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Abstract. For the critical Galton—Watson process with geometric offspring distributions we provide sharp barrier estimates for
barriers which are (small) perturbations of linear barriers. These are useful in analyzing the cover time of finite graphs in the
critical regime by random walk, and the Brownian cover times of compact two-dimensional manifolds. As an application of the
barrier estimates, we prove that if C;, denotes the cover time of the binary tree of depth L by simple walk, then /Cj /2L+1 —
2log?2L + log L/+/2Tog?2 is tight. The latter improves results of Aldous (J. Math. Anal. Appl. 157 (1991) 271-283), Bramson
and Zeitouni (Ann. Probab. 37 (2009) 615-653) and Ding and Zeitouni (Stochastic Process. Appl. 122 (2012) 2117-2133). In
a subsequent article we use these barrier estimates to prove tightness of the Brownian cover time for compact two-dimensional
manifolds.

Résumé. Pour le processus critique de Galton—Watson avec loi de reproduction géométrique de la progéniture, nous fournissons
des estimations fines de barriere pour des obstacles qui sont des (petites) perturbations de barrieres linéaires. Les estimations
sont utiles pour analyser le temps de recouvrement, par une marche aleatoire, de graphes finis dans le régime critique, et les
temps de recouvrement brownien de variétés bidemensionelles compactes. Comme application des estimations de barriere, nous
prouvons que si Cy, dénote le temps de recouvrement de 1’arbre binaire de profondeur L par une marche aleatoire simple, la suite
VCp 2L+ — /2Tog2L + log L/+/2Tog2 est tendue. Ce dernier resultat améliore les résultats d’Aldous (J. Math. Anal. Appl.
157 (1991) 271-283), Bramson et Zeitouni (Ann. Probab. 37 (2009) 615-653) et Ding et Zeitouni (Stochastic Process. Appl. 122
(2012) 2117-2133). Dans un article compagnon, nous utilisons ces estimations de barriere pour prouver la tension du temps de
recouvrement brownien pour des variétés riemanniennes compactes en deux dimensions.
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1. Introduction and statement of main results

Let P, be the law of the critical Galton—Watson process (77);>0 with inital population 7y = n and geometric offspring
distribution. For any a, b, L let

Jap(;L)y=a+ (b —a)%,
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be the line interpolating a and b over the interval [0, L]. Abbreviate I; =/ A (L — ). Let N={1,2,...} and ZT =
{0,1,2,...}. For y,6 > 0, let Hy 5 =[y,y + J] and set Hy, = Hy ;. The main result of this article is the following
barrier estimates for the process 7. It is motivated by applications to the study of the cover time of the binary tree
by a random walk and of two-dimensional compact manifolds by a Brownian sausage, see the discussion following
Remark 1.2 below.

Theorem 1.1.

(a) For all fixed 5,C >0, n>1 and ¢ € (0, %) we have, uniformly in /2 < x,y < nL such that x*/2 € N, any
0<a<x,0<b<y,that

1_
Pop(faps L) = Cl; ™" <2T1,1=1,....L — 1,/2T] € Hy )

— _ o2
§c(l+x a)(1+y—>b) E (1.1)
L yL

(see Figure 1). If in addition a > L/n, similar bounds hold for y < ~/2, with /yLL replaced by 1.

(b) For any C>2C+25+n++2, if, in addition to the conditions in part (a), we also have (1 +x —a)(1+y—b) <
nL, max(ab,|a —b|) > L/n and [y, y + 8] N~ 27+ # & then

1_ - 1
Py (fap(s L) +Cl; < \2Ti < foy (5 L)+ Cl ¥ 1=1,..., L — 1, /2T, € Hy )

l+x—a)1+y—b = +p?
zc( +x—a)(1+y )><< i/\l)e(u” ’ 12)
L yL

(see Figure 2), and the estimate is uniform in such x, y, a, b and all L.

Fig. 2. Illustration of barrier event in Theorem 1.1(b).
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Remark 1.2.

(a) In this paper constants, whose value may change from occurence to occurence, that depend at most on C, §,  and
&, are denoted by c. The notation a < b means thata <c-band b <c-a.

(b) When § < /2 and y =0 the terminal condition /27, € Hy s is equivalent to 77, = 0. Less precise barrier esti-
mates for the process 7; conditioned on 77, = 0 appear in [6, Proposition 7.1].

We will put Theorem 1.1 in the context of estimates for Bessel processes, see Proposition 1.4 below. Before doing
so, we emphasize that the main application of Theorem 1.1 is in a paper by the authors [7] which proves tightness of
the (centered) square-root of the Brownian cover time of two-dimensional compact manifolds. In the current paper,
we illustrate the use of Theorem 1.1 by presenting a quick proof of a similar result for the cover time of the binary
tree. Let 77 be the tree of depth L, with a root of degree one attached to the top. (Formally, begin with a binary tree
rooted at vertex o, and attach to it a vertex p, the root of 77, connected by an edge to 0.) The tree 77, has 2L+ yertices
and 2L + 1 leaves (including p). Let [P be the law of discrete time simple random walk (X,,),>0 on 7T, starting at the
root. Let 7,, y € T, be the hitting time of the vertex y by the random walk. The cover time

Cp=maxty = max Ty
yeTL yeTL,y is aleaf

is the first time the random walk has visited every vertex of 7. We prove the following estimate.

Theorem 1.3. There exist constants c such that for all x > 0,

CL 1
limsupP( / —/—+ 2log2L — ———1log L + < —xy2log2 13
L»oop < LH_ g 2Tog?2 J x)_cxe (1.3)
- CL -
11Lrg1orlfIP( 2L+1 >/2log2L — —210g210gL +x> >cxe ¥ , (1.4)

and

limsupP| / /= < +/2log2L — log L — > <e . (1.5)
L—>oop ( L+1 s \/—2 .

In particular, Theorem 1.3 shows that

CL

ST = 2log2L —

1
————=logL + O(1), 1.6
Tog2 g ey (1.6)
that is, tightness of a centered, scaled version of the square root of the cover time. Equivalently one could state
tightness directly in terms of a centered and scaled version of the cover time itself, as

m =2(log2- L —logL + O(1)),
and the corresponding tail bounds can also be written in a similar way. The statement (1.6) improves on the esti-
mate from [14], which has O ((loglog L)®) in place of O(1). (Earlier results of Aldous [4] give the leading order
+/2Tog2L(1 + o(1)).) Theorem 1.3 also provides a new proof that after appropriate centering, /Cy, /2L+! is tight, a
result proven in [10] using a recursion (in a way that avoids computing the centering term).

In light of recent works [6,14], it appears that cover times of homogeneous trees and of two dimensional graphs or
manifolds are related to the extrema of certain critical hierarchical random fields, a universality class which contains
Gaussian logarithmically correlated fields and branching random walks.®> The logarithmic correction term in (1.6),

3More generally, isomorphism theorems have been used to show that for any finite connected graph for which hitting times are asymptotically
shorter than cover times, the cover time divided by the number of edges is of the same order as the square of the maximum of the Gaussian Free
Field on the same graph [13]; for arbitrary trees or for bounded degree graphs, they were shown to match to leading order [12], and for general
graphs in [21].
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whose form was proven in [14], is, up to constant multiple, the universal correction term* for fields in this universality
class. That the minimum (or maximum) is tight after centering by the leading term together with this logarithmic
correction term is another conjectured universal feature of these fields, as is the decay xe™“*, for some c, of the right
tail, which we verify in (1.3) and (1.4). (By contrast, the left tail for which we have only the rough bound (1.5), is not
expected to be universal, and in general is not even of exponential form.) Our approach builds on previous works on
branching random walk [2,3,5,8,9] and cover times [6,11,14]. More precisely, we use a second moment method with
a truncation involving the process of discrete edge local times staying above certain barriers. The barrier estimates
that are the main results of this paper are a crucial technical input.

The main step of the proof of the cover time result is the analysis of the minimum of the discrete local times among
the leaves at the time a certain local time is reached at the root. For the maximum of continuous local times on the
leaves more precise results have been obtained [1].

The intuition behind Theorem 1.1 is that the process [ — +/27; behaves like a Bessel-0 process, i.e. a process Y;
which satisfies the SDE

1
dY; =dW;, — —dt, 1.7
i oy, (1.7)

for a Brownian motion W; (the drift is only significant if Y; is close to zero, otherwise the process Y; behaves like
a Brownian motion). The Galton—Watson process 7; can be thought of as a discrete version of a squared Bessel-0
process. Indeed, if f; ;, j > 1, are the number of offspring of each individual in generation /, letting g;, ; = f;,; — 1
we can also write /27}¢ as

(1.8)

o — (1.9)
«/27}; T2 2T,

plus terms that can be shown to be negligible. The distribution of the normalized sum in (1.9) will be close to Gaussian
by the central limit theorem (the g; ; are independent, have mean zero, and are independent of 77). Thus if we let
Z; = /2T; we can informally write

1
Zix1—Z XN — —,
I+1 l l 27,
for approximately Gaussian independent N;, making the heuristic link to (1.7) apparent. A proof of results similar to
Theorem 1.1, that could be extended to other Galton—Watson processes, could be provided® by following these ideas.
Instead, in this paper, we use exact equalities in law to provide a shorter proof.
Theorem 1.1 should be understood in the light of the following precise large deviation estimate for /277 .

Proposition 1.4. For all fixed 8 > 0 and n > 1 we have, uniformly in /2 < x,y < nL such that x2/2 is an integer,
that

)2

Pop (2T, € Hys) <c /iLe*LEZ . (1.10)
y

4The constant multiple is determined by tail estimates. Differing tail estimates for local times and related Gaussian fields lead to differing constants
for cover times and the maximum of such Gaussian fields, as explained in [6, Section 1.2].
5and is available from the authors
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If, in addition, [y, y + 81N ~2Z+ # & and L /n < xy, then the corresponding lower bound

c—p?
Pop(2TL e Hyp) = ¢ [ e 0, (L11)
y

also holds. Also, for any 0 < x < nlL,

[N

X

P (2T =0) xe 2. (1.12)

The bounds (1.10)—(1.12) are the same as the ones satisfied by Y if the process Y;, under ny, is a Bessel process
of dimension zero, since

2 2442
PI (YL € =80T + Lo 7™ 1y (%) dy. (1.13)
where I is the first Bessel function, see (2.8) and (2.9). Furthermore, e.g., Theorem 1.1(a) can be written as

1_
Pop(faps L) = Cl; " <2, 1=1,...,L — 1|y/2T; € Hy )

<C(l+x—a)(l+y—b).
- L

(1.14)

The probability that a Brownian bridge in the time interval [0, L] stays above a linear barrier (or a small perturbation
thereof) during [1, L — 1] as in the event in (1.14), when it starts at distance x — a from the line and ends at distance
y — b from it is of the order of the right-hand side of (1.14) (see (2.2) and (2.3) below). Our Theorem 1.1 can thus be
thought of as a Galton—Watson process version of barrier results for the Brownian bridge. Heuristically, it arises from
approximating +/27; conditioned on its end point by a Brownian bridge.

In the rest of the paper, we prove Theorems 1.1 and 1.3. We begin by proving, in Section 2, barrier estimates for
0-dimensional Bessel processes. In Section 3, we show that traversal counts and local times of a random walk on
7t give a Markovian structure closely related to the sampling of a Bessel-0 process. In Section 4, we use the latter
structure to transfer barrier estimates for Bessel-0 processes to the setting of Theorem 1.1. Finally, in Section 5 we
use a first/second moment method, together with the barrier estimates of Theorem 1.1, to obtain Theorem 1.3.

2. Barrier estimates for the 0-dimensional Bessel process

We will derive the barrier estimate in Theorem 1.1 from similar results for a Brownian motion. Let P be the law
of a Brownian motion Wy, ¢t > 0, starting at x, and let PXW(-|WL =y) be the law of a Brownian bridge starting at x
and ending at y at time L. The probability that a Brownian bridge stays above a linear barrier is explicit: If @ < x and
b <y then by the reflection principle, see e.g. [8, Lemma 2.2],

PY (W, = fap(; L), 1€[0, LW, =y) =1~ exp<—2(x_a)llﬂ>. (2.1)
If also (x —a)(y — b) = O (L) this implies

PY (Wi = fap(; L), 1€[0, L]WL =y) < %@_b)
and by conditioning on W and Wy _; one easily derives that

PY (Wi > fup(i L), €1, L —1]|W, =) < d+x-a)d+y-b) 2.2)

L

The next lemma shows that the probability has the same order of magnitude if a “bump” is added or subtracted from
the straight line.
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Lemma 2.1. Forall fixed ¢ € (0, %), §>0,n>1, C > C+6§ > 0, one has uniformlyina <x,b<y,(x—a)(y—>b) <
nL,|x —y| <nL,and L large enough,

1_ ~ L
PY (fup@; L)+ CIE ™ < Wi < fo (5 L)+ CIE 1€ (1, L — 1], W, € H, 5)

1_
= P (fap(s L) —CI; ™" < Wi, l€[1,L—1], WL € Hy )
A4+x—a)(d+y—->b) 1 _u-n?
= —e 2L
L VL

Remark 2.2. The condition (x — a)(y — b) < nL is not necessary for the upper bounds. One can simply drop the
barrier. If we eliminate the condition |x — y| < nL then the last line in (2.3) would become

2.3)

l4x—a)d+y—b) I v
Utx—ad+y=b 1 o, -5 (2.4)
L \/ZZGH),-_,S

for the upper bound, and inf instead of sup for the lower bound. The condition |x — y| < nL is only used to guarantee

that the supremum in (2.4) has the same order as e~ (C=0?/2L

Proof of Lemma 2.1. It follows from Lemma 2.6, Lemma 2.7 and Proposition 6.1 of [8] that for any C > 0 there is
an r large enough so that for all L > 2r

PY(fap(: L) + czé‘s <Wi < fry L)+ czé“,z elrL—rlWL=Y)
> cPY (fup: L) — LI < Wil elr L—rllWy = ).
Let
A={fup@: L)+ CLT5 < Wi< fo@ L) +CIE e [LAUIL —r, L — 11},

For any fixed r > 0 and and for all [ > 1 we have

1_ 1
PY (Al fap: D)+ CI. " < Wi < foy (5L +CLE L elr L—r], Wy =)

>c>0,
for a constant ¢ depending only on r and C. Therefore also
1_ 1
P (fapU: L)+ CL ™ < Wi fry@: L)+ CL Tl L—1]|W, =)
1
>cPY (fapl; L) = CI2 " < Wil e[1, L —1]|W, =y).
Since the inequality in the opposite direction, with ¢ = 1, is trivial, we see by sandwiching that we now have shown
1 1
PV (fap@ L) +CIE < Wi < foy 5 L) +CIE e[, L—111W, =)
=< P (fapU; L) < Wy le[l, L —1]|W =)
1_
=< PY(fapl; L) = Cl; " < Wy, le[l,L—1|W, =y').

The claim (2.3) then follows by first using (2.2), then multiplying by the Gaussian density, and then integrating over
y" € Hy 5, using the fact that fy v(I; L) < fx y4s(; L) < fxy(I; L) +6. O
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1_
The next lemma shows that we can replace the barrier f, ,(I; L) — CI i * “checked” for all [ e [1, L — 1] with one
“checked” only at integer times / = 1,..., L — 1.

Lemma 2.3. For all fixed C > 0, ¢ € (0, %), 8 > 0and n > 1, one has uniformlyina <x,b <y, |x —y|<nL and L
large enough,

1_
PY (fups L) —CIZ™ " <Wi,l=1,...,L —1, W, € Hy )
— — x—)2
§c(1+x a)(l+y b)ie—(’n),

L JL (2.5)
Proof. Let
AL={fusG; D)= Cl} " =Wy i=1,.... L1},
and for a 6 > 1 to be fixed later
hi(u,v) = P (fap +1; L) —0C( +z),%_£ < Wi, t €0, 1]|W; =v)
> PV (furr (651) < Wy 1 €0, 1|Wy =), 2.6)

where @' = a'(a,b) =a+ (b —a)l/L —6C1/**, b/ =b'(a,b) =a+ (b —a)(I + 1)/L —6C( + 1)}/*™* and the

inequality in (2.6) is due to the convexity of the function x — —x1/2=¢ Note that h; (u, v) is monotone increasing in
u, v. Hence using the Markov property we have

1_
PY (fup(U, L) —0CI2™" < Wil e[l,L—1], WL € Hy )

L2
= E;V(l_[ hi(Wi, Wig1); Wi € HM)
I=1

L2
= E?(l_[ hi(Wi, Wi 1); ALy Wi € Hy,(;)
I=1

L-2

1_ 1_
> [T ru(far® = CIE™" fap@+ 1) = CU+ D )PV (AL WL € Hy ). @7
=1

But using (2.6) and (2.1) with the L there equal to 1, we have

L-2

1 g
Z(l—hz(fa,h(l)—ClZ Jap(+1D)—CU+ D] )

=1
L-2

1_
<> exp(—c(®@ — 1)2CHE ) <
=1

3

N[ =

if we let 6 be large enough depending on C, but independently of L. Thus (2.5) follows from (2.3), Remark 2.2 and
2.7). O

Remark 2.4. As in Remark 2.2, the condition [x — y| < nL can be dropped, at the cost of replacing the right hand
side of (2.5) by (2.4).
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We now derive the corresponding estimates for the O-dimensional Bessel process by applying a change of measure.

To formally introduce the Bessel process recall that the squared Bessel process Y,2 is a Markov process, BESQ?, with
semigroup, for x > 0,

_ 1 [/x\"? _
Vix,y)=e x/zfso(dy>+1<o,oo)<y)5<;) L (Jxy/t)e”C 2 gy, (2.8)

see [19, Chapter IX, Corollary (1.4)], where

S (Z/2)2k+]
hi(z) = E VTR (2.9)
pard k!(k+1)!

see [17, 8.447.2], is the first Bessel function. Let PxY denote the law of the process Y; starting at Yy = x. From (2.8)
the equality (1.13) easily follows.

Lemma 2.5. For all fixed § > 0, ¢ € (0, %) and n > 1, there exists c = c(6,n, ¢, C) so that for 1 <x,y,0<a <x,
O0<b<y,and|x —y|<nL,

1_
PY(fup; Ly =CI} " <Y, 1=1,...,L—1,Y, € Hyj)

_ _ )2
§c(1 +x—a)(l4+y—>) ,ie_( =) ‘ 2.10)
L yL

If in addition we assume that (x — a)(y — b) < nL, and max(ab, |a — b|) > L/n, then for any C>C+8>0 there
exists ¢’ =c'(8,n,¢,C, C) so that for

1_ ~ L
PY(fap i L)+ CI} " <V < fey L)+ CIF =1, L~ 1,Y, € Hyy)

— — x—y)2
Zc,(l—i—x a)(14+y—0>b) /ie—('zt) . @.11)
L yL

Remark 2.6.

(a) Asin Remark 2.2, the condition |x — y| < nL can be dropped in (2.10), at the cost of replacing the right hand side
by

14+x—a)(l4+y—0>b) _a-2?
L yL z€Hy 5 .

(b) This is where we need the condition max(ab, |a — b|) > L/n from Theorem 1.1(b). It guarantees that

/ 2 ds = 2 <c(m (2.12)
1 fa,b(S;L) ab-i-%(l—%)

independent of L > 3. The bound (2.12) is used below to bound the Radon—Nikodym derivative of a 0-Bessel
process with respect to Brownian motion.

Proof of Lemma 2.5. Recall that Y; solves the SDE dY; =dW, — 21—),[ dt for a Brownian motion W;, until 7o, the time
it hits O (not to be confused with the hitting time t, of a vertex x of the binary tree, a notation used elsewhere in this
paper). By Girsanov’s theorem (applied until Y; hits €) and monotone convergence it follows that for any F € 7,

EY(l{g>1yF) = E! <1{,0>,}F/ exp( /W2 )) (2.13)
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We also note that 0 is an absorbing boundary for the 0-dimensional Bessel process, so that Y7 > 0 implies that 79 > L.
Therefore, since y > 1,

1_
Ty = PY(fups L) —Cl} <Y, l=1,...,L —1,Y, € Hy;)

1_
= PV (fupsL)—Cl <Y, l=1,...,L—1,Y, € Hys,70 > L)

IA

1_
\/szw(fa,b(z; L)y—CI} " <Wil=1,...,L—1,Ws € Hy,),
y

by (2.13). Then using (2.5),

l4x—a)d4+y—b) 1 _a?
I]fc\/z( tro Uy b 1 e 2.14)
y L VL

This completes the proof of (2.10).
We turn to the proof of the lower bound (2.11). Letting

~ 1_ ~ 1
A={farG L) +CI.  <Wi < fi ;L) +C17 1 e[1, L - 11},

we have, by (2.13),

~ X 3 L1 ~
PY(A, Y. eH,s)> |—EY ——/ —dt );A; W eH
X ( L ,5) — y +(S X (exp( 8 0 Wtz L y,8
3011 3 (L1 ~
> cﬁEY(exp(——/ —2dt> -exp(——/ —zdt>; A; W e H,,‘;), (2.15)
y 8Jo W 8 Jr—1 W;

1_
where the last inequality follows because on the event W; > f,, ,(I; L) + ClL2 8, le[1,L—1], wehave fqu # dt <
t

c(n) by (2.12).
Furthermore for any u, v > 1/n we have

W IV
Ju,v = Eu exp —E A Wdt ‘W] =V
t

1 (! 1
:Egv exp ——/ dt ‘W1=0 >c >0,
2Jo (We+u+t(—u))?

where the constant depends only on 7, since the standard Brownian bridge has positive probability of staying between
1/2n and —1/2n. We apply this to (2.15), where, after the Markov property we need to lower bound J, w, and
Jw, ;v forv ey, y+ 4] Since x, y > 1 and max(ab, |[a — b|) > L/n implies that f, ,(1; L), fap(L —1; L) > 1/n,
we therefore have in fact

1_ ~ 1
PY(fup; L)+ CIE <Y< fu (5 L)+ C17 1 €1, L—11,Yg € Hy )

~ 1 — 1 —b) 1 x—y)2
zc\/szWA,;WLeHy,g)zc\/?( troa)dty=b) 1 e (2.16)
y y L VL

using (2.3). This yields (2.10). U

3. Local times and traversal counts

Let X;, t > 0, be the continuous time random walk on the weighted graph {0, 1, 2, ...} with unit weights on each edge.
That is, the continuous time random walk on {0, 1, 2, ...} with exponential holding times of mean 1 at 0 and mean
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1/2 at all other points, and whose jump chain is simple random walk reflected at the origin. Let L} denote the local
time at x and 7(s) = inf{r > 0|L? = s}, the inverse local time at 0. Fix u > 0 once and for all. We use P, to denote
the probability for the process )_(, =Xiarw),t >0.Let £; = Llr(u), the total local time of X at [, and let Ti,1 >0, be
the discrete traversal count / — [ + 1. Under P, the 7, [ > 0, and £;, [ > 0, together have a Markovian structure, as
stated by the following lemma.

Lemma 3.1 (Markovian structure).

(a) The sequence (Z,),>0 defined by
(Zo,Z1,2Z3,..)= (Lo, To, L1, T1,L:,T>,...)

is a time inhomogeneous Markov chain under P,,. When n = 2k, the law of Z,+1 = Ty conditioned on Z,, = Ly =
v is Poisson with parameter v, and when n =2k + 1, the law of Z,+1 = L+ conditioned on Z,, = Ty = m is 8y
if m =0 and is the gamma distribution with shape parameter m and scale parameter 1 if m > 1.

(b) Under P,(:|Ty =my,...,Tp =my) the Ly, ..., L1 are independent, L; depends only on T;_1 and T;, and
the P, (-|Tj—1 = my—1, T; = my)-law of L; is the gamma distribution with shape parameter m;—| + m; and scale
parameter %

(¢) Under P,(-|L1 = y1,...,Lr+1 = yr+1) the Ty, ..., Tr are independent, T; depends only on L; and L1, and
with uj, u;41 > 0,

(upui+1)" /((m — 1)!m!)
i Qupug)

Pu(Ti=m|Ly=uy, Lig1 =uq1) = 3.1)

(d) (T7)i>0 under P, is a Markov chain with the same transition kernel as that of (1;);>0 under P..
(e) (L1)i>0 under P, is %BESQO(ZM) at integer times. That is, (L;);>0 under P, is a Markov chain with the same

transition kernel as (%le)lzo under PY.

Remark 3.2. The distribution in (3.1) is a generalization to v = —1 of the Bessel distribution Bessel(v, z) defined in
[18] for v > —1. This distribution appears in [15]. See also [20].

Proof of Lemma 3.1. Construct a collection of independent standard Poisson processes, one for each directed edge.
The random walk is constructed by placing a local time clock at each vertex which only advances when the walker
is at that vertex. When the walker is at a given vertex its local time clock advances until one of the two independent
Poisson processes associated with edges originating at the vertex register an arrival, and then the walker traverses the
corresponding edge. Note that the minimum of two independent exponentials of mean 1 is an exponential of mean
1/2. From this construction it is clear that given u the count 7y is the number of arrivals up to time u of the point
process associated to the edge 0 — 1, and therefore is Poisson with parameter u. Given Ty = m, then L1, the amount
of local time spent at vertex 1 until the walker has returned to O a total of m times, is the time until the mth arrival of
the Poisson process associated to the edge 1 — 0. (Note that the transitions 1 — 2 have no effect on this description
of the local time at 1.) Therefore, this local time is gamma distributed with shape parameter m and scale parameter 1.
Iterating this (a) follows and (d) is immediate.

(b) It follows from the fact that Z,, is a Markov chain that under P, (:|Ty =my, ..., Ty =mp) the Ly, ..., L4+ are
independent and that the conditional law of £; depends only on 7;_; and 7;. The characterization of the conditional
law follows immediately since each local time £; is the sum of independent mean 1/2 exponentials, one for every
visit to [, and m;_| + m; is the number of such visits.

(c) Similarly to above the conditional independence and dependence of the conditional law of 7; only on £; and
L+ follows from the Markovian structure. From the joint law, with u; > 0 and m; > 1,

—M/ul_ml uﬁil 1 e M+l

Pu(Ty =my, Liv1 =dui1|L1=u) = e
my! (m;— 1)!

)

1 (ugui )™ o= (L)
uppr  myl(mp — 1!
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while
Pu(T; =0, Ly =dup1|L; = up) = e " 8o(duyy). (3.2)
Hence, using (2.9), we obtain

P, (£l+l = d“l—H |£l =u)

m
(wjui41) e—(ul+ul+1)

1
=e "8o(dui1) +
* Up+1 Z

— Im!
et (m—1)m!
u \ 2
=e "8o(duj41) + (u—> I 2 fugurgy)e” W0, (3.3)
I+1

and one concludes that for m > 1, which is equivalent to u; 41 > 0,

(upu+)™ /((m — 1)!m!)
NoEveNaTTn e

(e) This follows by comparing (3.3) with (2.8). O

Pyl =m|Li=u, Li11 =uiq1) =

We will use Q to denote the law of the time inhomogeneous Markov chain (Z,),>0 under P,. For F €
0(Zy, Znt1,...) let

Q) =Q(F|Z, =x). (3.4

Thus Q = Q.
For future reference we restate part (e) of Lemma 3.1 as

V2Zy, 1=0,1,... under Qis a Bes’(v2u)|y. (3.5)

In the following we often replace the Z’s by the equivalent £’s and T'’s.
The following lemma gives some estimates for one step transitions of the Markov chain.

Lemma 3.3 (One step estimates).

(a) For all x > 0 such that x2/2 is an integer and all | > 1,

lezf] (IV2Zy — x| = 2)
= Q(IV2L1 — x| > 22T =x) <™. (3.6)

(b) Forall -2 <a<hb,

,inf - Q(2Li—xela, blIy2Ti—1 =x) > ¢ >0, (3.7)

Tef1.2,.)

with a constant ¢ depending only on a, b.
(c) Forall x >0,and alll > 1,

QEIZ/Q(I\/ 27541 — x| > 2)
—Q(IV2T) — x| = 2ly/2L; = x) < =% (3.8)
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(d) Forall -1 <a < b,

inf Q(vV2Ti —x €la,blly2L; =x) = ¢ >0, (3.9)

x>1:x+[a,b]NV2N#£Q>

with a constant ¢ depending only on a, b.
Proof of Lemma 3.3. Standard large deviation bounds for the gamma and Poisson distributions give (3.6) and (3.8).
Indeed, to see (3.8), recall that by Lemma 3.1(a), the conditional law of 7;, when conditioned on £;_| = x2 /2,

is Poisson of parameter x2/2. Since the Legendre transform of the logarithmic moment generating function of the
Poisson distribution of parameter A is

Ips(x) =2 —x +xlog(x/A), (3.10)

we obtain from Chebyshev’s inequality that, for z > 0,

2
log Q/2T} —x 2 2V2Ly =) = —zp,xz/z<M>

2

x2 (x+z)2 z
:—[7+T(210g<1+;)—1)], (3.11)

_ 2

X2 (x—2)? z
=_[7+ . <210g<1—;>—1)i|. (3.12)

Separating according to whether z/x > 1 (only relevant for (3.11)) or z/x < 1, and performing some algebra yields
(3.8). The argument for (3.6) is similar: recall, again from Lemma 3.1(a), that the conditional law of £;, when condi-
tioned on 7j_1 = x2/2, is gamma of shape parameter x> /2 and scale parameter 1. Recall that the Legendre transform
of the logarithmic moment generating function of a gamma variable of shape parameter m and scale parameter 1
equals

and

Ir (x) =x —m +mlog(m/x). (3.13)

Replacing the expression in (3.10) with (3.13) and then using Chebyshev’s inequality to obtain the analogue of (3.11)
and (3.12) (with m = x? /2), the proof then proceeds similarly to the Poisson case.
To see (3.7), note that by the central limit theorem for a sum of independent exponentials,

_u?
e ¥du>0.

b
lim )1‘2/2<£1 € %[(x +a)%, (x +b)2]> =/

x—>00, 2 €(1,2,..) 4

Thus for a large enough ¢ > 0 we have for x2/2 > ¢ that

)1‘2/2(\/251 —x€ [a,b]) >c>0.

Since the density f(z) of a gamma random variable with shape parameter x> /2 and scale parameter 1 satisfies f(z) >
¢>0forall 0 <z<1(G+b)?if 1 <x?/2 <, it follows that the same holds for 1 < x2/2 < . This proves (3.7).
Similarily (3.9) follows from the central limit theorem for the Poisson distribution, since our assumptions on [a, b]
imply that the interval always contains an element from +/2N. ]

The following lemma gives some estimates for conditioning the Markov chain at two times, before and after.
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Lemma 3.4 (Local time and transversal bounds).

(@) Forallmj_1,m;and 0 <z < /m;_1 +my,
Q2L = mi—y +my — 2| Ty =my—1, Ty =my) > 1 —exp(—2%). (3.14)
(b) Forall —/2<a <b,

inf OQTO(\/ 2L — mi—y +my €la, bl T—1 =m—, T =my) > c, (3.15)
mp_1>

m;>0

forall l, and a constant ¢ > 0 depending only on a, b.
(c) Forallu;,uj+1 and z >0

QM (V2T — Gupup )] = 21Lr = wy, L1 = wi41) < cexp(—cz?). (3.16)
(d) Forall a < b, with
Dy = {u; > 0,141 > 0| (4upu)'* + [a, 1N V2N £ 27},
we have

inf Q" (V2T — Qupie)'* € la, bIILr = up, Loy =uig1) > c, (3.17)

up,uj+1€Dq,p

for some ¢ > 0 depending only on a, b.

Proof. Similarly to (3.7), the claim (3.15) follow from the central limit theorem for a sum of exponential ran-
dom variables, since under the conditioning £; have the gamma distribution with an integer shape parameter (see
Lemma 3.1(b). A large deviation bound for the gamma distribution that can be proved using the exponential Cheby-
shev inequality gives

2
mj— m a
Q’lno(»cl < i —a‘Tl =mi,..., 1 =mL> Sexp(_27>
) mj_1 +my

for 0 < a < ™= By taking a = z,/ "= this implies (3.14).
A basic large deviation estimate for the Bessel distribution (see [6, Lemma 7.12] and its proof) gives

QYT — Vuu| = alLy = uy, Liv1 = ui41)

612 a

+c
NS NS

5cexp<—c ) forall a > 0. (3.18)

By taking a = z,/uju;y; this implies (3.16).
For (3.17), set z = \/uju;+1 and m = @ in (3.1) and use the estimate I1(z) ~ ¢ for z — oo, see [17,

2z
8.451.5], and Stirling’s formula to see that for v € [a, b] and z > z¢ large enough
—3y?
Q2T =2z +v|Li=uy, Liy1 =u41) = ¢ N

2
There are at least c,/z integers of the form m = (‘/TZTJ”}) for v € [a, b], so one obtains (3.17) for z > zg. For smaller

z < zo one simply uses the fact that the right-hand side of (3.1) is bounded away from zero for the finite number of

2
m= @ with v € [a, b] and u;, uj4+1 € Dg p. U
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4. Galton—Watson process proofs

We now have the necessary tools to prove the precise large deviation estimate Proposition 1.4 and the barrier estimate
Theorem 1.1 for the process 7;. We start with the former.

Proof of Proposition 1.4. Since T} = 0 is the event that none of x2/2 independent excursions from 1 to 0 of a simple
random walk on {0, 1,2, ...} hit L 4 1, and this has probability 1 — 1/(L + 1), the estimate (1.12) follows using the
assumption x < nL.

Turning to (1.10), we use that

22
x/z(\/ﬁEH ) < )1(/ (W2Lpy1 € Hy o)
L= Hy.s 2/2 :
Q| ""(WV2Lry1 € Hy 25|v/2TL € Hy 5)

By (3.7) we have that

x /2(~/2£L+1 € Hy5|y/2TL € Hy 5) > ¢ > 0,

for a constant ¢ depending only on §. Also

x 2n
(V2TL € Hy 5)
M /2(,/2£L €Hysp) < xz/z - J
1 («/ZTL € Hy,3|»,/2[,[‘ € Hy,6/2)

and by (3.9)

x /2(\/ 2T € Hy, slv2Lp € Hy, 3/2) >c >0,

for a constant ¢ depending only on §. Thus we have shown that

Q2(J2L1 € Hysp) < @1 *(V2Ty € Hy 5)
x2
) P(2Lr4 € Hy 25). 4.1)

From Lemma 3.1(e) and (1.13) one obtains

| /2(\/ 2L 41 € Hy25) = xz/z(@fl(v 2L € Hy 2s))

=Q; /2( jm(YL € Hy 25))

V¥ L 2+ 2L
=QT2/2</ == ‘e‘z‘—fh( . ‘Z)dz).
y

The function 7 (z), see (2.9), is continuous, and clearly non-zero for z > 0, I1(z) ~ z/2 for z — O and I;(z) ~

eZ
2z

for z — oo, see [17, 8.451.5]. In particular, I;(z) <C 3_ Using our assumptions on x, y and (3.6), one sees that

2,2

i /2(\/2£L+1 € Hy2s) <c¢,/ — /y X2+Ly e%

Similarly, since 1(z) > C’% for z > 8 > 0, it follows from (3.6) thatif L/n < xy

[ 22 xy
x/z(\/EeHya/z)>c %e 2+L eT).

Together with (4.1) this proves (1.10). O
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Proof of Theorem 1.1. We begin with the proof of the upper bound (1.1). Fix C > 0 and let

1_
={fup5 L) = CI} ™" <\2T1,1=1,...,L —1,/2T1 € Hy ).

We will first prove that

QI+x—a)l+y—0>b) [x _ap?
—e 2L

for all y > +/2. (4.2)
L3/2 y

Q) <c
Consider the event

{,/21: >d +— V2L > fun( —1: L—l)—C(l—l)L ‘.
b
fori=2,....L 21:L>%}

for a fixed C > 1 to be specified later, where
a' = fap(1;L), sothat fuu(I —1; L —1)= fu,(; L). 4.3)

By Lemma 3.1(b),

CRBNA)=0QF ”{u@x /z(ﬂﬁl >d + %\To,n)
_ 1_
(1‘[ QP (V2Li = fun =151 — 1) = C(l — 1>z_§|T1_1,T1)>

2 +b
1 /2<v 2L > yT‘TL—I, TL>}~ 4.4)

On the event A we have

/_ J—
JToxn YotV xda ZC , x—d
NG 2 2

for a constant C’ > 0 depending only on 7, where we used that |[a’ — a| < 1 by our assumptions on x, y. Thus we have
by (3.15) with C + C’ in place of a and C + C’ + 1 in place of b that for some ¢; = ¢ (C, ) > 0,

14Q ”(Jz,cl za/+%\n, Tl) > Lyc1. 4.5)

Similarly for some c¢; > 0,

b
14Q7 72 <\/ 2Ly > %’TL—L TL) > laco. (4.6)

Note that on the event A,

TS = ming /71 1,ﬁ>>—{fab(l Ly-cii " —c},
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for 2 <1 <L — 1 for a constant ¢ depending only on n and C. Since fa5(l; L) = fop(l —1; L — 1) and I1, (I —
1)p—1 > 1for2 <l <L — 1 we have if we pick C large enough that on A,

Ti_1+T C 1,
,/% f{fa/ba —1>—5(1—1>2_1},

for 2 <l <L — 1. Then by (3.14) we have

u]‘[@ (V2L1 2 funl =1L — 1) — €0 — 1} 51T, T)

L—1

>1AH<1—exp<——(l—1) )) 12“ (4.7)
=2

where the last inequality follows by making C large enough (the choice can be made independent of L). Combining
2
(4.4), (4.5), (4.6) and (4.7) we obtain Q] 204y < Q! *(AN B) with c = Lejer > 0, s0 that

@ 2(4) =QF2(AN B) < QF (B, /2T, € Hy. 5).
Recalling that Ty = Zs11 and L = Zyg, the right-hand side can be written as

=Q /2< 2Z2Za/+%,\/2221Zfa’b(l_l;L_l)_é(l D;

b
forl=2,....L —1:\/2Zy1 > % V2711 € H_w;). (4.8)

Using the Markov property

2 —
I = f/2< 2222a’+x2a;

<\/2221>fa/;,(l—1 L—l)—C(l—l)L l=2,...,L—1;

V221 > F—; Q2" (2Za111 € Hy, s))) 4.9)

By (3.6), forall j > a’ + ¢
Q' 2(J22Zy € Hj) < =0, (4.10)

and by (3.8), for all k > 22,

2 2 _ N2
sup QU > (V2Zar 41 € Hy 5) < e @11

veHy

This shows that

2 —
n= > swpQA(V2Zu = fup( =1 L—1) = CU - Dz
H
j>a +x a k> v+b ze

forl=2,...,L—1;y/2Za; € Hy)e U™ ¢mct=0)?, (4.12)
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By (3.5),
2 2 —
K= Q5 (V2Za = funll — ;L — 1) — CU - DI,
forl=2,...,L—1,/22Z, € Hk)

= PY (Y1 = fun i L= 1)~ CIE
forl=1,...,L —2;Y,_j € Hy), (4.13)

where Y; is a O-dimensional Bessel process. Thus using (2.10) we obtain thatif j, k> 1 and |j — k| <2nL

(1+z—-a)YA+k—>b) @—k)?
K <C 1 e ~3h (4.14)

Bounding K1 by 1 when |j — k| > 25 L, it then follows that J; is bounded by

(1 + J — a/)(l + k b) _A C(j X) —c(k—y)z
j>a +X7“
k=2 j—kj<2nL
n Z o= (=) g=clk=y)* (4.15)
jza'+554

k=252 | j—k|>2nL

The first sum is bounded by

(1+x—a)(1+y b) (x;g)z

132 3¢ (4.16)

As for the second sum, our assumption that x, y < nL together with |j — k| > 2nL implies that either |x — j| > nL
or |y — k| > nL, (or both), in which case the second sum in (4.15) is bounded by ce=<'L?  From this (4.2) follows.

1_
The case y = 0 requires special care. Note that when y =b=0then L/n <a <x <nL so fa;(l; L) — Cl; >
for all / < L — K, for a constant K depending on C and 7. Also for a large enough constant C’, we have for all
1 <k <K that

&

1_ 1_
faol; L) = CI2 ™" > faoll; L —k) = C'1} -, fori=1,...,L —k—1.
Thus letting

1_
A= V2T = fap(;L—k) = C'1}— fori=1,...,L —k—1},

we have

2 2
Q) = Z@" (A 2Tk > 1, Tiis1 € Hopun).

k=1

Using the Markov property we have

2 2
(A 2Tk > 1, T k+1€H06v1)<ZQ1 (A 2Tk € Hpe ™7,

Jj=1
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for some constant ¢’ > 0, where the last exponential term follows from a standard concentration estimate. Now apply-
ing (4.2) with L — k in place of L and using L/n < a < x gives that this sum is at most

o]

Z (I+x—a)(1+)) 7j)2e_clj2< (1+x—a) _

TAL=h

(L— k) j =Tk

2(L y5)

j=1
— )
- c(l +x a)eii,

- L

for 1 < k < K, so the desired upper bound follows also in the case y = 0. In general, if y < /2 then [y, y + 8] C
[0, +/2 + 8] so the upper bound follows from the case y = 0. This completes the proof of the upper bound (1.1).
We now prove the lower bound. Recall that x > /2 and we first assume that also y > V2. Let

Tubec (1, L) = {z| fap (s L) + cz,%‘s <z< fiy(GL)+ Ezé“}
and set
={V2T, e Tubec &(I, L), 1 =1,...,L —1,4/2T; € Hys}.
We claim that
Tubec x(1, L) N\V2Z* # @, foralll=1,....,L—1, (4.17)
so that D # &. By the concavity of the square root, it suffices to show that Cl L% te_ Cl L% - > V2 forall [ = 1,...,

L — 1. This is certainly true for / = 1 or / = L — 1 by our requirements that imply that C > C ++/2, and the general

. ~ 1 1_ .. . .
case follows since f(z) = Cz27T¢ — Cz27¢ is monotone increasing in z > 1.
We now show that for x, y > V2

£12py s LZDY D) _a)L(y_b) %f%. (4.18)

To this end consider the event

8 28
E= {‘/251 € Hy,\/2L; € Tubecr cn(I, L), 1 =2, ..., L —1;3/2L € |:y +-.y+ —]}

3 3

where C' = C +8/3 and C” = C + 6, so that C”" — C’ =2§/3.
We show below that for some ¢ > 0

x/2 x/2

(DNE)>cQ, ""(E), (4.19)

from which it will follow that
Q' /Z(D)>CQX 2(E). (4.20)

As before, using the Markov property

) = Q2 (‘/251 € H,, Q5 (\/2& € Tubecr ¢ (1, L),

) 25
I=2,...,L—1; 2£LE|:y+§,y+?i|>>

QF /z(w/zcl € Hy) inf Q@ % <‘/2£, € Tubecr o (l, L),
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8 28
l=2,...,L—1; 2£L€|:y+§,y+?i|>

Q" /2(,/2.6 € Hy) inf K2(2). 4.21)

By (3.7) we have that Qx /2(«/2£1 € H,) > ¢ > 0 uniformly in all possible x. Once again, by (3.5),if Y =Y; is a
0-dimensional Bessel process then

K> (z) = P(Yl € Tubecr cr(I + 1, L),

5
l:l,...,L—Z,YL_le[y+3,y+ ]‘Yo—z) (4.22)

and using the Markov property and then (2.11) (with y replaced by y 4+ §/3 and with § taken as 25/3), which requires
x,y>1land C” — C’' > 28/3, we obtain

Jrx—ad+y—b) [x/y )

K> > ) T S, (4.23)

which because of our assumptions on x, y, a, b is greater than or equal to the right-hand side of (4.18). Together with
(4.20) this proves (4.18) for x, y > v/2.

Assume now that y < +/2, which by our assumption requires that x > L /5. The tube at [ = L — 1 contains some
interval [z, z 4+ 8] with z > +/2 such that [z, z + 5] N v/2Z+ # &. We then apply (4.18) for the interval of length L — 1

with /2L 1 €[z, 2+ S]. Since now ,/ Z—izl = 1, it is easy to see that our desired lower bound follows from the fact

that there is some positive probability to go from [z, z + 8] to some point in [y, y + 8] N +/2Z+ in a single step.
We now turn to the proof of (4.19). By part (c) of Lemma 3.1,

“2(DNE) = ’1‘2/2{1 Q¥ (2T € Tubeg. #(1, L)|Ly, £2)
(]‘[ Q2 (2T; € Tubeg. (1, L)L, £1+1))

QF /2(,/2TL cH |L‘L)} (4.24)

Recall from (3.1) that the law of /27, depends only on the product £;£; . Note that
[feyU+ 10 = oy D] <n (4.25)
with a similar bound for f;, 5(/; L). It follows that on the event £
(Fas: L)+ ClE ™ =) < @L1LLD) " < [ fry (1) + CT1E 47, (4.26)

for2<I<L—1withc’ =n+ C" and ¢” =n+ C”. Thus we have that on E

{|,/2T, — @L L) < %zé‘s} C {V2Tj € Tube, (1. L)}, (4.27)



146 D. Belius, J. Rosen and O. Zeitouni

for k <l < L — k for some fixed k independent of L. Then by (3.16) we have

g HQ’C “2((/2T; € Tube. &L, L)1, Liv1)

L—k s 2
> 1g ]_[(1 —exp(—c(lo) 1{25)) > 1gCs, (4.28)
1=k

for some ¢, > 0 independent of L.
Considernow 2 <l <kor L —k <[ <L — 1. By (4.26), on the event E we have

V2T e QL)' + (.51} € {V2T) € Tube (1, L)}, (4.29)
with
[r,s1=[n+C',n+C"+2].

Hence using (3.17) we see that for any such /,

1 QX /2( /2T[ ETllbecﬁa(l, L)|[,[, £[+]) > 1ECl, (430)

for some ¢; > 0 which depends on 7, § and C.
In addition, on the event E we have

Va/ fap@ L) +C' < @GL1L)V* < Vx+ 1,/ fry(2 L) +2C".

Thus, as in the last paragraph, we have by (3.17) that

2
1pQ; /2(V 2Ty € Tubee (1, L) L1, £2) > 1gci, 431

for some ¢ > 0 which depends on 7, § and C.
Finally, on the event E we have

8 26
V2L -, — |
LG[)’+3 y+ 3}

For all y > yg sufficiently large, for any v € [y + %, y+ %], we will have that v + [0, 6/3] N /2N # &. Then we have
by (3.9) that for some for some ¢z > 0

Q] /2(\/ 2T, € Hy5|LL) > 1gcy. (4.32)

On the other hand, we know from Lemma 3.1(a) that T conditioned on £; = u is Poisson with parameter u, and
since by our assumption Hy s N ~/2Z* # &, it follows that for some possibly smaller ¢z, > 0, (4.32) also holds if
Y = Yo.

This completes the proof of (4.19) with & = ¢, [])_; ¢ ]_[]L= L_x¢j >0, and hence of (4.18). O

5. Tree cover time

In this section we prove Theorem 1.3 about the tightness of the cover time of the regular tree. We begin this section
by introducing notation. Recall that 7y denotes a rooted tree, with root p to which one attaches a standard binary
tree of depth L. Recall also that IP is the probability of simple random walk on this tree starting from p. For a vertex
v € T, we write |v]| for the tree distance of v from the root p. We define level [ of the tree ({ = —1,0,1,...,L) as
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those vertices at distance [ + 1 from p, and write L; for the vertices of 77, at level [. For y € L, we let [y]; denote
the ancestor of y at level [, i.e. the unique vertex in L; on the geodesic connecting y and p; thus [y]_; is the root p.
Let D, be the time of the nth return to the root p. For each y € L, define

T;"" =# of traversals of the edge [y];—1 — [y]; up to time D,,.

The count le " is the edge local time of the directed edge ([y];—1, [y];) accumlated during the first n excursions from
the root. Note that for y € L we have

ty > D, ifandonlyif 7;"=0. (5.1)

When we observe the random walk on the tree only when it is on the path from p to a leaf y ## p, we obtain
a one dimensional simple random walk on {—1,0,1,..., L}. As such the following is simply a restatement of the
classical fact that the directed edge local times of 1D simple random walk are a Markov process, and more precisely a
critical Galton—Watson with geometric offspring distribution (this is the discrete equivalent of the second Ray—Knight
theorem).
Lemma 5.1. For each n and each leaf y € L, the process (le’n)lzo L has law Py, i.e. is a Galton—Watson process
with offspring distribution given by the geometric law with mean 1.

yenes

Also note that

if y, z are two different leaves in L whose paths from root to leaf

overlap up to level k, then le’n = TI"’Z forl <k, 5.2)

and conditionally on Tky = Tk" % the processes (le’”)lzk, (Tl"’z)lzk are independent. Thus, in fact, the le ™ are a col-
lection of branching Galton—Watson process, like a branching random walk where the random walk is replaced by the
Galton—Watson process. This analogy allows us to use methods from branching random walks to prove Theorem 1.3.

Let (77);>0 denote a generic Galton—Watson process with this offspring distribution. A basic bound for the incre-
ments of 7; is given by the following

v

Po(IV2T — 2Tyl =2 z) <ce™ 7, z>0 (5.3)

which is easily proved by computing the exponential moments of 7; using the representation of 7; as the sum of Ty
random variables, each being the product of a Bernoulli with parameter % and a Geometric with parameter %, see [6,
Lemma 4.6] (forn = 0(%) and z = O(]) itis a special case of the more precise bound (1.10)).

Throughout this section we set

log L
J2Tog2L’

The main step in proving the upper bound (1.3) on the right tail is the following proposition which gives an upper
bound in terms of the excursion counts — later we relate the excursion counts to the actual clock of the random walk
X, to obtain from this the upper bound of Theorem 1.3.

Kk =kp =+/2log2 —

Proposition 5.2. There is a constant ¢ such that for all L > 1 and x > 1 we have

P(;Ielg} ;" = O) < cxe ¥, 5.4

where /2n =k L + x.
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Proof. The probability in (5.4) is at most

IP’(EIy €L l<L—1st /217" < oz(l))

)
+P(Iy el st 21" zaW) =1, . L= 1,T}" =0), (5.5)

an

where we have split the event according to whether or not the processes le " stay above the barrier
al) =x(L —1)—1)/°

(as typically they should).
By a union bound over the levels of the tree we have,

L-2

@M < ZIF’(EIy €Ly st 2" = al), 1 =1,....k 2T} <a(k+ 1)). (5.6)

k=1

By Lemma 5.1, (5.2) and a union bound over the 2k vertices in the kth level of the tree the kth summand is at most

2P (V2T = aD), I =1,... . k,/2Tis1 <a(k+1)). (5.7)

We condition on the height of the process at time k to obtain an upper bound of

Y P(V2T = a).1=1.....k = 1,/2T} € Hyt+ )

j=0

x sup P (V2T <a(k+1)), (5.8)

2€Hypy+j 2

the probability in the summand in (5.6). By (5.3),

sup P (v2T) <alk+1)) <ce /2 (5.9)

2€Hy+j 2
To bound the first probability in (5.8), we use (1.1) with modified parameters, as follows. First, note that for any y < 1,
Iy <k +1.

Setting, for [ =0, ..., k, &(l) = fu»(, L) —1}/® witha =« L —k,'® and b = k(L — k) — k}’®, we thus conclude that
a(l) < a(l) with a(k) = a (k). Therefore,
Pn(\/le >al),l=1,...,k—1,/2T € Ha(k)+j)
<P.(V2T =a(),1=1,....k—1,/2T; € Hyy)- (5.10)

We now apply (1.1) with L replaced by k, the x of (1.1) replaced by ~/2n, y = &(k) + j, and these values of @, b, and
obtain that the right hand side in (5.10) is bounded by
1/6

c—(x th ki)(j D o cktx—jtky /)2 2k _ c(x + k) + D27k ik
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1/6
Combining with (5.9) and summing over j we get that (5.8) is at most ¢2 7% (x + k1/6)e_"("+kL ). Thus from (5.6)
k(2 1/6 ky/® - 1/6\ —ick)'®
(I)<c22 x4k, )erx—x )—ce_”Z(x+k Je kL < exem. (5.11)
k=1

By Lemma 5.1 and a union bound over all leaves in L;, and (1.1) we have
(W) <2LP,(V2Ti > a(), 1 =1,...,L, Ty =0) < cxe ™,
if x > 1. Together with (5.11) and (5.5), this proves (5.4). O
To prove a lower bound in terms of excursion counts we will consider the processes

le’k’m = # of traversals from [y];_; to [y]; during

the first m excursions from [y]x to [y]x—1.

Like (T, 7™ 1>0, the process (Tl k "™)/>0 is a critical Galton-Watson process with geometric offspring, but with initial
population m i.e.

the law of (7} ") 150 under P is Py (5.12)
Also
(T,ﬁ_,’j m) 10 and (TIZ+ A ) />0 Are independent if the latest common
ancestor of leaves y # z in the tree is in or above level k. (5.13)

Note further that
on the event 7;”" =m we have T} = T;}, m gor 1 =0, ... L —k. (5.14)

The main step in proving the lower bound on the right tail (1.4) and the upper bound on the left tail (1.5) is the
following result for the processes le’k’m

Lemma 5.3. There is a constant ¢ such that for all x > 0 and k > 1 we have

k —x4/2Tog2
) 2°(1 4+ x)e (5.15)

liminf P( inf 77" =0
L—o0 yeLp

T 2k(1 4 x)e—vZlog2x 4 c

where

_ 1 logL
V2m=kL + x, forL L—k, andk =xj =+/2log2 — Tog2 Ol%,'

Proof. Consider the event

={R@-D+ap" =\ fori =1, L= 1,174 =0},

that (7}1’],;”")120 stays above the barrier i (L-0+( i)l/ 4 and ends up at zero, and the counting random variable

= 1.

yeLyg
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If NV > 1 then minyer,, TLy KM —0 50 to prove (5.15) it suffices to show that for large enough L

2%(1 + x)e *x

PN, >1) > . . 5.16
e )_2k(1+x)e—’”‘+c (>-16)
Using (1.1)—(1.2) one has
BN = 2527 L(1 4 x)e ™ = 2K (1 + x)e F,
and by the Paley—Zygmund inequality
E(N)?
PWNe>1) > : (5.17)
¢ EN?)

To prove (5.16) we estimate the second moment of N. We have

E(NZ) =) PUyNI)

= > PUYPU)+ Y. PUND),

y,z: branch early y,z: branch late

where the first sum is over pairs of leaves whose most recent common ancestor lie in level k of the tree or above, so
that the events /,, and I, are independent, and the second sum is over all other pairs of leaves. The first sum is at most
22LP(1,)? = E(Nk)?. Thus (5.17) implies (5.16) once we have shown that for large enough L

Z P(Iy N 1) < c25(1 + x)e™ . (5.18)

y,z: branch late

To bound this sum we sum over the possible level of the common ancestor of y, z:

L
Yo PUyNIL) <2t 2 p, (5.19)

y,z: branch late j=0

where p; =P(I, N I;) for y, z whose common ancestor is in level k + j of the tree and we have used that there are at
most 2k22L=J such pairs. Now by conditioning on the value of the processes at the point where they branch, we have

Pi <Y q;r;w?, (5.20)

u>0

where we sum over positive integers u and where

qjw)=Pyu(k(L—1)<2T;,1=1,...,j — 1,\/2T; € Hy,),
and

ri)= max Pa(R(L—j—0)<y2T,l=1,....,L—j—1,T; ;=0),

z€Hp, T
with

my=k(L—j)+ " +u.
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By (1.1),
. /4 o
1 e )
q;(u>5c7<1+x>(1+j§/“+u)e R
and

(=i 2
1 .1/4 _Z(I:—f)
rj(u) Scl: (1 J; +u)e i

—-J

Since

. .1/4 7 = .1/4
(GR+x—j;! —M)2+2((L—])K+]L/ +u)?
2j 2L - )

NS}

K
2

>

QL — j)+ix +ch}/4 + cu,

2 07 _2L-j s S _
and e~ TCL=D) = [T 2-CL=D) < [ (L — j)2~2L~1) we thus have from (5.20) that
/43 —fx—cji/*
—j(i—j)2(1+x)(1+ji ) e L.
Thus the right-hand side of (5.19) is at most

pj <2 CNLL - )

X L L 1/4\3 —iex—cji/*
2 Zm(l—i—x)(l—i-ji )e U
j=1

Since the sum is bounded by a constant for all L we get that

Z P(Iy N 1) < c25(1 + x)e ™,

y,z: branch late

which completes the proof of (5.18), and therefore also of (5.16) and (5.22). U

By simply setting k = 0 and bounding xe~*Vv?1°22 by a constant we obtain a lower bound on the right tail in terms
of excursions. This will later lead to (1.4).

Corollary 5.4. Forall x > 1,

liminf P( inf 77" =0) = cxe™*V20E2, (5.21)

L—o0 yeLp
where /2n =« L + x.

A lower bound for the cover time in terms of excursions, which will later lead to (1.5) is given by the following
proposition.

Proposition 5.5. There is a constant ¢ such for all x > 0,

liminf P min 77" =0) = 1-ce ™", (5.22)

L—oo yeLy,

where /2n =k L — x.
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Proof. We will fix k = k(x) below. From (5.14) it follows that

" <mand )K" =0 — T1)"=0. (5.23)

,,,,,

(kk+a)?
P(max ,/2Tky’" > (kL —x)+«k +a> < 2ke~ % <cLKLgmra
yeLp

by a union bound over the 2% vertices in level k of the tree, which is justified by (5.2). Setting k = cx and a =
x — 2k — £12L e has kL > kL — x 4+ k +a and a > cx for small enough ¢ and large enough L, so that

c L
max ,/2Tky’" > /2[:) <ce . (5.24)

yeLp

lim sup ]P’(
L—o0
Setting ~/2m = i L and using Lemma 5.3 with 0 in place of x it follows that

k
>1—c27% (5.25)

liminf P( inf 77" =0) >
L—o0 yeLp, 2k +c

Together with (5.24) this implies

liminfP({¥y €Ly 7" <m}n {3y e Ly st 74" = 0})

>1—c27% —ce*,

which implies (5.22), because of (5.23) and since k = cx. O

We now relate excursion time to real time to derive Theorem 1.3 from Proposition 5.2 and Proposition 5.5. Note
that

Dn:Sl+SZ+"'+Sns

where §; is the length of the ith excursion from the root. By the strong Markov property the S;, i > 1, are i.i.d.
Elementary 1D random walk computations show that E(S;) = 2/%2 — 2 and by Khasminskii’s lemma (a consequence
of Kac’s moment formula, see [16, (6)]), we have E(Sf) < k!(max,c7; Ev(tp))k, where 7, is the hitting time of the
root and [E, is the expectation for X, starting at v. A standard computation thus gives that E(Sf ) < cx2kL, so that by the
central limit theorem, % converges to a normal distribution as n — oo. Also IE(S?) < 23 < ¢(Var(S))?
(it is easily seen that Var(S;) > 228y, so that by the Berry—Essen theorem in addition
]P’(D”_nE(Sl)f SL,
/n+/Var(S) Jn

uniformly in L. We now prove the estimate Theorem 1.3 for the cover time.

sup (5.26)

xeR

x) —d(x)

Proof of Theorem 1.3. For the upper bound, let

X
logL + —.

1
Van = /210g2L —
" 08T Tog2 2

Because of (5.1) we have

1 2
P(cp > 28 /2102 — ———1log L
( L > ( og TTog2 og —i—x) )

1 2
<P(D, > 2" ( /21082 — log L IP’( i T”:O). 527
= ( n= ( 08T AToga ¢ +x) )+ veiy L (5.27)




Barrier estimates and cover time 153

Since

2
oL+l ( 2log2L — log L +x)

1
/2log?2

=221 ((log2)L — log L + /21og 2x + o(1)),
and

ne L((logZ)L “logL + \/210g2§ +0(1)>,

we have from (5.26) that

1 2 2 C
IED(D">2L+](V210g2L_7,m10gl4+\/210g2x) )Sce o +ﬁs

and combining this with Proposition 5.2 we get the claim (1.3) from (5.27). Since the right-hand side tends to zero as
x — oo this proves the upper bound on the right tail (1.3). The lower bound (1.4) on the right tail follows similarly
from (5.21) and (5.26).

For the bound (1.5) on the left tail let

1
V2= /21022l — ——logL — *.
2log?2 2

We have that

1 2
IP’(CL < 2L+1( 2log2L — ———=1logL —x) )
2log?2

1 2
<p(D <2L+1( 2log2L — ———log L — >) IP’(minTy’">0).
= ( "= £ 2Tog2 & * + yeL, E

Similarily to above (5.26) implies that is at most ce"‘z, and the second term is at most ce~“* by Proposition 5.5,
which implies (1.5). O
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