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Abstract. Burdzy and Chen (Electron. J. Probab. 3 (1998) 29-33) proved results on weak convergence of multidimensional
normally reflected Brownian motions. We generalize their work by considering obliquely reflected diffusion processes. We require
weak convergence of domains, which is stronger than convergence in Wijsman topology, but weaker than convergence in Hausdorff
topology.

Résumé. Burdzy et Chen (Electron. J. Probab. 3 (1998) 29-33) ont montré des résultats portant sur la convergence faible des
mouvements Browniens multidimensionnels avec réflexion normale. Nous généralisons leurs travaux dans le cas de processus de
diffusion avec réflexion oblique. Notre résultat requiert la faible convergence des domaines. Notons que cette convergence est plus
forte que la convergence dans la topologie de Wijsman, mais plus faible que celle de la topologie de Hausdorft.
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1. Introduction

Consider a sequence of reflected diffusions (Z,),>0: for every n =0, 1,2, ... let Z, = (Z,(¢),t > 0) be a reflected
diffusion in D,, where D,, C R4 is an open connected subset (bounded or unbounded). When Z,(¢) € D,, this
process is in the interior of its state space, it moves as a diffusion with drift vector field g, (-) and covariance matrix
field A,,(-). When Z,, hits the boundary d D,, at a point z € d D,,, it is instantaneously reflected inside D,,, according to
the direction r,,(z). Here, r, : 0 D, — R is a continuous vector field, defined on the boundary d D,,. In a more general
setting, this boundary can have non-smooth parts (say, the origin for D, = (0, 00)?); then the reflection field r, is
defined everywhere on the boundary, except these non-smooth parts. If r,, (z) is the inward unit normal vector to d D),
at a point z € dD,,, then this reflection is normal at this point z. Otherwise, it is oblique. We assume that the initial
condition is Z, (0) = z,.

The main topic of this paper is: When do Z,, weakly converge to Z; as elements of C ([0, T], R4) of continu-
ous functions [0, T] — R99 To establish this convergence, we need convergence of domains, drift vector fields and
covariance matrix fields, reflection fields, and initial conditions:

D, — Dy, &n — 80, Ay, — Ay, n = 10, Zn —> 20.

But in which sense do we need to require this convergence? This article provides an answer to this question. The
convergence of domains should be in what we call the weak sense, which is slightly stronger than in the Wijsman
topology, see [1,21]. The convergence of functions poses certain problems, since they are defined on different domains.
However, we find a way around this; we define what turns out to be a generalization of locally uniform convergence
(and which, in fact, is locally uniform convergence if these functions, say g,, are defined on the same domain).
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Convergence of reflected Brownian motions has been studied in [2] for the case of normal reflection and increasing
sequence of domains D, 1 Dy. In this article, we study this question in a more general setting: the reflection can be
oblique, the concept of convergence D,, — Dy is more general than D,, 1 Dy, and we have general diffusion processes
(with general drift and covariance fields instead of constant ones) instead of a Brownian motion.

However, in some sense our conditions are more restrictive: we require the boundary 9 D,, to be smooth, except
only a “small” subset; in the paper [2], it is only assumed that the boundary is continuous and the domain is bounded.
In addition, we assume that the reflection fields r, — rg in a certain sense. In the paper [2], there is no additional
assumption that reflection (in their case, normal) fields converge. Last but not least, in our paper the limiting process
Z should not hit non-smooth parts of the boundary. There are sufficient conditions for this to be true when the domain
Dy is a convex polyhedron, see for example [17,22]; see also a related paper [3]. An example of a reflected Brownian
motion hitting or not hitting non-smooth parts of the boundary can be found in Proposition 3.1.

A related question is an invariance principle for a reflected Brownian motion in a convex polyhedron or, more
generally, piecewise smooth domains. This has been studied in [11,24]. See also a recent paper [10] which uses
similar techniques to prove well-posedness of a corresponding submartingale problem. We use similar techniques
to our paper [19], which deals with penalty method for obliquely reflected diffusions. The difference is that the
paper [19] approximated an obliquely reflected diffusion by a solution of an SDE without reflection, but with an
appropriately chosen drift vector field. The current paper approximates on obliquely reflected diffusion by another
obliquely reflected diffusion.

1.1. Organization of the paper

Section 2 contains definitions and the main result (Theorem 2.7). In Section 3, we apply these results to reflected Brow-
nian motion in the orthant and in other convex polyhedral domains. Section 4 is devoted to the proof of Theorem 2.7.
Section 5 contains results for the case when D, — R?, that is, the limiting process Zg is actually a non-reflected
diffusion. The Appendix contains some technical lemmata.

1.2. Notation

For a vector or a matrix a, the symbol a’ denotes the transpose of a. Denote the weak convergence by =. Let
Cc(0,T], ]R{d) be the space of all continuous functions [0, 7] — Rd, with the max-norm. For d = 1, we simply write

C[0, T]. For two vectors a = (ai, ...,ag) and b = (by,...,bg)" in R?, we denote their dot product by a - b =
aiby + -+ + agbg. The Euclidean norm of a is given by |la|| = [a} + --- 4+ a3]'/?. For x = (x1,...,x4)' € R? and
y=01,...»¥d) e RY, we write x >yifx;>yfori=1,...,dand x > y if x; > y; fori =1,...,d; similarly

forx <yandx <y.Forx e R?, & >0,let U(x,e) :={y € R? | |lx — y|| < ¢} be the e-neighborhood of x. For a
point x € R? and a set E € RY, denote the distance from x to E by dist(x, E). For a set E C R4 and r > 0, denote
U,(E) = {x € R | dist(x, E) < r}. For two sets E, F C R4, denote the distance from E to F by dist(E, F). For a
subset £ C R?, we denote the set of its interior points by int E, and the complement R¢ \ E by E€. We denote its
closure by E. We write f € C” for r times continuously differentiable function f, defined on some subset of R?. We
also say that a subset E of R? is C” if E is an r times continuously differentiable hypersurface in R?. The symbol
mes(E) denotes the Lebesgue measure of a set E in R or R?, depending on the context. The set of all d x d positive
definite symmetric matrices is denoted by Py. Define the modulus of continuity for a function f : Ry — R?: for T > 0
and § > 0,

o(f.10,T1.8):= sup |f()—f()].
i

2. Definitions and the main result
2.1. Definition of a reflected diffusion

Fix d > 1, the dimension. (ionsider a domain (open connected subset) D C RY. Take a function g: D — R? and a
matrix-valued function A : D — P;. Let o (x) := AY/2(x) be the positive definite matrix square root of A(x). Assume
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that the boundary 9D is C 2 everywhere, except a closed subset V € dD; thatis, dD \ Vis C 2 The set V is called
an exceptional set, or non-smooth parts of the boundary 0 D. For example, if D =int S, where S := Ri is an interior
of the positive d-dimensional orthant, then the boundary 0D = 9§ consists of d faces: S; :={x € S| x; =0}, and
V= U1§i<j§d(Di N Dj). If D is smooth, or, more precisely, the whole boundary 9D is C2, then we let V := @.

Denote for x € D \ V the inward unit normal vector by n(x). Take a vector field r : D \ V — R such that
r(x) - n(x) > 0. (Without loss of generality, we can assume r(x) - n(x) = 1; a very short proof of this fact is given in
[19].) The function r is called a reflection field. We note that the set }V includes, but is not limited to, the parts of the
boundary 9D where it is not C2. It also might include points of the boundary where 8 D is smooth, but the reflection
field r is undefined. Slightly abusing the notation, we call the collection of all these points non-smooth parts of the
boundary.

We would like to define a reflected diffusion Z = (Z(t),t > 0) in D with drift coefficient g, covariance matrix A,
and reflection field r. This is a process that:

(i) behaves as a solution of an SDE with drift coefficient g and covariance matrix A, so long as it stays inside D;
(i) when it hits the boundary dD at a point x € D \ V, it reflects according to the reflection vector r(x); if r(x) =
n(x), this reflection is called normal, and otherwise it is called obligue.

Definition 1. Take d i.i.d. standard Brownian motions Wy, ..., Wy andlet W = (W1, ..., W;)'. A continuous adapted
process Z = (Z(t),t > 0) with values in D is called a reflected diffusion in D, stopped after hitting V with drift
vector field g, covariance matrix field A, and reflection field r, starting from Z(0) = z, if there exists a real-valued
continuous adapted nondecreasing process [ = (I(¢), t > 0) with /(0) = 0, such that / can increase only when Z € 9D,
and

tATY

IAT IAT
Z(t)=zo+/ g(Z(s))ds+/ Va(Z(s))dW(s)—}—/ Vr(Z(s))dl(s), t>0, (1)
0 0 0

where Ty :=min{r > 0| Z(t) € V}, and o (x) := A'/%(x) is the positive definite symmetric square root of the matrix
EY IATY

A(x), for every x € D. The process L(t) := [, r(Z(s))dl(s), t = 0, is called the reflection term. We say this
reflected diffusion avoids non-smooth parts of the boundary if 7)) = 00 a.s.

We can write (1) in the differential form:

dZ()=g(Z®)dt + o (Z®))dW @) +r(Z(1))dl(1), 1 <Ty.

The property that / can increase only when Z € 9 D can be written formally as
o
/ 1(Z(1) e D)dI(r) =0.
0

There are several conditions for weak or strong existence and uniqueness of this diffusion, discussed in the articles
mentioned in the Introduction. In this article, we simply assume that it exists in the weak sense, is unique in law, and
does not hit non-smooth parts of the boundary. More precisely, let us state the following assumptions.
Assumption 1. The exceptional set V is “small enough”; namely, for every x € R? we have:

dist(x, D) =dist(x, dD \ V).

For example, this is true for an orthant D = (0, 00)4, or a convex polyhedron D (see Section 3).

Assumption 2. The reflection field r : 9D \ V — R is continuous on dD \ V. Moreover, as mentioned above,
r(z) -n(z)=1forzedD\ V.

Assumption 3. The reflected diffusion from Definition 1 with parameters g, A, r, starting from z, exists and is
unique in the weak sense.
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A particular case of a reflected diffusion is reflected Brownian motion, when the drift coefficient g(x) and the
covariance matrix A(x) do not depend on x: g(x) = g, and A(x) = A. An example of a reflected Brownian motion
hitting or not hitting non-smooth parts of the boundary is given in Section 3, Proposition 3.1.

2.2. Weak convergence of domains

Foreachn =0, 1,2, ..., define the function ¢j, : RY — R to be the signed distance to dDy;:

dist(x, 0 Dy,), x € Dy;
n(x) =10, X € 0Dy;
—dist(x,dD,), xeR4\D,.

Definition 2. We say that the sequence of domains (Dy),>1 converges weakly to the domain Dy in R4, and write
D, = Dy, if ¢, (x) = @o(x) for every x € R?.

There are other well-known concepts of set convergence in R¢.

Definition 3. Take subsets E, CRY, n=0,1,2,.... We say that E,, — Eg in Wijsman topology if dist(x, E,) —
dist(x, Eo) for all x € R?. If this convergence is uniform for x € R?, then E, — Eq in Hausdorff topology. An
equivalent definition of Hausdorff convergence is through Hausdorff distance, which is defined for A, B C R? as
follows:

du(A, B)=inf{e > 0| A C U.(B) and B C U:(A)}.
For Wijsman convergence, we can substitute E,, by their closures, because
dist(x, E,) = dist(x, E,).

There are equivalent definitions of Hausdorff convergence, distance and topology. We refer the reader to the book
[13]. For Wijsman convergence, see the articles [1,21]. In a sense, both Wijsman convergence and weak convergence
are “local” analogues of Hausdorff convergence, just as locally uniform convergence of functions with respect to
uniform convergence. Let us state a few elementary properties of Wijsman and weak convergence, with the proofs
postponed until Appendix.

Lemma 2.1. Suppose E,, — Eq in Wijsman topology. Then:

(1) dist(x, E,) — dist(x, Eo) uniformly on every compact subset K C R4,
(i) if x, € E,, and x,, — xo, then xo € E.

Lemma 2.2. The following statements for domains D,,,n =0, 1,2, ... are equivalent:

(i) Dy = Do;
(i) Dy — Do and D;; — Dy in Wijsman topology;
(iii) @y (x) = @o(x) uniformly on every compact subset IC C R4,
(iv) for every compact subset K € R? and a sequence (€,)n>1 With e, — 0, we have:

max_ |@,(xa) — @o(x0)| = 0 asn — oo;
Xn,x0€C
llxn—x0ll<én

(v) forevery T > 0 and every sequence (fn)n>1 of functions f, : [0, T] — R? which converges uniformly on [0, T]
to a continuous function fy:[0,T] — R9, we have: On(fn(-)) = wo(fo(-)) uniformly on [0, T;
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(vi) aD,, — dDg in Wijsman topology, and, in addition,

Do C lim D, and lim D, C Dy; 2)

n—o0

(vii) if x,, € 0Dy, and x,, — xq for some subsequence (ny)i>1, then xo € 0 Do, and (2) holds.

Corollary 2.3. Assume D,, = Dy.

C

(1) Take a sequence (xi)i>1. If xx € Dy, for some subsequence (ny)i=1, and xy — Xo, then xq € Dy. If xy € Dy,

and x; — xo, then xg € DS. If x — xo, and x € 9Dy, , then xo € 3 Dy.
(ii) For every compact subset IC C Dy, there exists ng such that for n > ng, we have: K C D,,. For every compact
subset IC C D(C), there exists ng such that for n > ng, we have: IKC C D;.

When (Dp),>1 is a monotone sequence, this concept of convergence can be simplified.
Lemma 2.4. If D, 4+ Do or D, | Do, then D, = Dy.
The following lemma provides comparison of convergence modes.

Lemma 2.5.

(i) Weak convergence D,, = Dy is stronger than Wijsman convergence.
(i) Weak convergence D, = Dy is weaker than Hausdorff convergence.
(iii) D, — Dy in Hausdorff topology if and only if ¢, (x) — @o(x) uniformly on the whole R®.

Example 1. Fix d > 2, the dimension. Let ¢; = (1,0,...,0) € R?. Consider a sequence D, := U(nej, n) of open
balls of radius n centered at nej. This is an increasing sequence: D, C D,41. It is easy to see that D,, 1 Dy = {x €
R? | x; > 0}. By Lemma 2.4, D,, = Dy.

Example 2. Take a sequence D, = U (x,, a,) of open discs in R4, Then D, = Dy if and only if x, — x¢ and
ap — ap. Indeed, ¢, (x) = a, — ||x — x, ||, so the “if” part is obvious. Let us show the “only if”” part. Assume D,, = Dy.
Take an arbitrarily small & > 0. Then by Corollary 2.3, for X = U (xg, ap — ¢) € Dy, there exists ng such that for
n > ngwehave: K C D, =U(xy,a,).Butif U(y;,a;) S U(y2,a2),thena; < az and ||y; — y2|| < ar —ay. Therefore,

apg—e<a, and |x, —xoll <a,—ao+e forn>nog. 3)
We can take arbitrarily small ¢ > 0. From the first comparison in (3),

lim a, > ap. “)
n—00

Similarly, taking IC = U (0, N) \ U (xo, ap + ¢) for large N and small ¢ > 0, we conclude: IC C 58, and so I C 5;
for large enough n. Therefore, a,, < ag + ¢. This leads to the conclusion that

lim a, < ap. &)
n— 00

Combining (4) and (5), we get: a, — ag. Now, from the second comparison in (3) we have: because a,, — ag and
& > 0 is arbitrarily small, x,, — xp.

Example 3. Take a sequence ( f,),>1 of smooth functions Ri‘l — R such that f, — 0locally uniformly and f,,(0) =
0.Fori=1,...,dand x = (x1,...,xq), we let

~ l d—1
xi:(xla'-'7xl'7]5xl'+17”'7~xd) GR .
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Now, define the following sequence of domains:
Dy={xeR!|x; > f,(}),i=1,....d}.
Then D, = Dy = (0, oo)d. The proof is similar to that of Theorem 3.2(i), (ii) below.
2.3. Main result

Consider a sequence (Dy),>1 of domains in R4, Let V, be non-smooth parts of the boundary for D,,. For each

n=0,1,2,...take a reflected diffusion Z,, in D,, with drift vector gn, covariance matrix A,, and reflection field r,,,

starting from z,, = Z,,(0). Suppose that foreveryn =0, 1, 2, ..., this reflected diffusion Z,, satisfies Assumptions 1-3.
The main question of this paper is:

Under what assumptions on g,, A, 'y, Zn, Dy, do we have:
Z, = Zy weaklyin C([O, T1, ]Rd) forevery T > 0?

First, we need the domains D, to converge to Dy in some sense. We already defined an appropriate concept of
weak convergence earlier. We also need to have

&n — 80, A, — Ay, rn —> Fo

uniformly in some sense. But these functions are defined on different subsets of R?. A natural way to define conver-
gence is as follows.

Definition 4. Take functions f, : E, > R, n=0,1,2,... where E, C R4, and p > 1 is some dimension. We say
that f, = fo locally uniformly, and write f, = fo, if one of these two equivalent statements is true:

(i) for every subsequence (ny)r>1 and any sequence (Z, )k>1 such that z,, € E,, and z,, — zo € Ep we have:

S @) = fo(z0)3
(ii) forevery T > 0, and for every subsequence (n;)x>1 and any sequence (x,, )k>1 of continuous functions [0, T'] —
R4 such that x,(t) e E, foralln =0,1, ... we have:

if x,, (1) = xo(¢) uniformly on [0, T'],

then fy, (xn, (1)) = fo(xo(#)) uniformly on [0, T1].

Lemma 2.6. These two definitions (i) and (ii) of locally uniform convergence are indeed equivalent, if fo is continuous
on Eg.

The proof of Lemma 2.6 is postponed until Appendix.

Remark 1. In the case E, = Ey, if the function fy is continuous, then f,, = fo is equivalent to the locally uniform
convergence on E in the usual sense (that is, uniform convergence on Eg N K for every compact set X € R?).

Remark 2. Note that A, = Ay if and only if o, (x) := A,/*(x) = o(x) := Ay/*(x). The “if” part follows from the
obvious fact that the operation of taking the square of a matrix is continuous. The “only if” part follows from the fact
that the operation of taking a symmetric positive definite square root of a symmetric positive definite matrix is also
continuous, see for example [7].

Now comes the main result of this paper.

Theorem 2.7. Take Z, for n =0,1,2,... as described above. Assume each Z,, n =0, 1,2, ... satisfies Assump-
tions 1-3. Suppose that g, Ao, ro are locally bounded, and Zy does not hit non-smooth parts of the boundary.
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Assume that
D,, = Dy, &n = 80, A, = Ao, Iy = 10, Zn — 20-

Also, assume that at least one of the following conditions (a) or (b) holds true:

(a) for all n > ng, the process Z, does not hit non-smooth parts V, of the boundary o D,,;
(b) for every compact set K € R?, we have:

lim max dist(x, Vy) =0. (6)

n—00 xeV,NIC

Then Z, = Zy weakly in C ([0, T], ]Rd)for every T > 0.

The following is a necessary and sufficient condition for (6).
Lemma 2.8. Condition (b) from Theorem 2.7 holds if and only if for every sequence (xu,)ik>1 With xp, € Vy, and
Xp, — Xo we have: xo € Vy. In particular, we can apply Lemma 2.1(i) and conclude: condition (b) holds if V,, — Vo
in Wijsman topology.

If all domains Dg, Dy, D>, ... are the same, then we can restate this main result as follows.
Corollary 2.9. Assume D, = D for n =0,1,2,..., where D has non-smooth parts of the boundary V. Suppose

rn — ro locally uniformly on 3D \'V, and g, — 80, 0n — 00 locally uniformly on D \ V. Assume z,, — zo. Finally,
assume Zq does not hit V. Then

Zy = Zy weakly in C([O, T], Rd) forevery T > 0.

3. Semimartingale reflected Brownian motion in a convex polyhedron

3.1. Definitions

An open convex polyhedron D is defined as follows. Fix m > 1, the number of edges. Let ny,...,n, € R4 be unit
vectors, and let by, ..., b,, € R be real numbers. The domain D is defined as

D={xeR|x-n>bi=1,...,m} @)
We assume that D # &, and for each j =1, ..., m, we have:

{xeRdlx-ni>b,~,i:1,...,m,i7éj}7éD.

In this case, the edges of D: D; = {x € D|ni-x=b,i=1,...,m, are (d — 1)-dimensional. The vector n; is
the inward unit normal vector to the face D;, for each i = 1, ..., m. The following subset of the boundary is called
non-smooth parts of the boundary, and in our notation, it plays the role of the exceptional set V:

V= U (D,’ﬂDj).

I<i<j<m

We should note that ) satisfies Assumption 1. The closure D of D is called a closed convex polyhedron. In the sequel,
we sometimes simply refer to D or D as a convex polyhedron, if it is obvious from the context which one we are
referring to.

Now, let us define an SRBM in the polyhedron D, with drift vector pu € ]Rd, covariance matrix A, and a d x m-
reflection matrix R. This is a continuous adapted process Z = (Z(t), t > 0), which can be represented as

Z({t)=W()+ RL(1), t>0.
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Here, W = (W (¢), t > 0) is a d-dimensional Brownian motion with drift vector ; and covariance matrix A, and L =
(Li,...,Ly), where foreachi =1,...,m, L; = (L;(t),t > 0) is a real-valued continuous nondecreasing adapted
process with L;(0) = 0, which can increase only when Z € D;. This is denoted by Z = SRBM“ (5, R, ., A). This
is a process which reflects on each face D;, i =1, ..., m, according to the vector r;, the ith column of the reflection
matrix R. A particular case is an SRBM in the orthant S = R4 , when m =d, n; = ¢; is the standard ith unit vector in
]Rd, and b; = 0. Then R is a d X d-matrix, and the process Z is denoted by SRBMd(R, uw, A).

An SRBM in a convex polyhedron, and, in particular, in the orthant, was a subject of extensive study over the
past few decades. Existence and uniqueness results (weak and strong) are proved in [4,6,16,20]. For an SRBM in the
orthant, see the survey [23].

An SRBM in a convex polyhedron fits into our general framework as follows: define the reflection field r : 9D \
VY — RY to be r(x)=r; forx € D; \V,i =1,...,m. This function is continuous on 9D \ V. Sufficient conditions
when an SRBM? (D, R, i, A) does not hit non-smooth parts of the boundary V are known: see [17,22]. Let us give
an example.

Proposition 3.1. Consider a reflected Brownian motion SRBMd(R, w, A) with A = (a;})i, j=1,...d, and with R =
(rij)i,j=1,...a having rij =1,i =1, ...,d; r;j <0,i # j; and the spectral radius of I — R is strictly less than 1. Then
this SRBM a.s. does not hit non-smooth parts of the boundary if and only if

rijajj+rjiaii22aij, i,j=1,...,d.

3.2. Main result

The following result is a corollary of Theorem 2.7.

Theorem 3.2. Take m sequences of real numbers (b; ,)n>0,1 =1, ..., m. Take m sequences of unit vectors in R:
Minn=0,i=1,...,m. Assume that
Win — N0, bin — bio, n— oo, foreachi=1,...,m. (8)

Consider a sequence (Dy)n>0 of convex polyhedra given by
Dy={xeR?|x-n,y>bini=1,..,m}

Take a sequence of positive definite symmetric d x d matrices (A, ),>0 such that A, — Ao asn — 00. Take a sequence
(8n)n>0 in RY such that gn — 8o as n — 00. Take a sequence of reflection matrices (R,)n>0 such that R, — Ryp.
Assume that for every n > 0, the process Z,, := SRBM? (D,, Ry, gn, An), starting from Z,(0) =z, € D,,, exists in the
weak sense and is unique in law, and z, — zo. Assume also that the process Zy does not hit non-smooth parts of the
boundary 9 Dy. Then

Zy,= Zo weaklyin C([O, T1, Rd) forevery T > 0.
The proof is postponed until the next subsection. Let us give an application.

Example 4. Consider a fixed convex polyhedron D € R¢. Let

P:= {( R,A)| SRBM‘(D, R, i, A) does not hit non-smooth parts of the boundary}.

This definition makes sense because of the following fact: The property that an SRBMY(D, R, 11, A) does not hit
non-smooth parts of the boundary is independent of the starting point z € D and of the drift vector w. The proof of
this independence statement is similar to that of [17, Proposition 3.3]. From Theorem 3.2, we can conclude that the
process SRBM? (D, R, u, A), starting from z € D, is continuous as an element of C ([0, T'], R4 ), forevery T > 0, on
the set

{z,R, 11, A)|z€ D, (R, A) € P, ne R}
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3.3. Proof of Theorem 3.2

We need to show that:

(1) Dy = Do;
(i1) the condition (b) from Theorem 2.7 is satisfied;
(iii) r, = ro.

Proof of (i). We use Lemma 2.2(vii). Take a subsequence (ny),>1 and let x,, € dD,, be such that x,, — x¢. Let
us show that xg € d Dg. The boundary d D,, for every n consists of m parts:

m
D, :UD”’i’ Dy, ;= {x ERdh‘L,‘,n ~x:b,-,n,nj,,, -bej’n,jZ 1,....m,j ;ﬁl}

i=1

By the pigeonhole principle, there exists an ip € {1, ..., m} and a subsequence (n;()kzl C (nr)k>1 such that Xyl €
Dn’k,io' That is,
Wig,nl * X =b,~0’n;(, Wjnl - X, zbj,n;(, j=1,...,m,j#ip.
Letting k — 0o, we have: n;y o - xo = bjy,0, and njo-x0 > bj o0, j =1,...,m, j #io. Therefore, xo € Dy, € dDy.
Now, let us show (2). Take xg € Do. Then n; o - xo > b; 0, fori =1, ..., m. From (8), we get: there exists ng such that
forn > ng wehave: n; ,-x0 > b; »,i =1,...,m.So xg € D, for n > ng; therefore, xo € lim D,,. Similarly, if xo € B(C),
then there exists a j € {1,...,m} such that n; o - xo < b; 0. From (8), we get: there exists ng such that for n > ng we
have: n; , - xo < bj . Therefore, xo € 5; for n > ng; so xg € li_mBZ. This completes the proof of (2).
Proof of (ii). We use Lemma 2.8. The domain D,, has non-smooth parts of the boundary

Vn = U Dn,i,jv

1<i<j<m
where we denote
Dyiji={x€R|x Nin=binx Njn=bjn X 0gn>=bgnq#ij}

Now, take a sequence (x;, )k>1 With x,, € V;,, and show that if x,, — x¢, then xo € V4. By the pigeonhole principle,
there exist a subsequence (1 )r>1 and 1 <i < j < m such that Xy € Dyt i Therefore,

xn;( : ni,n;{ = bi,n;cv xn}{ . nj,n}{ = bj,n;{’ xn;( ' r‘q,n}’,{ = bq,n,’{v qF#i,j.
Letting k — oo, we get:

x0 - 1,0 = bi 0, X0 0j0=Dbjn, X0 Ny Zbg . qFLLJ.

Therefore, xo € Do, j V. This completes the proof of (ii).
Proof of (iii). Take x,, € 0D, \ V,, n =0, 1,2,... such that x,, — xo. We need to prove that r, (x,) — ro(xo). Let
us show that for every subsequence (ny)r>1, there exists a subsequence (”;c)kz 1 € (ng)k>1 such that

Tn;, (X)) = 10(X0).
Indeed, by the pigeonhole principle, there exists a j € {1, ..., m} and a subsequence (n;{)kz] such that Xy € Dn;(’ -
Then, as discussed in the proof of (i) above, xo € Dy ;. Denote the jth column of R, by r,, ;. Then r,(x) = ry,; for

x € Dy j, by definition of a reflection field for an SRBM in a convex polyhedron. Now, T (xn;f) =Ty ;>0 =
ro(xo), because R, — Rp. This completes the proof.
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4. Proof of Theorem 2.7
4.1. Outline of the proof

For the rest of this section, fix a time horizon T > 0. The first step is localization. Consider a compact set I C RY \ V
such that zp € int C. Let

T 1= inf{t >0|Z,() ¢ intIC}, n=01,2,...

Let Z,’f (t) = Z,(t ANtxc ). We say that a continuous adapted process ¢ = (¢£(t), t € [0, T']) behaves as Zo until it exits
int I if for the stopping time

Tico:=inf{r = 0] ¢(1) ¢ K},

the process ¢ (- A Tx0) has the same law as Z(’)C. The following lemma was, in fact, already proved as Lemma 4.1 in
[19].

Lemma 4.1. Assume that for every compact subset K as above every weak limit point of the sequence (Z,’lc)nzl in
C([0, T1, RY) behaves as Z until it exits int K. Then the conclusion of Theorem 2.7 is true.

Remark 3. If either (a) or (b) holds, then for every compact set L C R4 \ Vo there exists nyc such that for n > nyc, we

have: Z,’,C does not hit V,. Indeed, if (a) holds true, then there is nothing to prove. If (b) holds true, then dist(/C, Vp) :=
&o > 0, and there exists nx such that for n > nx, we have:

max dist(x, Vo) < €.
xeV,N

In this case, for every n > nx we have: K NV, = &. Therefore, Z,’f(t) ¢V, for these n and for r € [0, T'].
The rest of the proof of Theorem 2.7 tracks the proofs from the paper [19].
Lemma 4.2. The sequence (goo(Z,’lC(-)))nzl is tight in C[0, T1.
Now, we can split Z,’f into two components:
Zy(0) = Zu(t ATic ) = Vo) + L (), ©)
where forn=1,2,...and ¢t € [0, T] we define:

W) = Wat Atic),

INTK 0 INTIC,n
Va(t) =2, +/ 8n(Zn(s))ds +/ o (Zn(9)) AWy (s),
0 0

L,(t):= /Ommm ra(Zn(s))dly(s), and l,’f(t) =1t ANTicp),
and [, is the process / from Definition 1 for the reflected diffusion Z,, in place of Z.
Lemma 4.3. The sequence (V,)),>1 is tight in C[0, T].
Lemma 4.4. The sequence (1,),>1 is tight in C[0, T].

Lemma 4.5. The sequence (Ly),>1 is tight in C[0, T1].
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The sequence (W,),>1 of Brownian motions is obviously tight in C ([0, T], Rd) (all Brownian motions W, have

the same distribution). Because each W,{C is a Brownian motion W,, stopped when it exits K, the sequence (W,{C)nzl

is also tight in C ([0, T'], Rd). Using Lemmata 4.3, 4.4 and 4.5, take a weak limit point (V, L, [, W)’ of the sequence
(Va I, LN, WY

n>

We have: for some subsequence (nx)i>1,

(Vi 10, LK

ng’

WhY= (VLI W). (10)

By Skorohod representation theorem, see for example [9, Chapter 1], we can assume that the convergence is a.s. on a
common probability space. From (9), we have:

Z(t):=V(®) + L) = lim ZX (1),
k— 00
where the convergence is uniform on [0, T'].

Lemma 4.6. The process W is a d-dimensional Brownian motion (with zero drift vector and identity covariance
matrix), at least until the stopping time Ty :=inf{t > 0| Z(¢) ¢ intK}. In addition, Tic <lim,_,  txc k a.s.

Lemma 4.6 was proved as Lemma 4.5 in [19].

Lemma 4.7. Fort € [0,Tx],

t

t
V(t)=2z0+ /0 g0(Z(s))ds + /0 00(Z(s)) dW (s).

Now, let us state two lemmata which deal with the reflection terms.

Lemma 4.8. On the interval [0, T ], the process 1 is continuous, nondecreasing, can increase only when Z €Dy,
and 1(0) = 0.

Lemma 4.9. Fort [0, T],
t
L) = /0 ro(Z(s)) di(s).

Now, let us complete the proof of Theorem 2.7. Take a sequence (m)x>1. As in (10), there exists a subsequence
(nx)k>1 such that (10) holds. Combining the statements of Lemmata 4.6, 4.7, 4.8, 4.9, we get: for t < T,

t t

t
Z() = V() + L) = 20+ f 90(Z(5)) ds + / o0(Z()) dW (s) + / ro(Z(s)) di(s),
0 0 0

Where_W behaves as a Brownian motion until Tx, and the process [ is continuous, nondecreasing, can increase only
when Z € 9D, and /(0) = 0. Therefore, Z behaves as Zy until it exits int C. Apply Lemma 4.1 and finish the proof.

4.2. Proof of Lemma 4.2

The sequence of the processes (Z,’f)nzl satisfy the following condition: for every § > 0,

lim P(Orir}iSnT (2 0) = —8) =1,

n—o0
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This is analogous to [19, Lemma 4.2], but here it is much easier to prove. Indeed, Z ,’f (1) e D, N K. But we know that
D, = Dy. From Lemma 2.2(iii), we get:

lim min ¢y(x) = 0.
n—>o00xeD,NK

So there exists an ny(8) such that for n > ny(8) we have:

min @p(x) > —4. (11)
xeD,NKC

Suppose that the following event happened:

{o(00(ZF (), 10,T1, ) = 35). (12)
Then there exist t1, , € [0, T] such that ¢o(ZX (1)) — po(ZX (12)) > 38 and |t] — 1] < &. Let

S1=0 AT, $2: =0 AT

Then s1, 52 € [0, Txc,,] and |51 — 52| < &. Also, po(Z,(s1)) — 0(Zn(s2)) = 38. Now, ¢o(Z,(s2)) = —3 because of
(11). By continuity of ¢o(Z, (-)), there exists so between s1 and s, such that

(po(Z,,(s)) >§ for s between sq,s9, and <p0(Zn(s1)) — (po(Zn (so)) >34.
Certainly, |so — 51| < ¢. But the function ¢ is 1-Lipschitz, and so
121 (s1) = Za(50) | = @0(Zn(s1)) = 90(Zn(50)) = 8.

For s € [0, txc,,], we have: Z,(s) € K. Since ¢o(Z,(s)) > 6§ for s between so and s1, we have: Z,(s1) — Z,(s0) =
V. (s1) — V,,(sg). Therefore,

[Via(s1) = Va(so) | = || Za(s1) = Zu(so) | = 8. 13)
Taking u1 = 51, up = sp, we get from (13) that the following event actually happened:

{o(e0(ZF (), 10,71, ) 238} € Au(e), (14)
where we define

An(e) :={3u1,uz €[0, T |luy —uz| <e,

V(1) = Va(ua) || = 8}.
Now, the sequence (V,, (- A txc.n))n>1 is tight. Indeed, we can write

t

Valt ATicn) =20 + /Ot 8n(Zn($))(s<ric ) ds +/O o (Zn(9)) Vs<ric ) AWa (s).
Now, from Lemma 4.10 below, there exists n such that for n > ny,

|8n(Za())| = Cq. |ou(Zu(9))| = Cor s <TiC0-
Therefore, for all s € [0, T] and n > ny,

|80 (Z () Vs

By [18, Lemma 7.4] (applied to the local martingale part) and the Arzela—Ascoli criterion (applied to the bounded
variation part), the sequence (V, (- A Tic ,))n>1 18 tight. Therefore,

S Cg, |Un(Zn(s))l{S§TK,il}

<Cs,.

lim supP(EIm,uz el0,T]||uy —uz| <e, |
e=Up>1

Va(ur) — Va(ua)|| > 8) =0. (15)
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Comparing (15) with (14), we get:

lim :gp(w(%(zf(.)), [0,T], &) >38) =0.
Apply the Arzela—Ascoli criterion and complete the proof.

Lemma 4.10. There exists an ny and constants Cq, Cy, C, such that for n > ng, we have:

sup | gn ()| < Cq, sup o ()| < Co, sup  [ra(0)| < C. (16)
xeKnND, xeKnND, xeKnaD,

Proof. Let us prove this for g,; the proofs for o, and r, are similar. Assume the converse; then there exist ny — oo
and x,, € K N Dy, such that ||g,, (x,,)|| = co. But the set K is compact, so there is a convergent subsequence
Xy —> X0 € K N Dg. Therefore, gn, (x,,;{) — go(x0). This contradiction completes the proof. U
4.3. Proof of Lemma 4.3

Forall s >0, Z,’lC (Hekn 5,1. ‘We can conclude that the sequence

INTIC n
t— /0 gn(Z,’lC(s)) ds

is tight by Arzela—Ascoli criterion. Next, the sequence
_ INTIC K
0= [ ez ) aw)
0
is tight by [19, Lemma 6.4]. Indeed, each ‘M, is a continuous local martingale with M,(0) =0, and

o INTIC
(M) = /0 |0 (25 ()| ds.

But Z,’f (s) € D, NI forall s € [0, T]. Apply Lemma 4.10 and complete the proof.
4.4. Proof of Lemma 4.4
Let us state a technical lemma, which is proved in Appendix.

Lemma 4.11. For every compact subset K C R¢ \ Vy, there exists a §xc € (0, dist(KC, Vo) /2) such that:

(i) the signed distance function @g is C* on the set
K':={x € K | |po(x)| = dist(x, dDo) < éxc }: an

(ii) for every x € K', there exists a unique point {(x) € dDg \ Vo which is the closest to x on dDg: ||x — ¢(x)| =
dist(x, 3 Dgy) = dist(x, d Do \ Vo), and this function ¢ is continuous on K'.

Take a C* function v : R — R such that

x Ix] <8x/2
V)= K/
0, |x[=dk.

Let us write an Itd equation for the process w(goo(Zf(-))), or, equivalently, for (¥ o ¢o)(Z,(t)) for t < 1ic,. We
have: ¥ o ¢g € C? on K. Therefore, we can apply It6 formula for the function ¥ o 9. We have: V(¥ o ¢p)(x) =
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Y (0o (x))Veo(x). Abusing the notation, we can write this even if |po(x)| > 8, where the function @g might not
be C2, since then Y’ (po(x)) = 0 and the left-hand side is also zero. In addition, a similar formula holds for second
derivatives:

. ._ 82(1# 0 o) (x) o d¢o d¢po ’ 82g0()
O;j(x) := W = 9" (po(x)) ox; E + ¥/ (e0(x)) ax; ox;
By It6’s formula, for < tic ,,
d d
dyr (¢0 (Zn (t))) = 1///((p0(zn (t)))V(p()(Zn (t)) -dZ,(t) + Z Z@ij (Zn (t))d<(zn)iv (Zn)j>t- (18)

i=1 j=1
Now, from (9) and the fact that L,, has finite variation, we get: for t < txc p,
d(Zw)i, (Zw)j), = (w0 );;(Zu(®) dt.
From the properties of ¢ and v it follows that the function ¥’ (g (x)) Vgo(x), as well as each 6; ; is bounded on K.

Apply Lemma 4.10 and note that Z,,(t) € D, N K for t < Tic.n- By the Arzela—Ascoli criterion, the following sequence
is tight:

irte, 4 d
re /0 Z Zei/ (Zn (t))d<(zn)ia (Zn)j>t

i=1 j=I

Take the first term in the right-hand side of (18)

Y (00(Zn () Voo (Zn () - dZn (1) = ¥ (00(Zn (1)) Vo (Zn (1)) - gn(Zn (1)) dt
+ 9" (00(Zn () Vo (Zn (1)) - 00 (Zn (1)) AW, (1)
+ W((po(Z,, (t)))VQDO(Zn (t)) “Tn (Zn (t)) dl ().

By Lemma 4.10 and the Arzela—Ascoli criterion, the following sequence is tight:
INTKC n
te f V' (00(Zn(9))) Vo (Zn(5)) - gn(Zn(5)) ds
0
Next, the following sequence of continuous local martingales
INTKC n
My (1) :== f I/f/((p()(zn(S)))VWO(Zn(S)) : Gn(Zn(s)) dWiy (s)
0
is tight by Lemma 6.4 from [19]. Indeed,
INTKC 0 ) 2
= [ 0 (2 [Ten(2065) - 00 (2065) | 8.
0

and the derivative of this function with respect to ¢ is uniformly bounded. (This follows from the fact that v is
bounded on R, ¢y is bounded on K, and from Lemma 4.10. By Lemma 6.7 from the same article [19], the sequence
lp(goo(Z,’lCC))) is itself tight. Therefore, the sequence

INTIC 0
N (t) = /0 W (60(Zn())) V60(Zn(5)) - 1 (Zu(5)) din(s)
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is tight in C ([0, T'], Rd). But the process [, can grow only when Z,, € d Dy, that is, when ¢y(Z,(s)) = 0. For these s
we have: ¥/ (¢o(Z,,(s))) = 1, because /' (0) = 1. Therefore, we can rewrite

INTIC 0
N () :=/0 Vo (Zn(9)) - rn(Zn(9)) di (s). 19)

Lemma 4.12. There exists no and g > 0 such that for n > ng, for x € 3D, N K, we have: Vo(x) - r,(x) > 0.

Proof. Assume the converse. Then there exist a subsequence (ny)x>1 and a corresponding sequence of points x,, €
dD,, N K such that

1
V(po(xnk) : rnk(xnk) S E

Since K is compact, there exists a subsequence (”;c)kzl such that Xy = X0 Then x¢ € K N dDy. For all k > ko,

Xn, € K’ (and x9 € K’). But Vgy is continuous on K'. Therefore, Vgo(x,,) = Vgo(xo). Also, since r, = ro, we
have: ry, (x,,) — ro(xo). Therefore, passing to the limit, we have: Vg (xg) - ro(xo) < 0. But Vgg(xo) has the same
direction as the inward unit normal vector n(xp) to d Dy, and by the properties of the reflection field ro we have:
n(xg) - ro(xo) > 0. This contradiction completes the proof. U

In view of Lemma 4.12, we can rewrite (19) as

In(t ATC0) = /0 o [Voo(Zu(9)) - ra(Za())] ™ AN, (0).
But (N,),>1 is tight, and by Lemma 4.12 we have:

[Voo(Za()) - ra(Za ()] ' <5
Therefore, [,,(- A Txc ;) is tight. The proof is complete.
4.5. Proof of Lemma 4.5

Note that the process /,, can grow only when Z,, € d D,,. By Lemma 4.10, for n > ny,

sup  |ra(Zu(®))] = Cp.

0<s<tATKC n

Therefore, the sequence (L,),>1 is also tight.

4.6. Proof of Lemma 4.7

Without loss of generality, assume n; = k for convenience of notation. We have: Z ,’f -Z uniformly on [0, T'], and
Zr(s)eDyNK, and Z(s)eDyNK forse[0,T].

Recall the definition of locally uniform convergence of functions defined on different subsets of R¢. Since g, = go,
on, = o by Remark 2, and

Z,’CC (s) = Z(s) uniformly on [0, T'],
by Lemma 2.2(v) we have:

e (ZF ) = 20(Z(5)),  ow(ZF(s)) = 00(Z(5)). (20)
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From Lemma 4.14, we have:

INTKC k K t K K t _ —
/0 crk(Zk (s))de(s)z/‘O ok(Zk (s))de —>,/() Uo(Z(S)) dW(s), 2n

where the convergence is understood in probability. Therefore, there exists a subsequence (k;;)m>1 such that
INTKC ki t o -
/ Ot (ZE () dWg,, (5) = / 00(Z(s))dW(s) a.s. uniformly on [0, T']. (22)
0 0
Lemma 4.13. Uniformly on [0, Tx], we have:
IATKC 0 K AT -
/ gk(Zk (s)) ds — / go(Z(s)) ds.
0 0

Proof. For every ¢ > 0 there exists k1 (¢) such that for k > k1 (¢) we have: txc y < Txc + ¢, and so for r < Tx we have:
[t AT —t A Tic k| < &. Therefore,

INTKC o EATKC k o
/(; go(Z(s)) ds —/0 go(Z(s)) ds

< e -max|so(Z(s))].

From (20), we have: gi (Z,’{C (t)) —> go(?(t)) uniformly on [0, T']. Therefore, there exists n, such that for n > n, we
have:

max [lg(Z, (1) = go(Z)| <e. (23)

We have: for n > ng,

IATIC.n AT n -
fo 8&n (Z,’f(s))ds —f 80(Z(s)) ds

0

=T+ max [e(250) = g0(Z0)| = Te. 24

Combining (23) and (24), we have: for n > n,,

INTIC _ INTIC n
/0 g0(Z(s))ds — /0 gn(ZN(5)) ds

Since ¢ > 0 is arbitrary, the proof is complete. (]

<eg- (T +H)l%|g0(?(s))|>'

Combining Lemma 4.13 with (22) and z,, — zo, we get: uniformly on [0, Tx],

tA‘L’)(ykm

t/\TIC,km K K
V0=t [ azle)as+ [ o (28 o) aw, o

INTKC - INTKC _
— 20 +/ g0(Z(s))ds +/ 00(Z(s)) dWy(s).
0 0
But V,, — Vj a.s. uniformly on [0, T]. This completes the proof of Lemma 4.7.
Lemma 4.14. For m > 1, let Y, = (Y3 (¢),0 <t < T) be an R¥-valued continuous adapted process, and let Uy =

(Up(),0 <t < T) be an R?-valued continuous local martingale. If in C([0, T1], RY x Rd) we have: (Yi,Uy) =
(Y,U), k — oo, then U is a semimartingale, and we have the following convergence in probability:

t t
/ Y. dU — / YdU uniformlyont €0, T].
0 0

This lemma was proved in [12, Theorem 5.10]; see also [8, Lemma 3.6]. Both of these statements are more general
than Lemma 4.14. For convenience, we state this result here in the form which is convenient for our use.
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4.7. Proof of Lemma 4.8

As before, assume for simplicity that ny = k. Fix & > 0 and let us prove these properties for / on [0, Txc — €]. Note
that there exists n(e) such that for k > n(e) we have: T < ticx + €. Now, l,’f — () uniformly on [0, T]; but
l,’f(t) =t ANtick) =) for t € [0, 7ic k] € [0, Tic — €]. Now, Ik is nondecreasing and ;(0) = O; therefore, the
same properties hold for [ on [0, Tc — €].

Fix 8 > 0 and let us show that [ does not increase on [f1, 2] < [0, Txc — €] if dist(Z(¢), dDg) > & for t € [t1, 12].
Indeed, since Z,’f — Z uniformly on [0, 7], by Lemma 2.2(v) we have:

o (Zy) — (po(f) uniformly on [#1, £2].
But dist(Z (t), dDy) = |px (Zx (¢))|. Therefore,
dist(Zy(t), dDx) — dist(Z(¢), dDy) uniformly on [t1, 15].

Therefore, for k > m(8), t € [t1, 2], we have: dist(Zy(¢), d D) > §/2. Meanwhile, [; does not grow on [¢1, #2]: that is,
Ii(t1) = [k (t2). Let k — oo and conclude: I(t) = I(2). Thus, I does not grow on [t1, 5].

Now, let us prove a more general statement: if [#1, 2] € [0, Txc] and dist(Z(¢t), dDg) > 0 fort € [t1, 2], then [(1]) =
I(12). Indeed, assume (t;) < [(t2). By continuity of [, there exists & > 0 such that I(;) < [(t, — €). By continuity of
Z, there exists § > 0 such that dist(f(t), dDg) > § for t € [t1, t2]. Now, repeat the previous argument and conclude:
I(t) =1(t2 — €). This contradiction completes the proof.

4.8. Proof of Lemma 4.9

As before, we assume ny = k without loss of generality. There exists ng such that for n > ng, we have: forx € 0D, NIC,
l@o(x)| < 8. This follows from Lemma 2.2. In other words, for n > ny we have: 3D, NK C K’, where K’ was defined
in (17). By Lemma 4.11(ii), the distance function ¢ is continuous on K’. Note that

&, = max |<po(x)‘ — 0.
xeKnoD,

For x € Ko, we have: ||£(x) — x| =dist(x, dDg) = |@o(x)| < &,. Therefore, by definition of locally uniform conver-
gence r, = rg, we have:

sup  ||ra(x) = ro(¢(x))|| — 0. (25)
xeKNaD,
Therefore, we get:
t t
/0 r(ZI () i (s) — fo r0(Z(9)) di(s) = 11 (k) + L(k) + I3 k),
t
1@ = [ [n(zE©) = nle(ZE o) af .
t
k) = /0 [ro(£ (2K 9))) = ro(Z())] (o).

t t
I (k) :=f0 ro(;(z,’f(s)))<11,§3(s)—/0 ro(¢(ZK (5))) dis).

By Lemma 6.2 from [19], || 11 (k)| — 0 as k — oo. From the relation (25), the fact that each l,ﬁc is nondecreasing, and
the convergence l,’f(T) — [(T), we have: || I3(k)|| — O. Finally, ¢(Z(s)) = Z(s) when Z(s) € 8 Dy. But the function
I can grow only when Z(s) € 3 Dy: this follows from Lemma 4.8. Therefore,

t t
/0 ro(Z(s)) di(s) = /O ro( (Z(s))) dis).
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The function ¢ is continuous on Ky, and since Z ,’(C — Z uniformly on [0, T], we have: ¢(Z ,’(C) — ¢(Z) uniformly on
[0, T']. Therefore, as k — oo,

|20 < max [ro(Z(s)) = ro(¢ (2 )| -1T) — 0.

5. Convergence to a non-reflected diffusion
5.1. Convergence of domains to the whole space

Let us modify the definition of weak convergence D, = Dy for the case Do = R?. The main question is how to define
@o(x), the signed distance from x € R? to the boundary d Dy, because the set Dy = R? has no boundary: IR = .
Intuitively, we can approximate R? by a very large ball U (0, r). Take a point x € R?. Since r is large, x € U (0, r),
and the distance from x to oU (0, r) is equal to » — ||x||, which is also large. Therefore, it makes sense to define
@o(x) := oo for all x € RY.

Definition 5. We say that a sequence of domains (D;,),>1 converges weakly to R4 and write D, = R4, if On(x) > 00
forall x e R4,

The following is an equivalent characterization of this weak convergence. The proof is postponed until Appendix.

Lemma 5.1. D, = R? if and only if for every compact set K C R? there exists an no such that for n > nqg we have:
K CD,.

Let us state an analogue of Theorem 2.7 for the case when D, = R4, In this case, reflected diffusions Z, converge
weakly to a non-reflected diffusion Zj in RY. Take a sequence (D;),>1 of domains in RY. For each n > 1, consider
a reflected diffusion Z, = (Z,(t), t > 0) in D,, with drift vector g,(-), covariance matrix A,(-), and reflection field
rn (), starting from Z,(0) = z,,. We suppose that Assumptions 1, 2, 3 are satisfied. We do not impose a condition that
Z,, does not hit non-smooth parts V, of the boundary 8 D,,. Define a drift coefficient go : R¢ — R? and a covariance
matrix Ag : R? — P,. For each x € R?, let o(x) = A/2(x). Consider a non-reflected diffusion process

dZo(1) = go(Zo()) dt + 00(Zo(1)) AW (1), Zo(0) = z0.

Assume it exists and is unique in the weak sense.

Theorem 5.2. Assume D,, = R4 weakly, and g, = go, An = Ao, 2n — 20. Then Z, = Zo in C([0, T, Rd)for every
T > 0.

Proof. We modify the proof of Theorem 2.7 a bit. First, fix a compact set ' € R? such that zq € int K. It suffices
to show that Z,’f = ZK . then apply Lemma 4.1. (It is stated and proved for a non-reflected Z, in the same way as
for the case of a reflected diffusion Zj.) By Lemma 5.1, there exists ng such that JC C D, for n > ng. So L, (t) =0,
and Z,’f =V, (we use the notation from the proof of Theorem 2.7). The rest of the proof is reduced to Lemmata 4.3
and 4.7. ]

5.2. Convergence of domains to “almost” the whole space

Now, assume D,, = Dg = R4 \ M, where M C R is a “set of dimension” less than or equal to d — 2. Then the
limiting diffusion Zy (under some conditions) does not hit M, so this is actually a non-reflected diffusion. We use the
notation of the previous subsection. We again suppose that Assumptions 1, 2, 3 are satisfied, and we do not impose a
condition that Z, does not hit non-smooth parts V,, of the boundary 9 D,,.
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Theorem 5.3. In the notation of the previous subsection, assume
D, = Dy=RI\M, g, = g, Ap= Ao, zn— 20
Finally, assume that the diffusion Zy = (Zo(t), t > 0), defined by
dZo(1) = go(Zo()) dt + 00(Zo (1)) AW (1), Zo(0) = zo,
a.s. does not hit the set M:
P(3r>0:Zy(t) e M) =0.
Then Z, = Zo in C([0, T], R9).

Remark 4. Sufficient conditions for Zy not hitting M, when M is a submanifold in RY of dimension less than or
equal to d — 2, can be found in [14,15].

Proof. As in the proof of Theorem 5.2, we follow the proof of Theorem 2.7. Fix any compact set IC C Dy. It suffices
to prove that ZZ,C = Z(’)C. By Corollary 2.3, there exists ng such that for n > ng, we have: K C D,,. Now, we just need
to repeat the rest of the proof of Theorem 5.2. ]

Appendix
A.l. Proof of Lemma 2.1

(i) Similar to the proof of Lemma 2.2 below.

(i1) Fix ¢ > 0 and let us show that dist(xg, Eg) < 2¢. There exists n| such that for n > n{ we have: ||x, — xo|| < ¢.
The set I := {x,, | n > 1} is compact; therefore, dist(x, E,) — dist(x, Eg) uniformly on /C, and there exists n, such
that for n > ny, we have: | dist(x, E,) — dist(x, Eg)| < & for x € K. Take n =n; Vv nj. Then

dist(xo, Eo) <dist(xo, Ey) + [lxn — xoll < dist(xp, En) + € + [|xy — x0ll < 2e.
Since ¢ > 0 is arbitrary, dist(xg, E¢) = 0; therefore, xo € Eop.

A.2. Proof of Lemma 2.2

(i) = (iii). Assume the converse: there exists a compact subset X C R?, a positive number ¢ > 0 and a sequence
Xy, € K such that

|on (o) — @0 (xny) | = €.

By compactness, there exists a limit point xg := limxnl/{. There exists ko such that for k > ko, we have: ||xn]/( —x0ll <
&/3. But the signed distance functions ¢g and @y, are 1-Lipschitz, see [5]. Therefore, for k > ko we get:

|§0n;((xn2) _(pn;((x())| = g’ |§00(xn2) _¢0(x0)| = %

Thus, for k > kg we have:

&

3 &

This contradicts the condition (i).
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(i) < (ii). Note that dist(x, D,) = (¢,(x))— and dist(x, D;) = (¢ (x))+. A sequence (a,),>1 of real numbers
converges to ag if and only if (a,)+ — (ap)+ and (a,)— — (ap)—. The “only if” part follows from the fact that
X — x4 and x — x_ are continuous functions; the “if”” part follows from the fact that x = x; — x_. The rest is trivial.

(i1) = (iv). Since the function ¢ is 1-Lipschitz, as proved in [5], we have:

max - [on(x) —po(o)| < max - |gn(xn) —@oxn)| +én — 0.
Xn,X0€
Hxn*xOH<€n Hxn XOH<8n

(iv) = (v). Take K = {z e R? | ||z|| < max|| foll + 1} and &, := max|| f,(¢) — fo(t)|| forn=1,2, ...

(v) = (i). Take constant functions f,(¢) =x fort €[0,T]andn =0, 1,2,...

(i) = (vi). Note that dist(x, dD,) = |@n(x)| for x e R? and n =0, 1,2, ... Since ¢,(x) — ¢@o(x), we have:
lon(x)] = |@o(x)|. Now, let us show (2). Take x € Dg. Then limg, (x) = ¢o(x) > 0, and so there exists n, such
that for n > n, we get: ¢, (x) > 0, and therefore x € D,,. Thus, x € lim D,,. We conclude that Dy C lim D,,. Similarly,
we can prove that Dy C lim,, D, which is equivalent to lim,_, o D, < D.

(vi) = (i). We have: |¢, (x)| = |@o(x)]| for every x € R4, as n — oo. Consider three cases:

Case I: ¢o(x) > 0, which is equivalent to x € Dg. Using the first inclusion from (2), we get: x € lim D,,, and so
there exists n, such that for n > n,, we have: x € Dn, and ¢, (x) > 0. Therefore, ¢, (x) = @, (x)| = |po(x)| = @o(x).

Case 2: ¢o(x) < 0, which is equivalent to x € Do Then we use the second inclusion from (2) and complete the
proof similarly to Case 1.

Case 3: ¢p(x) = 0. Then |, (x)| = |@o(x)| =0, and so ¢, (x) — 0.

(vi) = (vii). Follows from Lemma 2.1(ii) above.

(vil) = (vi). Fix x € R? and let us show that dist(x, 8 D,,) — dist(x, 3 Dy).

Lemma A.1. Assume (2) holds. Take xo € 0Dg. Then there exists a sequence (xy)y>1 such that x, € 0D, and
Xy —> XQ.

Proof. Assume the converse: there exists a neighborhood U (xo, ) and a subsequence (nx)x>1 such that for k > 1, we
have: U (xg, &) N dD,, = &. Since xg € d Dy, there exists y € U (xp, &) N Dy and z € U (x, €) 058. Then y € lim Dy,;
that is, y € D,, for n > ny; and z € lim D}, that is, z € D;, for n > n.. Let ko be large enough so that for k > ko,
ng >nyVn; Theny e D, and z € sz for k > ko. Therefore, [y, z] N 0D, # J; take wy € [y,z] N 9D,,. But
[y, z] € U(xo, €), because the open ball U (xg, ¢) is convex. Therefore, U (xg, &) N dD,, # &. This contradiction
completes the proof. (]

Let y, € R? be the closest point on 3D, to x: ||x — y,|| = dist(x, dD,).
Lemma A.2. The sequence (yn)n>1 is bounded.

Proof. Consider three cases:

Case I: x € Dy. Then x € Do C lim,_, . D,. Therefore, x € D, forn > n,. Now, take any y € 58, then y € 58
lim, D . Therefore, y € D, forn > ny. Taken > ny Vny;thenx € D, and y € D . Therefore, [x, y]N 3D, # @.
Take some uy, € [x, y] N3 Dp; then [|x — y, || < dist(x, dDp) < [lx —unll < [lx =y Thus lynll < llxll + llx =yl

Case 2: x € Dg. This is similar to Case 1.

Case 3: x € dDg. Use Lemma A.1 below and find a sequence x, € d D, such that x, — x. Then ||x — y,| =

dist(x, D) < [|lx — x|l = 0. Therefore, y, — x, and (y,)n>1 is bounded. (I

Let us show that

dist(x, dDg) < lim dist(x, dDy). (A.1)

n—0oo

Take a subsequence (n4)i>1. It suffices to show that there exists a subsequence (”}c)kzl C (n)k>1 such that

dist(x, dDg) < lim dist(x, 9D, ).
k—o0 k



1428 A. Sarantsev

The sequence (y,, )k>1 is bounded by Lemma A.2. Therefore, there exists a subsequence (n}()kzl C (ni)k>1 such that
Ynl, = y. By assumption (vii), y € d Dy. Therefore,

dist(x, dDg) < ||lx = ¥|| = lim [[x — y,/ || = lim dist(x,dD,;).
k—o00 k k— 00 k

This proves (A.1). Now, let us show that

dist(x, 3Dg) > lim dist(x, dDy). (A.2)

n—oo

By Lemma A.l, there exists a sequence y, € 0D, such that y, — yg. Therefore, dist(x,dDp) = |lx — yoll =
lim, |lx =¥, II. But |x =y, || <dist(x, dD,). This proves (A.2).

A.3. Proof of Lemma 4.11

We need only to prove continuity of ¢, the rest is done in [19, Lemma 3.2]. Let x,, — x¢ in /o, and take yy, a limit point
of ¢ (x,). Without loss of generality assume yg = lim;,_, », { (x). Then dist(x,, dDg) = ||x, — ¢ (xx) || = llxo — yoll-
But the distance function is continuous. So ||xo — yo|| = dist(xg, d Dg). Since the closest point on d Dy to xq is unique,
we have: yg = ¢(x¢). The proof is complete.

A4. Proof of Corollary 2.3

(i) The proof is trivial.

(ii) Let us prove the first statement, when }C € Dy; the second one is similar. From Lemma 2.2(iii) we have:
@n(x) = @o(x) > 0 uniformly on /C, and ¢ is continuous on K. Therefore, there exists ¢ > 0 such that ¢g(x) > ¢ for
x € K. By the uniform convergence, there exists ng such that for n > ng we have: ¢, (x) > ¢/2 > 0 for x € K. This
completes the proof.

A.5. Proof of Lemma 2.4

Let us show the first case, when D, 1 Dy; the second case is similar.

Case 1: x € D. Then @y(x) =: r > 0. There exists n, such that for n > n, we have: x € D,,. Therefore, ¢, (x) > 0
for n > ny, and ¢, (x) = dist(x, dD,) =dist(x, Dy,). We have: (¢, (x)),>n, is a nondecreasing sequence, and ¢, (x) <
@o(x) for each n > n,.

Now, fix ¢ > 0 and consider the closed ball B(x,r —&) € D. We have: B(x,r —¢&) C UD,,. But this ball is compact,
so there exists a finite subcover Dy, ..., Dy, . Take k, :=max(ni, ..., n,,ny). Then B(x,r — &) C Dy, . Therefore,
@i, (x) > r — &. By monotonicity of (¢, (x)),>n,, we have: ¢,(x) >r — e = ¢o(x) — & for n > k. Since ¢ > 0 is
arbitrary, this proves that ¢, (x) = @o(x) as n — oo.

Case 2: x ¢ D. Then ¢o(x) < 0. Therefore, dist(x, dDg) = |@o(x)|. Take y € dDg such that ||y — x| = |po(x)].
Fix & > 0; then there exists z € D such that ||z — y|| < &. Therefore, ||z — x|| < ||z — ¥|| + Iy — x| < |go(x)]| + &.
Because D = (") D,, there exists ng such that z € D, for n > ng. Therefore, dist(x, D,) < |po(x)| + . But x ¢ D,, for
all n > 1; therefore, — dist(x, D;,) = ¢, (x). But dist(x, D,,) < ||lx — z|| < |go(x)| + &. Therefore,

on(¥) = —|po(x)| —e =go(x) —& forn > ny. (A.3)

But D, 1 Do, and x ¢ Dg. Therefore, (dist(x, Dy)),>1 is nonincreasing, and so (¢, (x) = —dist(x, Dp))»>1 is non-
decreasing. Also, dist(x, D;) > dist(x, Dg), and so

on(x) = —dist(x, D) < —dist(x, Dg) = ¢o(x).

Therefore, (¢, (x))n>1 is a nonincreasing sequence, bounded below by ¢g (x). Together with (A.3), this gives ¢, (x) —
@o(x) as n — oo.
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A.6. Proof of Lemma 2.5

(1) The fact that D,, = Dy implies Wijsman convergence follows from Lemma 2.2(ii). Now, let us give a counterexam-
ple which shows that weak convergence does not coincide with Wijsman convergence. Take the following sequence
of domains in R?:

D, =int[ R xR\ ([27"7 127" x [0,1)], n=1,2,...,

and the limiting domain Dy = R x (0, c0). Then D,, — Dy in Wijsman topology, but not in the weak sense. Indeed,
for xo = (0, 1) we have: ¢, (xg) < 27"=1 because the distance from x to the boundary 9 D,, is less than or equal to
the distance to the point (27"=1 1) on the boundary. But ¢g(xp) = 1, because the distance from xg to the boundary
d Do (which is the x1-axis) is equal to 1. This contradicts that ¢, (xg) — ¢o(x0).-

(i) Now, Hausdorff convergence implies weak convergence: if D, — Dy in Hausdorff sense, then D, — Dy
in Wijsman sense, but also DS — D(C) in Hausdorft sense, so Df, — D(C) in Wijsman sense; use Lemma 2.2(ii) and
complete the proof.

But weak convergence does not imply Hausdorff convergence. Indeed, let d =2 and Dy := REL, and D,, be the
result of rotation of Dy counterclockwise by angle «, around the origin, where o, — 0. Then D, = Dy (this is a
particular case of Theorem 3.2 below), but not D,, — Dy in Hausdorff sense.

(iii) If ¢, (x) — @o(x) uniformly on R4, then (pn(x))— =dist(x, D,) — dist(x, Do) = (¢o(x))— uniformly on R,
Therefore, D, — Dy in Hausdorff topology. Conversely, if D, — Dy in Hausdorff topology, then Dy, — Dg in Haus-
dorff topology, and dist(x, D) = (¢, (x))- — dist(x, Do) = (¢o(x))—, dist(x, D) = (¢n(x))+ — dist(x, Dg) =
(90(x))+, uniformly on R?. Adding these convergence relations and noting that a = a; +a_ for a € R?, we complete
the proof.

A.7. Proof of Lemma 2.6

(i) = (i1). Without loss of generality, assume n; = k. Take a sequence (x,),>0 of functions, as described in Lemma 2.6.
Assume that f,(x,) does not converge to fo(xo) uniformly. Then there exists ¢ > 0, a subsequence (m)i>1, and a
sequence (t,, )k>1 in [0, T'] such that

| Fn (i () — fo(xo(tmp))| = & (A.4)
We can extract a convergent subsequence tw, = 10 € [0, T]. Then

X! (tmlr() — x0(fp), and xo(tm;{) — x0(to).
Therefore, since f,, — fo locally uniformly and fj is continuous on Ey,

T, (o tm)) = fo(xo(t0)), and  fo(xo(tm)) = fo(x0(t0)).

This contradicts (A.4).
(ii) = (i). Take x,, () = z,, and x(t) = zo.

A.8. Proof of Lemma 2.8

Assume the condition (b) holds. Take a sequence x,, € V,, such that x,, — xo. Since the set K :={x,, |k =1,2,...}
is compact, from condition (b) we have: dist(x,,, Vo) — 0. The function dist(-, Vp) is continuous. Therefore,
dist(xp, Vo) = 0, which means xo € Vy (because the set V) is closed). Conversely, assume that for every sequence
(X )k>1 such that x,,, € Vy, and x,, — xo we have: xo € V. Take a compact set  C R4, Let us show (6). Assume
the converse: there exists ¢ > 0 and a subsequence (nx)r>1 such that

max dist(x, Vo) > €.
X€Vn, nK
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Then there exists x,, € V,, N K such that dist(x,, , Vo) > €. Now, the sequence (x,, )x>1 is bounded, so there exists a
limit point X := lim Xp! - Therefore, X € Vy by our assumption. And

dist(x, Vo) = lim dist(x,/, Vo) > e.
k—o00 k
This contradiction completes the proof.
A.9. Proof of Lemma 5.1

Let us show the “only if”” part. Take a compact set L € R? and assume that there exists a subsequence (nk)k>1 such
that for some x,, € KC, we have: x,, ¢ D,,. Extract a convergent subsequence: Xy > V€ IC. We claim that

lim @, (y) <0. (A-5)
k—00

Indeed, if y ¢ Dn;{, then Pn, (y)<0.Ifye Dn;(, then Pn, (y) =dist(y, BDn/k) = dist(y, D;/) <y — X! [ = 0. This
k
proves the claim (A.5). But this contradicts the assumption that ¢, (y) — co.
Now, let us show the “if” part. Take x € R and let K := U(x, N) for large N. By assumption, there exists ng
such that for n > ng we have: K € D,,. So x € D, and ¢, (x) = dist(x, dD,) > N. Since N is arbitrarily large, this
completes the proof.
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