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Abstract. We study an weak transport cost related to the notion of convex order between probability measures. On the real line, we
show that this weak transport cost is reached for a coupling that does not depend on the underlying cost function. As an application,
we give a necessary and sufficient condition for weak transport-entropy inequalities (related to concentration of convex/concave
functions) to hold on the line. In particular, we obtain a weak transport-entropy form of the convex Poincaré inequality in dimension
one.

Résumé. Dans cet article, nous étudions une nouvelle famille de coits de transport optimaux faibles en lien avec la notion d’ordre
convexe pour les mesures de probabilité. Nous montrons, en dimension un, que le couplage optimal ne dépend pas de la fonction
de cofit choisie. Nous utilisons ensuite ce résultat pour établir une condition nécessaire et suffisante pour les inégalités de transport-
entropie associées a ces colits de transport faibles. En particulier, nous obtenons une forme transport équivalente de 1’inégalité de
Poincaré restreinte aux fonctions convexes sur la droite.

MSC: 60E15; 32F32; 26D10
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1. Introduction

The aim of this paper is to study a weak transport cost and its associated weak transport-entropy inequality, both
introduced by four of the authors in [25], on the real line. In order to present our results, we shall first introduce the
various mathematical objects of interest to us, placing and motivating their significance within the classical theory of
optimal transport and its connection with the concentration of measure phenomenon.

Throughout the paper, P(R) denotes the set of Borel probability measures on R and P;(R) := {u € P(R) :
fR |x|p(dx) < oo}, the subset of probability measures having a finite first moment.
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Let 0 : RT — R*, with 8(0) = 0, be a measurable function referred to as the cost function. Then, the usual optimal
transport cost, in the sense of Kantorovich, between two probability measures ¢ and v on R is defined by

To (v, 1) 2=igf//9(|x—yl)ﬂ(dxdy), ey

where the infimum runs over the set of couplings 7 between u and v, i.e., probability measures on R? such that
m(dx x R) = u(dx) and 7 (R x dy) = v(dy).

Since the works by Marton [34-36] and Talagrand [47], these transport costs have been extensively used as
a tool to reach concentration properties for measures on product spaces. More precisely, optimal transport is re-
lated to the concentration of measure phenomenon via the so-called transport-entropy inequalities that we now re-
call. A probability measure 1 on R is said to satisfy the transport-entropy inequality T(@), if for all v € P(R), it
holds

To(v, w) <H@|w), ()

where H(v|uw) denotes the relative entropy (also called Kullback-Leibler distance) of v with respect to u, defined

by
dv
Hw|w) ::/log(d—> dv,
7

if v is absolutely continuous with respect to u, and H(v|u) := oo otherwise. Note that we focus on the line,
but that all the above definitions easily generalize to probability measures on a general metric space. As a spe-
cial case, as proved by Talagrand in his seminal paper [47], Inequality (2) is satisfied by the standard Gaussian
measure for the cost 6(x) = x2/2. By extension, we shall say that p satisfies the inequality T>(C) (often re-
ferred to as “Talagrand’s inequality” in the literature), if (2) holds for a cost function of the form 6(x) = x2/C,
for some C > 0. We refer to the books or survey [13,22,31,48] for a complete presentation of transport-entropy
inequalities and of the concentration of measure phenomenon, as well as for bibliographic references in the
field.

In the next few lines we shall shortly discuss the consequences of transport-entropy inequalities in terms of con-
centration. For simplicity we may only consider Inequality T, (C).

As discovered by Marton and Talagrand, when a probability p satisfies T2 (C), then for all positive integers n, and
all functions f : R" — R which are 1-Lipschitz with respect to the Euclidean norm on R”, it holds

' (f > med(f) +7) <e T VC Vr =, = /Clog@), 3)

where med( f) denotes a median of f under u". We refer to [13,31] for a presentation of the numerous applications of
this type of dimension-free concentration of measure inequalities. Conversely, it was shown by the first named author
in [20] that a probability u satisfying the dimension-free Gaussian concentration (3) necessarily satisfies T>(C), thus
giving to Inequality T, a special status among other functional inequalities appearing in the concentration of measure
literature. The key argument explaining why Talagrand’s inequality implies the dimension-free concentration behavior
(3) is the well-known tensorisation property enjoyed in general by inequalities of the form T(0) (see, e.g., [22]). The
tensorisation property shows in particular that if u satisfies T2(C), then the n-fold product measure 4 ® - - - ® p also
satisfies T2 (C) (on R") with the same constant C.

More generally, given a measure on a product space (which is not necessarily a product measure), and assuming
that each of its conditional one-dimensional marginals satisfies a transport-entropy inequality, several authors have
obtained, using different non-independent tensorisation strategies, transport-entropy inequalities for the whole mea-
sure under weak dependence assumptions (see for instance [16,37,49,50]). Then, the transport-entropy inequality for
the whole measure leads again to concentration properties using the same classical arguments as in the product case.
Thus, in many situations one is reduced to verifying the one-dimensional transport-entropy inequalities, and there-
fore it is of a real interest to characterize those probability measures p on R that satisfy the inequality T,, and more
generally, T(9) for a general cost function 6.
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In this direction, in [21], the first-named author obtained necessary and sufficient conditions for T(8) to hold, when
the cost function 6 : Rt — R7 is continuous, convex and quadratic near 0. In order to present such conditions, we
need to introduce some notation. Denote by F,(x) := p((—00, x]), x € R, the cumulative distribution function of a
probability measure u and by F° Uits general inverse defined by

F /') :==inf{x € R, F,(x) >u} e RU (o0}, Vue[0,1].

The conditions obtained in [21] are expressed in terms of the behavior of the modulus of continuity of the non-
decreasing map Uy, := F’ o F,, where 7 is the symmetric exponential distribution on R,

1
t(dx):= —e Wldx,
2
so that

Fl(1=3e7M) ifx >0,

4
Fl(5em ) if x <0. @

U//.(x) = !

By construction, U, is the unique left-continuous and non-decreasing map transporting 7 onto  (i.e., [ fo U, dt =
[ fdu forall f).In the special case of the inequality Ty, the characterization of [21] reads as follows: a probability
measure p satisfies To(C) for some constant C if and only if the following holds

e for some constant » > 0 and all u > 0, it holds

sup(Up (x +u) — Uy () < V1 +u,

1
xeR b
e for some constant ¢ > 0 and all f of class C', the Poincaré inequality holds

VarM(f)Scff’zdu. ©)

We refer to [21] for a precise quantitative relation between C, b and c.

In the present paper, partly following [21], we focus on the study of a new weak transport-entropy inequality
introduced in [25] that is related to a weak type of dimension-free concentration. More precisely, in dimension one,
we consider the weak optimal transport cost of v with respect to u defined by

ﬂ(vm):igf/e(

where the infimum runs over all couplings 7 (dxdy) = p(x,dy)u(dx) of u and v, and where p(x, ) denotes the
disintegration kernel of 7 with respect to its first marginal. The notation bar comes from the barycenter entering in
its definition. Note that, contrary to the usual transport cost, 7_'9 is not symmetric. Also, in terms of random variables,
one has the following interpretation 7 5 (v|) = infE(0 (| X —E(Y|X)|)) whereas Tg (v, 1) = infE(6(]X — Y|)), where
in both cases the infimum runs over all random variables X, Y such that X follows the law u and Y the law v. As
a consequence, when 6 is convex, by Jensen’s inequality, one has 79 (i) < To(v, ). Therefore, if a measure u
satisfies T(0) then it also satisfies the following weaker transport-entropy inequalities.

X —/yp(x, dy)DM(dx),

Definition 1.1. Let# : R™ — R be a convex cost function. A probability measure p on R is said to satisfy the weak
transport-entropy inequality

T (0): if for all v € P (R), it holds

To(lp) <HO|p),
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T (9): if for all v € P (R), it holds
To(ulv) <H(|p), and
T(6): if w satisfies both T' (0) and T ().

In Section 4, we recall, from [25, Section 4] a dual formulation of these weak transport inequalities in terms of
infimum convolution operators. In particular, the inequality T(9) appears as the dual formulation of the so-called
convex (7)-property introduced by Maurey [38] (see also [40] for further development).

The above defined weak transport-entropy inequalities are of particular interest since the class of measures satisfy-
ing such inequalities also includes discrete measures on R such as Bernoulli, binomial and Poisson measures [25,40].
In comparison, the classical Talagrand’s transport inequality (and more generally any T(6)) is never satisfied by a dis-
crete probability measure unless it is a Dirac measure.> Moreover these weak transport-entropy inequalities also enjoy
the tensorisation property (see [25, Theorem 4.11]), thus connecting them to a special dimension-free concentration
behavior. For instance, let us recall the following particular case of [25, Corollary 5.11].

Theorem 1.2. A probability measure 11 satisfies T>(C) (i.e., T(0) with 0(x) = x/C, x € R) if and only if it satisfies
the following weak dimension-free concentration of measure inequality: there exist r, > 0 and C' > 0 such that for
all positive integers n and all convex or concave functions f: R" — R which are also 1-Lipschitz for the Euclidean
norm on R", it holds

W (f > med(f) +r) e T yr 2, (©)
where med( f) denotes a median of f under .

We refer to [25, Corollary 5.11] for more details about the quantitative links between C and r,, C’ in both directions.

The first example of a probability measure satisfying this weak dimension-free concentration of measure phe-
nomenon for convex or concave functions (6) is the uniform measure p on the two point space {0, 1} as was discov-
ered by Talagrand in [45]. Soon after, Johnson and Schechtman [30] extended Talagrand’s induction proof to a more
general setting and showed that (6) was in fact true as soon as p is a probability measure on a normed space whose
support has a finite diameter. This result was then recovered by Maurey [38] using the formalism of convex infimum
convolution inequalities. We refer to [31,46] for a survey of subsequent developments and applications of this type of
concentration inequalities.

A natural question in this context was to determine the set of all probability measures on the real line satisfying
the concentration property (6). Even if some sufficient conditions already appeared in [2,3] using an approach based
on the logarithmic Sobolev inequality restricted to convex functions, the question was still open and was the main
motivation behind the present paper.

With this motivation in mind we shall prove the following characterization (the main result of the paper) of the
transport inequalities T(#) associated to any convex cost function § which is quadratic near 0. In the sequel we may
use the following standard notation 8 (a-) for the function x > 0 (ax).

Theorem 1.3. Let i € Pi(R), t, > 0 and 8 : RT™ — R™ be a convex cost function such that 0(t) = 12 forallt <t,.
The following propositions are equivalent:

(i) There exists a > 0 such that | satisfies T(6(a-)).
(i1) There exists b > 0 such that for all u > 0,

1
sup(Up(x +u) — Up(x)) < 59_1 (u+12),
X
where 0~ : RT — R™ denotes the inverse of the (increasing) function 6.

3Indeed, as mentioned above, the Poincaré inequality is a consequence of Talagrand’s transport inequality, and as such it forces the support of u to
be connected.
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Moreover, constants are related as follows:
(i) implies (i1) with b = a1,
(i1) implies (1), with a = bk,

and K = —2in(L10)

where K1 = = m

o
80~ (log(3)+12)
In particular, a probability measure u on R satisfies the weak dimension-free concentration of measure inequality
(6) if and only if there is some b > 0 such that

1
sup(UM(x +u)— Uﬂ(x)) < E\/u +1, VYu=>=0.
X

Remark 1.4. In comparison with the characterization of the inequalities T(6) given in [21], one sees that only the
condition on the modulus of continuity of U, remains. Nevertheless, as we shall explain below, the Poincaré Inequality
has not completely disappeared from the picture. Also, denoting by A, the modulus of continuity of U, defined by

Ay (h) = sup{UM(x +u)—U,(x),xeR,0<u < h}, h>0,

condition (ii) asserts that
1 2
Ap(h) < 59 (h+t0).

Therefore A, is bounded above near zero but does not necessarily go to zero, as & goes to zero. In fact, if the measure
u is discrete and not a Dirac measure, the support of u is not connected and so there exist a < b with a and b in the
support of w such that p(]a, b[) = 0. In that case, we may easily check that for all 2 > 0, b —a < A, (h). This shows
that in a discrete setting lim;,_.o A, (k) > 0.

The proof of Theorem 1.3, given in Section 6, is based on a refined study of the weak transport cost 7 g (14|v) of
independent interest. Indeed, we shall prove that, in dimension 1, all the optimal weak transport costs 7 g (u|v) are
achieved by the same coupling independently of the convex cost function 6. This result is well-known for the classical
transport cost 7g. More precisely, it follows from the works by Hoeffding, Fréchet and Dall’ Aglio [15,19,29] (see also
[14]) that To (i, v) = f9(|x — Ty, (x))v(dx) where T, ;, := FM_l o F),. In particular, given any two convex costs 61,
02, it holds Tg, 46, (0, v) = Tg, (i, v) + To, (1, v). In order to state our second main result, recall that one says that v;
is dominated by v, in the convex order, denoted by v; < v, if f fdv < f f dv, for all convex functions f: R — R.

Theorem 1.5. For all i, v € P1(R), there exists a probability measure y dominated by v in the convex order, y < v,
such that for all convex cost functions 6 it holds

Towlw) =To (P, .

In particular, for any two convex cost functions 61, 02, it holds
Tou+0, (1) = To, (V) + Ty (). (7)

The notion of convex ordering, characterized by Strassen [43] in terms of martingales, will turn out to be crucial in
the understanding of the weak transport costs 75. In Section 2, we recall certain classical properties of the convex order
and in particular its geometrical meaning (in discrete setting) given by Rado’s theorem [39] (see Theorem 2.9). From
this geometrical interpretation, we shall obtain an intermediate outcome (Theorem 2.10) that might be interpreted as a
discrete version of Theorem 1.5. Finally, the proof of Theorem 1.5, given in Section 3, will follow by an approximation
argument.

With the result of Theorem 1.5 in hand, we can briefly introduce the main ideas of the proof of Theorem 1.3.
Following [21], the weak transport-entropy inequality (i) will follow from (ii) by decomposition of the weak optimal
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cost 6 into two parts. One part is related to the quadratic behavior of 6 on [0, #,] and the second part is related to its
behavior for ¢ > ¢,: one has 0 < 6; + 6, with

01(1) = 12110,,1 (1) + (2110 — t2) 11, 400) (1),
and
Oa(t) = [0() — 15], = (00) = 12)1ps, 400 (1), L ER.
Therefore, by Theorem 1.5,
To@) V1) < T o+60)@) 1) = Toy@y 010 + Tpay (W) < 2H ),

for a proper choice of the constant a, where the last inequality will follow by relating the condition appearing in (ii) to
the two weak transport-entropy inequalities with cost 61 (a-) and 6, (a-). More precisely, following [21, Theorem 2.2],
we will show in Theorem 6.1 that (ii) characterizes the weak transport-entropy inequality T(02(a-)) while, as stated
in the next theorem (our last main result), the weaker condition sup, (U, (x + 1) — U, (x)) < h, for some h > 0,
characterizes the weak transport-entropy inequality T(6; (a-)) which thus appears (thank to [8]) to be also equivalent
to the Poincaré inequality (5) restricted to convex functions.

Theorem 1.6. Let 1 € P1(R). The following assertions are equivalent:

(i) There exists h > 0 such that

sup[UM(x +1)— Uﬂ(x)] <h.
xeR

(ii) There exists C > 0 such that for all convex function f on R it holds

Var (1) =€ [ 1P du.
R
where, for all x € R, |V f|(x) is the minimal slope at x defined as follows

[V f ()| =min{|(1 = 6) f2.(x) + 6 (x)

;0 €10, 11},

denoting by f! and f| the left and right derivatives of f (which are always well-defined for a convex function).
(iii) There exist D, 1, > 0 such that u satisfies T («) and T" (o). Namely, it holds

Te(uv) < Hwlp) and Tolp) < HElp) YvePi(R),

for the cost function a defined by

2
- ;
a(m)=1{2P 5 flul =loD,
Lolul| =15D/2  if lu] >1,D.

In particular, with k := 5480 and ¢ := 1/(10«/2),

e (i) = (iii) with D = «h® and I, = c/ h,
o (iii) = (ii) with C =2D,
e (i) = (ii) with C = kh>.

The equivalence (i) < (ii) goes back to Bobkov and Gotze [8]. Hence, Theorem 1.6 completes the picture by
showing that (i) or (ii) also characterize the measures satisfying a weak transport-entropy inequality with a cost func-
tion which is quadratic near zero and then linear (like 61). The dependence between the constants in the implication
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(i) = (1) is not given for technical reasons. Indeed, the proof relies on an argument from [8] that uses a non trivial
proof from [10] where one loses the explicit dependence on the constants.

We indicate that during the preparation of this work, we learned that the characterization of the convex Poincaré
inequality in terms of the convex (t)-Property (which is equivalent to the transport-entropy inequalities of item (iii),
by duality, as we shall recall in Lemma 4.1) was obtained by Feldheim, Marsiglietti, Nayar and Wang in a recent paper
[18].

The proof of Theorem 1.6 is given in Section 5. It uses results of independent interest like a new discrete logarithmic
Sobolev inequality for the exponential measure v (Lemma 5.2). By transportation techniques, such a logarithmic-
Sobolev inequality provides logarithmic-Sobolev inequalities restricted to the class of convex or concave functions
for measures satisfying the condition in item (i) (Proposition 5.1). Then the weak transport-entropy inequalities of
item (iii) are obtained in their dual forms, involving infimum convolution operators (Lemma 4.1), by means of the
Hamilton—Jacobi semi-group approach of Bobkov, Gentil and Ledoux [7], an approach also generalized in [24,25,32].

After the preparation of this paper, several additional progresses have been made in the understanding of weak
transport inequalities and related functional inequalities [1,41,42,44]. We think it is worth mentioning these recent
papers in some detail. In [1], Adamczak and Strzelecki have generalized the equivalence between (ii) and (iii) in
our Theorem 1.6 to any dimension. It seems however, that for technical reasons this extension involves constants
depending on the dimension. In [42], the fourth named author and Strzelecki have shown that, under some mild
assumptions on the cost function 6, the weak transport inequality T(#) (in dimension 1) is in fact equivalent to a
modified log-Sobolev inequality restricted to convex functions. In [44], Strzelecka, Strzelecki and Tkocz have obtained
weak transport inequalities with an optimal cost function 6 for probability measures on the real line having log-
concave tails. Finally, in [41], the fourth named author gave a simpler proof of the additivity formula (7) based on the
dual formulation of weak transport costs obtained in [25].

The paper is organized as follows. In the next section, we introduce and recall some known properties of the
convex ordering that we use in Section 3 to prove Theorem 1.5. Then, in Section 4, we very briefly recall the dual
formulation of the weak-transport entropy inequalities T and T, borowed from [25], which will be useful later on.
Finally, Section 5 and 6 are devoted to the proofs of Theorem 1.6 and 1.3, respectively.

2. Convex ordering and a majorization theorem

This section is devoted to the study of the convex ordering. After recalling some classical definitions and results, we
prove a majorization theorem which will be a key ingredient in the proof of Theorem 1.5.

2.1. Convex ordering of probability measures

We collect here some basic facts about convex ordering of probability measures. We refer the interested reader to [33]
and [28] for further results and bibliographic references. The proofs are well-known, but we state some of them for
completeness.

We start with the definition of the convex order.

Definition 2.1 (Convex order). Given vy, vy € P;(R), we say that vy dominates v; in the convex order, and write
V1 < vy, if for all convex functions f on R, [, fdvi < [ fdva.

Remark 2.2. Observe that for any probability measure belonging to P (R) the integral of any convex function always
makes sense in R U {+00}.

The convex ordering of probability measures can be determined by testing only some restricted classes of convex
functions as the following proposition indicates.

Proposition 2.3. Given vy, v2 € P1(R), the following are equivalent:

i) vi 2.
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(i) [xvi(dx) = [xva(dx) and for all Lipschitz, non-decreasing and non-negative convex functions f: R — R*,

[ fvix) < [ f(x)va(dx).
(iii) fxvl(dx) = fxvz(dx) and for all t € R, f[x —t]4vi(dx) < f[x —t]4va(dx).

For the reader’s convenience and for the sake of completeness, we sketch the proof of this classical result. We refer
to [33] for more details.

Sketch of the proof. Let us show that (i) is equivalent to (ii). First, since the functions x — x and x — —x are both
convex, it is clear that v < vy implies f xvi(dx) = f xv2(dx) so that (i) implies (ii). Conversely, since the graph of
a convex function always lies above its tangent, subtracting an affine function if necessary, one can restrict to non-
negative convex functions. Moreover, if f: R — R¥ is a convex function, then f,: R — R* defined by f, = f on
[—n,nl, fu(x) = fu()+ f,(n)(x —n) if x > nand f,(x) = f(—n)+ f;(—n)(x +n) if x < —n (where f, denotes the
right derivative of f) is Lipschitz and converges monotonically to f as n goes to infinity. The monotone convergence
theorem then shows that one can further restrict to Lipschitz convex functions. Finally, up to the subtraction of an
affine map, any Lipschitz convex function is non-decreasing, proving that (ii) implies (i).

Now it is not difficult to check that any convex, non-decreasing Lipschitz function f: R — R™ can be approached
by a non-increasing sequence of functions of the form «g + Z?:l ai[x —t;]4+, with @; > 0 and #; € R. This shows that
(ii) and (iii) are equivalent. O

The next classical result, due to Strassen [43], characterizes the convex ordering in terms of martingales. Recall
that a couple (X, Y) of integrable random variables is a martingale if E[Y|X] = X almost surely.

Theorem 2.4 (Strassen). Given vy, vy € P1(R), the following are equivalent:

(i) vi 2.
(i1) There exists a martingale (X, Y) such that X has law v and Y has law v;.

We refer to [25] for a (two-line) proof of Theorem 2.4 involving Kantorovich duality for transport costs of the form 7.
2.2. Majorization of vectors

The convex ordering is closely related to the notion of majorization of vectors that we recall in the following definition.
As for the previous subsection, all the proofs are well-known and we state them for completeness.

Definition 2.5 (Majorization of vectors). Let a, b € R"; one says that a is majorized by b, if the sum of the largest j
components of a is less than or equal to the corresponding sum of b, for every j, and if the total sum of the components
of both vectors are equal.

Assuming that the components of a = (ay,...,a,) and b = (b1, ..., b,) are in non-decreasing order (i.e., a; <
ay<---<apand by <by <--- <by), ais majorized by b, if

Ay +an—1+"'+an—j+l Sbn+bn—l+"'+bn—j+lv fOI‘j:],...,n—l,

n n
and ) 7_ya;i =) i bi.
The next proposition recalls the link between majorization of vectors and convex ordering.
1

Proposition 2.6. Let a,b € R" and set vi = ;; "1 8q; and vy = % Y 'y 81, The following are equivalent:

(i) a is majorized by b.
(ii) vy is dominated by v, for the convex order. In other words, for every convex f : R — R, it holds that Y ;_, f(a;) <

Yimy f ).
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Thanks to the above proposition and with a slight abuse of notation, in the sequel we will also write a < b when a
is majorized by b.

Proof. Assume without loss of generality that the components of a and b are sorted in increasing order. We observe
first that, by construction, the equality [ xv;(dx) = [xva(x) is equivalentto Y ¢ a; =Y i_, b;.
We will first prove that (i) implies (ii). By item (iii) of Proposition 2.3 we only need to prove that a < b implies

n

D lak =1y <) [be—tly, VieR. ®)

k=1 k=1

Assume that + < maxa; (otherwise (8) obviously holds). Then, let k, be the smallest k such that a; >t so that
Zzzl[ak —tly = Zz:ko (ax — t). Therefore, by the majorization assumption (which guarantees that Zzzku ar <

> =k, bi), we get

Dlar—1ly =Y (@—0<y b—t<) [bp—1l.
k=1

k=1 k=k, k=k,

Conversely, let us prove that (ii) implies (i). Fix k € {1, ..., n} and set fi(x) := [x — bi]+, x € R. Plugging fi into
item (ii) of Proposition (2.3) leads to

D ai—bi <Y lai —bily=n / fe(ovi(dx)
i=k i=1

< ”/fk(x)vz(dx) =Y i —bly =Y bi—b,
i=1 i=k

sothat Y}, a; <Y 7, bi, which proves that a is majorized by b. O
Next we recall a simple classical consequence of Proposition 2.6 in terms of discrete optimal transport on the line.

Proposition 2.7. Let x,y € R" be two vectors whose coordinates are listed in non-decreasing order (i.e., x| < xp <
s <X, V1 < y2 < -+ < yp). Then for all permutation o of {1, ...,n} and all convex functions 0 : R — R, it holds

n n
D0 —yi) <Y 00 — Vo))
i=1 i=1

Proof. Since, for all k, 7, yi > Y i_; Yo(i)» it holds for D7, (xi — yi) < Y i (xi — Yo(i)) (With equality for
k = 1). Therefore, denoting y5 = (Yo (1), - - - » Yo(n)), it holds x — y < x — y,. Applying Proposition 2.6 completes the
proof. (]

Remark 2.8. In particular, let , v are two discrete probability measures on R of the form

1 n 1 n
M:;;Sxi and v:;;(syi,
1= 1=

where the x;’s and the y;’s are in increasing order, and assume for simplicity that the x;’s are distinct. Then the map
T sending x; on y; for all i realizes the optimal transport of © onto v for every cost function 6.

We end this section with a characterization of the convex ordering (or equivalently of the majorization of vectors,
thanks to Proposition 2.6), due to Hardy—Littlewood—Pélya [26] ((i) < (ii)) and Rado [39] ((i) < (iii)). For simplicity,
we denote by S, the set of all permutations of {1, 2,...,n} and, given o € S, and x = (xq,...,x,) € R", we set
Xg :=— (xg(l), ey xa(n)).
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Theorem 2.9 (Hardy-Littlewood-Pdlya, Rado). Given a, b € R”", the following are equivalent:

(1) The vector a is majorized by b.
(i) There exists a doubly stochastic matrix P such that a =bP.
(iii) There exists a collection of non-negative numbers (Ay)oes, With Zaesn Ao = 1 such that a = ZGES" Aoby (ie.,
a lies in the convex hull of the permutations of b).

Below, we sketch a proof based on Strassen’s Theorem and refer to [33, Theorem B.2, Chapter 2] for more classical
arguments.

Proof. First we will prove that (i) implies (ii). According to Proposition 2.6, a < b is equivalent to saying that v| =
1 Z:’ 1 84; 1s dominated by v = %Z? 1 0p; in the convex order. Set X' :={ay,...,a,}, YV :={b1,..., by}, ky :=
#{l efl,....,n}:ai=x}, xeXand &, =#i e {l,...,n}:b; =y}, y € Y (where # denotes the cardinality); observe
that v; = rll Y cex kiby and vy = i Zyeyﬁ dy. According to the Strassen Theorem (Theorem 2.4), there exists a
couple of random variables (X, Y) on some probability space (€2, A, P) such that X is distributed according to vy,
and Y according to v and X = E[Y|X]. Since X is a discrete random variable,

Z E[Y1x—y] 1

E[Y|X]= P =)
> =X

X=x, as.

Therefore, for all x € X,

YIX x]
0, yKy .,
TPX=x) Z yY By

where K , 1= nw Hence a = bP with P;j; := Kb ais i, = 1,...,n. This proves item (ii), since P is
doubly stochastic by construction.

If a = bP with a doubly stochastic matrix P, then it is easily checked that >/, f(a;) < >/, f(b;) for any
convex function f on R so that (ii) implies (i).

Finally, according to Birkhoff’s theorem [33, Theorem A.2, Chapter 2], the extremes points of the set of doubly
stochastic matrices are permutation matrices. Therefore every doubly stochastic matrix can be written as a convex

combination of permutation matrices showing that (ii) and (iii) are equivalent. U
2.3. Geometric aspects of convex ordering and a majorization theorem

Contrary to the previous subsections, the results presented here are new. Fix some vector b = (b1, by, ..., b,) of R"
with distinct components (for simplicity). We will be working with the convex hull of the permutations of b, a polytope
we denote by Perm(b) and defined as

Perm(b) := { > hobo,with Ao > 0and Y iy = 1}.

oceS, oeS,

Such a polytope is often refered to as the Permutahedron generated by b. According to Theorem 2.9, Perm(b) = {a €
R" : a < b}. Hence, Perm(b) is a subset of the following affine hyperplane

&p = {xeR":in=Zb,-}=b+5o,

i=1 i=1

with & :={x eR": Y7, x; =0}.
We will be interested in the faces, facets containing a given face, and normal vectors to such facets of Perm(b). To
this aim, we need to introduce some notations.
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Denote by [r] the set of integers from 1 to n. For S C [n], let vg(d) denote the vector with the | S| largest compo-
nents of b in the positions indexed by S (in decreasing order, say), and the remaining n — | S| lowest components of
b in the other positions indexed by [n] \ S (also in a decreasing order). Also, when S # &, we denote by Ps(b) the
set that contains the vector vg(b) along with all vectors obtained by permuting any subset of coordinates of vg(b), as
long as the subset is contained in S or in [r] \ S. (That is, the only permutations that are not allowed are those that
involve elements from both S and [n] \ S). More precisely

Ps(b) :={(vs(D)), .0 €S, such that 6(S) = S},

where o (S) := {0 (i), i € S} denotes the image of S by o.

More generally, given a partition S = (S1, S2, ..., Sx) of [r], let vs(b) denote the vector with the largest |S||
coordinates of b in the positions indexed by S (in decreasing order), then the next largest |S>| coordinates in the
positions indexed by $> and so on (as an illustration, for b = (1,4, 5, -2,3,9,6, —5) € RS and S = (81, S2, S3) with
S1={1,2}, S =1{3,6,7} and S5 = {4, 5, 8}, we get vs(b) = (9,6,5,1, —2,4,3, —5) where the italic positions refer
to the set Sp, the bold positions to the set S> and the remaining positions to S3). Also, we denote by Ps(b) the set
containing the vector vs(b) along with all vectors obtained by permuting the coordinates of vs(b) that belong to the
same S;:

Ps(b) := {(vs(b)) .o €S, such that for all i, o (5;) = S; }.

Now we recall two geometric definitions/facts from [6].

Fact 1: A facet of Perm(b) is the convex hull of Pg(b), for some S # &, [n].

Fact 2: A face of Perm(b) is the convex hull of Ps(b), for some partition S = (S, S2, ..., Sk) of [n] with k > 3.
Furthermore, given a face F = Conv(Ps (b)), there exist exactly k — 1 facets containing F that are obtained by
coalescing the first and last several S;’s in S: that is, for each 1 < j <k — 1, the facet F; containing F can be
described by taking the partition [n] =T\ UT, with 71 =S U---US;,and To = §j 11 U--- U &.

The next theorem, which we may call the Majorization Theorem, is a key ingredient in the proof of Theorem 1.5.
It provides a geometric interpretation of majorization in terms of projection.
Theorem 2.10 (Majorization Theorem). Leta, b € R", assume that b has distinct coordinates and that a ¢ Perm(b).

Then the following are equivalent:

(1) ¢ € Perm(b) satisfies
a—c=<a—c, VcéePerm(b);
(ii) ¢ is the closest point of Perm(b) to a; that is,

C:=arg min a—cl).
gcePerm(b)(” I )

Moreover the vector C is sorted as a : (a; <aj) = (¢; < ¢j),foralli, j.

Let us recall that the orthogonal projection of a point a on the polytope Perm(d) is the unique ¢ € Perm(b) such
that

(a—c¢,c—c) <0, VcePerm(b). )

Proof. Observe thatif Y, a; # Y ;_, b;, then letting @ :=a — s(l, L,...,D)withk:=)"_,a; — Y 7, bi, we see
(using (9)) that the orthogonal projection of a and @ on Perm(b) are equal (to some point we denote by ¢, say), and
that a — ¢ < a — c if and only if @ — ¢ < @ — c¢. Therefore we can assume without loss that @ and b are such that

Z:‘l:l a; = Z?:l b;.
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First let us prove that (i) implies (ii) which is the easy part of the proof. Let ¢ be the closest point of Perm(b) to a
(i-e., ¢ := argmin eperm(p) (lla — ¢|l2)). Then by (i), a — ¢ < a — ¢, which, by Proposition 2.6 (applied to f(x) = xz)
implies that }_/_ (a — &)? < Y"!'_,(a — &)?. By definition of ¢, this is possible only if ¢ = ¢.

Next let us prove that (ii) implies (i). For the sake of clarity, we first deal with the simple case when ¢ lies on a
facet of Perm(b), before dealing with the general case of ¢ being on a face.

Let ¢ be the closest point of Perm(b) to a. Since Perm(b) is invariant by permutation, it easily follows from
Proposition 2.7 that the coordinates of ¢ are in the same order as the coordinates of a. Hence, we are left with the
proof that a — ¢ < a — ¢ for all ¢ € Perm(b).

(a) A simple case: ¢ € F for some facet F. Since ¢ is chosen from Perm(b), and since we assumed that ) ; b; =
> ;ai,wehave ) ;(a —¢); =0. Writing & := a — ¢ € &, suppose that « is perpendicular to the affine subspace H :=
‘Hr containing a facet F, defined by some nonempty subset S of [n]. For all x, y € F, we thus have (o, x — y) =0.
Choosing x = vg(b) and y = x,;; obtained by permuting two coordinates of x whose indices are both in § or both in
S¢ (i.e., 7;j = (ij) is the transposition that permutes i and j, with i, j € S, or i, j € §¢), one sees that the coordinates of
« are constant on S and S¢. We denote by «s and a s the values of o on these sets, which verify kag + (n — k)age =0
since o € &.

Now (recalling that « = a — ¢) our task is to show that

o <o— (c/ — 8), for every ¢’ € Perm(b).
This amounts to showing that

o 2a—c, foreveryc suchthat(x,c) <0, and Zci =0.

=Y

i

Indeed, on the one hand, by (9), the choice of ¢ implies that for every ¢’ € Perm(b), we have («, ¢’ — ¢) <0, and on
the other hand, since ¢, ¢’ € Perm(b), necessarily ) ,c; =), ¢; — > ;¢ =0.
Now (o, ¢) <0and ), ¢; =0 together imply (recalling that « is constant on S and S°),

(a5 —as) Y ¢ <0.
ieS

Let us assume that g > arse. Then denoting by cs =Y, .g¢; and by cge =Yg ¢i, one has ¢g <0 and cgc > 0.
Therefore, for any convex function f on R, according to Jensen’s inequality and by convexity, we get

Zf(al _Ci) :kw + (}’l _k)ZiESC f(aSC _Ci)
i=l k n—k
z kf(ozs - %) + @ _k)f<a5c _ ncick)

> kf(as) + (n—k) flase) — f(as)es — f/(ase)ese
>3 flew),
i=1

where the last inequality comes from the fact that f’(as)cs + f’(ag)cSc =cs(f'(as) — f'(asc)) < 0. According to
Proposition 2.6, we conclude that @ < o — ¢ which is the expected result.

(b) The general case. Suppose that ¢ lies in a face F of the polytope. This face is related to a partition S =
(S1,...,Sk) of [n], with k > 3. Then o :=a — ¢ € N(F), where N(F) denotes the normal cone of F. Recall that the
extreme rays of N(F) are given by the facet directions for the facets containing F. For all i € {1,...,n — 1}, let us
denote by F; the facet containing F associated to the partition 7; = {S; U---US;; Sjp1U---U S}, 1 <i<k—1.
Consider the vectors pp, p2, ..., pk—1 € & defined by

ki

pi =15,us,u..us; — ;l[n]»
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where 17 denotes the O — 1 indicator vector of T, for T C [n], and k; = |S1| + - - - 4+ |S;|. For each i, the vector p; is
orthogonal to the facet F;. Moreover, for all ¢ € Perm(b) one may check that {c, p;) < (v7;, p;), with equality on F;.
This shows that p; is an outward normal vector to F;. Therefore N (F) is the conical hull of the p;’s, and so we may
express «, for a suitable choice of A; > 0, as:

o= Zkilsluszumus,- —olp,

i
where 0 = (l/rz)[Zf:l1 Al ST+ Zi:zl AilS2| + -+ 4+ Ax—1[Sk—11]. In particular, « is constant on each S;: for all
i€Sj o= 1) —0 =4
In order to establish (i), we need to show that
a<oa—(c—7¢), VYcePerm(b),
or in other words, we need to show that
a<a—c, VY ePerm(b)—é.
We now use again the fact that our choice of ¢ implies that, forall 1 <i <k — 1,
(pi,¢) = (pi,c), YcePerm(b).
This in turn gives the following:
Perm(b) — ¢ C {c": (¢, pi) <0, Vi}.
Thus using N(F)0 :=1{d € &y; (d, p;i) <0,Vi} to denote the polar cone, it then suffices to show that for « (as above),
a<a—d, YdeN(F)".

Now, d € N(F)? implies that

(d,1s,u5u..us;) =0 and Zdi =0,

1

therefore denoting E; = Zieslu---usj di,forall j €{0,1,...,k},onehas E; <0and Eg = Ex =0.
Let f : R — R be a convex function; denoting by f its right derivative, the convexity of f implies that

n k k k
D flai—d) =" f(A;j—d) = > ISjIf(A) = f(A)D;,
i=1 Jj=li€eS; j=1 j=1

where D; = Zie s; d;. Now, using an Abel transform (and the fact that Eg = E; = 0), one gets

k k k—1
Zf/(Aj)Dj = Zf/(Aj)(Ej —Ej_1)= Z(f/(Aj) — f'(Aj+1))E; <0,
j=1 j=1 j=1

where the inequality comes from E; <0, A; > A4 and the monotonicity of f’. Therefore, one gets

n k n
D flai—d) =) ISIf(Ap =) fla,
i=1 j=1 i=1

which proves that a < a — d, thanks to Proposition 2.6, as expected. This completes the proof. (|
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3. Properties of the optimal coupling for weak transport costs

This section is devoted to the proof of Theorem 1.5. We will establish first a preliminary result which gives some
connection between 7 and 7. In the sequel, we denote by Im(), respectively Im" (1), the set of probability measures
on R which are images of x under some map S : R — R, respectively some non-decreasing map S, i.e.,

Im(u) = {y € P(R) : 35 : R — R measurable such that y = Sgu},
and

Im" (1) = {y € PR) : 35 : R — R non-decreasing such that y = Sy} (10)
Proposition 3.1. For all probability measures (1, v € P1(R) and all convex function 8 : R* — R, it holds

inf  To(y,w)>Te@lp)>  inf  To(y,w.
y=v,yelm’(u) y=v,y€lm(u)

Remark 3.2. Note that when 1 has no atoms, then Im" () = Im(y). If p is a discrete probability measure, then the
two sets may be different. For instance, if © = L0+ %81, then y = %80 + %81 is in Im() but not in Im™ (x2). In the
proof of Theorem 1.5 below, we will use Proposition 3.1 with p being the uniform distribution on # distinct points
for which it is clear that Im™ () = Im(u).

Proof. First we will prove that T4(v|u) > inf, <y yetm(u) To (¥, u). To that aim, denote by m(dxdy) = p(x,
dy)u(dx) some coupling between p and v and set S(x) := fyp(x, dy), x € R. Clearly Szu € Im(u). Moreover
if f:R — R is some convex function, by Jensen’s inequality, it holds

/f(X)S#M(dX)=[f(/ yP(X,dy)>M(dX)Sf/ f(y)p(x,dy)u(dX)Z/f(y)V(dy)

so that Sy < v. Therefore,

/G(x—/yp(x,dy)>/w(dx)=/9(x—S(x))u(dx) >To(Spi ) > inf  To(y.p),

y=v,y€lm(p)

from which the claim follows by taking the infimum over p.

Now we turn to the proof of the inequality 7_'g(v| n) < infy <v,yeim’ (1) To(y, ). Assume that y < v and that y =
Sz for some non-decreasing map S. According to Strassen’s theorem, there exists a coupling 7r; with first marginal
y and second marginal v such that 7y (dx dy) = p1(x,dy)y(dx) and x = fR yp1(x,dy), y almost everywhere. For all
x € R, define the following probability measure p(x, dy) := p1(S(x), dy). Then for all bounded continuous function
f,itholds

/ / FOYPx.dy)u(dx) = / FOIP(SC). dy) ()

=//f(y)pl(x,dy)y(dx)=/f(y)V(dy)-

Thus the coupling 7 (dx dy) = p(x,dy)u(dx) has p as first marginal and v as second marginal. Moreover, by defini-
tion of p; and p, u almost everywhere, it holds

/yp(x,dy)=/yp1(S(x),dy)=S(x).

Since S is non-decreasing, it realizes the optimal transport between p and v for the classical transport cost Tg. This
last property is a classical result of optimal transport. Let us give a quick justification. Let I' = {(x, S(x)); x € R}.
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If (xi, yi)i<i<n is a finite family of points of I', then according to Proposition 2.7, it holds Y 7_, 6(x; — y;) <
Z;;l 0(x; — yi+1) (denoting y,+1 = y1). Therefore I is c-cyclically monotone for the cost function c(x,y) =

0(x — y), x, y € R. Therefore, according to [48, Theorem 5.10 (ii)] the transport map S is optimal for the cost Ty. So
it follows that

To (v u)=/9(|x—5(x)|)u(dx)=/9<

which achieves the proof by taking the infimum over y. ([

x —/yp(x,dy)Du(dx) > To(vlw),

We are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. The proof of the first part of Theorem 1.5 is divided into two steps. In the first step we will
deal with uniform discrete measures on n points, while in the second step we will use an approximation argument in
order to reach any measure.

Step 1. We first deal with

1 1
/L::;ElSai and v::;El(Sbi,
1= 1=

with a; <a» <--- <ayp and by <by <--- <by,. Seta :=(ay,...,a,) and b := (by,...,b,). According to Theo-
rem 2.10, there exists some ¢ € Perm(b) such that a — ¢ < a — ¢, for all ¢ € Perm(b). Moreover the coordinates of
¢ satisfy ¢; < ¢jy1. Set y = % >, 8 and observe that v dominates 7 in the convex order and 7 € Im" (1), where
Im™ () is defined by (10).

Now for any y := % Z?:l 8¢, € Im' (n) with ¢; < cj4+1 and for any convex cost function 6, it holds (since the
coordinates are non-decreasing)

l n
Toly, )=~ 0 (la; — cil).
i=1

In particular

) 1 n . ) 1 n
%(V,M)—;;H(Ia,—cll)f inf = "0(la; —cil). (11

cePerm(b) n 4 ]
1=

A probability y such that y <v,y € ImT () is of the form y = %Z:’:l 8¢ with ¢; <cjy1 and c = (cy,...,cy) €
Perm(b), and for such a c, it holds % Z?:l 0(la; — ci|) = To(y, u). Therefore, the latter implies

To(P, )< inf  Ta(y, ) =TeW|pn),
y=v,yelm’(u)

where the last equality follows from Proposition 3.1 and the fact that for such a distribution w, it holds Im(u) =
Im"® (u) (see Remark 3.2). Since obviously To wlu) < To(y, 1), we conclude that T (y, ) = To (v|w) as expected.

Step 2. In the second step we deal with the general case using an approximation argument.

Let 1 and v be two elements of Py (R). By assumption, f |x|u(dx) < oo and f |x|v(dx) < oo, hence, according
to the de la Vallée-Poussin Theorem (see, e.g., [12, Theorem 4.5.9]), there exists an increasing convex function g :
R* — R such that B(t)/1 — oo as t — oo and such that [ B(|x|)u(dx) < oo and [ B(|x|)v(dx) < oo.

Next we will construct discrete approximations of u and v. According to Varadarajan’s theorem (see, e.g.,
[17, Theorem 11.4.11]), if X; is an i.i.d. sequence of law u, then, with probability 1, the empirical measure
LY = %Z?:l dx, converges weakly to w. On the other hand, according to the strong law of large numbers, with

probability 1, % Xl — f |x|p(dx) as n — oo. Let us take (x;);>1, a positive realization of these events and set

Un = % Yo 8 ., where xi") < xé") <..- < x,ﬁ”) denotes the increasing re-ordering of the vector (x1, x2, ..., X,).
1
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Then the sequence p, converges weakly to p and f |x|n(dx) — f |x|pm(dx). According to [48, Theorem 6.9], this

is equivalent to the convergence of the W distance : W (u,, ) — 0 as n — oo. Note that one can assume that the
l.(") are distinct. Indeed, if this is not the case, then letting )Zl.(") = xi(") +i/ n? one obtains distinct points and

it is not difficult to check that 1, = % Z:': 1 8}@ still weakly converges to w (for instance the W; distance between

points x

un and 1, is easily bounded from above by (n 4+ 1)/ (2n?)). The same argument yields a sequence v,, = % Z:’Zl Sygn)

with yi(”) < yl.(i)l converging to v in the Wy sense. It is not difficult to check (invoking the strong law of large numbers
again) that one can further impose that f,B(|x|)v,, (dx) — f,B(|x|)v(dx), as n — oo.

For all n > 1, one applies the result proved in the first step: there exists a unique probability measure y,, < v, such
that

70(‘% |n) = %(?n’ Mn)s

for all convex cost functions 6. Let us show that one can extract from p, a subsequence converging to some 7 in P; (R)
for the W; distance. By construction [ B(|x|)v,(dx) — [ B(lx|)v(dx) and so M = sup,,~; [ B(|x|)v,(dx) is finite.
Since 7, < v, and since the function x — B(|x|) is convex, it thus holds fﬂ(|x|)yn(dx)_§ fﬁ(|x|)vn(dx) <M.In
particular, setting c(R) = inf;>g B(t)/t, R > 0, Markov’s inequality easily implies that

/ xIa(dx) < L EED@D) M
[—R,RI¢ c(R) c(R)

d);n _ 14|x]| :
i x)= TTH @0 Then it holds,

Consider y, defined by

sup 7 ([—R, RI°) < 2M VR > 1
n k] — ) - ’
n>1 c(R)

and so the sequence y, is tight. Therefore, according to the Prokhorov Theorem, extracting a subsequence if necessary,
one can assume that y,, converges to some y for the weak topology. Extracting yet another subsequence if necessary,
one can also assume that f (14 |x])yn(dx) converges to some number Z > 0. The weak convergence of y, to y means
that f ody, — f ¢ dy for all bounded continuous ¢, which means that

/(1 + 1) @(x) P (dx) — /(1+ x[) ()7 (dx),

z

where y (dx) = T

distance.

Now we will check that 7 is such that Tg(v|u) = To(p, ) for all convex cost functions 6 : R — R*. First
assume that 6 is Lipschitz, and denote by Ly its Lipschitz constant. According to [25, Theorem 2.11], the following
Kantorovich duality formula holds

7(dx) € P1(R). Invoking again [48, Theorem 6.9], this implies 7, — y as n — oo for the W

To(vnlin) =sup{ / Qo (x)v, (dx) — f w(y)un(dy)},
4

where the supremum is taken over the set of convex functions ¢ bounded from below, with Qg (x) :=inf,cr{@(y) +
f(x —yD}, x e R. Define ¢(y) :=sup, p{Qse(x) —O(|lx — y|)}. Then it is easily checked that ¢ < ¢, ¢ is bounded
from below and Qp¢ = Qpe. Moreover, being a supremum of convex and Lg-Lipschitz functions, the function ¢
is also convex and Lg-Lipschitz. Therefore, the supremum in the duality formula above can be further restricted
to the class of convex functions which are Ly-Lipschitz and bounded from below. Using the fact that Wi (v,, v) =
sup{ fdv, — [ f dv} where the supremum runs over 1-Lipschitz functions and the fact that Qgg is Lg-Lipschitz
(being an infimum of such functions), we easily get the following inequality

|Tonltn) — ToWlpw)| < LoWi(vn, v) 4+ Lo Wi (1in, i)
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A similar (but simpler reasoning) based on the usual Kantorovich duality for Ty yields the inequality
| To Gy ) = To (7, )| < LeW1 (s 7) + Lo Wi (s 10).

Passing to the limit as n — oo in the identity 7 g (v, |itn) = Tg (Pn» itn), we end up with Tg(v|) = To (P, 1).

Now it remains to extend this identity to general convex functions @, not necessarily Lipschitz. Let  : RT — RT
be a convex cost function (such that 8(0) = 0) and for all n > 1, let 8, be the convex cost function defined by 6, (x) =
0(x), if x € [0,n] and 6,,(x) =0 (n) + 0’ (n)(x — n), if x > n, where 6’ denotes the right derivative of 6. It is easily
seen that 6, is Lipschitz and that Qg, ¢ converges to Qg monotonically as n — oo, for any function ¢ bounded from
below. Therefore, the monotone convergence theorem implies that for any probability measure y, itholds [ Qg dy =
SUp,,> | [ Qo,¢dy. We deduce from this that To(|pn) = Sup,> T, (v|i) and Tg(P|p) = sup,,>1 7a, (¥, ). Since
7_'9,, (vip) =To, (P, w) for all n > 1, this ends the proof of the first part of the theorem, i.e., that Towlw) =To(PI1).

From the first part of the theorem we conclude that there exists some 7 € P;(R) such that 7g(v|u) = Tp(7, ) for
the three cost functions 6 = 61, 6», 61 + 6,. The result then follows from the well-known additivity of 7y in dimension
one: 7o, 49,7, ) = To, (¥, ) + To, (¥, ). This completes the proof of the theorem. O

4. Dual formulation for weak transport-entropy inequalities

In this short section we recall the Bobkov and Gotze dual formulation of the transport-entropy inequality (2) and its
extensions, borrowed from [25], related to the transport-entropy inequalities of Definition 1.1, in terms of infimum
convolution inequalities. The results are stated in dimension one to fit our framework but hold in more general settings
(see [25]). They will be used in the next sections.

Lemma 4.1. Let i € P1(R) and 6 : Rt — R be a convex cost function and, for all functions g : R — R bounded
from below, set

018(x) = inf{g(y)+t9<|x_y|>}, t>0,x€R.
yeR t

Then the following holds.
(1) w satisfies T(0) if and only if for all g : R — R bounded from below it holds

exp(/ ngdu> exp(—/gd,u> 1.

(i) w satisfies T" () if and only if for all convex g : R — R bounded from below it holds

exp(/ ngdu)/eXp(—g)dufl.

(iii) w satisfies T (0) if and only if for all convex g : R — R bounded from below it holds
/CXP(ng) duf»«p(— / gdu) <L

(iv) If u satisfies T(9), then for all convex g : R — R bounded from below it holds
/GXP(ng)dM/eXP(—g)dMS 1, 12)

with t =2. Conversely, if i satisfies (12) for some t > 0, then it satisfies T(t0(-/1)).
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Proof. The firstitem is due to Bobkov and Gotze [9] and is based on a combination of the well-known duality formulas
for the relative entropy and for the transport cost Tg. Items (ii) and (iii) generalize the first item to the framework of
weak transport-entropy inequalities. We refer to [25, Proposition 4.5] for a more general statement and for a proof
(based on an extension of duality for weak transport costs).

Finally we sketch the proof of item (iv) (which already appeared in a slightly different form in [22, Propositions 8.2
and 8.3]). By the definition of T(6), if u satisfies T(6) then it satisfies Ti (0) and therefore, it satisfies the exponential
inequalities given in items (ii) and (iii). Note that if g is convex and bounded from below then Qg is also convex and
bounded from below. Therefore it holds

eXp</ ngdu>/e><p(—g)du§1

/CXP(QI(ng))dMeXp<—/Q1gdu> <1.

Multiplying these two inequalities and noticing that Q1(Q1g) = Q»g (for a proof of this well-known semi-group
property, see, e.g., [48, Theorem 22.46]) gives (12) with r = 2. The converse implication simply follows from Jensen’s
inequality. ]

and

5. A transport form of the convex Poincaré inequality

This section is devoted to the proof of Theorem 1.6. Since, from [8], item (i) is equivalent to item (ii), and since it
is easy to prove that item (iii) implies item (ii) we will mainly focus on the implication (i) = (iii). Our strategy is to
prove a modified logarithmic Sobolev inequality for the exponential probability measure t and then, using a transport
argument, a modified logarithmic Sobolev inequality for general p (satisfying the assumption of item (i)) restricted
to convex or concave Lipschitz functions. Finally, following the well-known Hamilton—Jacobi interpolation technique
of [7], the desired transport inequalities will follow in their dual forms (recalled in Lemma 4.1).

We need to introduce some notations. Given a convex or concave function g: R — R, we set

|Vg|(x) :=min{|0g’_(x) + (1 —0)g} (x)]: 0 €0, 1]}, (13)

where g’ and g/, denote the left and right derivatives of g (which are well-defined and finite valued for such functions,
see, e.g., [27, Theorem 6.3, Chapter 0]). In particular, if g is convex

lgh (] if gl (x) <0,

IVgl(x) =10 if g (x) <0<g/\ (x),
g (x) ifgl(x)=0,

and if g is concave
Il if gL (x) <0,
IVgl(x) =10 if g} (x) <0< g’ (x),
gh(x) if gl (x)=>0.

The following result is one of the key ingredients in the proof of Theorem 1.6. Recall that the map U, is defined
by (4) in the Introduction.

Proposition 5.1. Let € P1(R). Assume that sup,cg[U, (x + 1) — U, (x)] < h for some h > 0. Set K := 2740 and
¢ := 1/(10+/2). Then, for all convex or concave and I-Lipschitz functions g with | < ¢/ h, it holds

Ent, (%) < Kh2/ Vg (x)|?es® pu(dx), (14)
R
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where we recall that for all non-negative functions h,

Entﬂ(h):/hloghd,u—log(/hdu)/hdu.

The proof of Proposition 5.1 is postponed to the end of this section.

Proof of Theorem 1.6. As already mentioned above, from [8] we conclude that item (i) is equivalent to item (ii).
In order to make the dependency of the constants explicit in the implication (i) = (ii), one can use a well-known
expansion argument: apply (14) to ef and take the limit ¢ — 0, see, e.g., [5]. On the other hand, using a similar
expansion argument, it is easy to prove that item (iii) implies item (ii) with C = 2D: apply (12) to g = ¢f and take
the limit ¢ — 0, see, e.g., [22,23]. Hence, we are left with the proof of (i) implies (iii) which closely follows the
Hamilton—Jacobi semi-group approach introduced in [7].

Let u be a probability measure on the line and assume that item (i) of Theorem 1.6 holds. According to Proposi-
tion 5.1, for any convex or concave differentiable function g which is [-Lipschitz with [ <c¢/h :=1,, it holds

Ent, (%) < Kh2/ V()| e @ pu(dx), (15)
R
with K = 2740 and ¢ = 1/(10+/2). It is easy to check that the latter is equivalent to
Entu(eg) < /a*(|Vg|)egdu, (16)

for all convex or concave g: R — R with

Kh*v? if |v| <1,
+o00 if |[v] > [,

a*(v) :==supfuv —a()} = i

the convex conjugate of

u? . 5
au) = { 4Kn? - %f lu| < ZZOKhz,
lo|u|—loKh if lu| > 21, Kh.

Now, introduce the inf-convolution operators Q;, for ¢ € (0, 1], defined by

0, f(x):= ig&{f(y)+ta<x_y>}, xeR,te(0,1],
k

which make sense, for instance, for any Lipschitz function f or for any function f bounded from below. For simplicity

denote by F the set of functions f: R — R that are convex and bounded below or concave and /-Lipschitz for [ </,.
Then, Q; satisfies the following properties:

(a) If f is convex, then Q; f is convex.

(b) If f is concave and Lipschitz, then Q; f is concave.

(c) If f € F, then O f is l,-Lipschitz.

(d) If f € F, then the function u(z, x) := Q; f (x) satisfies the following Hamilton—Jacobi equation

d
TRALEL a*(|Vul)(t,x)=0, Vre(0,1],Vx R, (17)
+
where % is the right time-derivative and |V~ u(¢, x)| = lim SUpy_, x % (where as usual [X]_ =

max(—X, 0) denotes the negative part).
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Item (a) is easy to check and is a general fact about infimum convolution of two convex functions (f and «). Item (b)
follows from the fact that, after a change of variables, Q; f (x) = inf, { f(x —u) + ta(”)} so that Q; f is an infimum

of concave functions and is therefore also concave. As for item (c), we observe that x — ta( ) is 1,-Lipschitz, for
any y, so that Q; f is also /,-Lipschitz as an infimum of [,-Lipschitz functions. A proof of 1tem (d) can be found in
[24] or [4].

With these properties and definitions in hand, let f € F and (following [7]) define

1
F(t) :=;log</ etQ’fd,u>, t € (0, 1].
R

The function F is right differentiable at every point 7 > 0 (thanks to the above technical properties of Oy, see, e.g.,
[24] for details) and it holds

d 1 1 d
P P — =L t2/ L 0ir)e s a
diy. V=5 Jree/ dﬂ( () + r\dly et )e a

1 1 _ 2
— (0 2.2 on
2 f el du <Entu(e’ f) - K /R|V Qlf| ¢ fdu)

2,10 - 210 f
W([lvgm el dp — /\v 0 f| e’QfdM)EO,

where the second equality follows from (17), the first inequality from (16) applied to the function g =t Q; f (which
is convex or concave and t/,-Lipschitz) and the last inequality from the fact that for a convex or concave function g,
IVg| < |V~ gl (we recall that |[Vg| is defined in (13)).

Thus the function F' is non-increasing and satisfies F (1) <lim;,_,o F(t) = f f du. In other words,

/eQ‘fdugeffd“ VfeF. (18)

Now according to item (iii) of Lemma 4.1 one concludes, on the one hand, that u satisfies the transport-entropy
inequality T (0): T o (u|v) < H(v|p), for all v € P (R).

On the other hand, applying (18) to f = —(Qjg with g convex and bounded from below (so that f is concave and
l,-Lipschitz) yields to el Qigdn feQ'(_ng) dp <1.Since Q1(—01g) > —g we end up with

eleng/e—ngS 1,

for all g convex and bounded from below. According to item (ii) of Lemma 4.1, this implies that w satisfies the
transport-entropy inequality T" (@): To () < H(|p), for all v € P;(R), which completes the proof. O

The end of the section is dedicated to the proof of Proposition 5.1.

Proof of Proposition 5.1. Let K and ¢ be defined by Lemma 5.2 below. We may deal first with convex functions
g and divide the proof into three different (sub-)cases: g monotone (non-decreasing and then non-increasing), and g
arbitrary.

Assume first that g is convex non-decreasing and [-Lipschitz with [ < c/h. Set f = g o U, with U, defined by
(4). Then, since g is non-decreasing, and since U, (x — 1) > U, (x) — h by assumption, for all x € R, it holds

f) = fx—1)<g(Uu(x)) —g(Up(x) —h) <lh <c, VxeR.

Therefore, since p is the image of T under the map U, Lemma 5.2 (apply (19) to f) and the latter guarantee that

Ent, (e%) =Ent; (¢/) < K/ (f) = fx— 1))2ef(x)t(dx)
R
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< K/ (8(Uu(x0) — g(Up(x) — h))zeé’(Uu(x))r(dx)
R

=K f (g(x) — g(x = m)’e™ u(dx) < Kh? / |Ve()[*e5™ (),
R R

where the last inequality is due to the fact that g is convex and non-decreasing and therefore satisfies 0 < g(x) — g(x —
h) < g’ (x)h=|Vg(x)|h. As a conclusion we proved (14) for all convex non-decreasing and [-Lipschitz functions g
withl <c/h.

Now suppose that g is convex, non-increasing and [-Lipschitz with [ < ¢/h and set f(x) = g(U,(—x)). The
function f is non-decreasing and, since U, (—x + 1) > U, (—x) + h by assumption, satisfies

F) = fx =1 =gUu(=1) = g(Uu(=x + 1)) < g(Up(~=x)) = g(Up(=x) +h) < c.

Similarly to the previous lines, Lemma 5.2 implies that
Ent, (ef) =Ent; (/) < K / (8(Uu(—0)) = g(Upu(—x + 1)))*e8 U=z (dx)
R
=K / (&(Un(=2)) = g(Up(=x) + 1)) esUn N (dix)
R

=K/ (8(x) — g(x + 1)) e8W pu(dx) < Khz/ Ve (x)|*et® u(dx),
R R

where we used the symmetry of 7 and that 0 < g(x) — g(x + h) < gjr (x)(—h) = |Vg(x)|h. Therefore we proved (14)
for all convex non-increasing and [-Lipschitz functions g with <c/h.

Finally, consider an arbitrary convex and /-Lipschitz function g with [ < ¢/ h and assume without loss of generality
that g is not monotone. Being convex, there exists some a € R such that g restricted to (—o0, a] is non-increasing and
g restricted to [a, 0o) is non-decreasing. Subtracting g(a) if necessary, one can further assume that g(a) = 0, since
(14) is invariant by the change of function g — g + C (for any constant C). Set g1 = gl(—c0,q] and g2 = gl(4,00)-
The functions g1 and g are convex, monotone and /-Lipschitz. Therefore, according to the two previous sub-cases, it
holds

a —+00
Ent,, (') §Kh2/ [Ve(x)|?e!@pu(dx) and Ent,(e%?) < Kh2/ Vg (x)|?e8@ pu(dx).
o0

a

So what remains to prove is the following sub-additivity property of the entropy functional
Ent, (egH'gz) <Ent, (egl) +Ent,, (egz),

which, since [ ge8du = [ gie$' du+ [ g2 dju, amounts to proving that

/eg‘ dulog(/eg‘ du) +/eg2dulog(feg2du) S/egd,ulog(/egdu).

Setting A= [e$'du—1,B= [e$2du—1and X = [ 8 d and observing that A+ B+ 1 = X the latter is equivalent
to proving that

(A+1Dlog(A+ 1)+ (B+1)log(B+1) < XlogX,

which follows from the sub-additivity property of the convex function ®: x — (x + 1)log(x + 1) on [0, c0), that
satisfies ®(0) = 0. This completes the proof when g is convex.
The case g concave follows the same lines (use (20) instead of (19)). Details are left to the reader. O

In the proof of Proposition 5.1, we used the following lemma which is a (discrete) variant of a result by Bobkov
and Ledoux [11] and an entropic counterpart of a result (involving the variance) by Bobkov and Gotze (see [8,
Lemma 4.8]).
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Lemma 5.2. For all non-decreasing functions f: R — R with f(x) — f(x — 1) < 1/(108/2), x € R, it holds
Ent, (¢’) 5939/ (f)— flx— 1))2efdr (19)
R
and

Ent, (¢/) <2740 / (Fx+1) = f(x)’e dr. (20)
R

Proof. Let tT be the exponential probability measure on R™: 77 (dx) = e " 1[9,o0) dx. We shall use the following
fact, borrowed from [8, Lemma 4.7] (with a = 0 and # = 1 so that the constant c(a, k) appearing in [8] can be
explicitly bounded by 1/200): for all f: [—1, c0) — R non-decreasing and satisfying f(0) = 0, it holds

/fzer” 5200/(f(x) — f(x— 1))2dr+(x). 2D

We will first prove (19). Since (19) is invariant by the change of function f — f + C for any constant C, we may
assume without loss of generality that f(0) =0. Set f(y) := — f(—y), y € R and observe that f is non-decreasing.
Since ulogu > u — 1 for all u > 0, one has

Ent,(ef)sf(fef—ef—i-l)dr

=/</Olzf2e’fdr) dt
= lfoofz(/oltet~fdt>dr++%/OOOF(/OIte‘tfdt)dr*

2 Jo
1 . 1 -
<7 / frefdrt + 7 f frdct, (22)

where the last inequality comes from the fact both f and f are non-negative on R*. Now suppose that the function
fissuchthat f(y) — f(y —1) <cforall y € R and some c € (0, 1). Our aim is to bound each term in the right hand
side of the above inequality.

By (21) applied to the function f , one has

/fzdﬁ szoOf(ﬂy) — Ffy=D)drt ()
200

B fe_fdv

JIOGFW - fo- 1))2dr+<y>> - - 2 &

<200e p( — - /f( )= fy=D) e/ Part(y),
Sy e § RS A :

(F»M=Ffy=D)°

JEOM=Fo=1)2drt(y)
By the Cauchy—Schwarz inequality and using (21) again, we get

/ (F) = Fv =) /O drt(y)

where we set Lﬁ—i ()= and we used Jensen’s inequality to guarantee that 1/ el dv<el v,

_ ~ ~ 5 _ _ 4 1/2 _ 1/2
/ FO(fO) = Fy—D) det(y) < ( / (fo)—fy=1) dr+<y>) ( / fzdﬁ)

< 200c/(f<y> — foy =)’ det ).
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It finally follows that
f F2dr* <200eY20 / (f0) = Fy = D)’ T arty)
0
zzooﬂm‘/ (Fr+1) = () e/ De¥ dy
—0o0

1
=200 [ (7 = gy = D)/ Ve ay

—0o0

1
—00

< 400 VI0c+1 f (FO) = £ — D)eS D dry),

where in the last line we used that e /(e~¥1/2) < 2¢® forall y < 1.

Next we deal with the first term in the right hand side of (22). Our aim is to apply (21) to g = fe//2. Observe that,
since f is non-decreasing, f(x) > f(—1) > —c + f(0) = —c > —1 so that, since x — xe*/? is non-increasing on
[—2, 00), we are guaranteed that g is non-decreasing on [—1, 00). Therefore we can apply (21) to g. Applying (21) to
g = fef/? and using the inequality

b
0 < bel’? —ae’? < (b —a)e’? + E(b —a)e’?, —2<a<b,

we get

B:= / fleldrt < 200/(f(y)ef(y)/2 — fy— l)ef(y*‘)/2)2dt+(y)
<400 [(70) = 5y = 0PVt 4100 [ PO = 7= D) O a0

<400 / (f» = fO& = D)%/ dr™ () +100¢° B,

Therefore, provided ¢ < 1/10, we end up with
2 2,00 gt
B <400/(1 — 100c )/(f(y) — fy=D) e drt(y).

Hence, plugging the previous two bounds into (22) and choosing ¢ = 1/4/200, Inequality (19) follows with the con-
stant 939.

To obtain (20) from (19), it suffices to observe that, by a simple change of variable

eI+l

/ (f0) = Fy = D)’/ Vdr(y) = f (Fa+ 1) = f0) e/ D —dy

< et /(f(x +1)— f(x))zef(x)dr(x)

and that 939¢t! <2740 forc =1 /~/200. This ends the proof. O

6. Proof of Theorem 1.3

In this final section we prove Theorem 1.3. As mentioned in the introduction, we may need to decompose the cost
0 into the sum of two costs, one that takes care of the behavior near O (the cost 81) and the other one vanishing in a
neighborhood of O (the cost 6,). The next theorem deals with the latter.
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Theorem 6.1. Let v € Pi(R) and B : RT — R be a convex cost function such that {t € RT : B(t) =0} = [0, t,],
where t, > 0 is some positive constant. The following are equivalent:

(1) There exists a > 0 such that u satisfies the transport-entropy inequality T(B(a-)).
(ii) There exists a’ > 0 such that u satisfies the weak transport-entropy inequality T(B(a’-)).
(iii) There exists b > 0 such that max(K T (b), K~ (b)) < oo, where

K+(b) ;= sup m/ eﬁ(b(u—x))ﬂ(du)’

x>m M

K~ (b) := sup m /X PO (du),

x<m W
and m is a median of . (Here we use the convention 0/0 =0.)
(iv) There exists d > 0 such that

1
|Up@) = Up)] < 27 (lu —vl), VuzveR.

(Note that B~ is well defined on (0, 0).)

In particular,

o ()= (i) withad' =a,

o (ii) = (iii) withb=d'/2,

o (i) = (iv) withd = a/m,
o (iv) = (ii) witha' = dﬁ.

Proof of Theorem 6.1. The equivalence between items (i), (iii) and (iv) is proved in [21, Theorem 2.2], with some
explicit dependency between the constants. In order to complete the proof of Theorem 6.1 we need to show that
(i) = (i) = (iii).

It follows from Jensen’s inequality that Tg(4.) (14, v) > max(7_',3(a.)(v|ﬂ); 7_',3((1.)(,u|v)). Therefore (i) implies (ii)
with a’ = a.

Next we will show that (ii) implies (iii). Assume that u satisfies T(8(a’-)) for some a’ > 0. According to item (iv)
of Lemma 4.1, for all convex functions g : R — R bounded from below, it holds

/ exp(Qf)du f e ldu<1, where Of (x) = yirellf&{f(y) +2B(d'ly — x1/2)}.

Consider the convex function f, which equals 0 on (—o0, x] and oo otherwise. Then Qf;(y) =0 on (—o0, x] and
Ofv(y) =2B(a’(y — x)/2) on (x, 00). Thus, applying the inequality above to f; yields

(u((—oo,)c]) +/ ezf““/(yx>/2)u(dy))u((—oo,x]) <1
(x,00)

Considering x > m yields that KT (a’/2) < 3. One proves similarly that K ~(a’/2) < 3. This shows that (ii) implies
(iii) with b = a’/2. This achieves the proof of Theorem 6.1. (]

We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. Let 6 : Rt — R* be a convex cost function such that 6 (¢) = ¢2 on [0, #,] for some 7, > 0.

Let us define 6, (t) = t> on [0, ,] and 6, (t) = 2tt, — t2 on [t,, +00) and 62(r) = [0 (¢) — t2] . Note that §; and 6, are
both convex and that 6, vanishes on [0, 7,] and that max(6;,0,) <0 <6; + 6».
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First assume that p satisfies the weak transport-entropy inequality T(f(a-)) for some a > O (i.e., item (i) of The-
orem 1.3). Then, since 6 > 0, it clearly satisfies T(6,(a-)). According to Theorem 6.1, the mapping U,, sending the
exponential measure on p satisfies the condition:

1
sup Uy, (x +u) — Uy (x) < E@;‘ (), Vu>0, (23)

xeR

with b = ak, where k| = t(,/(892_1(10g 3)). Since 92_1(u) =0+ toz), this proves item (ii) of Theorem 1.3 with
the announced dependency between the constants.

Now assume that u satisfies item (ii) of Theorem 1.3, or equivalently (23) for some b > 0. Recall that we set, in
Theorem 1.6, k := 5480 and ¢ := 1/(10+/2). Then, observe that, plugging u = 1 into (23) and using Theorem 1.6,
one concludes that y satisfies T(cr) with « defined by a(u) = a(u/~/2D), with D =k (0~ (1 + tg))2 171_2 and

5(0) v2 if [v] < ek /2, v2 if |v| < /137/10,
a(v) = =

c\/E|v|—”27K if |v] > ci/k/2 2«/137|v|—15ﬁ if |v] > ¢4/137/10.
It is not difficult to check that @ compares to 61. More precisely, for all v € R, it holds

&) =0, (max(“t"/z; 1>|v|) — 0, (max<7\’1i7/10; 1)|v|>.

o o

Therefore 1 satisfies T(6; (ai -)), and by monotonicity T(#; (a1-)) with

) max(eVeD /1 1)) max (Y2210 ) 1 max(1,7,)
s v _

= = >——>b=:qj.
T 2011+ 12) 468501 (1 +12) 105 1,0~ (1 +12) !

On the other hand, according to Theorem 6.1, u also satisfies T(62(az-)), with a; = b. Letting a =

lo
> a 0-T2+12)
min(ap, az), one concludes that p satisfies both T(6;(a-)) and T(6;(a-)). Hence, since 6(at) < 6y(at) + 6»(at) and
according to (7), it holds

To@) WI) = To,a)+0, ) W) = Toy @y W) + Toyay (V1)
<2H(|w),

and so u satisfies T+(%9(a~)). By convexity of 6 and since 8(0) = 0, it holds %Q(Zat) > 0(at), and so u satisfies
T" (6((a/2)-)). Finally we observe that

=2100-12+12)  ?

a b . max(1,t,) 105¢, b min(l,1,)
— = ——min ; >
2 210 1,011 +12) =12 +12)

so that, by monotonicity, p satisfies T+(9(K2b~)). The same reasoning yields the conclusion that u satisfies
T (6(k2b-)), which completes the proof. O
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