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Abstract. We provide a representation result of parabolic semi-linear PDEs, with polynomial nonlinearity, by branching diffusion
processes. We extend the classical representation for KPP equations, introduced by Skorokhod [Theory Probab. Appl. 9 (1964)
445-449], Watanabe [J. Math. Kyoto Univ. 4 (1965) 385-398] and McKean [Comm. Pure Appl. Math. 28 (1975) 323-331], by
allowing for polynomial nonlinearity in the pair (#, Du), where u is the solution of the PDE with space gradient Du. Similar to the
previous literature, our result requires a non-explosion condition which restrict to “small maturity” or “small nonlinearity” of the
PDE. Our main ingredient is the Malliavin automatic differentiation technique as in [Ann. Appl. Probab. 27 (2017) 3305-3341],
based on the Malliavin integration by parts, which allows to account for the nonlinearities in the gradient. As a consequence,
the particles of our branching diffusion are marked by the nature of the nonlinearity. This new representation has very important
numerical implications as it is suitable for Monte Carlo simulation. Indeed, this provides the first numerical method for high
dimensional nonlinear PDEs with error estimate induced by the dimension-free central limit theorem. The complexity is also easily
seen to be of the order of the squared dimension. The final section of this paper illustrates the efficiency of the algorithm by some
high dimensional numerical experiments.

Résumé. Nous obtenons une représentation de la solution # d’une EDP semi-linéaire parabolique, avec une nonlinéarité poly-
nomiale, par le biais d’un processus de diffusion branchant. Nous étendons ainsi le résultat de représentation classique pour les
équations KPP, introduit par Skorokhod [Theory Probab. Appl. 9 (1964) 445-449], Watanabe [J. Math. Kyoto Univ. 4 (1965)
385-398] et McKean [Comm. Pure Appl. Math. 28 (1975) 323-331], au cas d’une nonlinéarité polynomiale en (u, Du). Bien
évidemment, une telle non linéarité polynomiale requiert une condition de non explosion, qui est équivalent a une restriction de
I’horizon, ou a une restriction de la taille de la perturbation nonlinéaire. L'ingrédient essentiel pour notre représentation est la
technique de différentiation automatique de type Malliavin comme dans [Ann. Appl. Probab. 27 (2017) 3305-3341], qui permet
de traiter la nonlinéarité en Du. Par conséquent, les particules de notre processus de branchement sont marquées par la nature
de la nonlinéarité. Nous développons également une application importante de cette nouvelle représentation a I’approximation
numérique de la solution d’une telle EDP par la méthode de Monte Carlo. Cette approximation est particulierement intéressante
en grande dimension du fait que I’estimation de I’erreur, induite par le théoréme central limite, est indépendante de la dimension.
La complexité de cet algorithme est de I’ordre du carré de la dimension. Dans le dernier paragraphe du papier, nous illustrons
I’efficacité de cette méthode d’approximation numérique dans le cadre d’une équation de Burgers en dimension d = 20.
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1. Introduction

The objective of the present paper is to provide a probabilistic representation for the solution of a semilinear parabolic
second order partial differential equation (PDE) which is suitable for a high dimensional Monte Carlo approximating
scheme. Our main results achieve this goal in the context of semilinear PDEs:

—du — Lu= f(u, Du), ur=g, t<T,xeR? (1.1

with polynomial non-linearity f; ,(y, z) in the solution and its gradient, diffusion generator £, and bounded terminal
condition g.

Previous representation results were obtained in the literature by means of backward stochastic differential equa-
tions, as introduced by Pardoux and Peng [17]. The Monte Carlo numerical implications of this representation were
introduced by Bally & Pages [2], Bouchard & Touzi [5] and Zhang [21], and generated a large stream of the literature.
However, these methods can be viewed as a Monte Carlo version of the finite elements methods, and as such, are
subject to the problem of curse of dimensionality. Our primary goal is to avoid this numerical problem so as to be
capable to handle genuinely high-dimensional problems. This however will be achieved at the cost of some limitations
(see in particular Remark 2.1 below).

Our main representation result is obtained by using the branching diffusion trick to absorb the nonlinearity, as
illustrated by Skorokhod [19], Watanabe [20], McKean [15], etc. in the context of the KPP equation. Its applications
to the numerical resolution of KPP equations has been explored in Rasulov, Raimova & Mascagni [18], Bossy, Cham-
pagnat, Leman, Maire, Violeau & Yvinec [3], etc., see also our previous paper [13] where the equation is allowed to
be path-dependent.

Since the gradient Du is also involved in the nonlinearity, our representation result is a significant improvement
of the classically well-know representation of KPP equations. We observe that the polynomial nonlinearity naturally
induces some restrictions needed to ensure the non-explosion of the corresponding solution. As a consequence, our
representation holds under technical conditions of small horizon or small nonlinearity of the PDE.

The main idea for our representation is to use the Malliavin automatic differentiation technique in addition to the
branching diffusion representation. The Malliavin differentiation was successfully used in the previous literature by
Fournié et al. [10], Bouchard, Ekeland & Touzi [4], Henry-Labordere, Tan & Touzi [14], and Doumbia, Oudjane &
Warin [7], etc. to obtain Monte Carlo method for diffusions. The resulting branching diffusion in the representation
differs from that of the original founding papers [15,19,20] by introducing marks for the particles born at each branch-
ing. The mark of the particle determines the nature of the differentiation, and thus induces the corresponding Malliavin
automatic differentiation weight.

We next illustrate the main idea behind our representation in the context of the following extension of the one-
dimensional Burgers equation: let u : [0, T] x R9 — R be a smooth solution of PDE (1.1) with

1 1
Lu:= EAu, and f(y,z)= 5()’2 +)’Z)'

Let W! be a Brownian motion, and 7! an independent random variable with density p > 0 on R, and denote F (t) :=
ftoo p(s)ds. We also introduce another independent random variable / ! which takes the values 0 and 1 with equal
probability. Then, denoting by E; , the expectation operator conditional on the starting data W, = x at time ¢, we
obtain from the Feynman-Kac formula the representation of the solution u as:

B — . gWr) [T f(u, Du)t, W) B i

where T(1) :=t! A T, and

1>7 <7
{t>T} (V) + {t<T}

I
FT =) ot P (1.2)

¢(Svta y) =

We next consider the two alternative cases for the value of 7.
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e On the event set {I! =0}, it follows from the Markov property that:

(uDIlu)(t, y) =ult, y)2 = Et,y[¢(t, (t +t ) AT, W(lr+r )AT)]Z.

The tricky branching diffusion representation now pops up naturally by rewriting the last expression in terms of
independent copies (WL 1y and (Wh2 712y as:

(MDI] 14) (t,y)= Et»}’[‘i’(t’ rtma erf.ll)]El)Y[d)(t’ Ttl‘zv Wt]tIIZ)]

=Ey[o(t, 7", W‘ Do, W;t;é)],

where ttl’i =+t V)AT fori=1,2and ;. y denotes the expectation operator conditional on Wll’1 = W,l’2 =

Substituting this expression in (1.2) and using the tower property, we see that the branching mechanism allows to
absorb the nonlinearity.
e On the event set {I! = 1}, we arrive similarly to the expression

(WD) 6, 9) = Ery [0, WV Er [0(0, 7/, W),
t t

Our main representation is based on the following Malliavin automatic differentiation:

Wi — w2
ayEt,y[qﬁ(t»Ttm’ Wl 2)] [y, V[lmitd’(t 7 g erlzz)]
= t

which is an immediate consequence of the differentiation with respect to the heat kernel, i.e. the marginal density
of the Brownian motion. By the independence of W!! and W2, this provides:

W:f.zz - W
(uD"u)(t, y) =Et,y[;l’27t¢(r, ot W1 N2 erfz)},
) —_ t

so that the branching mechanism allows again to absorb the nonlinearity by substituting in (1.2) and using the tower
property.

The two previous cases are covered by denoting 7(; ;) :==T A (! + V) fori =1,2, and introducing the random
variable:

1,2
wh.=1 +1 AVra with AWL? = wl2 —wbl2 ATy :=Tao — T,
= H1'=0} {I'=1} AT, 2)» Taz "~ "Tap Ty 24 (1L,2) - = £(1.2) (OF
so that
g(Wr) w!
u(0,x) =Eo x| L{ry=1 + 17 <1
x| HToy= }F(T) {Toy<T} = (Tl))
I
g(Wrh (uD u)(Tuz),WT(1 )
X 11 n=T +1T,- T .
H( = }F(ATu o o=t p(AT(i))

Our main representation result is obtained by iterating the last procedure, and solving the integrability problems which
arise because of the singularity introduced by the random variable V!'. The Malliavin automatic differentiation, which
is the main additional ingredient to the branching diffusion representation, is illustrated in the previous example when
the operator £ corresponds to the Brownian motion. This extends to the case of a more general diffusion operator by
the so-called Bismuth—Elworthy-Li formula based on the Malliavin integration by parts formula, see Fournié et al.
[10] for its use in the context of Monte Carlo approximation and the extension to other sensitivities.
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Our main result provides a probabilistic representation of the solution of the semilinear PDE, with polynomial
nonlinearity, in terms of a branching diffusion. This requires naturally a technical condition ensuring the existence
of a non-exploding solution for the PDE which can be either interpreted as a small horizon or a small nonlinearity
condition. This new representation provides a new ingredient for the analysis of the corresponding PDE as it can be
used to argue about existence, uniqueness, and regularity. We shall indeed prove a C'-regularity result in order to
prove the main Theorem 3.5.

Moreover, our new representation has an important numerical implication as it is suitable for high dimensional
Monte Carlo approximation. This is in fact the first high dimensional general method for nonlinear PDEs! The prac-
tical performance of the method is illustrated on a numerical example in dimension d = 20. The convergence of the
numerical method is a direct consequence of the law of large numbers. The rate of convergence is also a direct conse-
quence of the central limit theorem, and is therefore dimension-free. The complexity of the method is easily shown to
be of the order of d2, which cannot be avoided by the very nature of the equation whose second order term involves
d x d matrices calculations.

The paper is organized as follows. Section 2 introduces the marked branching diffusion. The main representation
result is stated in Section 3. We next provide further discussions in Section 4 on the validity of our representation
for systems of semilinear PDEs, and the possible combination with the unbiased simulation technique of [7,14].
The Monte Carlo numerical implications of our representation in high dimension are reported in Section 5 with an
illustration by a numerical experiment in dimension 20. Finally, we provide more numerical examples in Section 6.

2. The marked branching diffusion
2.1. Semilinear PDE with polynomial nonlinearity

Let d > 1, M? denotes the set of all d x d matrices, and (i, o) : [0, T] x RY — R4 x M? the coefficient functions.
For a function u : [0, T] x RY — R, we denote by Du and D?u the gradient and the Hessian of the function u (¢, x)
w.r.t. variable x. Let m > 0 be a positive integer, we consider a subset L C N"+1 and a sequence of functions (c¢)¢er,
and (b;)i=1....m» where ¢, : [0, T] x RY — R and b; : [0, T] x RY — R?. For every £ = ({o, £1, ..., £y) € L, denote
€] := Zf"zo £;. A generator function f : [0, T] x R x R x R is then defined by

m

fexy= Y ey [Bi. 2 2)" @.1)

L=l L1,...tm)EL i=1

Given two matrices A, B € M4, denote A : B := Trace(AB T). We will consider the following semilinear PDE:
1
du+ - Du+ anT :D*u+ f(,u,Du)y=0, on[0,T)xR? andu(T,)=g, (2.2)
for some bounded Lipschitz function g : RY — R.

Remark 2.1. The nonlinearity f(¢,x,y,z) in (2.1) includes the simplest case of a source term. Indeed, for
£ =1(0,0,...,0), we have c(z, x)yZO ]_[;"zl(b,- (t,%) - 2)% = ce(t,x). In particular, it covers the case of nonlinear-
ity f (¢, x,y) that was studied in our previous papers [12,13]. Nevertheless, in the context of [13] where f does not
depend on z, one can also treat the nonMarkovian case in terms of the path-dependent PDE in [8].

2.2. Age-dependent marked branching process

In preparation of the representation result, let us first introduce a branching process, characterized by a distribution
density function p : R4 — R, a probability mass function (p¢)ecr (i-e. p¢ >0 and ZeeL pe=1).

Instead of the usual exponential splitting time, we shall consider a branching particle process with splitting time
of distribution density function p. At the splitting time, the particle branches into |£| offsprings with probability
pe, among which, ¢; particles carry the mark i, i =0, ..., m. Then regardless of its mark, each descendant particle
performs the same but independent branching process as the initial particle.
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To construct the above process, we will consider a probability space (2, F, IP) equipped with

e a sequence of i.i.d. positive random variables (t"""),, ,>1 of density function p,
e asequence of i.i.d. random elements (I"™"),, ,>1 wWith P(I/"" =¢) = py, L € L.

In addition, the sequences ("), ,>1 and (/"™"),, ,>1 are independent.
We first construct an age-dependent branching process, where every particle is given a label in form k =
(ki, ..., k), by the following procedure.

1. We start from a particle marked by 0, labelled by (1), of generation 1, whose splitting time is given by T(j) 1=
1,1
T AT
2. Given a particle of generation n, labelled by k = (kq, ..., k,—1, k,) € N* and with splitting time Ty < T, we let
I = "™ &) where

7T, is an injection from N to N.

At the splitting time time T, particle k branches into | I | offspring particles, which constitute n + 1-the generation,
and are labelled by (k1, ..., k,, i) fori=1,...,|Ix|.

3. When [} = (éo, 0 Tyeves fm), we have |é | offspring particles, among which we mark the first 50 particles by 0, the
next ¢ particles by 1, and so on, so that each particle has a mark i fori =0, ..., m.

4. For a particle k = (ky, ..., ky, ky41) of generation n + 1, we denote by k— := (ky, ..., k) the “parent” particle of
k, and the splitting time of k is given by T := (Ty_ + t" 1710y A T

5. In particular, for a particle k = (kq, ..., k,) of generation n, and Tj_ is its birth time and also the splitting time of
k—. Moreover, for the initial particle k = (1), one has k— = &, and Tz = 0.

The above procedure defines a marked age-dependent branching process. We denote further

O = mark of k, K = {k of generationn s.t. Tp— <t < Ty}, whente[0,7),

{k of generation n s.t. T =T}, whent =T,
and also
K, :=UIC§', Kq ::UIC;’ and K, ::UE’:.
s<t n>1 n>1

Clearly, K; (resp. Kf') denotes the set of all living particles (resp. of generation n) in the system at time ¢, and K,
(resp. K?) denotes the set of all particles (resp. of generation n) which are alive at time ¢ or have been alive before ¢.

Remark 2.2. Notice that we truncate 7 by T in Step 4, which is not necessary to define the branching process on
[0, T]. However, the truncation will be useful for later uses (in particular to unify the definition of W in (3.3)).

Example 2.3. Let us consider the case d = 1, with

f@,x,y,2):=co0t,x)+c10t, x)y+c11(t,x)yz.

In this case, m =1, L = {¢; = (1,0), &> = (1, 1)}. For the sake of clarity, we present an typical path of the associated
age-dependent process, with graphical illustration below. The process starts from time O with one particle labelled by
(1). At terminal time 7', the number of particles alive is 3, with

Kr={1,2,1),1,1,1,1),(1,1,1,2)},

At time T(1, particle (1) branches into two particles (1, 1) and (1, 2).
At time T(y,1y, particle (1, 1) branches into (1,1, 1) and (1, 1, 2).

At time T(y 2), particle (1, 2) branches into (1, 2, 1).

At time T(y,1,2), particle (1, 1, 2) dies out without any offspring particle.
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e Attime T(j 1,1), particle (1, 1, 1) branches into (1, 1,1, 1) and (1, 1, 1, 2).
e The particles (1), (1, 1), (1,1,1), (1,1,1,1) and (1,2, 1) are marked by 0, and the particles (1, 2), (1, 1,2) and
(1, 1,1, 2) are marked by 1.

(1,1,1,1)

(1,1,1,2)

1 1 1 1 1 1 1

Y

0 Ty Ty Tz TaiTaay T

Proposition 2.4. Assume that ) _,_; |¢|pe < 00. Then the age-dependent branching process is well defined on [0, T1,
i.e. the number of particles in IC; is finite a.s. for all t € [0, T].

Proof. See e.g. Harris [11, pp. 138-139]. O

2.3. The marked branching diffusion

We next equip each particle with a Brownian motion in order to define a branching Brownian motion.
We consider a sequence of independent d-dimensional Brownian motion (W"™"),, ,~1, which are also independent

of (""", I"™"),; n>1. Define W,(l) = AWI(I) = W,l’l for all ¢ € [0, T(1)] and then for each k = (k1,...,k,) € Kr \
{(1)}, define

WE=wi +awf, . with AW =W forallt € [Ty, Til. (2.3)

Then (W-k)keff is a branching Brownian motion. For each k € K7, we define an associated diffusion process
(X¥)terr_ 1,1 by means of the following SDE

t
Xf:X’;;-{-/

Ty

t
u(s,Xf)ds+/ o(s, XXy awk, telTi_, T, P-as., (2.4)
Ti—

where for particle (1), we fix the initial condition X(()l) = xq for some constant xy € R?. The well-posedness of the

last SDE is guaranteed by standard conditions on the coefficients i, o contained in Assumption 3.1.
The process (X*) kekr is our main marked branching diffusion process. We finally introduce the sub-o -fields

fO::a{rm’”,Im’”:m,nzl}, Fm :=U{Wi’",ri‘",1i’":nzl,ifm}, m>1. (2.5)
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3. The main representation

We shall provide a representation result for a class the semilinear PDEs (2.2) under general abstract conditions. More
explicit sufficient conditions are provided later.

3.1. Branching diffusion representation of semilinear PDEs
We first collect the conditions on the marked branching diffusion which are needed for our main results.

Assumption 3.1.

(1) The probability mass function (p¢)¢er satisfies p, > 0 for all £ € L, and ZZGL |€]|pe < o0o. The density function
p: R4 — Ry is continuous and strictly positive on [0, 7], and such that F(T) := f;’o pt)dt > 0.

(i) (u,0):[0,T] x R — R4 x M are bounded continuous, and Lipschitz in x.
(iii) c¢:[0,T] x RY = Rand b; : [0, T] x RY — R? are bounded continuous and f : [0, 7] x R? x R x R? in (2.1)
is well defined and is continuous.

Our next assumption is the key Malliavin automatic differentiation condition on the underlying diffusion Yi’x
defined by

1

s s
Xt =x +/ u(r, Yj’x)dwr/ o(nX,")dW,, selt,Tl, 3.1)
t 1
where W is a d-dimensional Brownian motion independent of the branching diffusion.
Assumption 3.2. There is a measurable functional W(t, s, x, (W, — Wi)relr.s)) satistying (¢, x) — Wi, s, x, (W, —

Wi)rels,s]) 1s continuous, and for any s € [, T] and bounded measurable function ¢ : R4 — R, one has

—t,x

LE[p(X,)] =E[o(XyIV(1, 5, x, (Wr — Wo)repra)]-

Remark 3.3.

(i) By letting ¢(x) = 1, we observe that Assumption 3.2 implies that
E[W(L s, x, (W, — Wl)re[t,s])] =0. (3.2)

(i) In case (i, o) = (uo, o) for some constant (g, op) € R¢ x M?, where oy is not degenerate, then an example

of such Malliavin automatic differentiation function can be given by
— Wy —W,
W(t,s,x, (Wy = Wi)repr.s1) = (0g ) %tt

For general coefficient functions (i, o) satisfying some regularity and non-degeneracy conditions, one can find
such functional W using Malliavin calculus (see more discussions in Section 3.2).

(iii)) More generally, suppose that Yé’x has a density function y — y (x, y), one then has

—tx By (x,y) iy By (1. X))
Ol X; 2/ — oy rend =]E|: X 7_S:|,
[0(X,7)] P (y) G 9) y(x,y)dy o(X,7) e X

whenever the random variable in the last term is integrable. Then any random variable W(t,s, x, (W, —
Wt)re[t,s]) satisfying

—1,X
_ 1, ary(x, X))
EDW(t. 5,3, (Wy = Worelrs)) Xy | = ==

y(x, X))
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could be a candidate of the weight function in Assumption 3.2. Nevertheless, to the best of our knowledge, one
relies in practice on the Malliavin calculus to obtain an explicit expression of such weight functions.

Now, for each particle k € K7, we recall that it is born at time Ty_ and dies out at time T}, its mark is given by 6
and its branching type is given by I;. Let us denote

Wi = Lig=0) + Lig0bg (Ti— X5, ) - W(Tie, Te, X5, AWH). (3.3)

We next introduce for a smooth function u € C1-2([0, T'] x RY)

g(X%5) — g(X% g0 e (T, X5 W),
1/fn1=|: 1—[ )~ 8\ {k;ﬁ}Wk:” l—[ k T k :|
o F(AT) i PI p(ATy)
kelJjo1 Kr keUJt_ (Kr\K7)
m
><|: I <l{gk:0}u+21{gk:i}bi-Du)(Tk_,X’}k)], (3.4)
—=n+1 i=1
kelkCr

for all n > 1, and the corresponding limit

xky —g(xk Ty, Xk
1ﬁ1=|:1_[ 8( T) 4 Tk—) {Qk;éO}WkiH: l_[ cr (T Tk) Wi ] (3.5)

F(ATY) Pl P (ATy)

keKr kEET \Kr

In particular, the estimator v depends on the coefficients (b;);=1,...» in terms of Wj defined in (3.3). Further, notice
that the above branching diffusion process (Tk, X¥) kelr and random variables ¥, ¥, are defined with initial condition
(0, x0) on interval [0, T']. By exactly the same way, we can define the system with initial condition (¢, x) on interval
[t, T1, let us denote them respectively by (T}, W'k, X_”x’k)keﬁrr, Yi* and Y.

We now provide a first result, under strong regularity conditions, which provides a better understanding of our
representation. We emphasize that our main representation result in Theorem 3.5 below will be established under
more transparent conditions.

Proposition 3.4. Let Assumptions 3.1 and 3.2 hold true. Suppose that the PDE (2.2) has a solution u € C"2([0, T] x

RYY with E[ftT | f(,u, Du)(s, Yg'x)| ds] < oo, for some (t,x) € [0, T] x RY. Assume further that (Y )p=1 is uni-
formly integrable. Then

Yy el and u(t,x)=E[y""].

Proof. (i) It suffices to consider (¢, x) = (0, xg). Since g is bounded, it follows from the integrability condition on the
process f (-, u, Du) and the Feynman-Kac formula that

T
u(O,xo)zE[;g(Y(}’xO)f(T)—i—/o %ﬂ.,u,Du)(s,Y?’XO)p(s)ds}

F(T)
|:F(T(1)) ( T ) (0]
1 Clyy g - I )
+ —— | 22y oo T Ty - Du)!™i (T, X527, <1
IO(T(I)) <P1(1) E ! ( (M T(l)) {Ta) }

=E[y1]. (3.6)
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(ii) Next, let by € R4 be a constant vector, and assume in addition that the random variable Y1 (bo - W(O, Ty, xo,
AW.U))) is integrable. Then under Assumptions 3.2,

bo - Dxu(0, x0) = E[Y160 - W(0, T(1y, x0, AWD)]

1 _
=E[(w1 - = g(xo)l{T(.):T})bo “W(0, Tary. xo, Awﬂ”)] (3.7)
F(Tqy)

where the first equality follows by Lemma A.3 of [14] and the second equality follows from the fact that
EDV(O, T, x, (Ws)sefo,r)] = 0.

(iii) For k € EZT, change the initial condition from (0, xq) to (Tx—, X’}k_) = (Tqy, X(T:I))) in formula (3.6) and (3.7).
Then, with /] defined in (2.5),

(T, Xk ) =E|1 SR v |F
k= AT _) = {kE/CT}f(ATk) {kEICT\’CZT} k(Y1

by the Markov property, and by Assumption 3.2,

g(X%) —g(xk )
k = 2o 7 7 Mk
Dulli-. X, ) = E[(”"E’@T} Faro l{keﬁi\ﬁ%}q’k>

x W(Ti—, T, X5, . AW,"))]—]},

| e (TeXp)
p(ATy) pI
the definition of ¥; in (3.4), it follows from the integrability of ¥, and the tower property of conditional expectations
that u (0, xg) = E[vy].

(iv) Iterating this procedure, we see that

where W, := Ty ——x (Lig, =0yu + > Lo, =iybi - Du) (T —, X]%;/,)]' Plugging these expressions in

u(0, xo) =E[y,], foralln > 1, and therefore u(0, xo) = lim E[v,] = E[¥],
n—oo
where the last equality follows by the uniform integrability condition of (¥,;),>1. O

We now state our main representation result under abstract conditions on the Malliavin automatic differentiation
weight function WW(-) involving the slight modification of y:

(3.8)

3 [1—[g(X’})—g(X’}k)l{ekqé()ork:(l)}wk”: 1_[ cn(Ti, X5) W, :|

= F(ATY P p(ATH)

keKr kelr\Kr

with ¥** defined by an obvious change of origin. Explicit sufficient conditions for the validity of the next result will
be reported in Section 3.2 below.

Theorem 3.5. Let Assumptions 3.1 and 3.2 hold true, and suppose in addition that for all (t, x) € [0, T] x RY, there
is some € > 0 such that

(V) pepan ad (P W(s Ty AWSD) by

are uniformly integrable, where B (t, x) :={(s,y) € [0, T] x R4 . |s —t| + |x — y| < e}. Then, the function u(t, x) :=
E[y!*] is a continuous viscosity solution of the semilinear PDE (2.2). Moreover Du exists and is continuous.
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Proof. (i) Notice that the solution of SDE (3.1) is continuous w.r.t. its initial condition (z, x), and recall that (¢, x) —
W(t, s, x, (W, — Wy),es.5] is also continuous, then under the uniform integrability condition on ("), one obtains
that u : [0, T] x R? — R is continuous. Similarly, let us define

vi (8, x) =E[¥"bi(t, x) - W(t. Ty x, AW D),

which is also continuous by the uniformly integrability condition. Notice that, by Remark 3.3(i), one has E[b; (¢, x) -
Wi, T(tl), X, AW.Z’(I))] = 0. Further, ¥"* and ¢"-* are different only and only if ICtT = {(1)} and the difference is in
fact a deterministic term g(Xt’x’k) = g(x) for k = (1). Then

I
vi (8, x) = B[ bi(t, x) - W(t, Ty x, AWS D) = B[y bi (¢, x) - W(t, Ty x, AW D).

(ii) Let us define ¢ : [0, T] x R — R by

1
My ._ )
o(1ay. Ty, Xg,)) = f(T(l))g(XT )iz,=1)

1 Clay o Ty XY\ Tayo T ORYOF:
+ — (v W) OO T Tvi(Tay, X5 )™ |z <1y
o (Tny) <P1<1) Pl m

=E[y|A1], (3.9

where JF is defined in (2.5). Notice that ¢ (i, t, x) is continuous in x, then it follows by Assumption 3.2 and
Lemma A.3 of [14] that

D\ _
Du(0, x0) =E[¢(Iy, Ty, X;(f))w(o, Tay, x0, AW = E[yW(0, Ty, x0, AWD)].
By changing the initial condition from (0, x¢) to (¢, x) and notice that
vVl t t,(1) _
EDV(r, T(y, x, AW O) g _1y] =0,
it follows that
Du(t,x) =E[y"“W(t, T}, x, AW-D)],

and one obtains that Du : [0, T] x R? — R4 is continuous from the uniform integrability of (&”XW(I, T(’l), X,

AW.I’(I))). Moreover, one has v; (t, x) = b; (t, x) - Du(t, x).
(iii) Using the expression in (3.9) and the law of /(1) and T(;), and with similar arguments as in (3.6), it follows that

T
u(t, x) :E[tﬁ”x] = E[g(ytfx) +/ fC,u, Du)(s,?i’x)ds}.
t

Let h > 0, denote Hy, := (t + h) Ainf{s > ¢ : |Y§’x — x| > 1}, then by the flow property of X', one has

H
u(t,x):E[u(Hh,Y;’{);)—i— hf(.’u,Du)(s,Yi’x)ds},

t

and we may verify by standard arguments that « is a viscosity solution of PDE (2.2). (]
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3.2. More explicit sufficient conditions

We now provide some explicit sufficient conditions which guarantee the validity of the conditions of Theorem 3.5.
Define |¢|oo := sup,cge l@(x)| for any bounded function ¢ : R? — R, and |¢|eo := supji=1 |¢i|o for any bounded
vector function ¢ : RY — R4,

We first recall the Bismut—Elworthy—Li formula from Malliavin calculus, which was used by Fournié, Lasry, Lebu-
choux, Lions and Touzi [10] as an Malliavin differentiation tool, see also [4,5] and [9] for subsequent usefulness of
the Malliavin differentiation in the context of the Monte Carlo approximation of nonlinear PDEs. We emphasize that
such Malliavin automatic differentiation function is not unique (see Remark 3.3).

Assumption 3.6. The coefficients u, o are bounded continuous, with bounded continuous partial gradients D, Do,
and o is uniformly elliptic.

Notice that (Y;’x)se[,j], as defined by (3.1), is completely determined by (¢, x, (Wy — W;)se[z,71). We then intro-
duce the corresponding first variation process Y':

d
Yoi=ly,  dYy=Du(s. X" )Y,ds+ Y Doi(s, Xy )Y, dW!, forselr, T] P-as., (3.10)

i=1

where I; denotes the d x d identity matrix, and o; (¢, x) € R? denotes the ith column of matrix o (¢, x). Then one has
the following result (see e.g. Exercise 2.3.5 of Nualart [16, p. 125], or Proposition 3.2 of [10]).

Proposition 3.7. Let Assumption 3.6 hold true, then Assumption 3.2 holds true with the choice of Malliavin automatic
differentiation function VV defined by

_ 1 s _
W(t, s, x, (Wy — Wi)relrs]) == — [0 (r, X;’X)Yr]TdW,. 3.1D
- t

Remark 3.8. When i =0 and o (¢, x) = o for some non-degenerate constant matrix oo € M, one then has ¥, = I
and so that

-1 WS_WZ‘

W(t,s,x, (Wy = Wo)reprs1) = (00) P

With the above choice of Malliavin automatic differentiation weight function (3.11), we can now derive some
upper bounds for random variables (v, n > 1). Recall that Ly is the Lipschitz constant of g, denote by B;°(L,) :=
{(x1,...,xq) € R4 . |xi| < Lg} and th,s =W, s, x, (W, — Wi)relr,s1)- Then for n > 1, g > 1, we introduce two
constants Cy 4, and C3 4 by

—tx _
Clyi=lglle v sup B[ (bo - (%" ) (b 0.3) - Wi )]
0<t<s<T,xeRd,i=1,..., m,boeB3°(Lg)
and
Cay:i= sup E[|vs —tbi(t, x) - Wi x5|"].
0<t<s<T,xeRd i=1,...m
and then
q
~ Ci, ~ Iceloo t~ Z@—D q-1
Cig:= _—ql, Cry:=Cay sup ( S .
F(T)i~ teLie0,7I\ Pt p()
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Remark 3.9.

(i) Under Assumption 3.6, the tangent process Y is defined by a linear SDE, which has finite moment of any order
g > 1. Then the two constant Cy 4 and C, 4 are both finite. And for all k € K, one has

max{|g|, E[|(Dg - AXOWK|T|1F0]} < Crg. E[(VATIWKI)!I1F0] < Cag. (3.12)

where the sub-o-field Fy is defined in (2.5).
(ii) Notice that for a random variable N ~ N (0, 1) and non-negative integer g > 0, one has E[|N|?] = 2% F(q )/

/7. Then if (u, o) = (0, 0p), for some constant (g, 0p) € R4 x M9, and W as in Remark 3.8, it follows by
direct computation that

_ 2g +1
Cro <ty sup  (bfovaf )+ max 5] (uog)) '0i] )20 (20 /v
boeBS° (Lg) =1,..,

and

.....

We are now ready for the main explicit sufficient conditions for the validity of the representation Theorem 3.5.
Notice that the following conditions can be interpreted either as a small maturity or small nonlinearity restriction.

Assumption 3.10. For some g > 1, one of the following two items holds true.

(i) Both C; ‘/(_(T) )7 and supyc; ;0.7 Cz,q(lc;;l;c 77, are bounded by 1.
() T <favq(c2,q > ver leelooxh~tdx.

Remark 3.11.

“ Pz Vip()
is uniformly bounded, and to choose a density function such that p(¢) > Ct~'/? for t € [0, T] (especially when
t—0).

(i) To ensure that 62,[1 is finite, one needs to choose the density function p such that p(t) > C fﬁ, and hence it
is necessary that g € (2, 00) so that ﬁ € (%, D).

(i) Toensure that sup,c;, ;e0,77C2, g (% )4 is bounded by 1, it is necessary to choose (p¢)¢er such that —lcg;"

Theorem 3.12. Consider the Malliavin automatic differentiation function (3.11), and suppose that Assumptions 3.1,
3.6 and 3.10 hold true.

(i) Then Assumptions 3.2 holds, and (Y, y"*W(t, T (1% AW (¢ x)ef0,71xRd 8 uniformly integrable. Conse-
quently, u(t, x) := E[y"*] is a viscosity solution of PDE (2.2).
(i) If Assumption 3.10 holds with some q > 2, then E[|y"*|?] < oc.

Proof. (i) First, using Proposition 3.7, it is clear that Assumption 3.2 holds true with the choice of Malliavin automatic

differentiation function in (3.11).
(i1) Next, for g > 1, let us introduce

[¢h oo 1 g
e pETT——
g [kgclr <F(ATk)) ]|: 1_[ P ATrp(ATy)

By conditioning on Fy, it follows from (3.12), together with direct computation, that
E[ly1?] <E[x&] and E[[¢W(r. T(). x. AW()|"] < CE[x&]. (3.13)

for some constant depending only on the Lipschitz constant L.
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(iii)) When Assumption 3.10(i) holds true for some g > 1, then it is clear that E[||?] < 1. Notice that the above
argument is independent of the initial condition (0, x), it follows that (y"*, y>*W(t, Ty, % AW (1 xyer0,71x R
is uniformly integrable.

(iv) When Assumption 3.10(ii) holds true for some g > 1. Consider the ODE on [0, T']:

n(T)=Crq. 0+ Y Caglieeloon®!! =0,
lel

Under Assumption 3.10 (ii), it is clear that the above ODE admits a unique finite solution on [0, 7']. We next introduce
a sequence of random variables

C ][ o epleo 1 ][

=g . 4 k

Xn = _ C2’ n(Tk—) s
’ [ H | F(ATY) 11. T b p(ATR) U

kelJjo1 Ky kel Jj_y (K7 \KP) ke

and

: G o leplos 1

=q . =4 9 k100

X := lim ¥ :[ll_—][ || s, — .

T S M F(ATy) (R\K 1 pr,. p(ATy)
\Kr

Then by the same arguments as in the proof of Proposition 3.4, it is easy to check that

T
n(0) = n(T) +/0 Y Coglecloon®'dr =E[x{ ] =E[x{], ¥n=>1;
tel

and hence by direct computation, it follows that
E[|1//|q] < ]E[Xgo] < E[%o] < liminfE[j(\,‘,’] =1n(0) < oo.
n—o0
Changing the origin from (0, x¢) to (¢, x), we see that

sup E[|1ﬂt’x|q] < sup n(t) < oo,
(t,x)€[0,T1xR4 t€[0,T]

and hence (¥"*); 1)ej0.7)xRrd is uniformly integrable. The same arguments using (3.13) show that W W, T(’]), X,

AW()¢.x)el0,T]xRd is uniformly integrable. O

4. Further discussions
Representation of the PDE system

Let us consider a PDE system (v;) j—1,....n, Where for each j, v; : [0, T] x RY — R satisfies

1
atvj+uj-va+§aj:D2vj+f(-,v1,...,vn,Dvl,...,Dvn)=O,

for some diffusion coefficient function (u;,a;) : [0, T] x RY — RY x S?, and some polynomial function f :
[0, 7] x R x R" x (R%)" — R. Our methodology immediately applies to this context, and provides a stochas-
tic representation for the solution of the above PDE system, by means of a regime-changed branching diffusions: at
every branching time, the independent offspring particles perform subsequently different branching diffusion regime.
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Representation in view of unbiased simulation

With the same idea of proof, we can also obtain an alternative representation result, with a “frozen coefficient” SDE
(given below by (4.1)) in place of SDE (2.4). When the coefficient function a = a( for some constant ag € S9, this has
significant application in terms of Monte Carlo approximation, as it leads to a representation random variable which
can be simulated exactly, while the branching diffusion process X* in (2.4) needs a time discretization technique and
hence creates some discretization error in the simulation. Let us present this alternative representation formula in the
case of constant diffusion coefficient case, i.e. a = ag = JOJOT for some non-degenerate constant matrix o € M€,
Let L := L U {9}, where 9 represents an artificial index; p = (p¢),; be a probability mass function and
(T’”’")m,nz | be a sequence of i.i.d. random variables of distribution p, and independent of the sequences of i.i.d
Brownian motion (W’"*”)m,nz 1 and i.i.d positive random variable (f’”'”)m,nzl of density function p. Then following
exactly the same procedure in Section 2.2, we can construct another age-dependent branching process, denoted by
(ﬁ)keﬁr with branching type I := I""™®) _Here, when I; = (éo, ey fm) € L, it produces |57| offspring particles,

marked by i =0, ..., m exactly as in Step 3 in the construction of age-dependent process KCr in Section 2.2; when
Iy = 9, it produces only one offspring particle, marked by m + 1. Then for every k € K7, we equipped it with an
independent Brownian motion Wk as in (2.3). Next, let us define X (()1) = x0, and subsequently for every k € K7,

st ok o~ o ~ . ek ske
Xt =X3 +M(Tk_,Xﬂ_)ATk+UoAWAﬂ, with X7 = X3~ 4.1)

For this case, the Malliavin automatic differentiation functions take a particularly simple formula, which is compatible
with the purpose of the unbiased simulation algorithm. Let us introduce

~ ~ ~ 1 Wif
Wi = 1i6,=0) + be, (Te. X5, ) - (09 ) AT “Ligee(l,.m))
Wk
~ ~ ~ ~i_ -1 AT,
+ (T, X5, ) = (T X5 )+ (09) AT, “Lige=0)- (4.2)

Finally, setting c3 = 1, and replacing (X kK We, p 1) in the definition of ¥ and 1/~/ (in and below (3.5)) by ()? k, Wk, ﬁfk),
we obtain

FE R SR U T .
= — k ~ = ’ :
= F(ATy) Pt Di; p(ATy)
kelCr kelCr\Kr

and similarly 1:0\ .
Next, given a constant vector o € R?, we keep the same branching Brownian motion (W) e and then intro-
T

duce another diffusion process X% by

wHok . _ 7 i (1)

Xf(]) =x0 + noATq) + GOAWAT(I) ,

and the subsequent process X %O’k for k € KC7 \ {(1)} by the same induction relation as in (4.1). We then introduce V/\\/,il 0

as in (4.2) by replacing Xk by 5(\”0”‘, and replacing M(T“(k,),, 5(\1%: ) by o when k = (1). Replacing (5(\]‘, Wk) by
Ie N k=)~

(X ok, W,ﬁ‘ %) in (4.3), it defines a new random variable ¥*°. Finally, by changing the initial condition (0, xo) and

~ o~ o~ x1,X
time interval [0, T'] to (¢, x) and [z, T], one obtains W%k, TLy™ ¢ yHohY ete,

Proposition 4.1. Suppose that Assumptions 3.1 holds true, and the semilinear PDE (2.2) has uniqueness for bounded
viscosity solution. Suppose in addition that for every (t,x) € [0, T] x RY, and g lies in a neighborhood of u(t, x),
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one has
YyrohX and W‘O’t’xAWZ%) /AT 1) s integrable,
O

and the family of random variables

DX it (1)
(v )(t,x)e[O,T]de and (‘p AWATr /AT’(I))(t,x)e[O,T]de

are uniformly integrable with uniformly bounded expectation, define ii(t, x) := E[y""*]. Then the derivative Dil exists,
i and Du are both continuous; and moreover, u is the unique bounded viscosity solution of semilinear PDE (2.2).

Sketch of proof. (i) First, by the uniform integrability condition, # is bounded continuous. Let us introduce
(o, 1, %) :=E[$70] and i(r,x) :=E[§ AW /A?,,u)].

Notice that ¢ is uniformly bounded and continuous. Recall that W is a standard d-dimensional Brownian motion
independent of the branching diffusion process, we also introduce

X0%i=x 4+ pols — 1) +oo(Wy — Wp),  selr,Tl,

where 119 € R? is a constant vector in a neighborhood of w(#, x). Then one obtains as in (3.6) that

- 1 >t 1{21)=3} ~ St
u(po, t,x) =E Ly + = (e — o) - 0) (T, X3
e R+ 0T )
1{T #3) [ €1 -
) M AI‘”"l_[(b v)l(l)l)( )1 i|
ES (1)’ {T),,<T}
'O(T(ll)) <p1<l> i=1 @

T
= E[g(x’fx) +f (= 10) - o+ f (ot ) (s, Xﬁ:")ds:|,
t

By standard argument, (¢, x) — u(uo, t, x) is a viscosity solution of

1 m
—u + o - Du + 540 D*u+ (u— po) - 0+ KEGL cet™ l_!(bi D) =0,
1=

with terminal condition g. Since i and v are bounded continuous, the above PDE has uniqueness for bounded viscosity
solution, which induces that (i, t, x) is independent of g and (¢, x) = & (uo, ¢, x) for o in a neighborhood of
wu(t, x).

(ii) We can then compute the derivative D, (g, t, x) and then set ug := u(z, x), it follows that

Dii(t,x) = Dxﬁ(/L(t, x),t, x) =0(t,x),

which is also bounded continuous. This implies that i (z, x) is a viscosity solution of (2.2), and we hence conclude the
proof by uniqueness of the viscosity solution of (2.2). (|

Remark 4.2. The integrability and square integrability of w can be analyzed in exactly the same way as in Theo-
rem 3.12. We just notice that the above defined random variables X as well as WV and hence w can be simulated
exactly from a sequence of Gaussian random variables, discrete distributed random variables / I™n and rv. T™" of
distribution density function p. As for the initial estimator ¥ in (3.5), the process X kin (2.4) can not be simulated ex-
actly in general and one needs an additional time discretization scheme to simulate X in order to obtain a simulation
of 1. In particular, the new estimator 1} would be more interesting to serve as a Monte-Carlo estimator for u (0, xq).
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On the representation of fully nonlinear PDEs

Formally, one can also obtain a representation result for fully nonlinear PDE, using the same Malliavin automatic
differentiation functions of order 2. However, this raises a serious integrability problem which can not be solved by
conditions as in Assumption 3.10. To illustrate the main difficulty, let us consider the following PDE in the one-
dimensional case d = 1:

1
w(T,x)=g(x),  du+ §D2u + fo(D*u) =0, on[0,T] xR, (4.4)

where fo(y) = coy for some constant cg > % Notice that there is only one term in function fj, then a natural guess
for the representation is to consider a branching Brownian motion with exactly one offspring particle at every splitting
time. This can be seen as a Brownian motion W equipped with a sequence of random time mark (7;);=1,... n;, Where

i
Ti=TAY o/, Nr:=inf{i : T; > T}.
j=1

Notice that for any # > 0 and bounded measurable function ¢ : R — R, one has

2 Wt2 —t
3”1@[(1)()6 + Wt)] =E|:¢(X + W) ) ]

Then arguing as in Theorem 3.5, we may expect that u(0, xg) = E[@ ], with

Nr—1

e g0 4 Wr) ! Wry = Wr)? — (Tia = T))

= - < 0
F(T = Ty,—1) (Tis1 = T)?p(T; = Ti-1)

)

provided that fﬁ is integrable. However, the integrability of fﬁ could fail in general. For simplicity, let g = 1, and notice
that F < 1. Then by taking conditional expectation, one has, for some constant C > 0 and ¢ := IE[|co(W12 — 1)|], that

Nr—1
1
E E | | T i T; —
[|W|]2 |: (T — T;)p(T; Ti_l)j|

i=1

cq c1 c1
>E L, <T/2. 75— T <T /2. T5—T T]
[Mﬂﬂ%—ﬁﬂ%—ﬂﬂ%ﬂb“</z'</32>}
>CIE|: ‘i 1 ] C/T/ZIdt
jtl T—-T1<T/2 = - = OoQ.
(T, — T)p(T, — Tp) 2 T=T72) o 1

Of course, for linear PDEs as in (4.4), one can simulate a Brownian motion with volatility coefficient 1 + 2¢q
whenever 1 + 2¢p > 0 to obtain the solution. But it is not the case for general fully nonlinear PDEs.

On the representation results by BSDE

Another probabilistic representation of semilinear parabolic PDE is the Backward Stochastic Differential Equation
(BSDE) proposed by Pardoux and Peng [17]. Namely, given a classical solution u# of semilinear PDE (2.2), we define

(Yt, Z;) = (u(f, Y?,XO)’ O'DM(I, YO,XO)).

Then (Y, Z) provides a solution to BSDE

T
Y, = (X3 +/ £ X0 Y07 (s, X0V 20) ds — Zod W, t €0, T], Pas.
t

N
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Based on the discretization technique on the BSDE, one can then obtain a probabilistic numerical solution for
semilinear parabolic PDEs, see e.g. Bouchard and Touzi [5], and Zhang [21], etc. Generally speaking, these numerical
schemes for BSDE need a (time-consuming) simulation-regression technique to compute the conditional expectation
appearing in the schemes.

Our representation result induces a pure Monte Carlo simulation algorithm, which avoids the regression procedure
in the numerical schemes of BSDEs. Nevertheless, our numerical method provides only the solution of PDE at a single
time point, and it needs some restrictive conditions on the coefficient functions f such as Assumption 3.10 to obtain
a finite variance estimator. We will provide more numerical examples as well as some variance reduction techniques
in Section 5 below.

5. A Monte Carlo algorithm
5.1. The implementation of the numerical algorithm

The above representation result in Theorem 3.5 induces a Monte Carlo algorithm to compute the solution of PDE
(2.2), by simulating the random variable ¥ or 1. We provide here some discussion on the implementation of the
numerical algorithm.

The choice of density function p

As discussed in Remark 3.11, to ensure Assumption 3.10, a necessary condition is to choose p(r) > Ct~'/? for
t € [0, T]. A natural candidate as distribution, which is also easy to be simulated, is the gamma distribution I'(«, 6),
with k < %, whose density function is given by

po(t) = ““Lexp(—1/6)1=0}, (5.1)

1
—t
[(k)0%
where I' (k) := fooo s“"1e™ ds. In particular, one has

— o0 , ATy /0 ¢
Fy :=/ po®)dt=1— M, where y (i, 1) :=/ s le™ ds.
0

AT} (k)

Complexity

The dimension d of the problem, the choice of (p¢)¢er and p will of course influence the complexity of algorithm.
First, the complexity is proportional to the number of particles in the branching process, i.e. #Kr, and for each particle,
the complexity of simulation and calculation is of order C d?. Let us denote ng := » cer Pelll and m(r) := E[#/C,].
Proposition 5.1.

(i) The function m(t) is given by

o0
m(t) = ZnSF*'k(z‘), where F**(1) :=P[t"! +... + 71F <1]. (5.2)
k=0

(ii) Let p be given by (5.1), then F**(1) = %y(kk, x/0) and hence

mt) =y

k=0

y (kic,t/0)nf
[k)

Proof. (i) Using Lemma 4.4.3 of Athreya and Ney [1], one has that satisfies the equation m(¢t) = 1 + ng fot m(t —
s)p(s)ds, whose solution is given explicitly by (5.2). Further, when p is the density function of Gamma distribution,
the function F**(r) can be computed explicitly. (|
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5.2. A high dimensional numerical example

We first focus on a simple numerical example in high dimension. Let (i, o) = (0, 0p) for some constant matrix
o0 = ﬁld, and f(t,x,y,2) =k(t,x) +cy(b-2), where b:=2(1 + 1, 1+ 2,....2) and

o2

3d+1
k(l" _x) = COS(XI 4+ ..+ xd) (a + 7 + csin(xl + .o+ xd)%eﬂl(T—t))ea(T—t)'

With terminal condition g(x) = cos(x1 + - - - 4+ x4), the explicit solution of semilinear PDE (2.2) is given by

u(t,x) =cos(x) +--- 4 xg)e*T =0,
In our numerical experiment, we set « = 0.2, c =0.15, T =1, and x¢9 = 0.514, where 1, stands for the unit vector
in RY for d = 5, 10 and 20. We would like to emphasize that, to the best of our knowledge, no alternative methods
are available for solving such a high-dimensional semilinear PDE. In Table 1, we report the analytic solution of the
semilinear PDE and that of the corresponding linear PDE by setting ¢ = 0. The different results indicate that the
nonlinearity term has an impact.

For numerical implementations, we use gamma distribution (5.1), with ¥k = 0.5 and 6 = 2.5. On each test, we
simulate n i.i.d. copies (¥)1<k<n of the random variable v, and then compute its empirical average value En =
:—l > %i—1 Y. For each n, the estimation procedure is repeated independently M = 1000 times, so as to obtain M i.i.d.

. —1 —M
estimations (Y, ..., ¥, ).
We next compute

e the global estimate by Ey[¥,]:= % Ml
e the standard deviation by 6, y := \/ﬁ M Wi — Enly,D)2

In case of convergence, we will expect that 6,y ~ /Var[{/]/n. In Figures 1, 2, 3, we illustrate some numerical
results, and show that it converges easily to our analytic solution. In Table 2, we report some numerical simulation

Table 1
Analytical solution for the linear PDE (i.e., ¢ = 0) versus analytical solution
for the semilinear PDE in d = 5, 10 and 20

Dimension 5 10 20
Linear Solution —1.0436 0.3106 —0.9661
Non linear solution —0.97851 0.34646 —1.0248
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Fig. 1. Estimation and standard deviation observed in d = 5 depending on the log of the number of simulations 7.
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Fig. 3. Estimation and standard deviation in d = 20 depending on the log of the number of simulations »n.

Table 2
Computational time in seconds for 96,000 trajectories computed 1000 times
on one core fork =0.5,0 =2.5

Dimension 5 10 20
Time 550 717 956

results: with the number of simulations n = 96,000, the numerical result has a relative error less than 0.1%. All
simulations are implemented on one core of a Laptop core I7 processor 2.2 GHz.

6. Some extensive tests

This section is devoted to additional tests. Having illustrated previously that our algorithm is efficient for solving
high-dimensional semilinear PDEs, we focus on some examples from dimension 1 to 3. Note that our results have
been benchmarked against a Finite Difference method in d = 1 and d = 2. Unfortunately, the finite difference method
is not available in d = 3. All our numerical exan(}ples share the following characteristics: u(f,x) =1—x, 0 =0.5Iy
and xo = 1. T is chosen equal to 1, g(x) = (é drx(@) — Dt for x € RY. Notice that with the above coefficients, SDE
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(3.1) is a linear SDE, whose solution can exactly simulated:

—0,x l—e 2
X, =(1—e_’)]l+e_’x+a TZ, Z~N(QO,1,). 6.1)

The Malliavin weight used in the algorithm can be computed explicitly and is given by Z /(o Eth_l ). We will compare

numerical results from four different schemes.

o (scheme a) using the representation (3.5) with the explicit solution (6.1) of the SDE (3.1).

e (scheme b) using the representation (4.3) with freezing coefficient techniques.

e (scheme c) using the representation (4.3), enhanced by the resampling scheme (see the Appendix for more details).
o (scheme d) using the representation (3.5), enhanced by the resampling scheme.

The density function p is that of the gamma law with parameters « and 6. If not indicated, the parameters of the
law are set to k = 0.5 and 8 = 2.5 and the probability p; are chosen equal. On each test, a calculation is achieved with
n simulations (starting with n = 1562 for scheme a and with n = 100,000 for schemes b and ¢). The n simulation are
shared on 96 processors and each processor i calculates an estimation E; of the solution with g¢ simulations. Then an
estimation £ with n simulation is achieved with £ = % > ; Ei. When importance sampling is used, in order to avoid
communications that breaks parallelism, it is used on each processor so with g simulations on each processor. The
standard deviation of E is estimated with 1000 runs of n simulations and its log is reported on the different figures
below for different values of n. We expect that by quadrupling the values of n, the standard deviation szd divides by a
factor 2 and the plot (log(n), log(std)) should be linear with a slope equal to — % The theoretical rate of convergence
is also plotted on each figure (as in our previous example, the solutions are obtained on the average of the 1000 runs).

6.1. Some examples in one space dimension

e Ford =1,wetake f(t,x,y,z) :=0.2y>+0.3y>. Results on Figure 4 show that the method converges. Scheme a is
far more effective than scheme b and that the importance sampling of scheme c is effective. The log of the standard
deviation decreases for all schemes linearly with the log of the particle number as predicted by the theory. Note that
the computational cost for 1000 runs with 25,000 simulations on one core is equal to 490 seconds for scheme a,
200 seconds with scheme b and 260 seconds with scheme c.

e Asasecond example in d = 1, we take a Burgers type nonlinearity f (¢, x, y, z) = 0.15yz. Results on Figure 5 show
that all the schemes converge to our numerical finite difference solution. Note that the computational cost for 1000
runs with 25,000 simulations on one core is roughly equal to 200 seconds for scheme a, 100 seconds for scheme b,
300 seconds for scheme c.
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T T T T T -12 T T T T T
10 12 14 16 18 10 12 14 16 18
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Fig. 4. Estimation and standard deviation obtained in d =1 for f(z,x,y,z) := 0.2y2 + 0.3y3.
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Fig. 6. Estimation and standard deviation obtained in d = 1 for f (¢, x, y,z) =0.3yz.

e As a third example in d = 1, we keep the same nonlinearity with f (¢, x, y, z) = 0.3yz. We expect that the variance
of the results will be higher than in the previous case. This is observed in Figure 6. Scheme a still converges.
Scheme b converges slowly and Importance Sampling of scheme ¢ permits to get faster convergence and to recover
the good rate in the log of the standard deviation decay. The computational times are the same as in our previous
test.

e As a fourth example in d = 1, we take a nonlinearity with f(z, x, y, z) = 0.08z2. Results are shown in Figure 7.
The importance sampling of scheme c¢ is required to achieve proper convergence. Scheme a converges quickly.
Computational times are the same as before (same type of branching).

e As a last example in d = 1, we keep the same type of nonlinearity f(z, x, y,z) = 0.2z%. Schemes b and ¢ don’t
converge anymore. We only test scheme a using different values for the parameters « and 6 (see Figure 8). The
change in 6 does not seem to change convergence properties. The change in « (from 0.5 to 0.4) does not seem
to modify our results. However, some tests, not reported here, show that the variance can increase a lot using
around 0.25. Then, as the average jump size is proportional to 6, it is more efficient to take some quite high values
for 6 in order to reduce the computational time. For the same reason, it is optimal to choose a x equal to 0.5. In
Table 3, we report the computational time, associated to different choices of («, 6), as a multiplicative factor of the
computational effort with benchmark parameters « = 0.5, 0 =2.5.
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Fig. 8. Estimation and standard deviation obtained in d = 1 for f(¢,x,y,z) = 0.2z2. Different values for x and 6 are used.

Table 3
Computational time, associated to different choices of (k, 6), as a multiplicative factor of the
computational effort with benchmark parameters k = 0.5, 6 =2.5

K 0.5 0.5 0.5 0.4 0.4
0 1 2.5 5 2.5 5.0
Time 6.63 1 0.49 2.85 1.02

We notice that for all the parameters, the decay in the variance is far from the expected theoretical one (see Figure 8).
We then use our benchmark parameters and compare the results obtained using scheme a and scheme d (importance
sampling is used here). Results are reported on Figure 9. They illustrate that the importance sampling method allows
to improve the convergence rate.
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Fig. 10. Estimation and standard deviation obtained in d =2 for f (¢, x, y,z) :=0.15y1.z.

6.2. Some examples in two space dimensions

Although the efficiency of our algorithm was illustrated on our previous experiments, this Monte-Carlo method can-
not compete a PDE deterministic methods in d = 1. In this section, we focus on d = 2, where advantages of PDE
implementation remain but are not so obvious.

e For the first example in d =2, we take f (¢, x, y,z) := 0.15y1.z. On Figure 10, we give the results obtained using
our three schemes showing that Importance Sampling is needed. Note that the computation cost for 1000 runs with
25,000 simulations on one core is roughly equal to 230 seconds for scheme a, 90 seconds for scheme b, 580 seconds
for scheme c.

e For the second example in d = 2, we take f(¢,x,y,z2) := 0.04(2.11)2. The convergence of Scheme a is easily
achieved while Scheme b converge poorly as shown in Figure 11. Importance sampling method improve the con-
vergence. Computational costs are the same as in our first d =2 tests.

e For the third example, we test the influence of the coefficients on Scheme a for a non linearity f (¢, x,y,z) :=
K (z.1)* with K =0.05, K =0.1, K = 0.2. Using Scheme b and ¢, we cannot get proper convergence due to high
variances observed. On Figure 12, we give the convergence obtained with the different K values and on Figure 13
the standard deviation associated. As the coefficients grow, the variance of the results gets higher preventing the
method from converge when K = 0.2.
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Fig. 13. Standard deviation of the scheme a for different K values.

o At last we test the influence of the function g. The representation of the solution involves the product of g functions
so we expect that the variance of the result is highly sensitive to the scaling of this function. Here we choose
to keep f(t,x,r, p) :=0.05(Du.1)? and take different values for the g function. On Figure 14 we take g(x) =
2(% Zld x(i) — 1)" and give the convergence of schemes a and b and the standard deviation associated. Comparing
to Figure 13 (K = 0.05), we see a net increase in the variance of the result for scheme a. When importance sampling
is used (scheme d) the decay in term of variance is more regular. Increasing the function g such that g(x) =
3(% Zfi x(i) — 1)*, we give the results obtained on Figure 15. Here importance sampling is really necessary to

recover a good rate of convergence.
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6.3. An example in three space dimensions

We take f(t,x,y,z) :=0.15(z.1)%. Results are given on Figure 16, still showing that importance sampling is neces-
sary while using discretization of the scheme and that the exact scheme has a lower variance.

Appendix: Resampling scheme for branching processes

Notice that our estimator (3.5) and (4.3) are provided as a product of some random variables. Then similar to Doumbia,
Oudjane and Warin [7], one can use the resampling scheme (or interacting particle systems), see Del Moral [6].
Intuitively, this scheme replaces the expectation of a product by a product of expectations, which potentially stabilizes

the Monte-Carlo estimator.

Let us first introduce the Markov chain (&},),>1, taking values in Upzl([O, T1> x R¥ x {0, ...,m} x L)? such
that X1 = (0, 0, xo, x0, 0, Iy) with Iy = (1,0, ...0) € N"+1 and for any n > 1, one defines

Xog1 := (X, (T- T X’;k_ X5 O )

keU’},Zlf‘;)'
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Fig. 16. Estimation and standard deviation observed in dimension 3 for case 1.

Notice that this Markov chain has an absorbing state since for any w € €2 there is a generation n(w) for which all

branches have died (either having no offspring before reaching 7' or having reached 7') implying Er}—H (w) = @ and
consequently X, 11 (w) = &, (w). Then (X},),>0 is a Markov chain. We next introduce

g(X%) — g(Xk 1,20 e (Te, X5 w
s e
ek k keI I k
so that
o0
v =]]Gu.

n=1

Notice that the above representation consists of a product from contributions from each generation n > 1. Since the
number of generation prior to the maturity 7 is finite a.s., the last product only involves finite number of terms, a.s.
We also observe that except for the trivial case of constant function g, E[|G, (X},)|] # 0. By iteration, it is easy to see
that

EP[y] = (]"[ EP’11[|G,1(241>|])EP°° [1‘[ sgn(Gnm))},

n=1 n=1

. P, .__ |Gn (X)) >
where glven.]P’o, one de.:ﬁnes P, b.y dIP’,?,l — EPn—.l TREAIR fOI'I’f > 1. . . . .
The particle algorithm consists in simulating the dynamics of an interacting particle system of size N,
(E}’N, .. .S;,V’N), on Upzl([O, T1? x R x {0,...,m} x L)?, from step n = 1 to n = 0o and then to approximate

each expectation EF»~1[|G, (X,,)|] by the empirical mean value of the simulation. The algorithm can be given as an
iteration of the following two steps, initiated by n = 1,

~ of &}, one draws randomly and independently N simu-
G

Y 1G,EN )’

Evolution step Each new selected particle evolves randomly and independently according to the transition of the
Markov chain (&},) between n and n + 1.

Selection step Given N copies of simulation (g,i’N )i=1

.....

lations among the current particle system with a probability
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Finally u(0, xo) is approximated as a product of empirical averages:

I TS AC] %Zﬁsgn(Gn(éé’N)) : (A2)

n=1 i=1 i=1n=1

Notice again that, for every simulation (£%-"), the maturity T is attained for some finite generation, then the above
product ]_[211 can be restricted to the a finite product ]_[Zﬁ |» Where ny = inf{n > 1|§,,’N has reached T forall i =

I,...

NJ.

Acknowledgements

We are grateful to Vincent Bansaye, Julien Claisse, Emmanuel Gobet and Gaoyue Guo, and two anonymous referees
for valuable comments and suggestions. X. Tan and N. Touzi gratefully acknowledge the financial support of the ERC
321111 Rofirm, the ANR Isotace, and the Chairs Financial Risks (Risk Foundation, sponsored by Société Générale)
and Finance and Sustainable Development (IEF sponsored by EDF and CA).

References

(1]
[2]
(3]
[4]
(3]
[6]
(7]

[8]
[9]

(10]
(11]
[12]
[13]
(14]
[15]
(16]
[17]
(18]
(19]

[20]
(21]

K. B. Athreya and P. E. Ney. Branching Processes. Die Grundlehren der mathematischen Wissenschaften 196. Springer-Verlag, New York,
1972. MR0373040

V. Bally and P. Pages. Error analysis of the quantization algorithm for obstacle problems. Stochastic Process. Appl. 106 (1) (2003) 1-40.
MR1983041

M. Bossy, N. Champagnat, H. Leman, S. Maire, L. Violeau and M. Yvinec. Monte Carlo methods for linear and non-linear Poisson—
Boltzmann equation. ESAIM: Proceedings and Surveys 48 (2015) 420-446. MR3415405

B. Bouchard, I. Ekeland and N. Touzi. On the Malliavin approach to Monte Carlo approximation of conditional expectations. Finance Stoch.
8 (2004) 45-71.

B. Bouchard and N. Touzi. Discrete-time approximation and Monte-Carlo simulation of backward stochastic differential equations. Stochastic
Process. Appl. 111 (2) (2004) 175-206.

P. Del Moral. Feynman—Kac Formulae, Genealogical and Interacting Particle Systems with Applications. Probability and Its Applications.
Springer-Verlag, New York, 2004.

M. Doumbia, N. Oudjane and X. Warin. Unbiased Monte Carlo estimate of stochastic differential equations expectations. ESAIM Probab.
Stat. 21 (2017) 56-87.

I. Ekren, C. Keller, N. Touzi and J. Zhang. On viscosity solutions of path dependent PDEs. Ann. Probab. 42 (1) (2014) 204-236.

A. Fahim, N. Touzi and X. Warin. A probabilistic numerical method for fully nonlinear parabolic PDEs. Ann. Appl. Probab. 21 (2011)
1322-1364. MR2857450

E. Fournié, J. M. Lasry, J. Lebuchoux, P. L. Lions and N. Touzi Applications of Malliavin calculus to Monte Carlo methods in finance.
Finance Stoch. 3 (1999) 391-412. MR1842285

T. E. Harris. The Theory of Branching Processes. Die Grundlehren der Mathematischen Wissenschaften 119. Springer, Berlin, 1963.
MRO0163361

P. Henry-Labordere. Cutting CVA’s Complexity, Risk magazine (Jul 2012). Extended version: Counterparty risk valuation: A marked branch-
ing diffusion approach, ssrn. Available at http://ssrn.com/abstract=1995503.

P. Henry-Labordeére, X. Tan and N. Touzi. A numerical algorithm for a class of BSDEs via the branching process. Stochastic Process. Appl.
124 (2) (2014) 1112-1140.

P. Henry-Labordeére, X. Tan and N. Touzi. Unbiased simulation of stochastic differential equations. Ann. Appl. Probab. 27 (6) (2017) 3305-
3341.

H. P. McKean. Application of Brownian motion to the equation of Kolmogorov-Petrovskii-Piskunov. Comm. Pure Appl. Math. 28 (1975)
323-331.

D. Nualart. The Malliavin Calculus and Related Topics 1995. Springer, Berlin, 2006.

E. Pardoux and S. Peng. Adapted solutions of backward stochastic differential equations. Systems Control Lett. 14 (1990) 55-61.

A. Rasulov, G. Raimova and M. Mascagni. Monte Carlo solution of Cauchy problem for a nonlinear parabolic equation. Math. Comput.
Simulation 80 (6) (2010) 1118-1123.

A. V. Skorokhod. Branching diffusion processes. Theory Probab. Appl. 9 (3) (1964) 445-449.

S. Watanabe. On the branching process for Brownian particles with an absorbing boundary. J. Math. Kyoto Univ. 4 (2) (1965) 385-398.

J. Zhang. A numerical scheme for backward stochastic differential equations. Ann. Appl. Probab. 14 (1) (2004) 459—488.


http://www.ams.org/mathscinet-getitem?mr=0373040
http://www.ams.org/mathscinet-getitem?mr=1983041
http://www.ams.org/mathscinet-getitem?mr=3415405
http://www.ams.org/mathscinet-getitem?mr=2857450
http://www.ams.org/mathscinet-getitem?mr=1842285
http://www.ams.org/mathscinet-getitem?mr=0163361
http://ssrn.com/abstract=1995503

	Introduction
	The marked branching diffusion
	Semilinear PDE with polynomial nonlinearity
	Age-dependent marked branching process
	The marked branching diffusion

	The main representation
	Branching diffusion representation of semilinear PDEs
	More explicit sufﬁcient conditions

	Further discussions
	Representation of the PDE system
	Representation in view of unbiased simulation
	On the representation of fully nonlinear PDEs
	On the representation results by BSDE

	A Monte Carlo algorithm
	The implementation of the numerical algorithm
	The choice of density function rho
	Complexity

	A high dimensional numerical example

	Some extensive tests
	Some examples in one space dimension
	Some examples in two space dimensions
	An example in three space dimensions

	Appendix: Resampling scheme for branching processes
	Acknowledgements
	References

