same scheme as

the proof of (34) with Eg[vyl’[g") (u¢)] being replaced by A,, (f (-, £), g(-, £)). O
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3.2. Application to 7.%-extensions of mixing subshifts of finite type

In this subsection, we consider the case of a subshift of finite type on a finite alphabet A. Given a matrix B indexed
by A x A with 0-1 entries (such that there exists ng such that B"° has positive entries), we consider M as the set of
allowed sequences, i.e.

M = {x := (xn)nez € A% :¥n € Z, B(xy, Xn11) = 1}.
Given 6 € (0, 1), we consider the metric 8y defined on M by:

8o(x,y) == gmin{k= L7y or Xk #y—k}
We define the shift 7 : M — M by T ((xp)nez) = (Xu+1)nez. Let b be the Gibbs measure associated to some Lips-
chitz continuous potential z. Assume moreover that k : M — Z@ is Lipschitz continuous with respect to 8¢ (so k is

uniformly bounded) and is non-arithmetic.

Theorem 3.8. Let f, g : M — C be a couple of functions such that

S 1eE (e o)+ s o)) <o

tezd
with || - || the Lipschitz norm associated to dg. Then there exist co(f, g), ..., cx (f, g) such that
jitm s pltm+r) (0) 052,02\ (j)
/ f.goT"de Z - < . *()\’nefz()*t ).]_ >
1171 Jtdtmr ! [t=0
M mﬁij.r.J. nj >
1 r / _Kk+d
£ Y (€07 © An(FC0.5(-)) +oln~ ")
INEY/
LK /2]

=Y taf.g) ol ),
k=0

with Ay, () given by (37), with A, defined for t small enough by
Jc; £0, Ej [e”'s"] ~eA,  asn— 400,

and where the sum over (m, j, r) is taken over the (m, j,r) withm, j, r non negative integers such that j +m+r € 27
and w — 4] <K/2(and j =0 or j > J) and where ® is the density of the Gaussian distribution N'(0, £3),

and where 2(2) is the asymptotic variance of (n~'/? ZZ;& koThy,.
Proof. We apply Theorem 3.7. We consider (A, i1, T) the one-sided subshift of finite type:
A= (xn)nz0 1Y > 0, B, Xnp1) = 1}

and p((xp)nez) = (n)n>0, T((Xn)n>0) = (Xn+1)n>0 and [ the image measure of v by p. We endow A with the metric
5é+) defined by 8é+) (x, y) := gminte=Toxy}
We take B = By for the set of functions f ‘A —>C, Lipschitz continuous with respect to Sé“. Observe that there

exists mq such that « ((x,),ez) depends only on x_, ..., X, and so k o T0(x) only depends on coordinates of x
with non-negative indices. Therefore, there exists € : A — Z4 such that & o p =« o T™0 with £ ((xx)k>0) depending
only on xg, ..., X2m,-

Let f: M — C be a Lipschitz continuous function (with respect to dy). For every x € M and every n > 1, we
set f,(x) for the minimum of f over C,(x) :={y € M : V|k| < n, yx = x}. Observe that || f — fullcc < | f110".
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Since f,Z oT™ (x) depends only on XQ, .o X2n, there exists f;, : A — C such that faop= f,, o T", with fn((xk)k)
depending only on xo, ..., x2,. Let P be the transfer operator associated to (A i, 7) and P, f— P(e” & f). The

fact that ||(ﬁt2" (ef""s" "o f,,))(N)HB < Con"| flloo comes from Lemma 2.6. Moreover

Dueto [17] and [18], (ﬁ,)t satisfies (Hp) with respectto (B, L+1,L+1,3, Zg), with L = 3K and with s — Ilg, s —
Ry and s — Ay C*, (31) and SUPy, e[—p, b}d ||(RZ)('")||(B,B) = O (¥") for every m > 0. Hence, Theorem 3.7 applies.
Finally A satisfies B[] = E[e/*5"] = E4[P/1] = B4 [A/TT,1 + R"1] ~ A"E;[T1,1] for every s small enough,
moreover lim;—o E;[T1,1] =E;[ITp1] =1 #0. (|

J .
0 . (fnellsnfmo)
B,

<n' ||k )
v <n’lKkllzoll flloo

L(f)

=

o/ .
m (fneltsnfm() )

4. Sinai billiards with finite or infinite horizon
4.1. Some facts about young towers for billiards

Now, we come back to the case of Z2-periodic Sinai billiards, with the notations of Section 1. We use the dynamical
systems constructed by Young in [37] (Young towers). We won’t remind all the construction. We recall just the
properties we need. In [37], Young constructed two probablhty preserving dynamical systems | (A, t, 7) and (A, p, 1)
such that (A, i, 7) is an extension of both (M, v, T') and (A i, T) by, respectlvely, q: A — Mandp: A — A. Given
(any) p > 1, Young constructs a Banach space (B, || - |g) of functions f : A — C such that there exist co € (0,1) and
B € (0, 1) such that

|f ) = FO)
ol Fllagy <1 £l <N floo+  sup 2L (44)
x,ye&:sg(x,y)zo ﬂ ’
with ¢ such that 1 + ~ =1 and with so(x, y) some dynamical separation time on A satisfying the following property:

for every x,y € A (x 75 y), so(x, y) + 1 is smaller that the mlmmal integer k > 0 such that the sets q(p~ I({x})) and
q(p~'({y})) do not lie in same connected component of M \ Um —oT7"Sp. While the right hand side of (44) may
be 400 in general on B, its upperbound is not useful for every f € B, but only for bounded functions f, that are
Lipschitz continuous with respect to the metric g%,

We recall also that q(p_1 ({x})) is a piece of a stable manifold. Hence, for every measurable function f M - C
constant on every stable manifold, there exists f A — C such that f op = foq. In particular, there exists « : A7
suchthatfcoq—/cop

We set Sn = Zk _oko k. We recall that the transfer operator P of (A, i1, T) has the following form P glx) =
ZZE,_|({X}) e ?@g(z) with |p(2) —p(y)| < C,BSO(f(Z)'f(y)). Moreover, for every x, y € A such that so(x, y) > 0, there

exists a bijection xy y : £ 71 ({x}) = £7!({y}) such that
Vze T ({x}),  s0(z xey(@) =1+ s0(x, ).

We recall that, up to an adaptation of the construction of the tower, the dominating eigenvalue of P on Bis 1 and is
simple. For any u € R? and f € B, we set P, (f) := P(e'** f). For the billiard in infinite horizon we take By := L' ({1)
and for the billiard with finite horizon, we take By := B. For every couple of integers k < £, we define Z,f as the

partition of M \ Uf.:k T~/ 8. For every couple of dynamically Lipschitz functions (f, g) (with respect to dg) and
every positive integer n, we set

foi= E;[flo(22,)] o T" and 3, =E[glo(2",)] o T".
It comes that

£ o7 fily <LeChE” and g0 — Gl , = Le(t" @s)
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Lemma 4.1. There exists C; > 0 such that, for every bounded Z" ,-measurable function f : M — C, there exists
f € Bsuch that f op= f o T" o q. Moreover,

p —i Anfm F () £ i Anfm () j
[(BZ (75 ) | g + [ (fe*5=m0) ] 5y < Con? 1 flleo
hold for j =0 in any case (finite or infinite horizon) and for every positive integer j in the finite horizon case.
Proof. Observe that the function f oT" is Zzn-measurable First, this implies that f o T” is constant on stable
manifolds and so that there exists f A — C such that f op=foT"oq. Second if x, y € A are such that so(x,y) =

2n, then f o T" is equal to the same constant on qp~ L({x})) and on q(p~'({y})). Therefore the function f isin B
and [| £l < (14 2B72")[| f lloo- Due to (44),

H feitS)l*)?IO

ttS,, —m
|B' <_||fe 0||LOO(M) ”f”oo
Moreover, if « is bounded (finite horizon case), then, for every positive integer j, we have:

[(FeSm0) | gy < | Gaomo)® Fe ™S | 20 < (nlElloo) 11 lloo-

The first point comes from Lemma 2.6. ]

4.2. Proof of the mixing result in the infinite horizon case

Proof of Theorem 1.1. In [35], Szdsz and Varju implemented the Nagaev—Guivarc’h perturbation method via the
Keller-Liverani theorem [19] to prove that (ﬁs)s satisfies Condition (H) (see Definition 2.1) with respect to (B, By :=
L'(2), (/nTlognld),, ®) with ® the density function of the centered normal distribution of variance Zgo (defined
in (8)) and with A having the following expansion A; — 1 ~ Ego * (192) log |¢|. We will apply Theorem 2.4 with the
previous notations, with 1V = W the set of functions F : A — C of the form F = f o q, with f : M — C dynamically
Lipschitz continuous (wrt. dg), with B the Young Banach space, with By := L' (), with Vo = Wy = L®(u), po =
qo=o00.Let (f,g) €V x W and n > mo. We take f,(x) and g,(x) as the conditional expectation of respectively
foT"and go T" given the atom of Zg" containing x. Due to (45) and to Lemma 4.1, we obtain (23). Theorem 24
applies.

4.3. Proofs of our main results in the finite horizon case

We assume throughout this section that the billiard has finite horizon. The Nagaev—Guivarc’h method [17,23,24] has
been applied in this context by Szdsz and Varji [34] (see also [26]) to prove that (P;), satisfies Condition (H) with
respectto (B, L+ 1,L+ 1,4, 22) (with »2 defined in (7)) for every L. More precisely, we have the following.

Proposition 4.2 ([26,34]). There exist b € (0, w) and three C* functions t — A, t — I1; and t — N; defined on
[—b, b)? and with values in C, L(B, B) and L(B, B) respectively such that
(i) for every t € [=b,bI?, P}' = A/TI, + Rj'and Tl =Eal], M, P =PI, = A 11, 112 =115

(i) there exists ¥ € (0, 1) such that, for every positive integer m,

(m) b
sup || (R”);m ”L(B,B) = 0(’9") and sup || Pl ||[,(13,3) = 0(19");
te[—b,b]? re[—m,m12\[—b,b]?

(iii) we have A, =1 — 122 %192 = 0(|t]3), with 2 given by (7);

R
(iv) there exists o > 0 such that, for any t € [—b, b]?, |A;| < e~ and e~ 3% < e ol
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Lemma 4.3. The sequence (k o TX); has same distribution as (—«k o T 5.
The function t +— X, is even in a neighbourhood of 0. In particular »; =1 — %22 %192 4 O(|t]*).

Proof. Let W : M — M be the map which sends (g, v) € M to (¢, V') € M such that the following angular equality

holds true: (fi@),\f/ )= —(ﬁ(/q\),ﬁ). Then k o Tk o W = —k o T~%=1. Hence, S, has the same distribution (with respect
to v) as — S, and so, for every ¢ small enough,

Es[e 5] =Es[e'"S"] ~ AE4[T1,1] ~ A", E4[TT_,1]
as n goes to infinity, and so A is even. ([

(5 1u®?

Let @ be the density function of B, which is given by ®(x) = ﬁ. We set a; := 3T Noite that the
T C

uneven derivatives of A/a at 0 are null as well as its three first derivatives. This gives the following result ensuring
Theorem 1.2.

Proposition 4.4. The conclusions of Theorem 3.7 hold true provided ( f, g) satisfies the hypotheses stated therein with
V the set of dynamically Lipschitz continuous functions, with J = 4, for every K, L such that K > 4 and L =2K.

Proof. We apply Theorem 3.7 to the dynamical system (A, v, T) with the Banach space V of functions of the form
f oq, with f: M — C dynamically Lipschitz continuous. The fact that this dynamical system satisfies Condition
(H; bis) with respect to (f), 2K + 1,4, 22) for every integer K such that K > 4 comes from the facts contained in
Section 4.1 (in particular from (45) and Lemma 4.1) and from Proposition 4.2 and from Lemma 4.3. Theorem 3.7
applies. g

In particular, the following quantity is well defined for every couple (u, v) of observables in V:

m
Ap(u,v):= lim 8—(1[431-, [u.e"5" v o Tn])‘t_n)n:()’ (46)

n—+oo0 QM

with A; being defined in Proposition 4.2.
Proof of Theorem 1.3. Due to Proposition 4.4 and to (41), we obtain (11) with

Ao (f, &) = 12.0.0(f &) + 0.2.0(f, &) +a1.1.0(f, g,

where a,,,,j(f, g) corresponds to the contribution of the (m,r, j)-term in the sum of the right hand side of (41).
Moreover, using the notations f¢(g, V) := f((g, V), £) and g¢(q, v) := g((g, V), £), due to Proposition A.3,

000(f.9)= Y Axfe.gr)

0,0 e7?

-1
=— lim {/ fdv Z /g.(KOTj®KOTm_ED[KOTj®KOTm])dV
M M

n—+00 .
Jsm=—n

n—1
+/ gdv Z / f.[KOTj®KOTm—]E\j[KOTj®KOTm]]dU
M . M
Jj.m=0

n—1 -1
+2 / KoT dv® / KoT™d +/ d/ dv(Es[$®?] —nx?)§,
ngKO v Z Mglco v Mf ng v( ,,[n] n )

m=—n

a0,2,0(f,8) = — Z Ao(fz,gz')-(@/—ﬁ)@:— Z (E/_e)@/(; de/C gdv,
4 4

L0 ez? L0 e7?
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a0 ) ==2 Y Ai(fe.g)® (L'~

0,0'e7?

_2n£5r_100{ > / gde/ ¢)®«koT")dv
N Z / Fdv Z/ ®Kon)d}

For the contribution of the term with (m, r, j) = (0, 0, 4), note that
(/")) =noga) =n (08 = 3(2)%%)

and apply Proposition A.4. Note that
a2,00(f.8) = — lim { / fdv / 8(@o = I-n)®* — E5[S2]) dv
n——+00 M M
+/ gdv/ (T — T9)®* — E5[S22]) dv
M M
+zf f(In—Io)dv(X)/ g(Io—Ln)dv—/ fdv/ gdv%o},
M M M M

ao,z’o(f,g)z—/ f.zgmdvf gdv—/ fdv/ g.I(;@Zvarz/ rodv®/ gZodv
M M M M M M

and
ar1,0(f, &) = lim {2/ gIodV®/ f(In—Io)dv—Zf gdv/ fZo® (In —ZLo)dv
n——+00 M M M M
—|—2/ fdv/ g.Io®(IO—I_,,)dv—2/ fIOdv®/ g(IO—I_n)dv}.
M M M M
This ends the proof of the theorem. O

Remark 4.5. Let f, g : M — R be two bounded observables such that

D11 1e Nl + llgle, lle) < oe. (47)
=

Assume moreover that fM fdv fM gdv =0 and that 2~l2(f, g) = 0. Due to Proposition 4.4 and (41),

/ f.goT"dv
M
—2y®2 / ’ j ’
_ & Aq(fe gv) n Ao(fz,ge)(z/_é)m_i_ iA1(fe, ge) ® (¢ — )
21/ det 2253 24 24 6

0ez?
1 .
- A2 (0% - Larfg @ (= 0) +o(n)

where fi(q,0):= f(q +£,V) and g¢(q, V) := g(q + £, V), with A, (u, v) defined by (46).
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Proof of Proposition 1.6. We apply Remark 4.5. Due to Proposition A.3, for every £, ¢ € Z?, Ao(fe. gv) =
A1(fe, gr) =0 (since E5[ fe] = Es[ge] = 0) and

Y Aafrge)= Y heqeAs(fo. §0)=0.

L0 ez? L0 e7?

Moreover
Y A3(frg)®@ (=€) = D higrAs(fo.20)® (€' =€) =0
L0 ez? L0 e7?

since Y ,cz2he =, qe = 0. Therefore

/f.goT"dvz—gﬂ* > Afrogn @ (€ =0 +o(n)
M 4 27 /det £2n3 e

RV
(2—2)@)2

et Y heqeAs(fo, 20) @ L& +o0(n?)
T c n

0,0'e7?

3
2

(2—2)@)2
2w/ det ¥2n3

N W

Ar(fo.80)® D hek® Y qu.t +o(n)

=/ vez7?
* (ZE;[)FQK o T/] () Z Ef;[g().l( o Tm] [ Z hed ® Z qg/.e/)
Jj=0 m=<—1 LeZ? e7?

+0(n_3). (Il

3(2—2)®2
2w/ det £2p3

Appendix A: Billiard with finite horizon: About the coefficients A,,

Let us recall some facts on the Sinai billiard with finite horizon. Let ko € N be some large enough fixed integer. Let us
write (-, -) for the angular measure in (—, ] between two vectors.

Definition A.1. A stable (resp. unstable) H-manifold (or homogeneous manifold) is a C I connected curve which
contains no point of ( ;- T%(Sy UH) (resp. Us=0 T*(Sy UH)), with

" - o 1
H = {x:(q,v)eM:ElkEN, |k|zko,|(n(q),v)|=%—k—2}.

Let W (resp. W*) be the set of stable (resp. unstable) H-manifolds. In [10], Chernov defines two separation times
s+ and s_ which are dominated by s and are such that, for every positive integer k,

YW" e W*, Vx,y € WH, s+(7_”7kx,7_"7ky)=s+(x,y)+k,
YW e W¥ Vx,ye W*, s_(ka,fky)zs_(x,y)+k.
More precisely
VW* e W Vx,ye W¥,  si(x,y):= inf{n >0: T”((W”)X’y) is an unstable H—manifold},
VWS e WS, Vx,ye W*, s_(x,y):= inf{n >0: T_”((Ws)x’y) is a stable H-manifold},

where (W"), , (resp. (W¥), y) is the connected part of W* (resp. W*) with extremities x and y.
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Proposition A.2 ([10], Theorem 4.3 and remark thereafter). 7 h_ere exist Co > 0 and vg € (0, 1) such that, for every
positive integer n, for every bounded measurable functions u,v: M — R,

|Es[u.vo T"] — Es[ulEs[v]] < Co(Lyf vlloc + Ly ltlloe + lutlloc V]l )9

with
Lf:= sup sup  (|u(x) —u(y)|g=s+™),
WueWt x,yeW x#y
and
L, := sup sup  (Jox) —v(y)]g D).
WSeWs x,yeWs x#£y
Note that
- + k - —k
L} < Le(ulpy), L, <Lguly), L., < LFed and L o <L,&"

We will set it := u — Ej[u] and v := v — E;[v]. We will express the terms A, (1, v) form € {1, 2, 3, 4} in terms of the
following quantities:

Br(u) :=ZEg[u.KoTj], B, (v):= Z Eg[v.xof’"],

Jjz0 m=—1

B;(u) = Z Eg[ﬁ.fc oT! @Ko 7_"’"], B, (v) := Z Eg[ﬁ.fc oT! @k o 7_""],
Jj.m=>0 jm=<—1

By w)=) (k+ DEs[uxoT*], By := > |k|Es[vkoT"],
k>0 k<—1

By := n% mEsfke @k o T"] = lim (nz? —Es[s77]),

B;r(u) = ZE{)[M.K®3 o 7_"1‘] +3 Z Eg[ﬁ.l{m 0T @Ko 7_"’]
k>0 r>k>0
+3 Z Eg[(ﬁ./{ oTk— ]Er,[ft./c o Tk]) QkoTm" QKo Tr],
O<k<m,r

By (v) := ZEE[U.K@’S o T_k] +3 Z Eg[ﬁ.l{®2 oT *®kKo T_r]

k>1 r>k>1
+3 > Epl(ikoT* —Eg[ikoT*]) @k 0T @K0T"].

1<k<m,r

Proposition A.3. Let u,v: M — C be two dynamically Lipschitz continuous functions, with respect to de with & €
0, 1). Then,

Ao(u, v) = Eglu]. Elv], (49)
A(u,v) =i Er_’r_looE,j[u.Sn.v o T"] =iB{ (W)Es[v] +iB (v)Es[ul, (50)
Ax(u,v) = lim (nEs[ulE; [v]2? — Eg[u.S2%v o T"]) (51)

= Eg[ulEs[v]Bo — 2B () ® By (v) — E;[v] B} (u) — E;[u] B; (v), (52)
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As(u,v) = lim (BinT? @ Es[u.Sy.vo T"] — iEs[u.S23 v o T")) (53)
=3A1(u,v) ® By +3i 2% ® (Es[u] By (v) + Es[v]By () — i (Es[v]B5 () + Es[u]B; (v))

—3iB; (v) ® B (u) — 3i B (1) ® By (v). (54)

Proof. As in the proof of Theorem 3.7, we set Ay, » (u, v) := (Ej[u. et po T /A")lm) We will use Proposition A.2
and the fact that A, =1 — 1 DRI A(4) 194 4+ o(|t|*) to compute A, (u, v) = lim,— oo Ay u (1, V).

e First we observe that Ag , (u, v) =E;[u.vo T"] and we apply Proposition A.2.

e Second,
n—1
Arn(u,v) = iEg[u.S,,.v o T”] =i ZE;[M.K oTkvo 7_"”]
k=0
ln/2] ~ n—1 _
=i Y EpluxoT¥|Eslu]+i Y EslulEs[va o 7=+ 0(nog?lullelulle)
k=0 k=[n/2]+1
= iEs[v] Y Egfuk o T +iBslu] > Eg[vc o T™] + 0 (ndy lulle) lulle)). (55)
k>0 m<-—1

where we used several times Proposition A.2, combined with the fact that E;[x] = 0.

e Third,
Ao, v) = —E5[u.8%v o T"] + nE?Ej[u.v o T"] (56)
- _ Z (ko T @k 0 T™).v o T"] + n S Es[ulEs[v] + O (ndgllulle)llull e))
k,m=0
=- Z slikoTH @K oT™ 50T"]
k,m=0
-~ Z (Es[ulEs[k o T* @ k 0 T™ 5 0 T"] + E ik o T* @ kc 0 T™|Eg[v])
k,m=0
n—1 _ _
+ <n22 - Z Es[k o T*® K 0 T’”])Eg[u]E;[v] + O (n9y lull @ llulle))- (57)
k,m=0
— On the first hand
n—1 n
ny? — Z Eg[/c oTF®xK o ]_"’"] =nZE,‘,[K QKo Tk] — Z (n — |k|)IE];[K QkKo Tk]
k,m=0 keZ k=—n
—men k)Es[k ® k o T],
keZ

which converges to ZkeZ k|Ej[xk @ k o TX].
— On the second hand, for 0 < k <m < n, due to Proposition A.2 (treating separately the cases k > n/3, m —k >
n/3etn—m>n/3),

Es[ii.c o TF @ ic 0 T".5 0 T"] = Es[ii.k 0 T¥] @ Bs [0 0 T ] + O (lull ey 10l 6 95 °). (58)
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Analogously, for 0 <k <m <n,

Es[ic o T* @k 0 T3 0 T"] = O (Ivll e 93" "), (59)

B[k o T @k o T"] = O(lulle)0q?). (60)

Hence 1 o Eslik o T ® k o 7" = B (u) + 003 lull ).

n—1
> Eilko T @k o T"50 T"] = By (v) + 0% [vlle)). ©61)
k,m=0

and

n—1
Z Eg[ﬁ./c 0T @Kk oT" V0 7_"”]
k,m=0

n—1
:(Z]Eg[ﬁ.x®zofk.ﬁofn]+2 Z Ea[ﬁ.KOTk®KOTm.I~)OTn])
k=0

O<k<m<n

=2 Y Efi(koTH]@Es[vk o T" ]+ 0 (3 lull e llvlle))

O<k<m<n

_ 3
= 2B () ® By () + 095 lull e llvlle)),

where we used the fact that Eg[#.c®2 o T.5 0 T"] = O([lull ) lvll ¢ 95" ).
Therefore we have proved (52).
e Let us prove (54). By bilinearity, we have

A3 (u,v) = A3, (U, V) + E5[u] Az, (1, 0) + E5[v]A3,, (@, 1) + E5[u]E5[v]A3, (1, 1). (62)

Note that A3 ,(1,1) = —iIE];[S,‘?3] = 0 since (Sy), has the same distribution as (—S,), (due to Lemma 4.3). We

—_
will write F for F — Ej[F] when F is given by a long formula.
— We start with the study of As , (i1, 1).

Az (i, 1) = —iEp[id.59] + 3in2? @ Eg[ii. Sy

n—1
= —iZ]Eg[lZ.K®3oTk]—3i Z ]Eg[ll.ic@’zofk@xo]_"]
k=0 0<k<r<n-—1

—_~

—_——
=3 ) EgfakoT @xoT" ®kol | +3inE? @ Esli.S,]
0<k<m,r<n—1
~3i Y3 max(0.n — |m| — 1 — k) Es[dx o T¥] ® Es[ic ® ik 0 T™],
k>0 meZ
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n—1
Ay, )= —i Yy Eplax® 0T =31 Y Eplix®oT @KkoT]
k=0

O<k<r

——— — -

—3i Y EplikoT @koT"®koT"]
0<k<m,r

+3i Y > (Iml + 1+ k)Es[in o TF] @ Bg[k @k o T
k>0 meZ

+O0(llull o),
Az, ) =—i Yy Eplix® 0T =3i Y Eplix® 0T @koT"]
k>0 O<k<r

+3iT?® Y (k+ DEs[iik o T¥] +3i B (@) ® Bo
k=0

r— e e |

—3i Y EplikoT @koT" @k oT |+ O(|lullev™?).

O<k<m,r

So

As(ii, 1) = —i Bf () +3i2? ® B (u) + 3i B} () ® By.
— Analogously

A3(1,9) = —i By (v) +3i2? ® By (v) + 3i By (v) ® Bo.
— Finally

Az p(il, ) = —iE;[d.S2% .5 0 T"] 4+ 3in2? @ Ey[ii.Sy.0 0 T"]

n—1

=—i Y EglixkoT' @koT"@koT .50T"]+3n%?® A1,(i, )

k,m,r=0

n—1

—=i Y EifikoTE @Ko T @k o 50T+ 0(n20)  lulle vl )-

k,m,r=0

(63)

(64)

(65)

Assume 0 <k <m <r <n — 1. Considering separately the cases k > n/4, m —k >n/4, r —m > n/4 and

n —r >n/4, we observe that
IEI,—,[L?.KoTk(X)KoT'"(X)KoTr.T)oT"]
= E,—,[ﬁ.K o Tk] ® E,;[f)./( oT " N ko 7_"7("7'”)]
+Es[ok 0 T~ @ B[ o T @i 0 T"] + 0 (05 vl o) llull &)
And so
A3, (i, 0) = —3iBfL(ﬁ)Bz_(f)) — 3iBl_(6)B;”(zZ).

This combined with (62), (64) and (65) leads to (54).

(66)

(67)
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Proposition A.4. The fourth derivatives of A at 0 are given by:

) =Bl 8 Tl (¢ )

+6§E o[« ] ® (k2o T")]

= ; Es[(k®2 — Es[c®2]) @ (k 0 ") @ (k 0 T™)]
+lzl_anEﬁ[m((K®2_Ea[x®2]>of">®xom

+241<§m<e [(c ® (k 0 T") — Es[k ® (k 0 T)]) ® (k 0 T") @ (i 0 T*)]
_24;1[3,1[,{@(Kofn)]mzﬂmE,l[m(Kofm)].

Proof. Let h; € B be the eigenvector of f’t associated to the eigenvalue A, such that E;[A,] = 1. Note that hg = 15.
Recall that 19 =1, A, =0, A(()z) =-%2, k(()3) =0. Since A; = Eﬁ[ﬁt.ht], it comes
4

4!
@ _ § : pk) g =k
)"0 k'(4 k)‘EM[ 0 h ] (68)

Derivating four times the equalities: Istht = Ar.hy and E; [h,] = 1 and taking ¢ = 0 leads to
1(2) (3) 4
En[ho] =Ea[hy” ]| =Eu[hg ] =Ea[hy ] =0.
(I—Pyhy=Bjly, (I —Pn =713 +2Pjhy+ 52,

5\, — pO 5(2) 51,2 2
(I — P)hy’ = Py713 + 3Py hy+3Pshy” +3%° Q hy,.

Therefore
o= P"(Fgly) =iy P&,
n>0 n=l1
nY =" B (B(—«®?) + 2B (ik ® hy) + £2)
n>0
=ZI3"((—/2®2+E;2[13®2]) —2<Z(’G ® Pk — [k © ﬁmﬂ)))’
n>1 m>1

and, since Eﬁ[ﬁ(—ik@) +3P (kP2 @ h) + 3Pk @) +322 @ K] =0,

B = 37 B (P(=ik®) + 3P (=2 @ hy) + 3P (ik @ hY) + 352 @ hp)
n=>0
_ZP"<ﬁ +31P< (k® Eﬂ[/%®2])®213’"/?)
n>0 m>1

bk er®) r6i Y B e Pile Y pm)

k>1 m>1
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Combining this with (68) and with E;[h$”] = 0, we obtain
4

@) _ 4! Ty @k o g, (4—k)
g _;kilm—k)!E“[(m) ® hy ]

We conclude by computing the four terms of this sum as follows:
~ @4 ~ @4
B[ ho] = Ea[£®?],

WEL [~k @ hy) =4 B[k @ P ] =4 Eplk ® (k0 ")),

n>1 n>1
6E;[-22 @ hY] =63 E;[®2 @ P (k%% — Ey[0%%])]
n>1
n>1 m=1
4E; ik @h$ ] =4 Eu[k @ P®)
n>1
+12 ) Ep[k ® P'((k®* - Ea[2®?]) ® P"&)]
n,m=>1
+12 ) Eplk ® P (k @ P (k%2 — B, [%2)))]
n,m>1
+24 Y Eplk® P (k ® P (k ® Pk —Bu[k @ PR]))]
n,m£>1
_24 Z Eﬂ[/% ® ZEM[Q ® f’m/?] ® 13”+’5/2:|,
n>0,0>1 m>1

where we used several times the fact that E;[k] = 0. We conclude by using the fact that («x o T*)x (wrt D) has the
same distribution as (¢ o t5); (wrt 1) and (—« o T %) (wrt D) (see Lemma 4.3). O

Remark A.5. The method of the proof of Proposition A.4 can be implemented to compute A(()m) for every m.
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