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Abstract. We present large deviations principles for the moments of the empirical spectral measure of Wigner matrices and
empirical measure of B-ensembles in three cases: the case of B-ensembles associated with a convex potential with polynomial
growth, the case of Gaussian Wigner matrices, and the case of Wigner matrices without Gaussian tails, that is Wigner matrices
whose entries have tail distributions decreasing as e~ a, for some constant ¢ > 0 and with @ € (0, 2).

Résumé. Nous proposons des principes de grandes déviations pour les moments de la mesure spectrale empirique de matrices
de Wigner et de la mesure empirique de S-ensembles dans trois cas : celui des S-ensembles associés a un potentiel convexe a
croissance polynomiale, le cas des matrices de Wigner Gaussiennes, et le cas des matrices de Wigner sans queues Gaussiennes,
c’est-a-dire dont les entrées ont une queue de distribution ayant le méme comportement que et pour une certaine constante
c>0etae(0,2).
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1. Introduction and main results

The study of the traces of random matrices is now a classical tool to understand the behavior of their spectrum. From
the original proof of Wigner’s theorem by the moments method (see [30]), to the universality results at the edge of
Hermitian or covariance random matrices (see for example [15,29]), ‘Wigner traces method’ has proven extremely
effective in the macroscopic, as well as the microscopic study of the spectrum of random matrices.

Starting from Wigner’s theorem, which asserts that for a Wigner matrix whose entries are centered and have finite
moments, the moments of the empirical spectral measure, or equivalently the normalized traces, converge almost
surely to 0, for odd moments, and to the Catalan numbers, for even moments, one can ask about the deviations of
these moments around their respective limit value.

The fluctuations of the traces of random matrices have been extensively studied, usually as a first step to get the
fluctuations of the linear statistics of the eigenvalues. Originally proven in the context of Wishart matrices in [19], a
central limit theorem for the moments of the empirical spectral measure of standard Wigner matrices can be found in
[1, Theorem 2.1.31], following Jonsson’s strategy of using the moments method and combinatorial techniques. Due
to the repulsion of the eigenvalues, one has to multiply by a factor N — instead of /N in the case of independent vari-
ables — to see the fluctuations of the centered moments. The development of the combinatorial approach culminated
in [27,28], in which the authors show a CLT for the pth moment with p growing with N, p <« N?/3, as well as mul-
tivariate version of the CLT for moments, in the case of standard Wigner matrices with symmetric and sub-Gaussian
entries.

Regarding the deviations of the moments of the empirical spectral measure, we know from [23, Section 3.1], that
the p-Schatten norm of Gaussian Hermitian or symmetric matrices is sub-Gaussian. Still in the Gaussian case, the
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estimates of moments of Gaussian chaos of [20] can also provide some concentration inequalities for the moments
of the empirical spectral measure. Concentration inequalities for truncated traces of convex perturbation of the GUE
multi-matrix model can be found in [18]. More generally, we know by [25], that if the entries of X are bounded or
satisfies some logarithmic Sobolev inequalities, then the normalized traces of powers of X /+/N, say N~ tr(X/</N)P,
satisfies a concentration inequality with speed N'*2/7_ This gives an indication, at least in this case, of the speed of
the large deviations of the moments of the empirical spectral measure around the Catalan numbers.

Note that since the map which associates to a probability measure on R, its pth moment is not continuous for the
weak topology, one cannot derive, by a contraction principle, large deviations principles for the pth moment of the
empirical spectral measure, from the already known large deviations principles for the empirical spectral measure,
like in the case of the GUE or GOE due to [4], or in the case of Wigner matrices without Gaussian tails due to [7].

Moderate deviations of certain traces of convex perturbation of the GUE multi-matrix model have been investigated
in [14]. In the case where the entries are not centered, some results of large deviations for the moments of the empirical
spectral measure are known. In the case of symmetric Bernoulli matrices, we know by [13, Theorem 1.5] that the
centered traces satisfy moderate deviations principles with an explicit rate function. A large deviations principle for
the traces of Bernoulli matrices is derived in [9, Theorem 4.1], as a consequence of the large deviations principle of
Erdos—Renyi graphs with parameter p independent of N, with respect to the cut metric.

1.1. Main results

The aim of this paper is to derive large deviations principles for the moments of the empirical (spectral) measure in
three cases: the case of S-ensembles for convex potential with polynomial growth in Section 3, the case of Gaussian
Wigner matrices in Section 2, and the case of Wigner matrices without Gaussian tails in Section 4.

We recall that a sequence of random variables (Z,),cN taking value in some topological space X equipped with the
Borel o -field 3, follows a large deviations principle (LDP) with speed v : N — N, and rate function J : X — [0, 4+-o0],
if J is lower semicontinuous and v increases to infinity and for all B € I3,

1
- 1;;10fJ < nglirg $ logP(Z, € B)

1
<limsup —— logPP(Z, € B)
n—-+oo V(1)
< —infJ,
B

where B° denotes the interior of B and B the closure of B. We recall that J is lower semicontinuous if its -level sets
{x e X: J(x) <t} are closed, for any ¢ € [0, +00). Furthermore, if all the level sets are compact, then we say that J
is a good rate function.

We define the B-ensemble associated with the potential V as the following probability measure on RY,

—N V(ri
APy ;= N]_[p\ — e NELIV( >]_[d,\ (1)
Vl<] i=l1

where Z‘I}’ P is the partition function, that is,

N
N .
Zyp= f [[1ni = ajtfeV 2izt VOO [T dn. ©))

i<j i=1

To make sense of IP’]\\,’ L it is usually assumed that V is a continuous function such that there is some 8’ > 1, 8/ > 8,
such that
Vi(x)

liminf ———— > 1. 3)
lx|—>+oo0 B’ log | x|
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It is known (see [1, Theorem 2.6.1] or [4]), that the empirical measure

1 N
Ly= N.XI:(SM,
=

follows, under IP’I‘}” g»aLDP with respect to the weak topology, with speed N2, and good rate function 1 /;/ . Furthermore,
1Y achieves its minimum at a unique probability measure o), called the equilibrium measure, which is compactly
supported (see [1, Lemma 2.6.2]).

In the case of B-ensembles associated with a convex potential with polynomial growth, the following holds.

Theorem 1.1. Let o > 2 and 8 > 0. Let
VyeR, V&)=bx|*+wk), )

where w is a continuous convex function such that w(x) = 0400(|x|%). Let p €N, p > . For any Ay, ..., Any € R, we
denote by mp, y,

1 N
2: )4
mp'Nzﬁi_lki‘

Under ]P’{\,] 8 the sequence (mp N)N>1 satisfies a large deviations principle with speed N % and good rate function
Jp, where IP’I‘Y,ﬂ is defined in (1). If p is even,

PR O (o) xP)? ifx = (o) xP),
P - otherwise,

where (a/;/, xP) denotes the pth moment of the equilibrium measure ofIP’C”ﬁ, and if p is odd, J), is defined by,
VxeR, J,(x) :b\x — (aﬁv,x””%.

Remarks 1.2. (a) If (X1,..., Xy) are independent and identically distributed with no exponential moments, it is
known by the work of Nagaev [26] (see also [16]), that the large deviations of the empirical mean of such a sample,
are essentially due to the deviations of order N of one variable, and that the speed of deviations depend on the tail
distribution of the sample. This can be considered as a instance of some kind of “heavy-tail phenomenon”.

Theorem 1.1 deals with the large deviations of the moments in a regime where this “heavy-tail phenomenon” arises.
The assumption that the potential V is of polynomial growth is made so as to identify the speed of deviations and the
rate function.

Indeed, under our assumptions on the potential V and p, one can see that the variables )Lf' ’s do not have any
exponential moments under IP’{}" 'E Thus, one can still expect some kind of “heavy-tail phenomenon” to hold despite
the strong correlation; so that only a small fraction of the particles A; participate to the deviations of the moment
mp N. As we will show in Proposition 3.5, the deviations of m, y are due to the deviations of the log N largest in
absolute value A;’s, meaning that m , y is exponentially equivalent to

log N

(Oé/’xp>+ﬁ Z)L;kp,
i=1

where A7, ..., A} is the rearrangement of the 1;’s in decreasing absolute values. To prove this, we will combine a
deviation inequality stated in Proposition 3.1, estimating the probability of seeing a given number of particles outside
an interval with a concentration inequality of Bobkov and Ledoux [6, Corollary 4.1] (see Proposition 3.7), together
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with truncations arguments. This is in view of using this concentration inequality that we made the assumption that V
can be written as in (4), with w a convex function.

Analyzing the deviations of this truncated moment where only the log N largest in absolute value };’s remain, one
can show (see Proposition 3.9) that the logarithmic interaction is negligible, so that the rate function of m, y can be
realized as the rate function of the LDP of

v o llogN
<aﬂ,x >+ﬁ ZX,"’,

i=1

where (X;);>1 are i.i.d. random variables with law e~ NV&) dx/Zy, where we denote by Zy = fe_NV(") dx.

(b) The fact that the rate function obtained here in the case p is even, is infinite on the set (—oo, (a/_o‘)/ ,xP)) is
not surprising. Indeed, the map which associates to a probability measure u its pth-moment {(u, x”), is lower semi-
continuous for the weak topology when p is even. Therefore, the deviations of m, y under its limiting value (0/;/ ,xP)
can be reformulated as deviations of the empirical mean in a closed set which does not contain the equilibrium measure
a/;/ . In particular, these deviations have a infinite cost at the scale N !**/P (since it is strictly inferior by assumption

to N2). This remark will be relevant for the all subsequent LDPs we will present.
(c) Although it is not in the scope of this article, it should also be possible to derive a large deviations principle for
the even moments of the empirical measure, say m;, y with speed N 2 Firstly, the LDP result of Theorem 1.1 indicates

that the rate function at speed N2 must be 0 on [(afy , X2P), +00). Secondly, the proof of the large deviations of the

empirical measure (see [1, Theorem 2.6.1]) yields the asymptotics of the partition function Z y g at the exponential
scale N2,

1 . B
mlogz%s N:wlgf{f Vdu(x) — Efloglx —yldu(x)du(y)},

where the supremum is over all the probability measures x on R satisfying [ Vdu < +o0.

But the logarithmic moment generating function of mj, y at some tN 2 with 1 < 0, can be written as a ratio of
partition functions, that is

N
ZVftle’,ﬂ

N K
ZV,/S

El\y ﬂethmp'N =

so that the one can identify the limit of the logarithmic moment generating function at the exponential scale N2.
Girtner—Ellis theorem (see [11, Theorem 2.3.6]) would thus yield a large deviations principle with speed N2, after
checking the regularity of the limit of the logarithmic moment generating function.

Let us introduce now the model of Wigner matrices. The Wigner matrices and the S-ensembles are linked through
the GOE, GUE and GSE, which form S-ensembles for a quadratic potential and 8 = 1,2, 4 respectively. More
generally, let (X; j)i<; be independent and identically distributed (i.i.d) complex-valued random variables, and let
(Xi,i)i>1 be i.i.d. real-valued random variables. Let X (N) be the N x N Hermitian matrix with up-diagonal entries
(X, j)1<i<j<n- We call such a sequence (X (V)) yen, a Wigner matrix. In the following, we will drop the N and write
X instead of X (N).

Assume further that X is centered, for any k € N,

max(E| X111, E|X12/F) < +oo,

and E| X 1,2|2 = 1. Consider now the normalized random matrix Xy = X/ /N. Let A; denote the eigenvalues of Xy,
with A <Xy <--- <Ay. We define Ly the empirical spectral measure of Xy by,

1 N
LNZ NZI(SA'
i=
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Wigner’s theorem (see [30], [1, Theorem 2.1.1, Exercice 2.1.16], [3, Theorem 2.5]) states that,

Ly ~» 04 as.,
N—+o00

where oy, denotes the semicircular law, that is,

1
Ogc = E1|X‘52\/4 —x2dx,

and for any p € N, almost surely, it holds

(LN,xp>:itrXZ Cop %fp?s even,
N N—>+oco |0 if p is odd,

and in the case p is even, Cp /2 denotes the (%)th Catalan number, which is also the pth moment of the semicircular
law.

In the following we will denote by My the set of matrices of size N x N with complex coefficients, and the
normalized trace % tr by try A. We will also let B € {1, 2} and define Hg\l,s) the set of real symmetric matrices of size
N if B =1, and complex Hermitian matrices if 8 = 2. In the case of Gaussian Wigner matrices, we have the following
result.

Theorem 1.3. Let p € N, p > 3. Let X be a centered Wigner matrix with Gaussian entries. We assume that X 1,1 has
positive variance and X7 is a centered Gaussian variable, possibly complex, such that | X 1,2|2 = 1. The sequence

2
(try XII:])NGN,follows a LDP with speed NtD , and good rate function J,. If p is even, J,, is given by,

2
VxeR, Jy(x)= T Co2)? Fx=Cpp
+00 lfx < Cp/2,

where Cp 2 is the (p/2)th Catalan number, whereas if p is odd,

Jp(x) =clxl7,
where
c:inf{q(H):trH!’=1,HeUH§§)}, (5)
N
with q the quadratic form such that Z~'e™4 dﬁg\’,s) is the law of X, where E%D is the Lebesgue measure on ’H%}), and

Z the normalizing constant.

Moreover, in the case where the entries of X are real or (RX 2, 3X1,2) are independent with the same variance,
we can compute explicitly the constant ¢ appearing in the above theorem by the following lemma.

Lemma 1.4. Let X be a Gaussian Wigner satisfying the assumptions of Theorem 1.3. If X has real entries or if
(MX1,2,3X1,2) are independent with the same variance, then the constant ¢ defined in (5) is,

1 /11
= -—min| —, — ),
E R PR Y?

where 0% = EX% 1»and B =11if X is a real symmetric matrix and B =2 if it is a complex Hermitian matrix.
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Remarks 1.5. (a) In this case of Gaussian Wigner matrices, we will revisit the proof of the LDP of Wiener chaoses
partially due to Borell [8] and then Ledoux [21]. Indeed, this problem of large deviations of the traces of such matrices
can be reformulated as a large deviations’ problem of Gaussian chaoses defined on a space of growing dimension.
Even though it seems not possible to deduce directly such a LDP from the known LDP of the Wiener chaoses, we will
show that the same outline of proof still work in our context, and that in particular, the deviations are also in a certain
sense due to translations.

(b) The rate function of Theorem 1.3 actually arises under the following variational form,

VxeR, J,(x)= inf{q(H) tx = (0w, xP) +tr HP  H € UH,(f)}, (6)

where ¢ is the quadratic form such that Z~!e™9 dﬁg\é) is the law of X. One way to interpret this formula, is to say
that in order to make a deviation of try X f\’, around some x € R, it is sufficient for X to make a translation by some
N12+1/P H with H such that x = (o, xP) 4 tr HP, which one pays at the exponential scale N'+2/? by ¢(H).

We consider now the so-called model of Wigner matrices without Gaussian tails investigated in [7]. We recall in
the following definition this model.

Definition 1.6. We say that X is a Wigner matrix without Gaussian tails, if X is a Wigner matrix such that there exist
o € (0,2) and a, b € (0, +00) such that,

. _
llth logIP(|X1’1|>t) b,

11—

@)
lim —t=¢ logP(|X1,2| > t) =a.

t——+00

Moreover, we assume that there are two probability measures on st vy and vy, and ¢y > 0, such that for all £ > ¢y and
any measurable subset U of S,

P(X1,1/IX1,11 €U, X111 = 1) = vi(U)P(IX1,1] > 1),
P(X12/IX121 €U, X121 = 1) = va(U)P(IX 12 > 1).
We again denote the normalized matrix Xy = X/+/N.

With this definition, we can now state the following result.

Theorem 1.7. Let p € N, p > 3. Let X be a Wigner matrix without Gaussian tail. The sequence (try XZ)Nzl satisfies

1 1
a large deviations principle with speed N *G*5) and good rate function J,. If p is even, J, is given by

cplx — Cp/Z)E ifx > Cp/2,

VyeR, Jpx)= ifx <Cyp2
P )

where C, > denotes the (%)th Catalan number, and if p is odd, the rate function J, is given by

VreR, J,(x)=cplx|?,

where ¢, is a constant depending on p, a, a and b.
Furthermore, if a € (0, 1] and p is even, then ¢, = min(b, 27%/pg).

Remarks 1.8. (a) Note that for p = 2, the trace of X2 is a sum of i.i.d. random variables, so that one can apply
Cramer’s theorem (see [11, Theorem 2.2.3]) in the case where |X;, j|2 have finite Laplace transform, or Nagaev’s
results [26].
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(b) One can notice that the rate function consists essentially in the cost of deviation of one entry X; ; of order

N %+% . Indeed, such a deviation create a deviation of the spectral radius of X y of order N /P and therefore a deviation
of the normalized trace try X i, of order 1. In a similar fashion as for the LDP of the empirical spectral measure or
the largest eigenvalue, the deviations are explained by large deviations of a small proportion of the entries which will
here create large deviations of the edges of the spectrum.

(c) As for the Gaussian case, the rate function J, arises in a variational form, since it is obtained by a contraction
principle. One can write

Vs €R, Jp(s)=inf{I(A):s = (0w, x")+rA” A € D},

where [ is defined for any A € J,-, HP by

“+00
I(A)=bY |Aiil" +a)_|Ai;l%

i=1 i<j

and D ={A e,y "L Vi < j, Aij=00r A; ;/|A; ;| € supp(v;, )}, with v j = vy if i = j,and v j = vy ifi < J,
where v and v, are defined in Definition 1.6.
Thus, the constant ¢, is the solution of an optimization problem which is,

cp =inf{I(A):1=trA?, A e D}.

We solve this optimization problem in Section 4.7, in the easiest case when « € (0, 1] and p is even, and we give a
lower and upper bound in the case p is even and « € (0, 2).

We conclude this presentation of the results by a comment comparing the three theorems. The similarity of the
rate functions of these three LDP comes from the fact that the deviations in these three cases are governed by the
same “heavy-tail phenomenon”. We observe in these three cases that the deviations of the traces are created by large
deviations of the edges of the spectrum. For Wigner matrices without Gaussian tails, we are able to show that these de-
viations are actually explained by a small proportion of the entries. This picture somewhat contrasts with the Gaussian
case, where the analysis of the minimizers of (6) (carried out in the proof of Lemma 1.4) reveals that the deviations
can actually be due to deviations of all the off-diagonal entries, which is why the strategy of proof adopted for the
Wigner matrices without Gaussian tails turn out to be ineffective when o = 2.

2. The Gaussian case

We study in this section the question of the large deviations of the traces of a Wigner matrix with Gaussian entries. We
will use an approach which is greatly inspired from Ledoux’s proof of the LDP of Wiener chaoses [12,21], building
on the work of Borell [8].

11
As we will see in the proof, the deviations of the trace are created by translations of X of the form N2 tvH , where
H is a Hermitian matrix with bounded Hilbert—Schmidt norm. One of the central argument relies on the following
lemma.

Lemma 2.1. Let | - |2 denote the Hilbert—Schmidt norm on the set My of matrices of size N x N with complex
coefficients. Let X be a Wigner matrix whose entries are centered and have finite (p + 1)th moment. For any r > 0,

sup
IHl2=r

X 14
try| —= + NYPH) —(ow,xP)—twH? 0, 8
rN(«/N—i_ ) (Gsc X ) r N—>—+)oo ®

in probability, where (o, xP) denotes the pth moment of the semicircular law, and try the normalized trace % tr

on My.
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Proof. By Wigner’s theorem (see [1, Lemmas 2.1.6, 2.1.7]) and Jensen’s inequality, we only have to prove that for
any Y, H € My,
_k_ p=k
(Y + H)? —wY? —wHP[ <27 max {(r|Y|PTY 2+ (| HPP) 2 ) 9)
1<k<p-—1
Let Y, H € My. Expanding the trace, and using the cyclicity of the trace, it suffices to prove that for any
sef{l,...,pl,ny,...,ns €N, my,...,mg €N, suchthathzlni+Z;:1mj = p, we have

k p—k

lee(Y" H™ Y )| < (Y (PP (i HP?) T

with k = Y _!_, n;. Applying Holder’s inequality (see [5, Corollary IV.2.6]) with the exponents 2 ’:1 o, 2 ,:;1 e O
pﬂ—t], with « such that

N : n;

E:l—;p_H, (10)
we get,

. N
< (tr|y Pty X l_[(trIHl"“"f)é.
j=1

(Y™ H™ YT H™)

Note that when s > 2, we have from (10), « > 2. If s = 1 and m| = 1, then as p > 3, (10) yields am > 2. In any
cases, am; > 2 forany i € {1,...,s}. Therefore, foralli € {1,...,s},

am;

tr|H|“™ < (r|HI*) 2.
Thus,

|tr(Y"'Hml Y”SH'”S) < (tr|y|p+1)# Yioini (tr|H|2)%Zf=lmi,

which gives the claim. |

We are now ready to give a proof of Theorem 1.3. As in the proof of the LDP of Wiener chaoses, the upper bound
will rely on a reformulation of the deviations of the trace in terms of an enlargement of a properly chosen event, which
the Gaussian isoperimetric inequality will allow us to estimate the probability. Similarly as for the Wiener chaoses,
the lower bound will make use of the translation formula for the Gaussian measure.

Proof of Theorem 1.3. We closely follow the outline of proof of the large deviations of Weiner chaoses in [12,

2
Section 5, Theorem 5.1]. We will prove that try X 1’\', follows a LDP with speed N 1+5 and rate function

VseR, J,(s)= inf{q(H) is=(0w. xP)+uH? Hel J Hff)},
neN

where ¢ is the quadratic form such that Z~!e™4 dﬁg\‘?) is the law of X. By homogeneity of ¢ and of the trace, we see
that this definition coincides with the rate function given in Theorem 1.3.

Upper bound. Let A be a closed subset of R. We can assume without loss of generality that inf4 J, > 0, otherwise
there is nothing to prove.

Let 0 <r <infs J,. We define for any N € N,

Kn={HeH : qH) <1}, /C:{HeUHff):q(H)gl},

n>1
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and

VHe | JHP . ¢(H)=(ow.x")+r HP.
neN

We claim that,

()N A=0. (11
Indeed, since infy J, > 7,

{(Jp<rinA=0.
By definition of J,,, we have

o(Vri) C{Jp <r}.

As J), is lower semi continuous, we deduce

o(VrK) c{J, <r},

which gives the claim.
Because p > 2, we have for any H € "H(ﬂ),

1
(r|HIP)*P <wH? < —a(H). (12)

where s is the smallest eigenvalue of g. As the covariance matrix of X is diagonal (if 8 = 1) or bloc diagonal with
2 x 2 blocs (if B = 2), this smallest eigenvalue of g does not depend on N.

We deduce that ¢(4/rK) is bounded. Thus it is a compact subset. From (11) we deduce that there is some 7 > 0
such that

(¢(WrK) + BO.m) NA=a.

As Ky C K, we have forany N € N,

(¢(VrKn)+ B0, ) NA=2.

Observe here that  does not depend on N. We deduce that

P(tm(%)p c A) < P(tw(%)p ¢ o(JTIN) + B, n))-
B n}.

P 1,1
P(trN(f—N> ¢ o(JFKn) + BO, n)) <P(X ¢V +rNTTKy).

By Lemma 2.1, we know that for N large enough, P(X € V) > 1/2. The Gaussian isoperimetric inequality (see
[12, Theorem 4.3]) yields

Let

V= {YE’H%S): sup
HeKy

tw(L +N”"H)p —(H)
VN

Then,

_rN1+2p

P(X ¢V + VN iKy) <e
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Therefore,

X \? 1+2/p
P(trN<— cA)l<e™N .
VN -

Thus,

1 X\’
limsup ———logP|ltry| —= ) €A ) <—r
Ny NTFTP (N<¢ﬁ) >— '
Since the previous inequality is valid for any 0 < » < inf4 J,, this yields the upper bound of the LDP.

Lower bound. Let A be an open subset of R. Let s € A. There is some 1 > 0 such that B(s, n) C A. We can assume
without loss of generality that J,(s) < +oc0. Define for any N € N,

VieR, Jpn@)= inf {q(H):t=/ow,x")+trH"}.
HGHE\’,S)

Note that

Jp= lim Jp. (13)

Indeed, if H € ”H,,(f ), one can construct a sequence Hy = H &0y € H%}in’ where Oy denotes the zero matrix of size
N x N, which satisfies,

q(Hy)=q(H) and tH{=tHP,
so that for any t € R, J,, n () is decreasing in N.
As Jp(s) < +o00, we deduce from (13) that we can find some r > 0 such that for N large enough J, y(s) < r2. We

can then write,

Jpn(s) = Hgllfc {q(H):s =05, xP)+tr HP}.

N

Let H € rCy be such that s = (o5, xP) +tr H?. Then,
X \? X \?
P trN<—> € A) > ]P’(trN<—> € B(s, n))
( VN VN
1 1
=P(XeV+N2"7H),
where

Vz{YeHE\’?):

Y 1 \?
try ﬁjuNpH —(oge, xP) —tr HP

<al.

But,

1,1 1 1.1
P(XeV+N2TrH)=— [ e WtV 7H) 408 (y)
( + ) Z /vg D)
where dﬁg\',s) denotes the Lebesgue measure on 7—[5\’?). We re-write this probability as,

1.1 1+2 N
P(XeV+N2TrH)=e 1N TE(1xeyje 2N PIWEHD),
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where ¢ is the bilinear (or sesquilinear form if 8 = 2) form associated to the quadratic form ¢g. Using Jensen’s
inequality, we get

1.1 1+2 1.1 1
P(XeV+NITrH) > 1N Tp(x ¢ V)exp(—2N2+;E(9hp(H, X)P()‘(X—ZV‘}/)».

Using Cauchy—Schwarz inequality yields,

Lixev)

—> o 12
PXeV)) ™ PXeV) '

E(—Sﬁw(H, X) By (X, H))®)

But, as X is a Gaussian matrix with density Z~'e~4 with respect to the Lebesgue measure, we have
2 1
E(%y (X, H))" = 54 (H).
Besides, note that by the second inequality of (12),

1
Ky C —By,
1

/51

where B> denotes the unit ball of HS\’,B) for the Hilbert—-Schmidt norm. As H € rKy, we deduce by Lemma 2.1 that
for N large enough, P(X € V) > 1/2. Thus, we have

1,1 1 2 1yl
P(X € V+ N7 H) 2 Sexp(—q(H)N'"7 —2v/2g(H)' PN=77).

Since H € rCp, we get

2 1 1
exp(—q(H)NH? - 2«/5rN7+?).

| =

P(XeV+N*triH)>

As the above inequality is true for any H € rXCy such that s = (0, x”) + tr H”, we have

P(XeV+N*tIH)> %exp(—J,,,N(s)N”% — 22N,
We deduce from (13) that
liminf ; logIP’(trN <i)p € A) > —=Jp(s),
NS oo NTF2TP JN
which gives the lower bound. ]

We end this section with a proof of Lemma 1.4.

Proof of Lemma 1.4. Let X be a Gaussian Wigner matrix satisfying the assumptions of Theorem 1.3. Assume further
that X has real entries or (X2, 3X 1 2) are independent with variance 1/2. Then we can write,

8 1 2 B 2
VHeHy", q(H)=20—2§ Hi,i+§§ |Hi ;"
; i<j
with 02 = EX? |. Then, for any H e’;‘—[;\‘?),we have

q(H) > min(L é) trH>.

202 4
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As p > 2, we get
. 1 B 2/p
H) > — = )|t HP 14
oty = min( 52 B ) wre 7, (149
which yields,

1
¢ > min —,E ,
<202 4)

where c is defined in (5). Observe that we always have ¢ < 1/ (202) by taking a size one matrix. Now define

0 2 A
A o

with A = (m)l/l7 We have tr H? = 1, and

N(N — 1B 1 2/p B
q(H)= y) < ) — .
(N—1DP+(N—-1) N—foo 4

1
2072°

This yields ¢ = min( g), which ends the proof. ]

3. Large deviations of moments of the empirical measure of $-ensembles

We now give a proof of Theorem 1.1. In order to ease the notation, we will write IP’(}' for IP’{}' g as well as Z y instead
of Z{)’ B

3.1. Deviations inequalities and convergence of the moments

The first step of the proof of Theorem 1.1 will be to show, under the mild assumption (3), the convergence in expec-
tation, of the moments of the empirical measure towards the moments of the equilibrium measure ag/ . To do so, we
will need a control on the tail probability of

max |A;],
1<i<N

under ]P’]\\,’. To this end we prove a more general deviations inequality, which will be crucial later.

Proposition 3.1. Let N € N, N > 2. Under assumption (3), there is a constant My > 0, depending only on V and B,
such that forany M > Myand 1 <k <N,

k
Py <LN(1,CV,) > ﬁ) <exp(—CkNVy),

where Iy = [—M, M], C is a positive constant depending on 'V and B, and where Vyy = infjy >y V (1).
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Remark 3.2. The proof of this proposition looks like the one of the LDP for the largest particle of the S-ensembles
(see [1, Theorem 2.6.6]), but note that this inequality is not a consequence of this LDP, as we allow k to take all the
range of integers from 1 to n. One can consider this deviation inequality as interpolating deviations inequalities of the
largest particle (k = 1) and the empirical measure of S-ensembles (k = n). Later we will use this inequality with k
and M depending on n, this is why we take some care to prove here a non-asymptotic deviation inequality.

In order to prove this deviation inequality, we will need a rough control on the ratio of the partition functions Z ]\Y

and Z %;k . This is the object of the following lemma.
NF

Lemma 3.3. There are some constants cy, ¢z depending on 'V and B, such that for any N e N, and k < N,

zN
%
c1Nk§10gZ <Nk,

N—k
NV

N—k

where Zy, and Zlyv;k are defined in (2).
N=F

Proof. From the invariance under permutation of the coordinates of the measures IP’I‘\,] we have

zN N! / N N
vt N L V() |A._k.ﬂ d;
% — e | | i jl | | i
A A R

e NE 1<i<j<N i=1

Splitting the A;’s between the k first largest in absolute value and the rest, and using again the invariance under
permutation of the coordinates, we can bring out the measure IP’[YV_;]‘ , which gives

N—k
zN N! k :
Nv_k = 'EIYv;k / e N Liz1 VO 1_[ [ — )‘j |ﬂ
Zyv (N =Bl 7= \Jjpg1z 21l I<i<j<k

k
— k -
x ePWN=K) i {Ly—k.log |>ﬂsupp(Lka)C[—)»k,)»k] 1_[ d)\.i) ,

i=1

where Ly_; = ﬁ ZlN:H] 8y, . We re-write this equality as the following,

N .

Zy__ N pve / o fizy £V ALK L)
% N =B T \ g zezia

N—k

k
—N=B Y (VG- - Vo
x e N LIV OD—BiLilog b=y oy 50T e wmdh)’

i=1

with Ly = %Zle 8yand f(x,y) = v + %V(y) - glog |x — y|. Note that from the assumption (3) on V, we
have

c:=inf{f(x,y):x #y} >—o0,
¢ :==inf{V(x) — Blog|x — y|: |y| < |x|} > —oc.

N k
Z%vv_k < <]Z)ekzce(Nk)kcl </ eV dx) .
NV

N—

Thus,

=~
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As (IZ) < N¥, we get

with ¢ some constant depending on V and B.
For the lower bound, we write similarly as for the upper bound,

zN k
log va =log EN ¥ (/e_(N_l)ZiﬂV()"') | | [A; —Aj|’3
A N—F s
NY 1<i<j<k

k

k
« ePN—K) S (Ly—i.log i —) 1—[ e~ Vi) dli)-
i=1

Using twice Jensen’s inequality, we get

zN —k vty 3ok )
log ZNV—k ZE% (10g/e (N=1) 3 i V(&) 1_[ [A; —)Lj|ﬂ

NV I<i<j<k

k

BIN—k) Y5 (Lt log [ —1) SV V@)
X e =1 BNk 08 147 l—[fe—v(x)dx dx; +klog</€ dx)
i=1

> (N — Dk /V(x) o~V g k=15 [10 N |€’V(“’V(“)dxdu
= fe—V(x) dx 2 g M (fe_v(x) dx)Z

+ Bk(N — ENGH( [ (L klog|/\—.|)ﬂ +klog( | e V™ dx
e Nl [e V@ dx '

But for any p € R,

+o00
/log A — MIe‘V(’\) di :/ 1ng(e—V(M+X) + e—V(u—x))dx
0

1
2/ logx(e—v(l‘«+x) +€_V(”'_x))dx,
0
AsinfV < —00, WE have
1
/log A — ,bL|e_V()n) dr > ze—me/ IOg(X) dx = _Ze—lan.
0

Thus,

_V()‘)dk 2 —infV
N—k _ e =
E}{/v__vk (/(LNk’logM |>fe*V(x) dx) = [e V™ dx

We can conclude that

N

log Nv_k > c1 Nk,
NV

k

with ¢ a constant depending on V and 8.
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We are now ready to give a proof of Proposition 3.1.
Proof of Proposition 3.1. We can write as in the proof of Lemma 3.3,

k zh*
N!

IEDN Lv(I¢) > < N=k

V( v M)_N)_ (N—-k! zl

k
X BN / e N Ve T g = a0
M|z =]Ae| =M

Nk l<i<j<k

k
— k .
X eﬂ(N k) Zz:l(Lka,lOgMz |>]]-Sl]pp(LN—k)C[_)\ka)‘k] l_[ d)\.l) 5

i=1

. _ 1 N
Asforall x, y € R, log|x — y| <log(1+ |x|)+log(1+|y|), and for any |x| < |y|, log|x — y| <log2+log(l+|x|),
we get

Py LN(I“)>£ <L %ek(i\uk)logz
v MWEN) W= ZY

N—k

« BN f oV T V) Bk T log(1 41241
(A== =M

k
_ k .
x ePIN=FK) 3 log(1+[2; D]lsupp(LN_k)C[—Ak,)»k] l_[ d)w')-

i=1
From (3), we deduce that there is some cg > 0, such that for |y| large enough,
V(y) — Blog(1 +[y]) = coV(»).
Thus, for M large enough,

—k
N! ZIYLV

k

k ! k
]P)N (LN Ic > _) < N—k / e—C()N Zi:l V(Ai) dn:
P\l =y )= Zy Jpiizeziizm Z.IZII '

N—k
Zﬂ

k
_ (N) N-% (/ o—ONV () dk) .
k) zy \Jiuzm

But,

/ e—ONV() g3 < g=c0o(N=1)Viy /e—V(A) da 5636—%0NVM’
[A=>=M

with some constant ¢3 > 0, and where we used in the last inequality the fact that N > 2. We deduce from Proposi-
tion 3.3 that for M large enough,

Py (LN(I&) > %) < (cN)keNeze= kN Vi,
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As limps_, 4 o Vir = 400, we can find some constants My > 0, and C > 0, depending on V and S, such that for any
M > My,

k —Ck
IP’{}'(LN(I&)Z ﬁ) < e CkNVi, O

As a consequence of the previous Proposition 3.1, we have the convergence of the expectation under P, of the
moments of the empirical measure, as stated in the next corollary.

Corollary 3.4. Under assumption (3), we have for any p € N,

EI‘X(LN,x”)N:)OO(a/;/,xP),

where EI‘\,/ denotes the expectation with respect to }P’I‘\,/ .

Proof. Since (Ly)y>1 follows a LDP with speed N 2 (see [1, Theorem 2.6.1]), and rate function whose minimum
is achieved at og/ , we deduce that (L y)neN converges weakly in probability to ag/ under PI‘Y . Thus, it is enough to
show that for any k € N,

sup EY(Ly, |x[*) < +o0,
N>Ny

for some Ng > 1.
Let k € N. We have (Ly, |x|¥) < maxji<;<n |\ . Besides, we know by Proposition 3.1 that

IE”"}'( max |A;| > M) ge*CNVM,

1<i<N
for any M > My, where C and M are some positive constants. Thus,

+00
El‘y max |Ai|k < M(])‘ +/ kxk—1e=CNVx gx.
1<i<N My
By assumption we know that for |x| large enough, V, > B'log|x|, with 8’ > 1, so that for M large enough,
+o00 ,
El‘y max |A;[f < M(])‘ +/ kxk—1x=CBN gx.
1<i<N My

We deduce that for N > (k + 1)/CpB’, and My large enough,

+o00 k
N k k -2 k
Ey max A" < My + /Mo kx~“dx = Mg + Mo s5)
which yields the claim. (]

3.2. An exponential equivalence

The goal of this section is to prove that the large deviations of m, y are due to the deviations of the log N largest in
absolute value A;’s. More precisely, we will prove the following proposition.

Proposition 3.5. Forany peN, p > a,and Ly, ..., Ay € R, we denote by T n the truncated moment

1logN
- *p
Tpy =~ 21: AP,
1=
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where AT, ..., Ay Is the rearrangement of the ;s by decreasing absolute values. Under the notation and assumption
of Theorem 1.1, we have for any t > 0,

) 1
NET@WIOngGmP’N —(o/;/,xp)— Ty N|>1t)=—o0c.

As a consequence of Proposition 3.1 and Corollary 3.4, we have the following result.
Proposition 3.6. Under assumption (3), we have

N
1 N *P vV .p
WEV ( Z ki Ntoo <Gﬂ xf).
i=log N+1
Proof. Due to Corollary 3.4, we only need to prove
log N

1
— Y EVAP — 0.
N ; VP NS {oo

From (15) we have

sup EY|2}]” < 400, (16)
N>Ny

with Ng € N. Thus for any N > Ny,

1 log N
N
N 2 BV

i=1

log N
< % sup ]E{)’MTVN—) 0.
N=>Ny —+00 O

Due to the previous proposition, in order to prove Proposition 3.5, it suffices to show that
1 N
- %P
N Z )Ll
i=log N+1

concentrates at the exponential scale, at a speed higher than N'+/?_ To this end, we will use concentration inequalities
for measures with «-convex potential from [6]. This is the object of the following proposition.

Proposition 3.7. Let o > 2. Let g : RY — R be a 1-Lipschitz function with respect to || - ||o. Under the notation and
assumption of Theorem 1.1, we have for every t > 0,

bNt®
N N

In particular, if f :R — R is a 1-Lipschitz function, and l,m € {1, ..., N}, <m, then for any t > 0,
1 " _ 1 m _ szt‘x
PV — r) — —EN rAi)>t) <expl —————— ),
V<N,-X_;f( D= V;f( ) )_ p( 20‘101(0(—1)0‘1)
where A1, ..., Ay is the rearrangement of the A;’s in ascending order.
Proof. Let

N
Vi eRY, dD(A)zN;V(Ai)— g;loglki — 1.
i= i#]
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We claim that ® is a-convex with respect to the norm | - ||, on RY, more precisely we will show that for all A, u € RV,

A4 bN
CD()»)—!—@(;L)—Z@(T) > o A — . (a7
Note that for any k,/ € {1,..., N},
— (=272 if k #1,
Hess(—ﬁzlogm —)»jl) I R ) . i #
oy k.l 2k — M) ifk=1,

which defines a non-negative matrix since for any x € RV,

D Gu =)A= D Ou— A P =y O — M) 2k —x)* = 0.

k#l k£l k<l
As by assumption
VxeR, V(x)=>bx|*+w(),

with w a convex function, we deduce together with the above observation, for any A, u € RN,

P N N N i+ o\
c1>(x)+c1>(u)—2q><T>sz(Z})\?Jr;u?—z;( > ))

Since o > 2, we have for any x, y € R,

1, 1, (x+»\* [x=»\"
— — > .
¥ Y —< 2 ) T\

This yields the desired inequality (17).
We know, by [6, Corollary 4.1], that (17) entails that for any 1-Lipschitz function with respect to |- ||, g : RY — R,
and every ¢ > 0,

bNt®
N N
IP’v(g—IEvg>l)SeXP<—m)- (18)

Letnow f :R — R be a 1-Lipschitz function, and k,/ € {1, ..., N}, k <I. We set
1 m
N _ -
Vi eRY, g(A)_—N E_l f).

For any A, € RV, we have by Cauchy—Schwarz inequality

1/2

1 m 1 m 1/2 1 N
T T2 2
() — g (1) < N;'*" e W(Zl'“ ~ 1| ) < W(Em — il ) :
1= 1= 1=
where we used in the last inequality Hardy—Littlewood—Polya rearrangement inequality. Thus, by Holder inequality

g(1) —g(0) < N™# A — .

This shows that g is N ™ @ -Lipschitz with respect to the norm || - ||. Applying (18) to g gives the second inequality in
the statement. U
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In the following proposition, we use the concentration inequalities of Proposition 3.7, together with a truncation
procedure and the deviations estimate of Proposition 3.1, to prove that

1 N
- %P
N Z A

i=log N+1
is exponentially equivalent to its expectation with respect to IP’(}'. Combining this with the result of Proposition 3.6,

N
N
Z EV)\;'”) — <USC7XP>,
N—+o0
i=log N+1

we will get Proposition 3.5.

Proposition 3.8. Foranyt > 0,

N N
1
: N *pP Ny *xp _
k}msup NTralp log Py ( Z A Z Ey A ZIN>— 00,
-+ i=logN+1 i=logN+1
where A7, ..., A}y denotes the rearrangement of the A;’s by decreasing absolute values.

Proof. To ease the notation, we set k = log N. The first part of the argument consists in choosing the proper truncation
level with respect to our exponential scale N'*%/?_ For any My > 0, we denote by F, M, the function

Mo)? if pi
vreR FMO(X)Z{sg(x)(le/\ 0)P if pis odd,

(Ix] A Mg)? if p is even.
Let
Napn =5
My= ———
k2w
Note that,
- -
N N p
¥ Y EY (T = Fu (1)) < v Y EY A Lpsi
i=k+1 i=k+1
- .
N|q%|P+
S—NMO,Z Ey ||
i=k+1
N k
< EN’)L*}’?H — 0,
NM N—+00

using (16), and the fact that as p > o, My — +00. Thus, it suffices to prove that for any 7 > 0,

N N
£ i § sprut|en) -

i=k+1 i=k+1

N
hmsup N” 2 log Py (

Note that,

N N—I

Y Fu ()= Y. FuOa).

i=k+1 j=k=D)+1
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where [ = Card{i € {1,...,k} : A > 0}. Since the function Fyy, is pM(’)’ 71-Lipschitz, we have using a union bound
and Proposition 3.7, for any t > 0,

N
§ : Z 1 —1
N N 1+<
PV( FMO E F'M0 >lN>S2kCXp<—Wl N k ),

i=k+1 i=k+1
where ¢y is some constant depending on . We can write,

N N
ZVV< Z AP — Z EY Fu, (A7) >Nt)

i=k+1 i=k+1
N
5P1VV< > Fu( Z EY Far (%)

i=k+1 i=k+1
We saw by the concentration inequality above, that the deviations of the truncated moment at the level My around its
mean are exponentially negligible at the scale N'**/?. We need now to prove that the contributions in the deviations
of the truncated moments of the A;’s above the level M are also negligible. To do so, we will truncate one more time
at a level R, chosen so that the deviation bound of Proposition 3.1 gives the right exponential estimate.
From (4), we have for M large enough,

N
>tN/2> —HPN( > e >tN/2)

i=k+1

b
1nf Vix)>—= M“

[x|=

Proposition 3.1 yields that there are some constants My > 0, and C > 0, depending on V and B, such that for any
M > My,and k e {1,..., N},

Py <LN(1;4) > %) <exp(—CkNM®). (19)

LetR=e¢"" IICVI /;Z We have, with the inequality above, for N large enough,

N N
Nk
M( Z A" Latg iy > zzv/2> 51?15( Z A" Latg<inr i<k > tN/Z) +PY <LN(1,3) > N)’ (20)

i=k+1 i=k+1

where Ly denotes the empirical measure of the A;’s, and where /g = [—R, R]. From (19), we deduce that,
N c k —ap ity
Py( L(I}) > E exp(—Ce k2N 7).

We are reduced to show that the event {Z,N: a1 1AT1PL Mo<IAf|<R > tN/2} is exponentially negligible at the scale

N!*¢/P To this end, we will slice up the set {» € R: Mo < || < R} into loglog N small intervals {A e R : M; < |A| <
M1} for which we will use the deviation bound (19). At each step, we choose the largest bound so that the event
{ZzN=k+l |)‘7|p]1M15M,~*|5M1+1 > %} is exponentially negligible by (19). For any n > 1, we set

(1 Ot)(l n o n +a”_1 N a1 )
qn = JR — J— R
" p/\p p? P pi(p—1)

Nin
k1/20( '

and

M, =
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Observe that g, —> l, and
n—-+oo P

t-eo(())

Let n = | cloglog N | with ¢ such that g;, > % — @. With this choice, we have
M, > R.
Thus, slicing up the set {A € R: My < |A| < R}, we get

ul tN al tN
M( Y P tmgsii<r > 7) SPQ’( >R o zinri=m, > 7)

i=k+1 i=k+1

n—1 ‘N
<IP)N(Z Z ’)\, } ﬂMl<M*|<M1+1 > 7)

1=0 i=k+1

t
(Z l+1LN IMI E)

Finally, a union bound gives

N n—1
tN t
Py <ZZ A g <ppri<ry > 7) <> Py <LN(IX41) W)

i=k+1 I+1

Using (19), we get N large enough, and for all 0 </ <n,

CIN*MY CtN2+ea—parsi 3 (5=
IP’O’(LN(I;II) 5 )5exp< 7/)) §exp<— )
2nM; 2nM; 2cloglog N
But
<1 a><a+a2+ +al+ of )
agr—pgrri=1-= )| -+ S5+ -+ 5+ 77—
i p)\p p? plopp—-D
(1 a)(1+a+a2+ +ocl+ of >
p p P’ Pl plip—=1
a
_(1__).
p
Therefore,

1+4
t CtN log N)“
2n l+1 2cloglog N

where x > 0 as p > «. We can conclude that,

N 1+2
CtN "7 (logN)“
N 2 : *|P
PV (i_k+l|)\.i | ﬂM()SM?‘SRN > tN/2) < ClOglOgNeXp(-W ,

which ends the proof. U
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3.3. Large deviations principle for the truncated moments
Since we know from Proposition 3.5, that (m, y)yen is exponentially equivalent to

(<U}f}/’ xp) + TILN)NEN’

we only need to derive a large deviations principle for (T n)nen, in order to get the large deviations principle of
(mp N)NeN (see [11, Theorem 4.2.13]).

Proposition 3.9. Under the assumption of Theorem 1.1 and the notation of Proposition 3.5, the sequence (T N)NeN
follows a LDP under the law P, with speed NHF, and good rate function I,. If p is odd, 1, is defined by

VxeR, I,(x)=blx|*?,
and if p is even,

bx®/p ifx >0,

VxeR, I,(x)=
() {+oo otherwise.

Proof. Once again, to ease the notation, we set in the following k =log N.
Exponential tightness. Let

k 1/p
VieRY, g = <Z|)\;‘|”) .
i=1

For . e RV, we set [ = Card{i € {1,...,k}: 1} > 0}. We can write

where Ap, ..., Ay is the rearrangement of the A;’s in ascending order. When [ is fixed, as p > «, we see that g is 1-
Lipschitz with the same argument as in the proof of Proposition 3.7. Using a union bound, we get by Proposition 3.7,
forany t > 0,

N 1 bt*N P
P (g E g>th)§kCXp<—m .

Besides, by Jensen’s inequality

1 & v 1 Tk r
b3 ohT) = (b 3r) = (Fmbbar)
i=1

From (16), we deduce

r k 1/p
(woprr) o
i=1

From the above concentration inequality, we see that (T}, y)nen is exponentially tight.
Upper bound. Observe that we only have to show that for any x > 0,

limsup ———
N—+00

1
Nt logIP’ (Tp,n 2 x) < —1p(x). 21
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In the case where p is even, it is clear that (21), is sufficient. In the case p is odd, observe that V(x) = V(—x) satisfies
the assumptions of Theorem 1.1. Note also that for any x > 0,

PY(Tp,n < —x) =P (Tp N = x).

Therefore, if (21) is proven, and if p odd, then we have also for any x > 0,

lim sup log Py (T v < —x) < —Ip(—x).

1
N—+00 Nlite/p

We now prove (21). Since (% Z;‘:] |)Ljf |”) neN is exponentially tight, we only need to show that for any M > x > 0,
we have

lim sup
N—+o00

1
mlogpfvv(T,,,N >x, 3|7 < MN) < —1,(x).

Let M > x > 0. Since the event {T), y > x, |A’1k |? < M N} is invariant under permutation of the A;’s, we have

N!
p<MN:—/ _NZMV(M”A—A ’Slldk
li B ) Zy i1 M =Nx | |

i<j

PY(Tp.n = x,

Iy l<<la <M/

Bounding the interaction term involving the k largest in absolute value A;’s, we get

PY(Tpn = x, <MN)
' ZN’]‘ ‘
N! BNk N v
< 2(NM)1/1’ / e N VOD T T aos
S N=n! ZN ~ ) T AP N U '
1= i i=1
[Agl<=<IAql
VAN k
N NV
< < ) e (2(NM)1/”)‘3Nk/ e NI VO T an,
k) Zy i A =Nx i=1
N\ “a% 1/p\BNk —NVQr 1 p
=<k) 2 £ m)liry /e Wdn) P NZX. >x ),
i=l
where X1, ..., X; are independent and identically distributed random variables with law duy = e~ NV 4x dx , where
v=[eNV®dx. As
/e_Nv(x) dx =e°™  and log ZN_k = O(NlogN),
1%

from Lemma 3.3 (recall that k = log N), it only remains to show that

1 log N
limsup ——— logP| — xXP > <-I .
g ey 22 2) 2

This is the object of the following lemma.

Lemma 3.10. Let (X;);>1 be a sequence of independent and identically distributed random variables with law
dpy =e NV dx dx , Where Zy = fe NV dx, with V asin (4). Let pe N, p > a.
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For any x > 0,
| log N

limsup ——— log P| — XP>x)<—-1,),

N—>+£N1+"‘/” £ (NZ L >_ r()

with I}, as in Proposition 3.9.

Proof. Setk =logN.Letx > 0.Set ¥; = N'/*X; foralli e {I,...,log N}. We have
| K k k
2 2
oy Xoxt =) <x( 7wt ) <p( Tz anitf).
i=1 i=1 i=1

LetO <t <1.As o < p, we have «t/p < 1. Using the fact that for any s € (0, 1), x,y € R, (x +y)* <x% 4+ y*,

o

k k T
1 at «
P(ﬁz X ZJ‘)fP((Z'W) ZMW“)
=

i=1

k
at o
= P(Z Y| zﬂzv“”w).

i=1
By Chernoff’s inequality we get,
- e P N iy
P NZszx <e (E(ePM1)", (22)
i=1

As for any x € R, V(x) =b|x|* + w(x),

N

with
Zy = / e NV gy,
On one hand,

o o X . +OO
/e—hw —=Nw(i) g, EZezvmfw/ b g
0

Note that as w is convex, inf w > —oo. On the other hand, Z;V = eO9WN) Therefore,

at N1t+a/p +oo _ o_ ot
E(¢"M1) < o F )/ o) g
0
As x > x¥ 1 — pxet=1 g non-decreasing on [1, +00), we have,

+oo o ot 1 +oo 1 1 o at
/ e b —x )dxfeb—i—i/ (ax“_ — atx® )e_b(" =) dx
0 a(l—1) J;

b 1

=t -0
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Take r =ty =1 — 1/(log N)2. Then,

N1+ot/p

E( b|Y I“’N) o( ).

Together with the bound (22), we get

k

1 1 UN - a

WlogPGZXf’Zx) < —bx 7 N o),
i=1

Taking the limsup as N goes to +oo we get the claim.
Lower bound. Let x € R. We want to show that

e e 1 N
h&é‘f}v@}g ~NTFalp logPy (Tp,N e(x—48,x+ 8)) > —1,(x).

2263

(23)

(24)

As T, ny converges to 0 in almost surely, it is enough to prove this bound for x # 0. With the same argument as for

the upper bound, it suffices actually prove to the bound above only for x > 0.
Let x > 0 and 6 > 0. We have for N large enough,

1
PY(Tp,n € (x — 8, x +8)) >Pvﬂ<
with M > 0. By continuity, there is some ¢ > 0 such that

IP’I‘Y(TP,NE(x—S,x—i—S))zIP’"}'( } e (I/P_S’xl/p_i_g)’

/p
We have

PY(Tpn € (x —8,x +3))

N—-1
Z'ny

il =m).

ZN!ﬁ‘/ . d)hle*NV()»l)EAI’V_;l(]lLN_legMeﬁ(Nfl)(10g(?»1*~)>LN71))’
|- —x1/P|<e N—1

N1/p

where Ly_| = ﬁ Zlsz 83> and Ey = { € P(R) : supp(pn) C [—M, M]}, with P(R) the set of probability mea-

sures on R. Thus,

PY(Tp.n € (x —8,x +9))
zh!

N
ZV

As w(y) = 0+0(|y|*), we have

|

—x7P
Ni7p xP|<e

A
| R —

P |<
x P |<eg Ni7p

Thus,

N—1
ZNV

+5 .5
]P)I\Y(Tp,N e(x—46,x +3)) > ZN ! ]PNV (Ly—1 €&m)e” (b=o(EDN =P xP fo(N

1% N-T

NV g Z/ Lo :e—(b—o(a))Nl+%x

> N! N-T / - . —NV()L)d)Leﬁ(N 1)10g(NPxP —-M— S)IP)N I(LN 1€5M)
| i7 —xP|<e

o

o
%)

7 o(N'tP)
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8,
But from Lemma 3.3 we know that log = O(N). Besides, by Proposition 3.1 (with k = 1), we have for M large
enough,
P]va (Ln-1€&m) v b
—+o0
This concludes the proof of the lower bound (24). U

4. The case of Wigner matrices without Gaussian tails

We will give in this section a proof of Theorem 1.7. The strategy we will follow is in the same spirit as the ones
developed in [7,17] and [2] for this model of Wigner matrices without Gaussian tails. We start by a heuristic argument
to give a idea of the nature of the deviations of the moments, and of the speed of the deviations.

4.1. Heuristics

We show here how one can get the lower bound of the LDP without much effort. A key argument of the proof consists
in finding how the trace of a given power behaves under additive perturbations by finite rank matrices. It turns out that
if we add to a given Hermitian matrix a low rank Hermitian matrix with not too large operator norm, then the map
A — try AP is almost linear. More precisely, we have the following lemma, whose proof is postpone at Section 4.5.3.

Lemma 4.1. Let p > 2. Let A and C be two Hermitian matrices of size N. Assume that C is of rank at most r. We
have

‘tr(A—l—C)”—trA”—trC” <2Pr 1r,?ax IAIKIC)IP*,

where || - || denotes the operator norm.

To make the argument clearer, let us assume X has entries X ; and X distributed according to symmetric
exponential laws with parameters b and a respectively. Let s £ 0. Let A be a Hermitian matrix of finite size, say
n > 0, such that tr A? = s. With an abuse of notation, we will continue to denote A the Hermitian matrix of size N,
A & On_,, where Oy _,, is the null matrix of size N — n. Let X ;{,z) denote the matrix obtained from Xy by setting all

the elements which are not in the principal submatrix of order » to 0, and let X §\>") =XN— (") . We can informally
write,

P(try X5 = (05, x7) +5) 2 P(try (X\" + NP AYP = (04, xP) + 5, X\ = NP A)

P( (X§\>n)+Nl/pA)p:(0—sc,x‘”) X1(\>n) ” fc)}P’(Xxl):Nl/l’A)’

()
XN

with some ¢ > 2. As || — Xn|l2 = 0 in probability, and

IXvll — 2,
N— 400

in probability by [3, Theorem 5.1] (or [1, Theorem 2.1.22, Exercise 2.1.27]), we have

B(Ixy <c) — 1.

By Lemma 4.1, we deduce, as tr A” =,

P(try X% = (05, )+ 5) 2 P(try (X (") = (o5e, x7) OV < o)P(x$ = NP 4A).
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Since X 1,1 and X follow the symmetric exponential laws with parameters b and a respectively, we have
1.1
P(X\) ~ N/PA) ~exp(-NT71(4)),

where 1(A)=b) ", |A; il +a Zi<j |A; j|. But (trN(XSr))P)NeN converges to (osc, x”) in probability, by Wigner’s
theorem (see [1, Lemmas 2.1.6, 2.1.7]). Therefore,

P(try X5 > (05, xP) +5) 2 exp(—N%+% 1(A)).

As this lower bound is true for any Hermitian matrix A such that tr A” = s, we deduce that the lower bound holds
with rate function

VyeR, Jp(y)= inf{I(A) (tr AP = (o4, xP)+y, A€ U 7_11(1/3)}’
neN

which is precisely the rate function we will give in this case of entries with symmetric exponential laws (see Re-
mark 1.8(c)).

4.2. Outline of proof

As suggested by the heuristic argument above, the deviations of try X 1[\’, are due to a small proportion of the entries of
X v making deviations of order N'/7. Accordingly, we decompose X y in the following way

Xy =A+ B® +C¢ + D?, (25)
with
Xi j e _ Xij
Aij = —Nﬂ|x,-,,|g(10gN)d’ Bij= N (ogN)i<|X; j|<eN?* 7’
X; i X ;
Cii="1 . 101, Df = 1,1 ,
N eN2TP X jl<eIN2TP N e IN2TTR <X )

where where d is taken such that od > 1.

In a first phase, we will show that one can neglect in the deviations of try X 1’\7, the contributions of the interme-
diate entries, that is B®, and the large entries, that is D?, so that (try (A 4+ C®)P)neN,e~0 are exponentially good
approximations for (try X K,) NeN-

Then, due to concentration inequalities, we show that the conditional expectation given C¢, Ece try (H 4+ C*9)?,
where H is a copy of A independent of X, are exponentially good approximations of (try X ]’\’,) NeN-. From the choice
of the decomposition (25), we deduce that C® has only a finite number of non-zero entries at the exponential scale
N'+2/P_Thus, Lemma 4.1 and Wigner’s Theorem allow us to conclude that (Ece try (H + C?)?) ycN is exponentially
equivalent to ((ogc, x”) + try (C¥)P) yen. It only remains to show a large deviations principle C¢, and conclude by
contraction principle, with an argument similar as in [2]. The use of the contraction principle is made possible by the
fact that C* has a finite number of non-zero entries except on an event of exponentially small probability.

4.3. Concentration inequalities

In this section, we revisit a concentration inequality from [25] for the trace of powers of sum of a Hermitian matrix
with bounded entries with a deterministic Hermitian matrix. This inequality will be crucial to get the exponential
tightness and an exponential approximation of (try X Z)NeN

Unfortunately, we cannot directly use the concentration inequality of [25, Proposition 4], because of the assumption
made on the expectation of the entries. To make the strategy sketched in Section 4.2 work, we need to prove a
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concentration inequality for

: ( H < )
|l —=+—==] -
VN N
where H is a centered matrix with bounded entries, and where C is a deterministic matrix whose entries are of order
N1/p+1/2 But then,

2(p—1) _
tr(f_ﬁ) < 20D 26)

where r is the number of non-zero entries of C, which is a bound too loose to use the concentration inequality of [25,
Proposition 4].

However, since we are considering normalized traces, we are looking at deviations of order N of the traces, whereas
in [25] the deviations considered were of order 1. Thus, one can expect that there is some room left in the approach
of Meckes and Szarek, to get a concentration inequality for try (H + C)?, with the bound (26).

Proposition4.2. Let p € N, p > 3. Let H be a centered random Hermitian matrix such that (H; j); < are independent
2

and bounded by some k > 1, and let C be a deterministic Hermitian matrix such that tr(%)z(l’_l) < mNz_F, where

1 2

m > 1. Write X = H + C. There are some universal constants ¢, ¢’ > 0, such that for all t > c’(pm”_l)”N_7(l+F),

/2 N1+127 £ \2/P 2
p_ p p _ i — -
IP’(|trN X Etry X | >tN ) < Sexp< 2 mm{(p) * 22D })

Moreover,

/2 1+3 NP2
p_ p p _ i Z -
IP’(|trN|X| Etry | X| | >tN ) §8exp< 2 m1n{<p) , p2m2(d—1)}>'

Proof. We follow the same approach as in [25, Proposition 4], with some slight variations at times, but considering
deviations of order N'*7/2 of the trace of (H 4+ C)”. We will prove only the first inequality, the proof of the second
inequality being exactly the same.

Without loss of generality, we can assume x = 1. For 8 € {1, 2}, we denote by 7—[55) the set of symmetric matrices
of size N, when 8 = 1, and Hermitian matrices when 8 = 2. Note that as H has entries bounded by 1, we know by

[22, Corollary 4.10], that for any convex and 1-Lipschitz function f : 7—[5\’,3) — R with respect to the Hilbert—Schmidt
norm, and all 7 > 0,

P(|f(X) — Mf(X0)| > 1) <de™5,

where M f(X) denotes the median of f(X). Let a > 0. Define
Ko={Y e HP Y op-1) <a},

where [|Y ||, = (tr|Y|7)!/9 for any matrix ¥ and ¢ > 0. Note that we can write
F=Ft—F",

with F*(Y)=uY! and F~(Y)=tY” forany Y € ’Hg\',g), where for every x € R, x; and x_ denote the positive
and negative parts of x. The functions F and F~ are convex and pa”~!-Lipschitz on K. Let Ff, F; denote the

convex extensions of Fl"l'(a and F|7<a to 7—[(’3 ), which are pa” _1-Lipschitz, as explained in [25, Lemma 5]. Then, for
all t > 0, we have

tZNp+2
P(|FS (X) —MFS (X)| > tN'*tP/?) §4exp(— )

4p2q2d=n
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with o € {+, —}.
Besides Y > ||Y||2a—1) is convex and 1-Lipschitz with respect to the Hilbert—Schmidt norm. From [24, Theo-
rem 8.6], we deduce that for any ¢ > 0,

_i2
P(IIXll2(p—1) — El X ll2p—1) > 1) < €™ 2.

But,
1 1,1
ElXlop—1) < ElHllop—1) + ICllap—1y < NP TDE|H|| +mN2 "7,

where | - || denotes the operator norm, and where we used the fact that m > 1. But we know, by [1, Exercice 2.1.29,
30], that there is some universal constant ¢y > 1, such that

E|H| <civ/N.

l

Thus, E”X”z(l, 1 <2mc1N7 P,
1

Letnow b > 0,anda =bN?2 +P . We have, for b > 4mcq,

a b2
P(IX l2¢p—1) > a) <”X”2(p n — ElXl2p-1n = 5) SeXP<—W>-

Besides, with this choice of a, we have for all # > 0, and all o € {+, —},

2 N1+2/p )

I 14p)2 -
P(|F;(X) _MF;(X)| > EN b ) §4exp<— 16p2b2(p—1)

Thus,

t t
IP’<|F°(X) ~MF? (X)| > E1\/1+P/2> < ]P(|F5(X) ~MF? (X)| > EN””/Z) +P(IX l2(p-1) = a)

A NI¥2/p 2 2
< — -
<4exp 78 min{ b~, 2550 | )

_1 2
As a consequence, for b = 4mc, we can find a numerical constant ¢; > 1, such that fort = copN 2(1+P), we have

P(F°(X) —MFJ (X) > tN'tP/?) <

We deduce that
1
MPF°(X) <MF°(X) + csz2+__F
As FJ is non-decreasing with a, and FJ < F° for any a > 0, we have for all b > 4mc;,

+2
2

1 1
MF"(X)—cszf » <MFJ(X) < MF°(X).
1 2
Thus, for ¢ > 2csz77(1+5), and any b > 4mc1, we deduce that

B(|F7 0 - 1W"(X)I>fN”p/2)<11”<|F”(X) MES (X)| > N1+p/2)

A N¥2/p 2 2
< — -
<4exp 78 min{ b~ 2550 | )
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But one can check that,

5 12 £\2/P 2
max minib°, ———— ¢t =minj | — ,—————— ¢
b>4mey { b= } {<P> p*(mey)>P—1 }

Optimizing in b in the previous inequality, and setting c3 = 128c%(p _l), we get

1+2 2/p 2
N "»r t t
P(|F7(X) — MF°(X)| > tN'"P/%) < dexp( — mint (=) .51
Cc3 P pm (p—D

To get the same inequality but with EF? (X) instead of MIF? (X), we integrate by parts the inequality above, and we
find that there is some constant ¢4 > 0, such that

1 2
[EF(X) — MF® (X)| < cam?~ pN~30F7),

_laa2
At the price of taking c4 larger, we can assume that ¢4 > c». Then, for every ¢ > 2camP 1 pN 2 1+ P),

P(|F7(X) —EF°(X)| > tN'*P/2) §P<|F"(X) — MF°(X)| > %Nl+p/2>

i NHE O (/\YP 2
=acxp| — 4c3 min ; ,m .

1 2
As F = F* — F~, we have for any t > 2C4m”_1pN_7(1+F),

1+p/2 Nl+% 1 ! e —tz
P(|F(X) —EF(X)| > tN'*? )§Sexp(— T mm{(;) ’m2<d—l>}>'

Setting ¢ = 16¢3, and ¢’ = 2¢4, we get the claim. O
4.4. Exponential tightness

Throughout the rest of this section, we fix a constant y > 0, such that for 7 large enough,
P(1X11] > 1) VE(1X12] > 1) <e 7. (27)

In this section, we will show that the sequence (try X ]’\’,) NeN is exponentially tight, namely, we have the following
proposition.

Proposition 4.3 (Exponential tightness).

1,1
lim limsupN_a(7+F)logIP’(trN IXNIP > 1) =—o0.
t_>+°°N%+oo

Proof of Proposition 4.3. Using the triangular inequality for the p-Schatten norm, we get for any ¢ > 0,
P(try [Xn|? > 40)P) <P(uy |AIP > t7) + P(ry |B°|” > t7) + P(try |CF|” > t7) + P(tey | DF|” > t7). (28)

This shows that it suffices to estimate at the exponential scale, the probability of each event {try |A|? > P},
{try | BE|P > tP}, {try |CE|P > tP}, and finally {try |D?|? > t7}. As a consequence of the concentration inequality
of Proposition 4.2, we have the following lemma.
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Lemma 4.4.

lim limsup

- p - _
M lim sup 7 logIP’(trN |A]P > t) 00,

where A is as in (25).
Proof. Note that as p > 2,
r(EA)2P~D < (w(BA)?)" "

Since the entries of X are centered, we get

1
2 2
tr(]EA) :ﬁ Z E|X,’j| ]]"Xi,_j|>(10gN)d'
1<i,j<N

Integrating by parts, we have
tr(EA)? = O (N2e~ 5 0oe ™),
where y is as in (27). As ad > 1,
tr(BEA)>P~D = o(1). (29)

We see that A satisfies the assumptions of Proposition 4.2 with some m > 1 and x = (log N)¢. We get for any 7 > 0,
and N large enough,

NS y 2
p_ p M i p
P(|try |A]” —Etry |Al7| >t)§8exp( p2(log V)™ mm{t , mz(l’])})

which yields, as o < 2,

1 1
lim NG9 logP(|uy |A]P — Bty |A]P] > 1) = —oc. (30)
N—+4o0

We know from [1, Theorem 2.1.1, Lemma 2.1.6], that

Ety [Xn|P —> (oge. x|P). (31
N—+o00

Denoting px, and pa the empirical spectral measures of X and A respectively, we have using the decreasing
coupling and [5, Theorem III 4.4],

W,(Epxy, Bua) < (Etry Xy — A]P)7, (32)

where W), denotes the p-Wasserstein distance. As a consequence of the polar decomposition, we can write |Xy —
AP = (Xy — A)PU, where U is a unitary matrix, so that

1 P
EwlXy AP = o > ENT0Xoin i, iog e (33)

I]yenny i p+l1 ] =1
Holder’s inequality yields,

Etr|Xy — Al” < NP2 max(EIX 1117 L1x, 11> tog N2> EIX 1217 11X, 51 (og Ny )
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where we used the fact that the entries of X are centered. Integrating by parts, we get
Etr|Xy — A|P = O(NP/>H =5 logN) ), (34)
where y is as in (27). As ad > 1, we deduce by (32), W, (Eux,, Ena) = o(1), which yields
Etry |Xn|"—Etry |A]”| = o(D).
We can conclude with (30) and (31) that (try |A|”)yeN is exponentially tight. U
For the second event {try | Bf|? > t”}, we have the following lemma.

Lemma 4.5. For any ¢ > 0, we have

1 1
lim limsupN_a(7+F)10g]P’(trN’B’3|p > 1) =—o00.
1>+ N5 100

Proof. Since p > 2, we have

(w]3°)7)? ().
Thus,

P(tr| B*|” = 1N) < P(tr(B°)” = 1P N?/P).
Chernoff’s inequality yields for any A > 0,

+

=

%)'

2
2/p 2 2.4 AlXijl71
IP’( ‘B-S _‘2 - t N2/p) < e—%zPNP+ E(e (og M) <|X; ;|<eN
Z Ll =7 = ] l

l<i<j<N l<i<j<N

Let 1 <i < j < N. Recall that for j« a probability measure on R and g € C!, we have the following integration by
parts formula:

b b
/g(x)dM(X)=g(a)/L[a,+OO)—g(b)u(b,+00)+f g (X)ulx, +o00)dx.

Thus, we get for N large enough,

==

)»IXi.jlzll 1,1 esN%Jr
E(E (logN)d<\X’,-yj|<sN2 p) <1 +f ZAxef(x) dx’
B (log N)?
with f(x) = Ax% — yx%, and y is as in (27). Let

5= %8a72N—(2—0¢)(%+%)'

1 1
With this choice of X, one can easily check that f is non-increasing on [(log N )d, eN2T ]. Thus,

MXi 11 1.1 2 J
E(e (log N)?<|X; jl<eN 2 17)51+2A82N1+;ef((10gN))

<1t ayee D )
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But for N large enough,
o —(2—a)(i4L
f((lOgN)d) — %SQ_ZN 2 (1)(2+[,)(10gN)2d _ y(logN)Old < —%(IOgN)ad

As ad > 1, we get for N large enough,

MXiPL o 141 , w , w
E(e (log Ny <|X; ;l<eN P)Sl+e71(]ogN) Sexp(efz(logN) )

Then,

1)2

1 o,
P(tr|B€|p > [N) < exp<—%80—2No¢(7+F tF> exp(]\ﬂe—%(logN) d)' 35)
Since ad > 1, we get

1 1
lim 1 N%CH) 10a P(tr| BE|P > tN) = —oo.
i, lim sup ogP(r] 87" 2 1N) = —oc o

We now turn to the event {try |C?|? > t}. As a consequence of Bennett’s inequality, we have the following lemma.
Lemma 4.6. For any ¢ > 0,

14,1
lim  lim NG logP(ty|C?|” > 1) = —c0.
t—+00 N—+o00

To prove this lemma, we will first show that at the exponential scale C? has a finite number of non-zero entries.
Proposition 4.7. For all ¢ > 0,

1 1
lim limsup N *C"5) log P(Card{(i, j) : Ci; # 0} = r) = —o0,

r>+0 N 100

where C¢ is as in (25).

Proof. Let ¢ > 0. Note that

. . r
P(Card{. ) Cig"/ #0}zr) SP( Z ]l\X,-,jlzsN%*% z §>.

I<i<j=<N

1 1
Let p; j =P(X; ;1 = 5N§+5), for i, j € {1, 2}. From (27), we have

1
P1,1V p12 =0<m)-

Therefore, it is enough to show that

. . —a(+1y o _
lim limsup N P log]P’< Z (ﬂ‘xi,j|2€N%+% pw)Zr)_ 00.

r_>+°°N—>+oo I<i<j<N

By Bennett’s inequality (see [24, Theorem 2.9]) we have,

’
P( Z (ﬂ\Xi,jlzeN%+% —Pig) = r> = exp(—vh(;>>,

l<i<j<N
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with h(x) = (x + 1) log(x + 1) —x,and v =), _; p; ;. From (27), we have for N large enough,

i<j
5 _ uNO‘(%*%)
v< N V¢ .
As h(x) ol log(x), we get for N large enough,
o
B a(l+l) r
IED<1 Z:]\/(ﬂlxlxjIZ@N%*'% - pl’j) = r) = CXP(—VJ/SQN o )exp(r 10g<m))7
<i,j< '

which gives the claim. O

With this result on the number of non-zero entries of C?, we can bound the trace of |C?|? by the polar decomposi-
tion, which yields the exponential estimate claimed in Lemma 4.6.

Proof of Lemma 4.6. Using the polar decomposition as in (33), and bounding each coefficient of C¢ by ¢! N1/P,
we get,

tr|C?|” < |T°|"Ne™P,
where |Z¢| denotes the number of non-zero entries in C¢. Due to Lemma 4.7, we get,

1,1
lim i N%CTD 10e P(try |CE|P > 1) = —o0.
A, fmsup el |C7[" > 1) = —oo 0

At last, we prove the following exponential tightness for try | D?|?.
Lemma 4.8. It holds

1 1
lim lim sup lim sup NGt log P(try |D8|p > 1) =—00,
£=>0 t—>+00 N>+oo

with D¢ as in (25).
Proof. A union bound gives for N large enough,
P(D® #0) §Nzexp(—ys_“Na(%+I]_’)), (36)
with y as in (27). O
From (28), Lemmas 4.4, 4.5, and 4.6, we get for any ¢ > 0,

1 1
limsuplimsupN_a(7+F) logP(try | Xn1P > 1)
t—>+4+00 N—+00

1 1
<limsuplimsup N~ *Z ¥ log P(try | D°|P > 7).
t—+00 N——+o00

Taking the limsup as € goes to 0, we see that Lemma 4.8 yields the exponential tightness claimed in Proposition 4.3. [
4.5. Exponential equivalences

4.5.1. First step

We will prove in this section that we can ignore in the deviations of try X fi, the contributions of the large entries, that
141 o . . . . 141

is such that | X; ;| > ¢~!N2"7 and the contributions of the intermediate entries, that is X; ;j € ((log N)4, eNZTP ).

More precisely, we will prove the following exponential approximation.
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Proposition 4.9. For any t > 0,

lim lim sup NGty logP(|try X5 — try (A + CF)?| > ) = —o0,

>0 N too

with A and C* are as in (25). In other words, (try(A + C®)P)nenN are exponentially good approximations of
(try X3 ven.

Proof. We will first prove that for any X, Y € My,
p=t 1
ltr XP —trYP| < p2P~2((tr]|X|P) 7 (tr]X —Y|P)? +tr|X — Y|P). 37)

Let X, Y € My. By the mean value theorem we have,

|trX” —trY”| <p sup |tr(X+9(Y —X))p_l(Y —X)|.
0<6<l1
By Holder’s inequality (see [5, Corollary IV.2.6]), we deduce,

trX”—trYp| =p sup (tr|X+9(Y—X)‘p)p771(tr|y_x|p)%'
0<6<l1

Using the triangular inequality for the p-Schatten norm and the convexity of the power function x > |x|?~!, we get

trX? —trY?| < p2P~% sup ((tr|X|1’)pT71 + 0]y — X|P)p77])(tr|y - X|1’)71’,

0=<6<1

which yields the claim (37).
Let now 7 > 0. From (37), we deduce that there exists a non-negative function & depending on t, satisfying

h(t) — 0 ast — 0, such that forany X, Y € 7—[%3), if
ry |XIP <7 and |ty XP —try YP| > 1,
for some ¢ > 0, then,
try | X — Y|P > h(z).

But, from Proposition 4.3, we know that (try |Xn|?)yeN is exponentially tight, therefore, it is enough to show that
forany 7 > 0,

1 1
lim limsupN_a(7+F) 10g]P’(|trN Xf, - trN(A + C‘?)p| >t try | Xn|P < ‘L') = —00.
e=>0 N 400

Let 7 > 0. With the previous observation, we get for any ¢ > 0,
P(|ry X5 — ey (A4 C°)P| > 1, uy [ Xy |P < 1) <P(uy|BF + DF|” > h()).
By the triangular inequality for the p-Schatten norm, we get

h h
P(lry X5 —tey (A+C°)P | >ty [XnIP <7) < P(trN|B8|p > %) +P<trN|D5}p > %) (38)

But, on one hand (35) yields

—a(lil h(t
lim lim N “(2+p)logIP’(trN|Bg|p> Q):—oo,
e—>0N—>+00 2p
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and on the other hand, (36) gives

—a(iql h(t
lim lim N O‘(Z'Fl’)10g[E”<tr1\/|D‘g’p>Q):—oo
e—>0N—>+00 2p

This concludes the proof of Proposition 4.9, taking the limsup as N goes to +oo at the exponential scale, and then the
limsup as € goes to 0 in (38). ]

4.5.2. Second step

We show here that in the study of the deviations of try (A + C?)”, we can replace A by a matrix H independent of X,
and that try (H + C?)” is exponentially equivalent to its conditional expectation given the o -algebra F, generated by
the X; j such that | X; ;| > (log N )¢. More precisely, we will prove the following result.

Proposition 4.10. Let F be the o -algebra generated by the variables X; ;1 Xi.;|>(logNyd- Let H be a random Hermi-
tian matrix independent of X, such that (H; j)i<; are independent, and for all 1 <i < N, H;; has the same law as
Xl,l/\/ﬁ conditioned on {|X1,1| < (log N)d}, and for all i < j, H; ; has the same law as Xlgz/\/ﬁ conditioned on
{IX1.2] < (log N)}.

Foranyt > 0,

. —a(i4 L
NI_I)IEOON a(2+P)log]P’(|trN Xf, —E}-trN(H +C8)p| > t) = —00,

where E r denotes the conditional expectation given F.

Proof. By Proposition 4.9, we know that (trxy(A + C®)P)yene=0 are exponentially good approximations of
(try Xﬁ,)NeN, therefore it is enough to show that for all ¢ > 0, and ¢ > 0,

im N log B[ty (4 + 1) — Eptey (H + €)' | > 1) = —oc.
—+00

From Proposition 4.6, we see that is actually sufficient to show that for any r € N,

Jim N D 0g B[ty (A + )~ Eptey (H+ )’ | > 11T <) = —o0,
—400

where
Ig={(i,j)e{1,...,N}x{l,...,N}:CﬁjqéO}.

Note that C¢ is F-measurable, and given F, A has independent up-diagonal entries bounded by (log N)? /+/N. More-
over, using the triangle inequality for the 2(p — 1)-Schatten norm, we get

tr(EA + C5)2P7D < 220D max (r®AY2PD, tr(C?) 2PV,

On one hand, we have, expanding the trace and bounding each entry of C¢ by e ! N1/,

_ _2
(o AR

and on the other hand we have from (29) that tr(EA)%?~1 = o(1). Therefore, we can apply the result of Proposi-
tion 4.2 for the trace of (A + C?)” under the conditional probability given F. As o < 2, we get that for any ¢ > 0, and
relN,

1 1
Jlim NG 1ogP(|try (A + €)Y —Extey (A + C°)P| > 1,1T.] < r) = —c0.
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We will use the same decoupling argument as in [7], to remove the dependency between A and C®. Let I = {(i, j) :
|X;i | > (log N)4}. Define A’ the N x N matrix with (i, Jj)-entry

Al =Ai LG j¢r + Hijla jel- (39)
Note that A’ and H are both independent of 7 and have the same law. Therefore,

Ertry (A" +C%)’ =Eruy(H +C)".
Due to the triangular inequality and Lemma 4.6, it only remains to prove that for any 7 > 0, and any t > 0,

lim NG logP([Extry YP — Eptey ¥Y'7| > 1.ty |CF|P < 1) = —o0,
N—+00

where Y = A + C¢ and Y/ = A’ 4+ C*. Note that using (37) and Holder’s inequality we have,

p—1

EruY” —Eruwy?|<p2r2(ErulV|?)7 Eru|d— A7) +Eru|a— 7).
Besides, using again the triangular inequality for the p-Schatten norm, we get

Ertry|A" + Cf|” <2/ max(Etry |H|P, try|CF|").
With the same argument as in the proof of Lemma 4.4 we have

Etry |HI? — (O’SC, |x|P).
N—+4o0
Thus, we see that it is sufficient to show that for any ¢ > 0,

lim N_a(%Jr%)log]P’(IE]:trﬂA — A’ > 1) = —co0.
N—+o0o

Expanding the trace using the polar decomposition, we get

1717

/P
E}‘tl']\l‘A—A’ ECOW,

(40)
where ¢ is constant independent of N such that,
max(E[v/N Hy 117, EIVN Hi »|7) < co.

Thus, in order to control Extry |A — A’|?, we need to make sure that I contains no more than ¢t N 14+p/2 indices, for
1,1

any t > 0, at the exponential scale N2ty)

following lemma.

. By a argument similar as in the proof of Proposition 4.7, we get the

Lemma 4.11. Let I ={(i, j) : |X; j| > (log N)4}. For § > 0, we define the event,

Fg:{|1|§£N1+2/1’}.
o

It holds that

1 1
lim N G2 10g P(FE) = —oo.
N—+00 £ ( 3)

Using (40), and Lemma (4.11), we get the claim. U
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4.5.3. Third step
We showed in Proposition 4.10 that (Extry(H + C®)”)nyene=0 are exponentially good approximations of

11
(try X K,) NeN- We will prove now that we can approximate E rtry(H + C?)P at the exponential scale Na(2+P),

by Etry HP + try(C?)P, and then by (o, xP) + try (C¥)P. This will give good exponential approximations of
(try X K,) NeN, as stated in the following proposition.

Proposition 4.12. For anyt > 0,

lim limsupN_a(%+%) log P(|try X% — (o5, x7) — try (CF) 7| > 1) = —o0,
e=>0 N 400

where A and C¢ are as in (25).

In order to prove that Etry HP + try(C?)? is an exponential equivalent of E rtry(H + C?)?, we will need the
following deterministic lemma.

Lemma 4.13. Let p > 2. Let H and C be two Hermitian matrices of size N. Assume that C is of rank at most r. We
have

|te(H 4+ C)? —tr H? —trCP| <2Pr max IH || c)P=*,
1<k<p—1

where || - || denotes the operator norm.

Proof. Expanding the sum we get

p
tr(H + C)P = Z Z wr(MD . P,

k=0 MO e{H,C}
i:M D =HY|=k

Fix ke{l,...,p—1}, and MV ... MP matrices such that M? e {H, C}, and Card{i : M) = H} = k. Let
(nj)1<j<n be an orthonormal basis of eigenvectors for C such that 7,11, ..., ny are in the kernel of C. Using the
cyclicity of the trace, we can assume MP) = C. Assuming MP) = C, we get

N
(M D M) = 3 (M D Py )
j=1
;
= Y MDDy )
j=1

<rlH]*ICIP,
which ends the proof of the claim. ([
Proof. Note that the same argument as in the proof of Lemma 4.4 yields

Etry H? — (osc, x”).
N—+o00

Therefore, due to Proposition 4.10, we only need to prove that for any & > 0,

Nl_i):r_lOO N_a(%Jr%)logIP’(]E]:trN(H +C°)’ —Etry H? — ey (C°)’| > 1) = —o0.
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Using Lemma 4.1 and the fact that the rank of a matrix is bounded by the number of its non-zero entries, we have

Bty (H +C)° — Bty 17— ty(C%)’| < 2070 max (|| ]|,

1<k<p

where Z, denotes the set of indices (i, j) such that Cﬁ j # 0. But,

|Ce|| < 1Zelsup |CijI < [Zele™ NP
LJ

Thus,

|Ertry(H 4+ C°)’ —Etwy H? —try (C7)”| < 2re 0t

TP E(H|*.
= iy BT max ElH]

But we know from [1, Theorem 2.1.22, Exercice 2.1.27] that || X || converges in all L? spaces to 2, and we have

E|X - H|? =E|x - A'||" <

where A’ is as in (39). With the same argument as in Lemma 4.4, we get
Et|X — A'|” = o(1).

Thus, for any k € {1, ..., p}, E| H | is bounded. We can find a constant M, > 0 such that,

Erty (A +C) —Btry A? —tey (C°)| < My|Z.|P N7

Thus, for any ¢t > 0, and r € N,

Nlu}rl N —a(3t )log]P’(|E}-trN(A+C) EtrNAp—trN(CE)p| >1,|L| <r) = —oo0.
—> 100

Invoking Lemma 4.7, we get the claim. (]
4.6. A large deviations principle for try XII\’,

We proved in the previous section that ((osc, x”) + try(C?)?).~0.neN are exponentially good approximations of
(try X K,) NeN at the exponential scale considered. The aim of this section is to show that we can derive for each ¢ > 0
a LDP for (try (C?)?) yeN, using the contraction principle, and deduce a LDP for (try X f,) NeN-

In the view of applying a contraction principle for the sequence (try (C?)”)yen, we need to find a good space to
embed C? so that we can define a trace which will be continuous. For every r € N, we define

g = {A e | JHP :Card{(i. j) : A ; #0) 5’}'
n>1

For any n € N, let S,, be the symmetric group on the set {1, ..., n}. Let S denote the group |, S». We denote &
the set of equivalence classes of &, under the action of S, which is defined by

VO’GS,VAEEr, U'A:MG_IAMU:(Ao(i),a(j))i,j,

where M, denotes the permutation matrix associated with the permutation o i.e. My = (8;,5(j))i, j-
Let H('B ) /S, be the set of equivalence classes of ’H(ﬂ ) under the action of the symmetric group S,. Note that any
equivalence class of the action of S on &, has a representative in ’H(‘g ). This defines an injective map from &, into
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”H;ﬁ )/Sr. Identifying & to a subset of Hfﬂ ) /Sy, we equip &, of the quotient topology of ”HE’S )/Sr. This topology is
metrizable by the distance d given by

o

VA,Be&, d(A B)= min max|Bs )0 ()~ Aoi).o'()ls (41
o,0'eS i,j
where A and B are two representatives of A and B respectively.

Since the trace is continuous and invariant by conjugation, we can define the trace on 7—[5’3 ) /S, and it will be still
continuous. Therefore, the trace on &, is continuous for the topology we defined above. _
Lete > 0 and r > N. Let P, denote the law of C*/N I/P conditioned on the event {C* € &,}, and IP%, , the push-

forward of Pf\,’r by the projection 7 : £ — gr With these preliminary definitions, we can now state the LDP result

for (ﬁf\, -)NeN- The result is almost identical as [2, Proposition 7.1], the only difference being the choice of truncation
of the entries. Thus, the rate function is identical, and only the speed is different. We refer the reader to [2] for the
proof of the following proposition.

~ 11
Proposition 4.14. Let r € N and ¢ > 0. Then (P, ) nen satisfies a large deviations principle with speed Na(7+F),

and good rate function I, , defined for all Ac g} by

I (A) =

b iy 1Aiil®+ 532140 ;1" if A€ Dy, 42)
+00

otherwise,

where A is a representative of the equivalence class A and
Der={A€& Vi<j Aij=00re<|A;j|<e”, and A; j/|1A; ;| €supp(vi )},
withv; j=v1ifi=j,and v; j =v; ifi < j, where vi and v, are defined in Definition 1.6.

We are now ready to use a contraction principle to prove that (try (C%)?)yen follows a LDP for any & > 0. The
use of the contraction principle is made possible by the fact that the push-forward of IE”?W by the map A — tr A? on

U heN H,(lﬂ ) , are exponentially good approximations of (try (C®)?) yeN.

1 1
Proposition 4.15. Let ¢ > 0. The sequence (try (C?)P)yeN satisfies a large deviations principle of speed Na(7+5),

and good rate function J; defined for all x € R by,

Je(x) = inf{ I(A):x=twA?, Ae| | Hﬁﬁ)}’
neN

where for any A € |, oy P,

b st 1Al + 522141 if A€ Dy,

. 43)
+00 otherwise,

I (A) = {

where D, = UreN De.r, with D; » as in Proposition 4.14.

Proof. Let r € N. We denote by f the function A € E > tr AP, with A a representative of A. As the trace is invariant
by conjugation, f is well defined. We define the push-forward of Py, . by the map f,

D& -1
VN, = PN,r of .

Note that vy, is the law of try (C?)? conditioned on the event {C® € £,}. We will show that (vy ;)N reN are expo-
nentially good approximations of (try(C?)?)nen. Let Yy, be random variable independent of C?, and distributed
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according to vy .. Let
Zny =ty (C) Lcecs, + Y ploegs, .
Thus, Zy , and Yy , have the same law vy ,. Furthermore, for any ¢ > 0,
P(|Zy, —tuen(C)P| > 1) <P(CF ¢&,).
By Proposition 4.7, we get

NLHEOON (345 )log]P’(|ZN, try (C8)?| > 1) = —o0,

2279

which shows that (vy )y, en are exponentlally good approximations of (try (C?)”) yeN-
For each r € N, the function f restricted to &, is continuous for the topology we equipped &,. Note that as C* has
entries bounded by e "' N!/P_ vy , is compactly supported uniformly in N. Thus, (vy.,)n>1 is exponentially tight, the

1 1
contraction principle (see [11, Theorem 4.2.1]) yields that (vy ) nen follows a LDP principle with speed N a(z+3)

and good rate function J; , given by
Jer () =inf{le,(A): A&, x = f(A)},
where I , is defined in Proposition 4.14. We can re-write this rate function as

Jor(x) =inf{I.(A): A € &, x = f(A))},

where f denotes as well the function A — tr(A)? on |J,cy ’H(ﬁ ), and where I, is defined in (43). By [11, Theo-
1 1
rem 4.2.16], we deduce that (try (C?)?) yeny satisfies a weak LDP with speed Na(7+5), and rate function J, defined

by

Vx eR, Jg(x)=supliminf inf Jg ().
§>0 r—>+00 |y—x|<

As J¢  is non-increasing in r, we have

Je(x) = sup inf 1nf Jsr(y)_sup inf 1nf Jer(y).
§>07EN[y—x| §>0ly—x|<ér

Let ® be the function defined by

VxeR, &(x)=inf Jo, (x).
reN

Thus,

Jg(x)—sup inf (ID(y)
§>01y—xl<

We see that it suffices to show that & is lower semi-continuous to conclude that J, =
has compact level sets.
Let 7 > 0. Let x € R, such that ®(x) < t. Then

P (x) = {I(A) :x = f(A), [:(A) <2t}

But for any A € |,y Hn(C) such that I, (A) < 400, we have

<b A %)e"‘ Card{(i, j) : Ai.j # 0} < Ic(A).

®. We will prove in fact that ®



2280 F Augeri
Thus taking r such that (b A §)e* < 7, we get
D(x) ={L(A):x=f(A), I(A) <21, A €&}
={I.,(A):x=f(A),Ac&).
Since f is continuous on gr and [, , is a good rate function, we have
[xeR: @) <t} ={fA): L, (A) <t,Ac&).

As f is continuous on &, and I , is a good rate function, we deduce that the t-level sets of & are compact. Therefore
Je = . O

We are now ready to conclude the proof of Theorem 1.7.

Proof of Theorem 1.7 . By Proposition 4.12, ({(osc, x?) + trx (C?)P) yen,e>0 are exponentially good approximations
of (try X%)NGN. We deduce from Proposition 4.15 that for each & > 0, the sequence ({0, x”) + try (C®)P)yeN

1 1
satisfies a LDP with speed N *(2%%) and with good rate function v, defined by

Je(x —Cpp2) if piseven,

Velr)= {Jg(x) if p is odd,

where J; is as in Proposition 4.15. Since (try X ﬁ,) N>1 is exponentially tight by Proposition 4.3, we deduce from [11,
1,1
Theorem 4.2.16] that (try X ]'\7,) NeN satisfies a LDP with speed N #(2%%) and rate function J » defined by

Vx eR, Jp(x)=suplimsup inf . (y).
§>0 e—>0 [y—x|<é

Observe that for any A € UneN 7—[5,’3 ), I;(A) is non-decreasing in €. Therefore, ¥, is non-decreasing in €. Thus,

VxeR, Jy(x)=supinf inf v.(y). »
§>06>0]y—x|<é
Let
VyeR, ®,(x)= #p(x = Cpp2) if pis even,
@p(x) if p is odd,
with

@p(x) = inf{I(A) x=trAP, Ae D},
where [ is defined for any A €, - ’Hﬁ,ﬂ), by
+00
I(A)=b) |Aul“+a ) |Ai "
i=1 i<j
andD={A € UneN ’Hf,ﬁ) :Vi<j,A;j=0o0rA; ;/|A; ;| €supp(v; ;)}. With these notations we have,

Jp(x)=sup inf @,(y). 45)
§>0 Ix—yl<8
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Asforany >0, and A € |, ey Hf,ﬁ), I(tA) =t*I(A), and tr(t A)? =P tr AP, we have for p even,

op()y*/P if y >0,
Vy eR, =
Y ¢p () {—i—oo otherwise,
and for p odd
VyeR, ¢p(0) =g,(D]y|*".

Therefore,

VyeR, @,(x)= [@p(l)(X—Cp/z)“/P if pis éven,
+o0 otherwise,

and if p is odd

VyeR, ®,(x)=g,(D)x|"/?.
This shows in particular that &, is lower semi-continuous. From (45), we get finally J, = ®,,. O
4.7. Computation of J,(1)

We show here that we can compute the constant ¢, appearing in Theorem 1.7 when o € (0, 1] and p is even, and we
give a lower bound and upper bound in the case where « € (1, 2) and p is even.

Theorem 4.16. With the notations of Theorem 1.7, we have the following:
(a) If p is even,
min(b, %) <c, <min(b,27/7q).
(b) Ifa € (0, 1] and p is even,
cp= min(b, 2_“/”11).
Proof. From the proof of Theorem 1.7, we know that
cp=inf{I(A):1=trA?, A€ D}, (46)
where [ is defined for any A € Unzl 'H,(,ﬁ), by
+00
I(A)=bY |Ayil“+a ) |Ai "
i=1 i<j
and D = {UnEN ’H;,ﬂ) :Vi < j,A;j=0o0rA;;/|A; | €supp(vi )}, withvy; j =viifi=j,and v; j =vp if i < j,

where vy and v, are defined in Definition 1.6.
Note that

. 0 271/pel®
Cp Sm]n <[(S),I (2]/176’9 O ,

where s € supp(v1), and 6 € supp(vz). Thus,

cp < min(b, 2‘“”’(1),
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which proves the upper bound in cases (a) and (b).
On the other hand, we have

+oo
. a
cp sz{b § |Ai % + 5 § .:|Ai,j|“:A el JnP .1 =trAP}
i=1 i#j neN

. al.
> m1n<b, 5) 1nf{Z |A;j|*: A€
ij

U HP) AP = 1}.
neN

Since o € (0, 2), we know from [31, Theorem 3.32] that for any A € ’H,(lﬂ),
n
1A= Il (47)
i,j i=1
where A1, ..., A, are the eigenvalues of A. As o/p < 1, we have
n n ot/p
Dkl = (Zw") = (irla)*? = [iwa?[*/7.
i=1 i=1
Thus, if tr A? = 1, we have
D14 =1
i,j

We can deduce that

cp > min(b, %),

which proves the lower bound of case (b).

Assume now « € (0, 1) and piseven. If A € 7—[,(1’3) is such that tr A? =1, then
sup trAB =1,
tr|B|2=1

with g > 1 such that % + é = 1. Thus, we can deduce that

Vie(l,...,n), |Ail<1, Vi,je{l,....n}i#j, |A;;|<27"P.
Then,

+00
cp zinf{bZ|A,~7i|°‘ +%Z|A,,j|a Ae | JHP :trAP]
i=1

i#j neN

~+00
> min(b, 2" 7 a) inf{Z | A" + ! Z\ziA,-,,-\“ Ae | JHP 1= trA”}
i=1 2 i) neN

+00
> min(b, 2‘%’a)inf{z |Aiil + % Z|275A,-,.,| Ae| JHP :trAP}, (48)
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where we used in the last inequality the fact the |A; ;| <1, and |A; ;| < 2-1/p for any i # j. Thus,

c,,zmin(b,z‘%a)inf{ 1—2p Z|A”|+2P 1Z|A,J| AelJHP, l—trA”}

neN
Using again [31, Theorem 3.36], and the triangular inequality, we get

20 1Z|)\| AcHP, Zx” }

n>1

cp > min(h,2” 7a) inf inf: (1-27"

Let n > 1. We consider the optimization problem

20 1Zm AcHP, Zx” }

inf: 1 — 2P

Denote for all A € R",

o0y =(1-27"")

n
1_
il 277 )
i=1

Compactness and continuity arguments show that the infimum is achieved at some A € R". At the price of permuting
the coordinates of A, and taking the opposite of A, which does not change the value of ¢(A), we can assume that
A=y hm, 0,...,0), with A; #0,..., A, # 0 such that >/~ A; > 0. Assume first that > i~ A; > 0. The

=

multipliers rule (see [10, Theorem 9.1]) yields that there is some y > 0, such that for any i € {1, ..., m},
1 1
(1—27"") 427 sg) = yal 49)
Multiplying the above inequality by A;, and summing over all i € {1, ..., m}, we get
Yy =9@A). (50)
From (49), we have for all € {1, ..., m},
1
y Pl if A; >0,
Ai = 11
—y PI(Q2¢ 1)1’ I if A; <O.

Let k denote the number of positive A;’s, and / the number of negative A;’s. As Z:-"zl Xi > 0, we have k > 1. Since
> A{’ =1, we have

Yyl =k 41(27 —1)7T > 1,

as k> 1. Thus, (1) > 1.
Assume now that Zf": 1 A = 0. Then the multipliers rule asserts that there are some ¢ € [—1, 1] and y, such that
(t,y)#(0,0),and for all i € {1,...,m},

1 1
(1—20"")r 427 sgr) =yl

At the price of changing A to —X, we can assume ¢ > 0. As in the previous case, multiplying by A; in the above
equation and summing over i, yields ¢(1) = y. Note that since ¢(1,0,...,0) =1, we can assume y < 1. We can
write for any i € {1, ..., m},

1 1 1 1
N y*ﬁ(zr‘—(l—zr‘)z)ﬁ if A; <0,
i — 1 1 1
Tyt e =25 e i > 0.
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Let k denotes the number of positive coordinates of A, and by / the number of negative coordinates. As > ;- A; =0,
we have k,[ > 1, and

k(Z%_l +(1- 2%‘1)0% =1(2%‘l —(1- 2%‘1)z)ﬁ.

But then,

1 1

00 =20ky P20 4 (120 )T 2027 r =1,

asy <1.As ¢(1,0,...,0) =1, we can conclude

inflo(1): [All, =1} =1.

This yields,

¢, > min(h,2” 7a),

in the case where p is even. U
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