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Abstract. Consider the real Markov walk S, = X + - - - + X, with increments (X, ), > defined by a stochastic recursion starting
at X = x. For a starting point y > 0, denote by 7y, the exit time of the process (y + Sp),>1 from the positive part of the real line.
We investigate the asymptotic behaviour of the probability of the event Ty > n and of the conditional law of y + S, given 7y, > n
as n — 400.

Résumé. On considere une marche Markovienne réelle S, = X| 4 - - - 4+ X, dont les accroissements (X,),>1 sont définis par une
récursion stochastique partant de X = x. Pour un point de départ y > 0, on note par 7y le temps de sortie du processus (y + Sy)p>1
de la partie positive de la droite des réels. On s’intéresse au comportement asymptotique de la probabilité de I’évenement 7y > n
ainsi qu’a la loi conditionnelle de y + Sy, sachant 7y, > n quand n — +o00.

MSC: Primary 60J05; 60J50; 60G50; secondary 60J70; 60G42
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1. Introduction

Assume that the Markov chain (X,,), >0 is defined by the stochastic recursion
Xo=x€eR, Xn+1 =an+]Xn +bn+l’ n>0, (1.1

where (a;, b;)i>1 is a sequence of i.i.d. real random pairs satisfying E(|a;|*) < 1 and E(]51]*) < 400, for some o > 2.
Consider the Markov walk S, = > j_, Xx, n > 1. Under a set of conditions ensuring the existence of the spectral gap
of the transition operator of the Markov chain (X,),>0, it was established in Guivarc’h and Le Page [17] that there
exist constants p and o > 0 such that, for any ¢ € R,

S, —
Px<”—”“ < z) S (1) asn— 400, (12)
o/n
where @ is the standard normal distribution function and PPy is the probability measure generated by (X,),>0 starting
at Xo = x. There are simple expressions of 1 and o in terms of law of the pair (a, b): in particular u = %.

For a starting point y > 0, define the first time when the affine Markov walk (y 4 S,),>1 becomes non-positive by
setting

7y =min{k > 1, y + §;y < 0}.
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In this paper we complete upon the results in [17] by determining the asymptotic of the probability P, (7, > n) and
proving a conditional version of the limit theorem (1.2) for the sum y + S,,, given the event {r, > n} in the case when
© = 0. The main challenge in obtaining these asymptotics is to prove the existence of a positive harmonic function
pertaining to the associated Markov chain (X,,y + S;)s>0. A positive harmonic function, say V, is defined as a
positive solution of the equation QV =V, where Q. is the restriction on R x R’ of the Markov transition kernel
Q of the chain (X, y + Sp)n>o0-

From the more general results of the paper it follows that, under the same hypotheses that ensure the CLT (see
Condition 1 in Section 2), if the pair (a, b) is such that P((a, b) € (0,1) x (0,C]) > 0 and P((a, b) € (—1,0) x
0, C)]) > 0, for some C > 0, then

2Vi(x,y)
P ~ 77 1.3
0 e e (2
and
Y+ Su +
Px(ﬁ <t |Ty >l’l> n—>—+>ood) (t), (14)

where ®T (1) =1—e™' */2 s the Rayleigh distribution function. In particular, the above mentioned results hold true if
a and b are independent and a is such that P(a € (0, 1)) > 0 and P(a € (—1, 0)) > 0. Less restrictive assumptions on
the pair (a, b) are formulated in our Section 2. For example, (1.3) and (1.4) hold if a = 0 and b satisfies Condition 1
which covers the case of independent increments.

The above mentioned results are in line with those already known in the literature for random walks with indepen-
dent increments conditioned to stay in limited areas: the rate 1/./n in (1.3) and the asymptotic distribution ®* () in
(1.4) are the same. We refer the reader to Iglehart [18], Bolthausen [2], Doney [11], Bertoin and Doney [1], Borovkov
[3,4], Caravenna [5], Eichelsbacher and Koning [12], Garbit [13], Denisov, Vatutin and Wachtel [7], Denisov and
Wachtel [8,10]. More general walks with increments forming a Markov chain have been considered by Presman [20,
21], Varopoulos [22,23], Dembo [6], Denisov and Wachtel [9] or Grama, Le Page and Peigné [16]. In [20,21] the case
of sums of lattice random variables defined on finite regular Markov chains has been considered. Varopoulos [22,23]
studied Markov chains with bounded increments and obtained lower and upper bounds for the probabilities of the
exit time from cones. Some studies take advantage of additional properties: for instance in [9] the Markov walk has
a special integrated structure; in [16] the moments of X,, are bounded by some constants not depending on the initial
condition. However, to the best of our knowledge, the asymptotic behaviour of the probability P, (ty > n) in the case
of the stochastic recursion (1.1) has not yet been considered in the literature.

Note that the Wiener—Hopf factorization, which usually is employed in the case of independent random variables,
cannot be applied in a straightforward manner for Markov chains. Instead, to study the case of the stochastic recursion,
we rely upon the developments in [9,10] and [16]. The main idea of the paper is given below. The existence of the
positive harmonic function V is linked to the construction of a martingale approximation for the Markov walk (S;,),,>1.
While the harmonicity is inherently related to the martingale properties, the difficulty is to show that the approximating
martingale is integrable at the exit time of the Markov walk (y + S;)s>1. In contrast to [10] and [16], our proof of
the existence of V employs different techniques according to positivity or not of the values of [E(ay). The constructed
harmonic function allows to deduce the properties of the exit time and the conditional distribution of the Markov walk
from those of the Brownian motion using a strong approximation result for Markov chains from Grama, Le Page and
Peigné [15].

The technical steps of the proofs are as follows. We first deal with the case when the starting point of the Markov
walk (y + S,)n>0 is large: y > n'/27¢, for some & > 0. When y > 0 is arbitrary, the law of iterated logarithm ensures
that the sequence (|y 4+ Sk|);<g<,1- Will cross the level n'/2=¢ with high probability. Then, by the Markov property,
we are able to reduce the problem to a Markov walk with a large starting point y' = y + Sy, » where v, is the first time
when the sequence |y + S| exceeds the level nl/2=¢ The major difficulty, compared to [10] and [16], is that, for the
affine model under consideration, the sequence (X, ),>1 is not bounded in LL!. To overcome this we need a control of
the moments of X, in function of the initial state Xo = x and the lag n.

We end this section by agreeing upon some basic notations. As from now and for the rest of this paper the symbols
C,Cq,Cq,p, - - denote positive constants depending only on their indices. All these constants are likely to change their



Conditioned affine Markov walks 531

values every occurrence. The indicator of an event A is denoted by 1 4. For any bounded measurable function f on
X=R?, d=1,2, random variable X in X and event A, the integral fX f(x)P(X € dx, A) means the expectation
E(f(X); A) =E(f(X)14).

2. Notations and results

Assume that on the probability space (€2, F,P) we are given a sequence of independent real random pairs (a;, b;),
i > 1, with the same law as the generic random pair (a, b). Denote by E the expectation pertaining to IP. Consider the
Markov chain (X,),>0 defined by the affine transformations

Xpr1 =an1 Xy +byy1, n=0,

where X = x € R is a starting point. The partial sum process (Sy,)n>0 defined by S, =Y/, X; for all n > 1 and
So = 0 will be called affine Markov walk. Note that (Sy,),>0 itself is not a Markov chain, but the pair (X, Sp)n>0
forms a Markov chain.

For any x € R, denote by P, and E, the probability and the corresponding expectation generated by the finite
dimensional distributions of (X,),>0 starting at Xo = x.

We make use of the following condition which ensures that the affine Markov walk satisfies the central limit
theorem (1.2) (cf. [17]):

Condition 1. The pair (a, b) is such that:
(1) There exists a constant « > 2 such that E(|a|%) < 1 and E(|b|*) < +o00.

(2) The random variable b is non-zero with positive probability, P(b # 0) > 0, and centred, E(b) = 0.

Note that Condition 1 is weaker than the conditions required in [17] in the special case o > 2. Nevertheless, using
the same techniques as in [17] it can be shown that, under Condition 1, the Markov chain (X,),>0 has a unique
invariant measure m and its partial sum S, satisfies the central limit theorem (1.2) with

_ _ E®)
w= /I;xm(dx) =1_E@ E@) =0 2.1

and

E®?) 1+ E(a)
1—E@) 1—E@)

02:/ xzm(dx)+22/ xEy(Xp)m(dx) = (2.2)
R k=1 R

Moreover, it is easy to see that under Condition 1 the Markov chain (X,),>0 has no fixed point: P(ax +b =x) < 1,
for any x € R. Below we make use of a slightly refined result which gives the rate of convergence in the central limit
theorem for S, with an explicit dependence of the constants on the initial value Xo = x stated in Section A.3.

For any y € R consider the affine Markov walk (y + S,,)»>0 starting at y and define its exit time

7y =min{k > 1,y + §; < 0}.

Corollary A.7 implies the finiteness of the stopping time 7,: under Condition 1, it holds P, (7, < 4+00) =1, for any
xeRandyeR.

The asymptotic behaviour of the probability P(zy, > n) is determined by the harmonic function which we proceed to
introduce. For any (x, y) € R xR, denote by Q(x, y, -) the transition probability of the Markov chain (X, y + S)n>0-
The restriction of the measure Q(x, y, ) on R x R is defined by

Q+(~x’ y’B) ZQ(.X, va)
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for any measurable set B on R x R and for any (x,y) € R x R. Let D be a measurable set in R x R containing
R x R*%. For any measurable ¢ : D — R set Q o(x,y) = foRi o', y)Qi(x,y,dx’ x dy’). A Q,-harmonic
function on D is any function V : & — R which satisfies

Q+V(x1y)=V(-x7y)7 forany (X,)’)GOKD

The existence of a non-negative harmonic function is obvious: V = 0 is an example. To ensure the existence of a
harmonic function which is positive on a set containing R x R* , we need additional assumptions.

Condition 2. For all x e Rand y > 0,
Py(ty > 1) =Plax+b>—y) >0.

Condition 3. For any x € R and y > 0, there exists pg € (2, «) such that for any constant ¢ > 0, there exists ng > 1
such that,

IP’X((X,,O, Y+ Sug) € Kpyer Ty > no) >0,
where

Kpoe={(x.y) eR xR, y>c(l +[x]™)}.

It is clear that Condition 3 implies Condition 2. Moreover under either Condition 2 or Condition 3, the event
{ty > n} has positive probability, for any n > 1, x e R and y > 0.

The existence of a harmonic function is guaranteed by the following theorem. For any x € R consider the process
(M) >0 defined by

My =0, My=8,+———X,—x), n>1, (2.3)
a

and the natural filtration (¥7,),>0 with %y the trivial o -algebra and ¥, the o -algebra generated by X, X2, ..., X,. It
is easy to verify that (M,,, ¥,)n>0 is a Py-martingale, for any x € R (see Gordin [14]).

Theorem 2.1. Assume Condition 1.
(1) Forany x € R and y > 0, the random variable M-, is integrable,
Ex(er).l) < 400
and the function
V(x,y)=—-Ex(Mz), xeR,y>0,

is well defined on R x RY .

(2) The function V has the following properties:
(a) Forany x € R, the function V (x, -) is non-decreasing.
(b) Foranyé>0,pe 2,a),x eRandy >0,

V(x,y) 2 max(0, (1 = 8)y — cps(1+ [x[7)),
Vi, y) < (148(1+1x1P71)y +cps(l + 1x17).

(c) Forany x €R, it holds limy_, 4« V(; ) — 1,

(3) The function V is Q. -harmonic on R x R : for any x e R and y > 0,

Q+V(-xv }7) = V(xs y)
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(4) If in addition we assume either Condition 2 and E(a) > 0, or Condition 3, then the function V is positive on
R x R%.

Using the harmonic function from the previous theorem, we obtain the asymptotic of the tail probability of the exit
time t,.
)7

Theorem 2.2. Assume Condition 1.
(1) Forany pe 2,a),x e Rand y > 0,
VnPy(ty >n) <c,p(1+y + Ix])".
(2) If in addition we assume either Condition 2 and E(a) > 0, or Condition 3, then for any x € R and y > 0,

2V
N 1428

n—>+o0o /2mno ’

Corollary 2.3. Assume Condition 1. Forany p € 2,a),x e R, y>0and y € (0,1/2),
Ex(z)) <cpy(L+y+Ix])".

If in addition we assume Condition 2 and E(a) > 0, or Condition 3, then
E, (r;/z) = +00.

Moreover, we prove that the Markov walk (y + S,)»>0 conditioned to stay positive satisfies the following limit
theorem.

Theorem 2.4. Assume either Conditions 1,2 and E(a) > 0, or Conditions 1 and 3. Forany x e R, y > 0 and t > 0,

S
Px<y+ n§t|ty>n> — O,
n——+00

o/n
2
where ®T (1) =1 — e~ is the Rayleigh distribution function.

Theorems 2.1, 2.2, 2.4 can be extended to some non-positive initial points y. Set
D™= {(x,y) ERXR_,Py(ry > 1) =Plax+b>—y) > O}.

Theorem 2.5. Assume Condition 1.

(1) For any (x,y) € D, the random variable M, is integrable and the function V(x,y) = —E,(Mz)), is well
defined on D~

(2) The function V is Q  -harmonic on D = D~ UR x R%.

(3) Ifin addition we assume either Condition 2 and E(a) > 0, or Condition 3, then V is positive D = D~ UR x Ri.

(4) Forany (x,y) e D™,

ﬁIPx(ry >n) < cp(l + |x|)p.

(5) Ifin addition we assume either Condition 2 and E(a) > 0, or Condition 3, then
(a) forany (x,y) e D™,
2V (x,
Px (Ty > n) ~ ﬂ

n—>+00 /2mno ’
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(b) forany (x,y) e D~ andt >0,

S
Px<y+ n§t|ry>n> — ®T().
n—+00

o/n

The study of the asymptotic behaviour of 7y, and y + S, for y < 0 can be motivated by the problem of determining
the time when the population yg + S, starting at yo > 0, stays over a fixed level H. When y = yp — H isin (—H, 0],
the time 7, = inf{k > 1, yo + Sx < H} is the return time of the population yg + S,, under the level H.

Below we discuss two more restrictive assumptions which, however, are easier to verify than Conditions 2 and 3,
respectively.

Condition 2bis. The law of the pair (a, b) is such that for all C > 0,
P(b > Clal) > 0.

Condition 3bis. There exists C > 0 such that,

P((a,b) € (—1,0) x (0,C) >0 and P((a,b) € (0,1) x (0,C]) > 0.

It is straightforward that Condition 2bis implies Condition 2. This follows from the inequality
P(ax +b > —y) 2 P(b = Clal),

with C = |x|. The fact that Condition 3bis implies Condition 3 is proved in the Appendix A.1.

Under Condition 1, it is easy to see that Condition 3bis is satisfied, for example, when random variables a and b
are independent and P(a € (—1,0)) >0 and P(a € (0, 1)) > 0.

Note that, while Condition 3 implies Condition 2, there is no link between Conditions 2bis and 3bis. Indeed, if a
and b are independent, a is non-negative and the support of b contains R, then Condition 2bis holds true whereas
Condition 3bis does not. At the opposite, if a and b are independent, b bounded and the support of a equals to
{—1/2} U {1/2} then Condition 3bis holds true whereas Condition 2bis does not.

The outline of the paper is as follows. The martingale approximation (M,),>o of the Markov walk (S,),>¢ and
some of its properties are given in Section 3. In Section 4 we prove that the expectation of the killed Markov walk
((y+ S,,)Il{ry>,,})nzo is bounded uniformly in 7. This allows us to prove the existence of the harmonic function and
establish some of its properties in Section 5. With the help of the harmonic function and of a strong approximation
result for Markov chains we prove Theorems 2.2, 2.4 and 2.5, in Sections 6, 7 and 8 respectively. Appendix is an
Appendix where we collect some results used in the proofs.

3. Martingale approximation

In this section we approximate the Markov walk (S,),>0 by the martingale defined in (2.3) and state some related
bounds.

We start by a lemma which shows that there is an exponential decay of the dependence of X,, on the initial state
x = X as n grows to infinity. This simple fact will be used repeatedly in the sequel.

Lemma 3.1. Assume Condition 1. Forall p € [1,a], x e R, and n > 0,
1
E/?(1Xal?) < ¢+ (BV7(1al?))"1x] < ¢ (14 Ix]).
Proof. Since X, =Y i (bx [ 1/—t 41 ai) + 1=, aix, for n > 1, with the convention [];_,  ; a; = 1, we have by the

Minkowski inequality and the independence of (a;, b;);>1,

n
P (1Xa17) = Y (EVP(1617)EVP (jal?)" ™) +EVP (jal?)" |x].
k=1

The conclusion of the lemma is thus a direct consequence of Condition 1. O
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All over the paper we use the abbreviation

E(a)

Using this notation and the martingale (M,),>0 defined in (2.3), for any x € R and y € R, the Markov walk (y +
Sn)n>0 has the following martingale representation:

y+Su=y+px+M,—pX,, n>0. (3.2)
Define the sequence (X,?),,zo, by
n n
X0=0 and Xp=) b [[ & nx1, (3.3)
k=1 i=k+1

with the convention [];_, . a; = 1 for k = n. The sequence (Xg)nzo corresponds to the stochastic recursion starting
X9—E(a)x?
k

at 0. In the same line, we define Mg =0and M,? = Zzzl Ta)k’l, for all n > 1. It is easy to see that the process
(M,? , Fu)n>0 1s a zero mean P, -martingale which is related to the martingale (M,),>0 by the identity
M, =M+ A,x, (3.4

where

n Hk—la_
Ap=0 and A,=) =" (g —E@). n>L
k=1

— 1 —E(a)
The following two lemmas will be used to control E, (|M,|?).

Lemma 3.2. Assume Condition 1.

(1) The sequence (A,),>0 is a centred martingale.
(2) Forall pe[l,a]landn >0,

EVP(1An17) < cp.

Proof. The first claim follows from the fact that A, is a difference of two zero mean martingales. Using the
Minkowski inequality for 1 < p < «, the independence of (a;);>1 and Condition 1 we obtain the second claim. [

Let us introduce the martingale differences:

X! -E@X)_,

0 0 0
=M —M)_ = . k=
e = My = Moy 1 —E(a) -

Lemma 3.3. Assume Condition 1. For all p € [1,a] and n >0,
EVP(&)") <cp and EVP(|M)|") < cpi/n.

Proof. For the increments E,? we simply use Lemma 3.1 with x = 0. For the martingale (M,?)nzo, the upper bound is
obtained by Burkholder inequality: forall2 < p <o and alln > 1,

B (M) < cpral/f’((ieff)p/z).

k=1
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By the Hélder inequality with the exponents u = p/2 > 1 and v = ﬁ, we obtain

" £ /o I/p
El/p(|Mr?|p) < CpEl/P|:<Z|‘§]?|2u> nz’:i| < Cpnlz,,Z <ch’) = cp\/ﬁ-
k=1

k=1

This proves the claim when 2 < p < «. When 1 < p <2 the assertion follows from the case above since the L” norm
is less than the L4 norm for g € (2, «]. O

Lemma 3.4. Assume Condition 1. For all p € [1,a] and n >0,
Ey? (IMy|?) < ¢p(1x] + /).

Proof. By the Minkowski inequality and equation (3.4), forall 1 < p <a,x e Randn > 1,
/7 (1M,17) < BVP(18,17) x] + BV (| MJ)]).

Then, by the claim 2 of Lemma 3.2 and Lemma 3.3, the result follows. O

4. Bound on the expectation of the killed martingale

The goal of this section is to prepare the background to prove the integrability of the random variable M. , which is
crucial for showing the existence of the harmonic function in Section 5. We use different approaches depending on
the sign on E(a): when E(a) > 0, in Section 4.2 we prove that the expectation of the martingale (y + px + M;)n>0
killed at 7y is uniformly bounded in n, while, when [E(a) < 0, in Section 4.3 we prove that the expectation of the same
martingale killed at 7, is uniformly bounded in n, where 7}, is the exit time of the martingale (y + px + M;),>o0.

4.1. Preliminary results

We first state a result concerning the first time when the process (|y + Sp|)n>1 (respectively (|y + px + Myu|)n>1)
crosses the level n1/2¢ Introduce the following stopping times: foranyn > 1, e € (0,1/2), x e Rand y € R,

Vn = vy =min{k = 1|y + S| > n'/277} .1
and
Un = Un,ex,y :min{k >1, |y + px +Mk| - n1/2—e}'

Lemma 4.1. Assume Condition 1. Let p € (2, o). There exists ey > 0 such that for any ¢ € (0,¢0],§ >0, x €R,y >0
andn > 1,

— Cp,ed _ 1-2¢
B (i > 8n'0) < DR Fepeae el
Y

and

C E) 1-2¢
l1—e P&, —c n
Px(v,l > én ) < PIpe +cCpese p.e.s [x]P.

Proof. With ¢ < min(1/2, g9), where ¢ is defined in Corollary A.6 and b > 0 a constant to be chosen below, let
I =[b%n'"%, K = [ns/bz] and foranym > 1, x e Rand y e R, with z =y + px,

Ap(x,y)= [1I<I}Ca<xm|z + My < (1 +2|p|)n1/27€}'
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Note that by the martingale representation (3.2), we have forany k > 2, [z 4+ M| = |y + Sk + p(y + Sk) — p(y +
Sk—DI <A+ |pD|y + Skl + |plly + Sk—1l. Then, choosing n large enough to have [ > 2,

]P’x(vn>8n1_5)=]P’x( max |y+Sk|§n1/2_5)

1<k<[8n'—¢]

IA

]P’x( max |z 4+ M| < (1 +2|p|)n1/2*5)
2<k<[én!=¢]

< ]P)x (AK(X9 )’))
Moreover, we have also,
Py (va > 8n' ) <P (Ak (x. ).

Since (X, y + Sp)n>0 is a Markov chain,

Py(Ag (x,y)) = /Rz Po(Ar(x',y)Pe(X(k—1y €dx’, y 4+ Sk—1y €dy, Ak—1(x, y)). 4.2)

We use the decomposition (3.4) to write that, with ¢ = 1 + 2|p|,
]P’x/(Al (x’, y’)) < Px/(’z’ + Mloy <2cnl'/?, ’Alx’| < cnl/z_g)
+ Py 1/2-¢).

Using (3.2) with x =0, we have M, 0— S0 +pX,. 0. By the Markov inequality,

Py (A1 (x', ) <Pe(|d

1/2781 |;0||X;)| < Cn1/27€)

E(Al7)

+ Py (1pl|X7] > en'27) ey — 5o ||

Since SZO does not depend on x’, using Lemma 3.1 and the claim 2 of Lemma 3.2, we obtain

cp(1+1x"7)

Po(A1(x', ") < sup B[y + 57| < 3en'/27%) 4+ =

y'eR
Inserting this bound in (4.2), it follows that

Pe(Ag (x.y)) <Po(Ag—1(x. ) sup P(|y' + 57| <3en'/?7%)
y'eR

p
Setr, = 3“"} . Denote by B _}/ (ry) the closed ball centred in ﬂ of radius r,,. The rate of convergence in the central

limit theorem from Corollary A. 6 (applied with x = 0) implies that,

sp —«2 du Cp.e
sup P\ —= €B_, (ry) | < sup e 272 +2 l*; .
_)/(}’,,)

y'eR Vi Vi y'eRJB V2no
g
Moreover,
—22  du 2ry cs
sup e 22 < <2,
yeRIB _ s (rn) 2ro = 2me T b

T
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Let ¢ < 1. With b large enough in the definition of /, we have 2% < 4, % < ¢ and thus

SO
sup IP’(— eB_,(r )) <g<l.
y'eR \/Z N "

Iterating, we get

Py (Ag (x, ) < g5 'Pe(A1(x, y)) +

p/z pe Zq (1 X k—1-011"))-

Using the fact that X 1P, (A (x, y)) < ¢X~ ' = q —[n*/p*InC1/g) < b, Lemma 3.1 and the fact that (K — 1 —
k)l > cg,gnl’zs for all 0 < k < K — 2, we finally obtain

Py(Ag(x,y)) < S epesecredn Cx|P, 0

P/2 23
4.2. Bound on the expectation of the killed martingale: The case E(a) >0

The difficulty in proving that the expectation E, (y + ox + M,,; T, > n) is bounded uniformly in 7 lies in the fact that
whereas the killed Markov walk (y + Sn)]l{f).m} is non-negative, the random variable (y + px + M,,)]l{fy>n} may be
not. In the case when E(a) > 0 we take advantage of the properties presented in the next lemma.

Lemma 4.2. Assume Condition 1 and E(a) > 0.
(1) Forallx eRand y > 0,

ytpx+ My <0, Py-as.
(2) Forallx eRandy >0,

TIE(Q) <y+,0x+M,y, PX-Q.S.

(3) Forallx e R and y > 0, the sequence ((y + px + My)Liz,>n))n>0 is a submartingale with respect to Py.

Proof. Claim 1. Let, for brevity, z =y + px. Since, by the definition of 7,
Xry =y+ Sry -+ ST)-—I) <0,

it follows from (3.2) and the bound E(a) > 0 that z + My, <y + S;, <0.
Claim 2. Rewrite the martingale representation (3.2) in the form

My =yt Sy (4.3)
4 =Yy n—1 1_E(a)‘ .

So, at the exit time Ty,

X,

T—E@ Mo~ O+ Sy-D <2+ My
Claim 3. Using the first claim and the fact that (M, ),>¢ is a martingale,

Ex@+Mpyr1;ty>n+11F) =2+ M, _]EX(Z—i_Mry; Ty=n+1|%) —Ex(z+ My41 | ?n)ﬂ{rySn}
= (Z+Mn)]l{t_,~>n}- U
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In the next lemma we obtain a first bound for the expectation of the killed martingale ((y + px + Mn)]l{fyw,})nzo

which is of order n!/>=%¢ for some ¢ > 0. Using a recursive procedure we improve it subsequently to a bound not
depending on 7.

Lemma 4.3. Assume Condition 1 and E(a) > 0. Let p € (2, ). For any ¢ € (0, ['4—_2), xeR,y>0andneN, we
have
E(y + px + My; Ty > n) < y + px + clx| +cpn'/>7%.

Proof. By the Doob optional stopping theorem and the claim 2 of Lemma 4.2, with z =y + px,

X
Ey(z+ M,; Ty >n)SZ—Ex(1_4§(a)§Ty§”>-

Note that X, = [/, a;x + X2, with X2 given by (3.3). Then, with ¢ € (0, 1/4),

Ex(z+ M,; Ty > n)

n k
§Z+CZHE(|611‘|)|X| +CEX(|X(T)y

k=1i=1

; Ty <n, max |X,?| §n1/2*28>
1<k<n

+CEX(‘X%

; Ty <n, max ]X,(3| > n1/2—28)'
1<k<n

By the Markov inequality, for 2 < p < «,

n 0
_ maxj <k<n| X;|”
Ex(z+ My; 1y >n) <z+c E EX(lal)lx| + cn'/? 28+C]Ex<% .
k=1 nz
By Lemma 3.1 (with x =0),

1/2—2¢

Ex(z+My;ty>n) <z+cl|x|+cn +cp

Bt —4e)”
Since & € (0, 2=2), we have Z1(1 — 4¢) > 1/2 + 2¢ which concludes the proof. O
7 2

Now we give an improvement of Lemma 4.3 which establishes a bound of the expectation of the killed martingale
((y+ px + M,,)Jl{fym})nzo depending only on the starting values x, y.

Lemma 4.4. Assume Condition 1 and E(a) > 0. Forany § >0, pe€ 2,a),x e R,y >0andn >0,
Ey(y+ px + My 7y >n) < (1+c,8(1+ |x|)p_1)y +cps(l+ |x|)‘".

Moreover, with § = 1, forany p € 2,a),x €R, y>0andn >0,
Ex(y+ px 4+ My 1y >n) <c,(1+y+ Ix])(1+ |x|)p_l.

Proof. Let § > 0 and ¢ € (0, &1], where £ = min(gg, ”4—;2) and &g is defined in Lemma 4.1. Set z = y + px. We split
the proof following the values of n.

Assume first that n < §~1/2. A bound of Ey(z + My; Ty > n) is obtained immediately from Lemma 4.3: since
z=y+ px,forany y >0,

Ex(z 4+ My Ty >n) <y+clx|+cv/n <y+cs(1+|x])
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and the lemma is proved when n < §~1/¢

Assume now that n > §~1/¢ and y > n!/2=¢ From Lemma 4.3, we deduce that,

Ex(y 4 px + My Ty > n) < y 4 px +clx| +cpn'272 < (14 cpn ™)y + clx],

1/2=¢ and n is larger than §~1/¢.

176 and 0 < y < n'/>7¢_ Introduce the following stopping time:

which proves the lemma when y > n
Now, we turn to the last case, whenn > §~

vi=v, + [ng]
We have the following obvious decomposition:

Ex(z+ My; Ty > n) :IEx(z + My Ty >n, v > [nl_s]) +Ex(z + My Ty >n, v < [nl_e]). (4.4)

=:J; =:Jp

Bound of J;. Using the Holder inequality for 1 < p < o, Lemma 3.4 and Lemma 4.1, we have

(14 |x[yP~!

J1<c n(l+y—+|x .
L < cpev/a(l+y+x]) -

Ase < 222 denoting Cp ¢ (x,y) = cp (1 +y + [x(1 + [x)P~!, forall n > 1,

Cp,s(X, y)
né

Ji = 4.5

Bound of J>. Using the martingale representation (3.2) for the Markov walk (y 4+ S,)»>1, by the Markov property,

[n' 9]

J = Z By (y 4+ px" + My_i; 1y > n — k)P (Xoe €dx’, y + Spe €dy', 1y > v), v = k).
k=1 RxR*
By Lemma 4.3,

Jy <Ey(z+ My +cl Xl +¢p n'/27% > 0f vE < [0 7).

For the term z + M, Ve, We use the fact that ((z + Mn)Jl{,yM }a>0 is a submartingale (claim 3 of Lemma 4.2), while for
the term c| X ¢ | = ¢| Xy, +[ne1| We use the Markov property at v, and Lemma 3.1. This gives

Jr < Ex(z + Mpy-ep; Ty > [nl_s], Ve < [nl_‘g]) + cpIEx(nl/z_zg +E[”E](|a|)|Xvn|; Ty > Uy, Uy < [nl_‘g]).

1/2=¢ and v, is the first time when (ly + Sul)n>1 exceeds n'/27¢ the jump X, is necessarily positive

1/2—¢

Since0<y<n
on the event {7, > v,}. Therefore, under the condition E(a) > 0, by the representation (3.2) we have z+M,,, > n
Using the last bound, we obtain

J2 < EX(Z + M[nl—g]; Ty > [nl_g], ]);i < [nl_s])

+cpEX(

Again, using the fact that ((z + Mn)]l{ry>n})n20 is a submartingale and Lemma 3.1, we bound J, as follows,

z+M

Vn 3Ty > U, Uy < [n1—8]> +cp e’ Ex(|Xun|§ oy < [nl—s]).

12§<1+;_1;>EX(Z+MW€]¥U>[ ) epem e T (1 1)

((Z + M[n] 3])<]l{v'3>[n] -]} + ]].{vn>[n] sl}) ) > [l’ll_g]) . (46)

=/
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We bound J3 in a same manner as Jj,

1+ X p-1 C (_x,
ey e D Gt

n 2 7(1771)6 - n(;‘

Inserting this bound in (4.6) and using (4.5) and (4.4) we find that, for any n > ng = [yl/(1/2_8)] +1,

Cpe(x.y)

c
Ex(z+ My; 1y >n) < (1 + n_]*;)Ex(Z + M- Ty > [nl—s]) n -

Since ((z + Mn)]l{ry>,,})nzo is a submartingale, the sequence u, = E,(z + My,; ty > n) is non-decreasing. By
Lemma A.1 used with @ =c¢p,, 8 =C) ¢(x, y) and y =0 it follows that, for any n > ng and kg € {no, ..., n},

c Cpelx,
Eo(z+ My; 1y > n) < (1 + II;;S)EX(Z-i‘MkO; 7y > ko) + %

0

By Lemma 4.3 and the fact that z = y + px, we have

c _
Ex(z+My; 1y >n) < <1+ £»€)y+cl,,skg/2 2e

&
0

Cpe
o
ko

cpe(14|x)P~1
< (1 + MT y +Cp,e,k0(1 + |x|)p-
0

+epelxl+ LE(T+y+Ix) (1 + Ix])"

Choosing kg > s Ve for any0<y< nl/2=¢ and n > 51/,
Ev(z+ My ty > 1) < (14 cped (14 x)" )y + cpes(l+1x])".
Finally we conclude that the lemma holds true for any n € N. ]
We can now transfer the bound provided by Lemma 4.4 to the Markov walk (y + S)n>0-
Corollary 4.5. Assume Condition 1 and E(a) > 0. Forany p€ 2,a),x €R,y>0andn e N,
Ex(y 4 Su; 1y > n) < cp(1 4y + x) (1+ x])7 .
Proof. Using equation (3.2), the result follows from Lemma 4.4 and Lemma 3.1. (]
4.3. Bound on the expectation of the killed martingale: The case E(a) < 0
We adapt the mainstream of the proof for the case E(a) > 0 given in the previous section, highlighting the details that
have to be modified.

In the discussion preceding Lemma 4.2, we noted that (y + px + M;)1z,~,) may not be positive. In the case
E(a) < 0, we overcome this by introducing the exit time of the martingale (y 4+ px + M,),>0: for any y € R,

Ty =minfk > 1,y + px + M <0}.

The importance of this new exit time is stressed by the fact that one can check that when E(a) < 0, the sequence
((y+px + Mn)ﬂ{ry>n})nz() is not a submartingale (as in Lemma 4.2 when E(a) > 0) but a supermartingale. Instead
we prove that ((y + px + M,,)]l{ryw})nzo is a submartingale (see Lemma 4.6 below). This will play an important role
in view of obtaining upper bounds. By Corollary A.7 we have P (T, < +00) =1 for any x € R. The main point is to
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show the integrability of y + px + Mr,. Under the assumption E(a) < 0 we have 7y, < Ty (see Lemma 4.6 below),
which together with the integrability of y + px + Mr, and the fact (|y + px 4+ M, |),>0 is a submartingale, will allow
us to prove in Section 5.2 that y + px + M-, is integrable.

Lemma 4.6. Assume Condition 1.

(1) IfE(a) <O, then forallx e Rand y > 0,

7y <Ty, Py-as.
(2) Forall x e Rand y e R, the sequence ((y + px + Mn)]l{Ty>n})nzo is a submartingale with respect to P,.
Proof. Claim 1. We note that when T > 1, by (3.2) and (4.3), with z =y + px,

y+ S8, =z+Mr, — pX7, < —pX1,,

Xr, X7

y

< — ’ .
1—-E@ ~ 1-E@)

y+Sr,-1=z+Mr, -

Since p < 0, according to the positivity or non-positivity of X7,, we have respectively y + S7, <O or y + 57,1 <0.
When Ty =1 and y > 0 we have X1 <O andso 7, =1=T,. ) ' )

Claim 2. In a same manner as in the proof of the claim 3 of Lemma 4.2, the claim 2 is a consequence of the fact
that z + My, < 0 and that (M,),>0 is a martingale. U

The following lemma is similar to Lemma 4.3 but with T, replacing T, .

Lemma 4.7. Assume Condition 1. Let p € (2, «). For any ¢ € (0, ”4—_2), xeR,y>—pxandn >0, we have

Ey(y + px 4+ My; Ty > n) < y + px + clx| + c,n/>7%.

X7y —E(@) X7, -1

Proof. Note that z =y + px > 0. Since at the exit time T, we have 0 > z + Mry > Sry = —E@ , by the Doob
optional stopping theorem,
Ey(z+ My, Ty >n) <z +CEx(|XTy| + |Xry,1 [} Ty < I’l)
Since |X7,| + [X71,—1] < 2maxj<x<n|Xk| + |x| on {T}, < n}, following the proof of Lemma 4.3,
n k
Ex(z+ M,; Ty >n) <z —l—c(l + ZHMICHI)) x|
k=1i=1
+cn1/2_28]P’< max |X2’ < n1/2_28)
1<k=<n
+CE( max |X2 ; max ‘X2| > n1/2_28>
1<k=<n 1<k<n
§Z+c|x|+c,,n1/2728. O

Lemma 4.8. Assume Condition 1. Let p € (2, ). There exists €1 > 0 such that for any ¢ € (0,¢e1), x € R, y € R,
n>0and?2 <ky<n,

C £
Ex(y+px+M,; Ty >n) < (1 + ];8>max(y, 0) +cpelx] +cp,€\/5+ Cpe e_Cp,sk()|x|[7

0
< cp(1 +max(y, 0) +[x|).
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Proof. We proceed as in the proof of Lemma 4.4. Set £; = min(eo, "’4—;2), where g is defined in Lemma 4.1. Let
g€ (0,e1]. With z =y + px and v, = v, + [n®], we have

Ey(z+ My; Ty >n) = Ex(z+ My; Ty > n, v > [nl_g])

=:Ji

+EX(Z + M, Ty >n, v < [nl_g]). 4.7

=/

Bound of Jy. Let my = [n'~¢] — [n?]. Since on {v, > m,} it holds 7/ = z + My, < n'/2=¢ by the Markov property
we write that

J1 < n1/2—an(vn > me) +f Ex’(|Mn—mg|)Px(Xmg edx’, v, > mg).
R

By Lemma 3.4 and the Holder inequality,
T <n' PP (g > mg) + B (c(vn — i + | X, |); vn > ms)
< cn' PPy (vy > me) + By (1Xom, [P)PYY (0 > my).
By Lemma 3.1 and Lemma 4.1 (since m, > n'=¢/c,),

C
J1 < P

— r=1_

n 2

—2e
Fepeere T xp. (4.8)

Bound of J,. Repeating the arguments used for bounding the term J> in Lemma 4.4, by the Markov property and
Lemma 4.7, we get

B <Ee(z+ My +cl Xy | +cpn /275 Ty > 08, 0f < [n'7F]).
Using the claim 2 of Lemma 4.6 and Lemma 3.1,
B <Ey(z+ Mppep Ty > [n'7F], 05 < [n'7¢])
+Ex(cpn' 2720 Ty > va v < [n17F]) e e B (1X, v < [n17]).
On the event {Ty > vy}, we have n'/>~¢ < z + M, . Hence
T2 B+ My Ty = [0 =], 05 < [2179))

z+M,,
£

+cpEx( P Ty > Vn, Un < [nl‘s]) +epee " B (1Xy, i vn < [n'7]).

Coupling this with (4.8) and (4.7) and using again the claim 2 of Lemma 4.6, we obtain that

Ex(z+M,; Ty >n) < (1 + Z—’;)Ex(z —i—M[nH]; Ty > [nl_"’"])

Cp.e

p—1
nz P

- +epee P [x|P
&

Since ((z + M,,)Il{Ty>,,})nzo is a submartingale (claim 2 of Lemma 4.6), the sequence u, = E(z + M,; Ty, > n) is
non-decreasing. By Lemma A.1 witha =c¢,, B =cp ¢, vy = |x|? and § = ¢, ¢, we write that

C C &
Ey(z+ My; Ty > n) < (1 + lfj)E’C(Z + Myy; Ty > ko) + k”—j +epee ek x|P,
0 0
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Using Lemma 3.4 and the fact that z = y + px, we obtain that

c &
Ey(z+ My Ty > 1) < (1 - ) max(y. 0) + ¢pelx| + cpe/ko + cpe e P x .

o (]
To transfer the assertion of Lemma 4.8 to the random walk (y 4 Sy),>0, we need to assume that E(a) < 0.
Corollary 4.9. Assume Condition 1 and E(a) < 0. Let p € 2, ). Foranyx e R,y >0andn € N,
Ex(y + Su; 7y > n) <cp(1+y + [x]?).
Proof. By (3.2) and the claim 1 of Lemma 4.6, we have
Ex(y +Spsty >n)=Ei(y + px +M,; Ty > 1y > n) — Ex(0Xp; Ty > n).
The result follows from Lemma 4.8. (]

5. Existence of the harmonic function

In this section we prove Theorem 2.1. We split the proof into two parts according to the values of E(a).
5.1. Existence of the harmonic function: The case E(a) > 0

We start with the following assertion.

Lemma 5.1. Assume Condition 1 and E(a) > 0. For any x € R and y > 0, the random variable M is integrable.
Moreover, for any p € (2, o),

Ex(IMz, 1) < cp(1 4y + 1) (1+ [x])" .
Proof. Let z =y + px. Using the claim 1 of Lemma 4.2 and the Doob optional stopping theorem, we have
Ex(|My,|: 1y <n) < —Ex(z + My 1y <n) +y + plx|
=Ex(z+ Mp; 7y >n) — 2+ y+plx|.
By second bound in Lemma 4.4, for all n > 0,
Ex (1Ml 7y <) < cp (143 + ) (14 1x))7 ™ = Cpx, ).

Since ({ty <n}),>1 is a non-decreasing sequence of events and Py (7, < +00) =1 for any x € R (by Corollary A.7),
the result follows by the Lebesgue monotone convergence theorem. ]

It follows from Lemma 5.1 that the function
Vix,y)= _Ex(Mry)

is well defined for any x € R and y > 0, which also proves the claim 1 of Theorem 2.1 when E(a) > 0.
The following two propositions prove the claims 2 and 3 of Theorem 2.1 when E(a) > 0.

Proposition 5.2. Assume Condition 1 and E(a) > 0.

(1) Foranyx e Rand y > 0,

V,y)= lim E(y+px+M,; 1y >n)= lim E,(y+ S, 1y >n).
n—-+4o00o i n—-+00
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(2) For any x € R, the function V (x, -) is non-decreasing.
(3) Forany$>0,pe 2,a),x eRandy >0,

max(0, y 4+ px) < V(x,y) < (14 ¢,8(1 + |x|)p_l)y +cps(l+ |x|)p.
1. Forany x € R,

im0y
1m =
y—>—+00 y

1.

Proof. We use the notation z =y + px.
Claim 1. Since, by Lemma 5.1, M~ is integrable, we have by the Lebesgue dominated convergence theorem,

Ex@+Myty>n) =2 —Ex(@+ Mty <n) — —Ee(Mr)=V(x,y).

To prove the second equality of the claim 1 we use Lemma 3.1 and the fact that 7, < +00:

[Bx(Xui 7y > )| B (1XaP)yPr(ry > m) a1+ Ixl) [Pty > m) — 0.

Using (3.2), we obtain the claim 1.
Claim 2. If y; < y», then 7y, < 7), and

Ex(y1 + Sps Ty, >n) <Ex (2 + Sus Ty > 1) S Ex(y2 + Sus 7y, > 1),

Taking the limit as n — 4-00 we get the claim 2.

Claim 3. The upper bound follows from the claim 1 and Lemma 4.4. On the event {7, > n}, we obviously have
y + S, > 0 and so by claim 1, V(x, y) > 0. Moreover, since z + MT(V < 0 (by claim 1 of Lemma 4.2), we have, by
claim 1,

Vx,y)=z— lim E,(z+ M¢,; 1y <n) >z,
n—-400 ’ ”

which proves the lower bound.
Claim 4. By the claim 3, forall § > 0, x € R,

V b . V k) —
1< timinf 25 < himsup YO < (14 c,8(1 4 1x)P Y.
y—o+oo Yy y—+00 y
Letting 6 — 0, we obtain the claim 4. O

We now prove that V is harmonic on R x R .

Proposition 5.3. Assume Conditions 1 and E(a) > 0.

(1) The function V is Q-harmonic on R x R% : for any x e Rand y > 0,
QV(x,y)=V(x,y).
(2) Ifin addition we assume Condition 2, then the function V is positive on R x R* .

Proof. Claim I. Denote for brevity V,,(x,y) =E.(y + Sy; 7y > n). Forall x e R, y > 0 and n > 1, by the Markov
property,

Vit1(x,y) Z]Ex(Vn(Xl, y+S1); 1y > 1)‘
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By Corollary 4.5, we see that the quantity V,(X1,y + S1) is dominated by the random variable ¢, (1 +y + S +
|X1)(1 4+ |X1])?~! which is integrable with respect to E,. Consequently, by the Lebesgue dominated convergence
theorem and the claim 1 of Proposition 5.2,

Vi, y)=E(V(X1,y+ 811y > 1) =Q V(x, ),

where by convention, V (x, y)1{y~0; =0if y <0 and x e R.
Claim 2. Fix x € R and y > 0. Using the claim 1 and the fact that V' is non-negative on R x R’ (claim 3 of
Proposition 5.2) we write

-y
Vix,y)>E,| V(X;, S1); 1,X — ).
(x,y) = x( (X1, y+ Sty > 1>2(1+p)>

By the lower bound of the claim 3 of Proposition 5.2 and (3.2),

—y y —Y
% >E 1 Xty >1,X — > =P. | X .
(o, y) = x(Y+( to) Xty > ‘>2(1+p))—2 "( 1>2(1+,o)>

By Condition 2, we conclude that, V (x, y) > 0 for any x e R and y > 0. (]
5.2. Existence of the harmonic function: The case E(a) < 0

In this section we prove the harmonicity and the positivity of the function V in the case E(a) < 0. The following
analogue of Lemma 5.1 shows that the random variables M7, and M, are integrable.

Lemma 5.4. Assume Condition 1.
(1) Foranyx e Rand y e R,
Ei(IM1,1) < cp(1+ Iy + 1x7).
(2) Ifin addition E(a) < 0, then for any x e R and y € R,

Ex(|Mt_‘,~|) = Cp(l + |yl + |x|17)'

Proof. Claim 1. The proof of the bound of E(|Mr,|) is similar to that of Lemma 5.1 using Lemma 4.8 instead of
Lemma 4.4 and the fact that by Corollary A.7 we have P, (Ty < +00) =1, x € R.

Claim 2. By the claim 1 of Lemma 4.6, we have ty An < Ty, A n. Since (|My]),>0 is a submartingale, with
z=y+px,

B (|Me,|; 7y < 1) < B (1M, nl) < B (1M aal) < 212] + 2B (1M1, |; Ty < ).
The Lebesgue monotone convergence theorem implies the claim 2. (]
It follows from the claim 2 of Lemma 5.4 that, under Condition 1 and E(a) < 0, the function
V(x,y) = —E (M)

is well defined for any x € R and y > 0. This also implies the claim 1 of Theorem 2.1 when E(a) < 0. To prove the
positivity of the function V on R x R* , we also consider the function

W(x, y) = —E.(Mg,),
which is well defined on R x R by the claim 1 of Lemma 5.4. Note that W exists under solely Condition 1.

Proposition 5.5. Assume Condition 1.
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(1) Foranyx e Randy € R,

Wix,y) ZnETOOEX(y + px + My; Ty > n).

(2) For any x € R, the function W (x, -) is non-decreasing.
(3) Forany p € (2, @), there exists €1 > 0 such that for any € € (0, 1], ko >2,x e Rand y € R,

C &
p.e —cp ek

T3 )max(y,0)+cp,g|x| +cpevko+cp e P |x]|P.
0

max(0, y + px) < W(x,y) < (1 +

(4) Forany x € R,

! Wix,y)
m — =
y—>+00 y

1.

(5) Foranyx e Rand y e R,
W(x,y) =Ee(W(X1,y + 805 Ty > 1),
and (W(Xn, y + Sn)L{1,>n})n>0 is a martingale.

Proof. The proof is very close to that of Proposition 5.2. The upper bound of the claim 3 is obtained taking the limit
as n — 400 in Lemma 4.8. We prove the claim 4 taking the limit as y — +o0 and then as kg — 400 in the inequality
of the claim 3. The proof of the claim 5 is the same as that of the claim 1 of Proposition 5.3. ]

Turning now to V', we have the following proposition.

Proposition 5.6. Assume Condition 1 and E(a) < 0.

(1) Foranyx e Rand y > 0,

Vx,y)= lim E,(y+px+M,; 1y >n)= lim E.(y+ S, 7y >n).
n— 400 n—-+00

(2) For any x € R, the function V (x, -) is non-decreasing.
(3) Forany pe 2,a),§>0,x€eRandy >0,

0=V, y) = Wex,y) = (L +¢pd)y +cps(l+xIP).
(4) The function V is Q-harmonic on R x R : for any x e R and y > 0,
Qi V(x,y)=V(x,y)

and (V (X, y + Su)L{zr,>n))n>0 is a martingale.

Proof. The proofs of the claims 1, 2, 4 and of the lower bound of the claim 3, being similar to that of the previous
proposition and of the Proposition 5.2, is left to the reader. The upper bound of the claim 3 is a consequence of the
fact that 7, < Ty (claim 1 of Lemma 4.6): with z =y + px,

Vix,y) :nEIBOOEX(Z + My; Ty > n)

SnETwEx(ZJrMn;Ty>n)=W(x,y)- m

Our next goal is to prove that V (x, y) > max(0, (1 —8)y — ¢, s(1 4 |x|?)) from which we will deduce the positivity
of V. For this we make appropriate adjustments to the proof of Lemmas 4.3 and 4.4 where the submartingale ((y +
0X + My)Liz,>n))n>0 Will be replaced by the supermartingale (W (X,,, y + S;)1{¢,>n})n>0. Instead of upper bounds
in Lemmas 4.3 and 4.4 the following two lemmas establish lower bounds. '
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Lemma 5.7. Assume Condition 1 and E(a) < 0. For any p € (2, ), there exists €1 > 0 such that for any ¢ € (0, £1],
xeR,y>0andneN,

Ex(W(Xn,y +S); 1y > n) = W(x,y) —cpen' 72 —cp x|
Proof. By the claim 1 of Lemma 4.6 and the claim 5 of Lemma 5.5, as in the proof of Lemma 4.3,
Ex(WXp,y+ S0ty >n)=W(x,y) —Ex(W(Xe,, ¥+ S,): Ty > 1y, Ty <n).
Using the claim 3 of Proposition 5.5 and the fact that y + Sf,v <0,
Ex(W(Xe,,y+ S,): Ty > 1y, Ty <n)
<Ex(cpel Xey |+ cpevko+cpee ™0 |X o [P Ty <n).
Taking ko = [n'~*¢], the end of the proof is the same as the proof of Lemma 4.3. ]

Lemma 5.8. Assume Condition 1 and E(a) < 0. For any p € (2, a) there exists €1 > 0 such that for any ¢ € (0, &1],
ko>2,xeRandy >0,

(W(Xn,y+Sn) Ty >n) > y(l — ks )—cp,gké(l + lep).

Proof. The proof is similar to that of Lemma 4.4. With v;, = v, + [#°], we have
Jo=Ex(W(Xpn,y+ Sp); 1y > 1) = Ee(W(Xp, y + S0)i 7y > n, 05 < [n!7¢]).
Using the Markov property, Lemma 5.7 and the fact that n — v, <n,

Jo > EX(W(XUYS!, y+ Svg) _Cp,£n1/2_28 - Cp,s|Xv§|p; y > vna vn = [ 1= 8])

By the claim 1 of Lemma 4.6, on {ty > vy} we have z + M,,, > n1/2_8, where z = y + px. Moreover, using the
fact that (W (X, y + Sn)]l{T >n})n>1 18 a non-negative martingale (claim 3 and 5 of Proposition 5.5) and the fact that
y < Ty a.s. (claim 1 of Lemma 4.6) we can see that (W (X, y + S, )]1{,V>n}),,>1 is a supermartingale. From this and

as in the bound of the term J» of Lemma 4.4, we obtain that

JO > Ex(W(X[nl—S], y + S[nl—g]); Ty > [nlfs])
— ]EX(W(X[n]—g], y + Slnl—s]); ty > [}’ll_é‘], Ui > [nl_s])

- CP:: Ex(Z + My,; Ty > vp, vy < [nl_s]) —Cpe e_cp’gne(l + |x|p)' G.h

Using the claim 3 of Proposition 5.5 with ky = n and the martingale representation (3.2), the absolute value of the
second term in the r.h.s. of (5.1) does not exceed

cp,eEx (z + My i-e + Jn+ | X [1-¢] +e_cl’vf’"8|Xln|751|p; Ty > [nl_s], v > [nl_g]).

Since ((z + M,,)]l{ry>n}),,zo is a submartingale, by claim 2 of Lemma 4.6, the absolute value of the third term is less
than

Cp.e
—Ex(z+ My Ty > n).
n
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These bounds imply
Jo 2z B (WX ey, y + Sp-ep)s 73> [217])
— cp B (24 Mpp—e) + v+ | X [ 7y > [ 7], 05 > [n7F])
=€ P B (X5 7y > [0 0 > [017])

— PR (4 My Ty > n) — cp e (14 [x|P). (5.2)

n&‘

Using the Markov property with the intermediate time m, = [n1=¢] — [n®], Lemmas 3.4 and 3.1 and the fact that
v, = v, + [n°], the absolute value of the second term in the r.h.s. of (5.2) is bounded by

cp,gEx(|z + My, | +cent? + | Xm,| +/n+ c(l + |Xmg|); Ty > Mg, Uy > mg),
which, in turn, using the fact that z + M,,, < nl/2=¢ on {v, > mg}, is less than
cpeBx (Vn + 1 X, |; Ty > me, vy > my).

The absolute value of the third term in the r.h.s. of (5.2) is bounded using Lemma 3.1 by ¢, . eCren” (1 4 |x|?). The
fourth term is bounded by Lemma 4.8. Collecting these bounds, we obtain

J() > EX(W(X[nl—g], y + S[nlfe]); Ty > [I’ll_s])

_Cp,SEX(\/E+|XmE|;T}’>m8a Un>m8)_ (1+)’+|le)- (5.3)

Cpe
né‘
Coupling the Holder inequality with Lemma 3.1 and Lemma 4.1, we find that the second term in the r.h.s. of (5.3)
does not exceed

n'~ cpe(1+ 1P

&

i —(p—De

(Vi +EVP (1 X, 7)) BV ( . ) < cpe (/i + 1))

Implementing this into (5.3),
_ Cp,
Jo = By (W(Xp1-cp, y + Sppi-ep)s Ty > [n1 ‘] - np—;(l +y+ |x[?).

Since (W (X,,, y + S,,)]l{fy>n})nz1 is a supermartingale, Lemma A.2 implies that

Cpe

ko

Jo = Ex(W( Xy, ¥ + Sko): Ty > ko) — == (14 y + [x[P).

Using the lower bound of the claim 3 of Proposition 5.5 and Lemma 3.4, we deduce that

C
Ee(W(Xu,y+ 82 7y > n) = yPo(ty > ko) — ¥ ,fj —cpevko—cpelx|”.
0

Now, when y — +o00, one can see that P, (t, > ko) — 1: more precisely,

K3(1+
Py (7y > ko) = ]P’x<1rnax | Xk| < kl) >1 —CM.
y

<k<ko 0

Finally,

C
Ey(W(Xn,y+ S0); 1y >n) > y(l - ]ff) —cpekg(1+1x1P). 0
0

Under Condition 3 we use Lemma 5.8 to prove that V is positive on R x R .
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Proposition 5.9. Assume Conditions 1 and E(a) < 0.

(1) Forany6>0,pe 2,a),x €R, y >0,
V(x,y) = (1=8)y—cps(l+x|7).
(2) Forany x € R,

5 Vix,y)
1m =
y—+00 y

1.

(3) If in addition we assume Condition 3, then the function V is positive on R x R .

Proof. Claim 1. Using the claim 1 of Lemma 4.6 and the claims 3 and 5 of Proposition 5.5, with z = y + px, we write

Ex(z+ M,; Ty > n)
>Ex(z+ My; Ty > n) _EX(W(Xn’Y"' S$n); Ty > n, Ty Sn)
=E (z+My; Ty >n) — W(x,») +Ec(W(Xp, y+ Sp); 1y > n).

Using Lemma 5.8, the claim 1 of Proposition 5.5 and the claim 1 of Proposition 5.6, we obtain

c
Vix,y)> y(l — ]f;g> — cp,gk%(l + |x|l’).
0

Taking ko large enough, the claim 1 is proved.

Claim 2. Taking the limit as y — +o0 and as § — 0 in the claim 1, we obtain first that liminfy,_ y o V(x, y)/y > 1.
By the claim 3 of Proposition 5.6, we obtain also that limsup,_, , ., V(x, y)/y < L.

Claim 3. Fix x € R, y > 0 and §p > 0. By Condition 3, there exists pg € (2, ) such that for any ¢ > 0 there exists
no > 1 such that Py (X, ¥ + Siy) € Kpy,c» Ty > no) > 0. Thus, using the claim 4 of Proposition 5.6,

V(x,y) = E, (V(Xnov y+ Sno); (Xno, y+ Sno) € Kpo,c, Ty > nO)-
Using the claim 1 with p = pg and § = 1/2 and choosing the constant ¢ = 2c,,s + 230, there exists ng such that

V(x,y) = 80Px ((Xng, ¥ + Sug) € Kpo.c» Ty > no) > 0. O

6. Asymptotic for the exit time

The aim of this section is to prove Theorem 2.2. The asymptotic for the exit time of the Markov walk (y + S;)n>0
will be deduced from the asymptotic of the exit time for the Brownian motion in Corollary A.4 using the functional
approximation in Proposition A.S.

6.1. Auxiliary statements

We start by proving an analogue of Corollaries 4.5 and 4.9, where n is replaced by the stopping time v, defined by
(4.1).

Lemma 6.1. Assume Condition 1. For any p € (2, ), there exists o > 0 such that for any € € (0,&9], x €eR, y >0
andn > 1,

Er=Fo(y+Su: 1y > vnova < [0 7]) <cpe(14y+ Ix) (1 + [x])" .
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Proof. When 7, > v, > 1, we note that

0< Xy, <y+Sy,. (6.1)
Using the martingale representation (3.2) and (6.1), we have

y+ S, =z+ M, +max(0, —p)X,, <z+ M,, +max(0, —p)(y + S,,),

with z =y + px, and so

0 Sy, <——m———
YA = 1 — max(0, —p)

(Z+Mv,,) 52(Z+Mv,,)-
Consequently, using Lemma 3.1 when v, =1,
E < c(l +y+ |x|) +cIEx(z + M, Ty >v,, 1<, < [nl_g])

< c(l +y+ |x|) +cIEx(z + My, Ty > vy, 0 < [nlfs]). (6.2)

Ej
Now, denoting v, A [n!7¢] = min(v,, [n!7¢]), we write
E} = cBx(z+ M, nppi-e) — cBx(z+ M, ppi—es Ty < vn A [0 7F])
— B2+ M- 1y > [nl_a], vy > [nl_a]).

Since (M;,),>0 is a centred martingale, using Lemma 5.1 when [E(a) > 0 and the claim 2 of Lemma 5.4 when E(a) <
0, Lemmas 3.4, 4.1 and Holder inequality, we obtain

-1
El<cpe(1+y+Ix])(1+x)" .
Implementing this into (6.2), it concludes the proof. (]

1/2—¢

Now, we can prove an upper bound of order 1/n of the probability of survival Py (7, > n).

Lemma 6.2. Assume Condition 1. For any p € (2, «), there exists ey > 0 such that for any ¢ € (0,ep], x e R, y >0
andn > 1,

(4 y +xDA + xpP~!
nl/2—¢ :

Py(ty >n) <cpe

Moreover, summing these bounds, we have

[n' ]
> Pty > k) <cpe(T+y+Ix)(1+ )P nl/2 e,
k=1

Proof. We write

S
Py(ty >n) < Ex(%; Ty >y, Uy < [nl_s]) —HP’x(v,, > nl_g).

Using Lemma 6.1 and Lemma 4.1, the claim follows. (Il

Before to proceed with the proof of Theorem 2.2, we need two additional technical lemmas. Recall the notation

v;/6=vn+[ne/6].
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Lemma 6.3. Assume Condition 1. There exists ey > 0 such that for any € € (0, &9], x e Rand y > 0,

E,=E, (y + Suj/f’; Ty > vns/6, vf,/ﬁ < [nl_s]) — V(x,y).

n——+00

Proof. Using the martingale approximation (3.2),

Ey= _pEx(Xuf;/G; Ty > VEl6 Ere < [nlfs]) +E(z + M c/s; Ty > VvEl6 VElS < [nlfe]) ) (6.3)

=:Ey =:Ep
Bound of E>1. By the Markov property, Lemma 3.1 and the fact that (y + S,,)/ nl/2=¢ > 1,

|Eai| < B (141X, |5 7y > vy, vy < [2'7])

(']

= #El +Ce_cn5/6 Z IEx(|Xk|)-
k=1

By Lemma 6.1, we obtain

(L+y+ xpA + xpP!

|E21l < cpe Yo (6.4)
Bound of Ey. We proceed in the same way as for bounding E| defined in (6.2):
Exn=z—Fx(z+ M1y < e/ A [nl’g])
—E, (Z + MVZ/GA[HH]; Ty > vf,/ﬁ A [nlfg], vz/6 > [nlfe]).
By the Holder inequality, Lemma 3.4 and Lemma 4.1,
En<z—Ei(z+ M1, < VEl® A [nl_s]) +Cpe (dty+ |x;|)51 salli ) (6.5)

n 2 Cp&€

Since v/ > [18/6] = 400 as n — +00 and M., is integrable (using Lemma 5.1 when E(a) > 0 and the claim 2 of
Lemma 5.4 when E(a) < 0), by the Lebesgue dominated convergence we deduce that

lim Eyp=-E,(M;)=V(x,y).
n—+o00 -
Coupling this with equations (6.3) and (6.4), we conclude that E, —+> Vix,y). U
n——+0o

Lemma 6.4. Assume Condition 1. There exists ey > O such that for any € € (0, e9], x e Rand y > 0,

E;=E, (y + Svg/s; y+ Svg/s > n]/276/6, Ty > v2/6, vﬁ/6 < [nlfe]) — 0.

n——+00

Proof. The first step of the proof consists in proving that we can replace the time v,sz/ % in the definition of E3 by the

time v,. More precisely, we shall prove that the following bound holds true:

E3 <cn®/OBy(y+ Su,: v + Sy, > n'272 1y > vy, w, < [n177))

=:E3;

(L+y+ D+ [xDP~!
£ .

+¢p 1e/6

(6.6)
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To this end, we bound E3 as follows:

E; < E3 +]Ex(|Sv8/6 - Sv,ll; y+ Sv,, > n1/2—s/2; Ty > Vp, Vp < [nl—s])

=:E3

+Ex(y + Svn; y + SU,, < },11/2—8/27 y + SVZ/G > nl/z—é‘/é’ .[y > v, Uy < [nl—é])

=:E33

A B (1S 06 — S, [ 3+ Su, <0272y 48 s > n' P70 1y > 0 0, < [017F]). (6.7)

=:E34

Bound of E3;. By the Markov property and Lemma 3.1,
Ep < / B (1Sper6) )Py (X0, €dx’,y + 8, €dy .y +S,, > nl2=¢2 o s, 0, < [nl_s])
RxR%

= EX(Cn8/6(] + |XV"|)’ y + SVn > n1/278/27 fy > Vp, Vp = [nlig]).

If 7y > v, > 1, by (6.1), we have |X,, | = X,, <y +S,,. Using this bound when v, > 1 and the Markov inequality
when v, =1,

E3 < Ex(cn£/6(1 + X1 |), y+ X > nl/2=e2 = 1) + Cn8/6E31

(I+y+1xDd+ |x))
=¢ n1/2—ce +

cn®/OE3;. (6.8)
Bound of E33. By the Markov property,
&35/ ﬂR&ﬂ+&Wq>#”%“)
RxR%

x ]PX(XV” € dx/’ y+ SVn € dy/, y+ Svn = n1/2—8/2’ Ty > Vp, Vp < [1’11_8]).

When y’ < nl/2=e/2, by the Markov inequality, we have,

1/2—6/6 8/6(1 +| /|)
N n Cel X
]P)x/(y/ + S[ns/ér] > nl/z 8/6) < HDX/ <|S[ns/6]| > ) < £

e nl/2—¢/6
On the event {y + S,, < nl/2—¢/2 Ty > v}, we obviously have x'=X,, < n!/2=¢/2 From these bounds, using the
positivity of X, for v, > 1, see (6.1), we obtain

ce(1+1X1]) Ce
Es3 SEX<(y+S])nl/2——s/3’ ve,=1]+ na/Z—s/BEl'

By Lemma 6.1, we obtain

(+y+ DA+ P!

<
Es3 < Cp,e 1676

(6.9)

Bound of E34. Again, by the Markov property,
B34 = / ]Ex’(|S[ng/6]|; y + N n1/2*5/6)
RxRY

x Py(X,, €dx’,y+ Sy, €dy,y+3S,, <n'?72 1 > v, < [nl_s]).
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When y’ < nl/2=e/2 using the Markov inequality and Lemma 3.1, we have

p=1l_ . .
n 2 —¢p¢

p—1
_ e |Spuereyl? (L+1x"DP
]Ex/(|S[ns/6] |, yl + S[ns/ﬁ] > nl/z 8/6) < IEX/ (ﬂ < [ N e —

n 2

Then, using Lemma 3.1 again and the Markov property for the terms in the last sum of the first line below,

[n'~°]

Cpe
Exy<—F—+ ZE IXil?) + —— Y Ex(1Xel”s 7y > k)
n 2 “¢p¢ ‘1)8 2 Cpé k=[n]+1
1 =*1—[n?]
c 1+ |x|? c e
S p,&‘(il | | ) 7{7,6 Z ]Ex(l +e*£pﬂ |Xk|ps Ty > k)
P )
n 2 —¢p¢ n 2 —¢‘p¢ =1
n'*]
cp.e(1+1x]P) e onf
< pa‘? +cp,ge Cp,eh (1 + |x|P) Z ]P}x(fy > k)
n 2z —Cpé nT—cp

Using the second bound in Lemma 6.2, and taking ¢ > 0 small enough, we obtain

1 1 p-l
E345cp,g( +y+ x4 |x]) o 6.10)

n—-+o0o

nz ~¢p¢

Inserting (6.8), (6.9) and (6.10) in (6.7), we conclude the proof of (6.6).
Bound of cn®/®E3;. Note that, when v, > 1 and y + §,, > n'/2=¢/2 e have Xy, =y+8, —0+S8,-1)>

_ _ pl/2—e
nl/2=e/2 _ pl/2—e > T Consequently,

cn®/OEs < cn®/OK, (y + Sy, < [ns])

=:E3;5

nl/2—¢/2

+cn®/OR, (y + S, Xy, > ———,
Ce

Ty > vy, [ng] <y, < [n]_g]) . 6.11)

=:E36

Bound of E3s. Using the definition of v,, the Markov inequality and Lemma 3.1,
E3s5 < cn®/CR, (max |y + Skl; max |y + Skl > n1/2—8>

cp(1+y + |x])?
= W (6.12)

Bound of E3e. The idea is based on the observation that, according to the first bound in Lemma 3.1, the random
variables y + S, _[»¢] and X,,, are “almost” independent. In this line, summing over the values of v, and bounding
the indicators 1y,,—x) by 1, we write

[n'—*]

1/2—¢/2

/6 E ) n'/>=el k

E3zs <cn E x| Y+ Sk—eys Xk > Ty >
k=[n¢]+1 Ce

] ('] al/2-¢/2
+cn®/ Z Ex(|Sk — Sk—mel; Xk > ci,fy >k>.
k=[n®]+1 €
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By the Markov property,
nl/2—¢/2
E36 <cn® Z / y'Py ( 7)
k=[n*]+1 RxR% Ce

X Py (Xk—ne) €dx", y + Se—pne €4y, 7y > k — [n°])

[n!=*]

1/2—¢/2

n

+cn®/® E Ex<n8 max |Xl-|;Xk>7,ty>k>. (6.13)
k=[nt]4+1 k—[n¢]<i<k Ce

Recall that, under P/, by (3.3), X[,e] = ]_[l jaix "+ X (ne]- Then, since a;’s are independent and identically distributed,
by claim 1 of Condition 1 and Lemma 3.1,

1/2—¢/2 [2°] 1/2—¢/2 nl/2—e/2
n n

P/Xx>7<]P>||</>7+IP’XA -
x( [n°] Ce >_ (i_lalx 2¢e ) <‘ (7] 2¢e )

Cpe

<cee x|+ — (6.14)

n 2 Cp&‘ :
Inserting (6.14) into (6.13) and using Cauchy—Schwartz inequality, by Corollaries 4.5 and 4.9,

[n!=*]

Ex< ). (cge—Ce"SEi/2(|y+S,-|2) (1%, 7) + —f“a(1+y+|x|)(1+|x|)”‘>
j:l n: Cp

[n!=#]

e] X;|P
+Cn8+8/6 Z Ex(man [;’ll<l<k| | ’ y>k [ ])

k=[n*]+1 I

nz
Using the decomposition (3.2) and Lemmas 3.1 and 3.4

_ [nl—é‘]

(4 y+ DA+ xphP! c

E3zxc<cpe 2 + p—]p Z By (ng(l + |Xk*[”g]|p); Ty >k — [ns])
n'z ot nT T 41

Re-indexing j = k — [n®], after some elementary transformations, we get

1 £
]

(L+y+ x4 |x)P~ 1
Ess <cpe Y Z Py (TV > Jj)

p—2
n 2

—Cpé

[nf] [n'=*]

e NN TU I T MR

[n°1+1

Again using the Markov property, Lemma 3.1 and Lemma 6.2, we have

_ [n 1— s] [n|—8]
(1 +y 4+ 1xDA + xpP~! _ .
E36§Cp,s =) + 1 Z P, ("-'y >/)+Cpe epn® Z IE)c(|Xj|p§"-'y >J)

p—z_
nz —Ctp¢ n 2 —Cpé€ j=1

(I +y+ DA+ [xp?!

r=2_.
n 2 “¢p¢

=Cpe
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Inserting this bound and (6.12) into (6.11), we obtain

Cp,s(l +y+xD?

p=2
n 2z " ‘p¢

Cn8/6E31 <

Together with (6.6), this bound implies that

1 p
SCP( +y+x)) 0. (6.15)

E
3 nél/6 n——+00

6.2. Proof of the claim 2 of Theorem 2.2

Assume either Conditions 1, 2 and E(a) > 0, or Conditions 1 and 3. Introducing the stopping time v,f/ 6_ v, + [ng/ 6],
we have

Py(ty > n) =Py (‘cy >n, v,f/G < [nlfs]) + P, (ty >n, v,i/6 > [nlfg]). (6.16)

We bound the second term by Lemma 4.1: for 2 < p < «,

1—e P
£/6 - n A +1xD 1
PX(Ty >n,v, > [n 8]) SI[’DX (Vn > e ) < CP’EW =0 ﬁ . (617)

To bound the first term, we introduce more notations. Let (B;);>0 be the Brownian motign from Proposition A.5, Ax
be the event Ay = {maxo<;<1|Syk] — 0 Bik| < k1/2_28} where o is defined by (2.2), and Ay be its complement. Using
the Markov property, we have

Px(ry >n, v,i/6 < [nl_g])

[n'~]
=> Py (ty >n —k, Ay )Py (X €dx’, y+ Sp edy, 7y > k, vi/* = k)
k=1 Rx]Ri
=:J;
[n']
+ > / Pty >n—k, Ay )Py (Xp €dx’, y+ S €dy', 1y > k, vi/* = k). (6.18)
=1 RxRY
=/

Bound of Ji. Taking into account that n — k > % for any k < [n'~¢], by Proposition A.5 with & small enough, we
find

Po(ty >n =k, Ayi) <Py (Aui) < cpe (14 [¥']) n %,
By the Markov property and the first bound in Lemma 3.1,

—cp ent/® Cp.e 1—¢
JlEEx(Cp’ge p.e |Xvn|p+ﬁ,‘cy>vn,vn§[n ] .

. -+ .
Since ,};/23"8 > 1, using Lemma 6.1,

Cp,e E, < Cp.s(1+y+|x|)(1+|x|)p_l
nl/2—et2e 1= nl/2+re :

B <cpee e (14 1x))F + (6.19)
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Bound of J,. The idea is as follows. When y’ < 6,4/, with 6, = n—¢/%, we are going to control the probability
Py (ty >n —k, Ay—g) in Jo by the claim 2 of Corollary A.4. When y’ > 6,./n we shall apply Lemma 6.4. Accord-
ingly, we split J> into two terms as follows:

(']

J = Z Pty >n—k, Ap_p)Px (Xkedx y+ Sy edy, y—l—Sk>n1/2 £/6 , Ty >k, v8/6—k)
k—1 RxRY
=:J3
+ Z Pty >n—k, Ay )Py (Xkedx y+ Sy edy, y—l—Sk<n]/2 ¢/6 , Ty >k, v£/6—k).
i—1 RxR%
=:Js
(6.20)

Bound of J3. Let ‘L')t,)m be the exit time of the Brownian motion defined by (A.10) and y/, =y’ + (n — k)1/272¢,
Since

Py (ty > n—k, Apg) < Py(c) " >n—k), 6.21)

using the claim 1 of Corollary A.4 with y, > 0, we get

lF]

Y+ Si+ (n—k)'/2% 12-¢/6 /6
J3 < Z ( N cy+ S >n'/ 5/,ry>k,v,f =k).

Since \/h < % and y 4+ Sx + (n — k)22 < 2(y + Sk) on the event {y + Sy > nl/z_a/ﬁ}, using Lemma 6.4, we

have

1
3<7E3_0(ﬁ>' (6.22)

Upper bound of Ja. Since - <n —k <n, we have y, < c.(n — k)1/27¢/% when y’ < n'/2=¢/6_Using (6.21), from
the claim 2 of Corollary A.4 with 6,, = cem¢/% we deduce that

2
J Eyf ——— S — 272 (1 4 ¢6%_));
4 < ]; x( Zn(n—k)o(y+ «+ (n—k) Y(1+ b _)

y+ Sp <nl/27e/0 1 >k,uf/6=k). (6.23)

)+S .
%(1 + Z_i)’ Qn—k =< ncg‘% and 1< 21/2?;, we Obtaln

I A

Taking into account that
g ) /_

C,

Using Lemma 6.1 and Lemma 6.3, we get the following upper bound,

2V(x,y)

Jy £ ——
v 2mno

(1+o0(D). (6.25)
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Lower bound of Jy. In the same way as for the upper bound of Jy, with y =y + S VEl6 (n— v€/6)1/2 2 > 0 on
the event {(n — vfl/6)]/2’28 <y+ Svg/e}, we have
Ce i £/6\1/2—2¢ 1/2—¢/6 e/6 _&/6 1—
J42J_0<1—W>Ex(y’_,(n—vn ) <y—|—SU5/6§n/ 8/,1:y>vn , Vn S[n 6])
[n 1- L
- Z f Py (A )Py (Xg € dx’, 7y > k, vi/® = k). (6.26)

Using the fact that —y’” >0 on {(n — v2/6)1/2_25 > y+ S e/}, we obtain in a same way as for the upper bound of Ji,

Ce 2 1/2-2¢ Y+ Su, . 1-
Bz U<I‘M>E2_MUE( S =
2 eyt A4
A 2nno : nl/2te
o2 (- Ve gy -y oy DO A DT
\/271_—”0 né/3 nl/2+e ﬁ nl/2+e
Consequently, using the results of Lemma 6.3, Lemma 6.1 and Lemma 6.4 we conclude that
2Vi(x,y)
Jy = —o(1)). (6.27)
DD - o)

Coupling the obtained lower bound with the upper bound in (6.25) we obtain J4 ~

of J in (6.20) and the bound of J3 in (6.22) we get J, ~ % Finally, the claim 2 of Theorem 2.2 follows from
(6.16), (6.17), (6.18) and (6.19).

2V(x,y)
NP . With the decomposition

6.3. Proof of the claim 1 of Theorem 2.2

Assume Condition 1. All the necessary bounds are obtained in the previous Section 6.2. It is easy to see that they hold
under solely Condition 1. We highlight how to gather them. By (6.16), (6.17), (6.18) and (6.20), we have,

(1 + [x]?)
Nz
Then, by (6.19), (6.22), and (6.24),

IP>x(Ty>n)§cp,s +J1+J3+ Js.

L+y+xDA+|xpP~! c c
Po(ty > n) < et 2T PDAH DT e g (g1 k),

Vv v v
Now, by Lemma 6.1, (6.3) and (6.15),

A+y+IxD?P e
Py(ty >n) < CNT + E(EZI + En).
Finally, using (6.4), (6.5) and Lemmas 5.1 and 5.4 we have,
c 6\ [nl- (14 y+Ix))?
Pty =) = (e =By et M < A ) D
c (14 y+IxD? (1 +y+I1xD?
< —=E(IMy,]) +cpe < :

Jn N VT
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6.4. Proof of Corollary 2.3

For any p > 0,
—+00
E( (7)) = Z]P’x(ry > k) ((k+ 1P —kP).
k=0

Now the first and the second assertions of the corollary follow respectively from the claim 1 and 2 of Theorem 2.2.

7. Asymptotic for conditioned Markov walk

In this section we prove Theorem 2.4. We will deduce the asymptotic of the Markov walk (y + S;),>0 conditioned
to stay positive from the corresponding result for the Brownian motion given by Proposition A.3. As in Section 6, we
will use the functional approximation of Proposition A.5. We will refer frequently to Section 6 in order to shorten the
exposition.

Proof of Theorem 2.4. Introducing vﬁ/ 6_ vp + [15/°] and taking into account Condition 2 or 3, we have

Py (y+ Sy <t/n, 7y > n,vi/¢ > [n'*])

Px(y+Sn§t\/Z|Ty>”)= P.(z, > n)
XARY

=:L;

Py (y+ Sy <t/m, 1y > n, 050 < [n1=¢])
+ - .
Py (ty > n)

(7.1)

=:L,

Bound of L. Using Lemma 4.1 and Theorem 2.2,

nl—e
IEDx(vn > T) < pCp,a(l + |x|)17 —5 0. (72)
Py (ty > n) nI PPy (ty > n) 1

Ly <

Bound of L. As in Section 6, setting Ay = {maxo<;<1|Six] — 0 Bu| < k1/2—2£}’ by the Markov property,

Py (zy >n)L,

[n' ]

- Po(y + Suk <t/m, Ty >n —k, Ay )P (X €dx’, y+ Sc edy, 7y > k, vi/° = k)
RxR* i
k=1 +

=Py (ry>n)L3
[n' =]

+ Z / P (y 4 Sp—k <t/n, 1y >n —k, Ay_g)Px(Xp €dx’,
k=1 RxR%

y+Spedy,y+ Sk >nl/27‘9/6,ry >k, vﬁ/6=k)

=:Py(ty>n)L4
[n' ]

+ / Py (y 4+ Sp—k <t/n, 1y >n —k, Ay_g) Py (Xg €dx’,
k=1 RxR%

Y Seedy y+ S <n 20 1 > ko0 =k). (7.3)

=P (zy>n)Ls
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Bound of Lj. Using the bound of J; in (6.19) and Theorem 2.2,

1 1 -l
Ly Ji - cpe(l+y+Ix(A+ |x]) Y (7.4)
Py (ty > n) nl/2+ePy (zy > n) n—+00

Bound of Ly4. Using the bound of J3 in (6.22) and Theorem 2.2, we have

Upper bound of Ls. Define t,. =t + ﬁ and y, =y + (n — k)!/>72¢. By Proposition A.3,

Po(y + Suek <t/n, 1y >n—k, Ayy)
<P(V} + 0Byt <t:4/n, 70" > n — k)
+

6=y)? +yp?
e 2(n—k)o2 —e 2(n—k)o2 ds'

1 Ly
- 2n(n —k)o /0

1/2—¢/6

Note that for any y' <n we have y/, //n < ng% and for any k < [n'~¢] we have n(1 — nlg) <n —k <n.Using

these remarks with the fact that sh(x) < x(1 + % ch(x)) for any x > 0, we obtain after some calculations that

Px/ (y/ =+ Snfk < t«/ﬁ, 'L'y/ >n— k, Al’l*k)

_x2+(y,+)2 5 5
/ A / /
. 2y L ce /f+ﬁ se 20-ko? - s o SYL ds
~ 2ano n® ) Jo (n —k)o? 6(n —k)2o* (n —k)o?

< 2)’14- 1 Ct,e 1 —2'—22
= ,—27_”10 +l’l£/3 ( —€ 2 )

Consequently, using the same arguments as in the proof of Theorem 2.2 in Section 6 (see the developments from
2
t

(6.23) to (6.25)), we obtain, with @} (1) =1—¢ 27,

Ls < <1 4 fre ><I>j(t) 2Vix, y) (14+0(D),

ne/3 V27noPy(zy > n)

which by the claim 2 of Theorem 2.2 implies that
Ls=® (1) (1+0(1)). (7.6)
Lower bound of Ls. In the same way as for the upper bound, with y/ =y’ — (n —k)!/> 2 andr_ =1 — ﬁ,

we have
Py (ty >n)Ls
> Z P(y_ + 0By <t1_+/n, tb,m>n—k)IP’x(y+Skedy’,
> e < V.
(n—k)27% <y 45 <2700 1 s k00 = k)

[nlfs

]
- Z / Py (Ap—i)Px(Xk €dx’, 1y > k, vE/6 =k).
R
k=1
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Using Lemma A.3 with y’_, which is positive when (n — k)l/ 2-2e v < nl/2=¢/6 we obtain after calculation that

2y’ c
/ bm — t,& +
IE”(y_ + 0By <t_+/n, Ty >n —k) > NP (l — n8/3><l>a ().

Copying the proof of the bound of J; in (6.19) and using the same arguments as in the proof of Theorem 2.2 in
Section 6 (see the developments from (6.26) to (6.27)), we get

2Vi(x,y)
v 2mnoPy(ty > n)

Coupling this with (7.6) we obtain that

Ls>®F (1)

(1—o(D)) =@ 1)(1—o(D).

Ls= @7 (1)(1+o(D).
Inserting this and (7.4) and (7.5) into (7.3), we deduce that L, fjr <I>j(t). By (7.1) and (7.2), we finally have
n——+0o
Py(y+ Sy <t/nlty>n) — ®F(1).
n—400

Changing ¢ into to, this concludes the proof.

8. The case of non-positive initial point
In this section, we prove Theorem 2.5.

Lemma 8.1. Assume Condition 1. For any (x,y) € D™, the random variable M-, is integrable and the function
V(x,y) = =Ex (M), is well defined on D~

Proof. If E(a) > 0, by the Markov inequality, with z =y + px,

Ex(z+Mn;ry>n)=f Ev(y +px"+ My_1; 7ty >n—1)
RxR%

xPe(X1edx',y+ S edy,ty>1).
Since y + S; > 0 on {r, > 1}, by Lemma 4.4,
Ey(z+ My; 1y > n) < B (14 y+ St 41X ) (14 1X1)7 5 1 > 1)
<cpBe((1+1X11)")
<cp(1+x])". (8.1)

Moreover

n
Ex(IMx,|s 7y <n) < Iz|+2/ Eo(|y + px' + My |; 1y =k — 1)
=2 RxR%

xPy(X1edx',y+ S edy,1y>1)
+E(IMi]; 1y =1).
Since y + S1 > 0 on {7, > 1}, by Lemma 4.2,
Ex(|My,|: 7y <n) <c(141y|+ |x]) = Ex(z + My,: Ty <n)
<c(1+1yl+Ix]) + Ex(z + My 1y > n).
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Using (8.1), we deduce that Ex (|Mz,|; 7y <n) < c¢,(1 + |y| + |x|?). Consequently, by the Lebesgue monotone con-
vergence theorem, the assertion is proved when E(a) > 0. When E(a) < 0, the assertion follows from Lemma 5.4. [J

Lemma 8.2. Assume Condition 1. The function V is Q , -harmonic on D = D~ UR x R . If in addition we assume
either Condition 2 and E(a) > 0, or Condition 3, then the function V is positive on D = D~ UR x Rj_.

Proof. Note that by Corollary A.7, we have Py (7y, < +00) =1, for any x € R and y € R. Therefore, by the Lebesgue
dominated convergence theorem,

V(x,y)=—-Ex(My) =z — lim Ey(z+ M5ty <n)= lim Ey(z+ My 7y > n),
7 n—00 n—oo

for any (x,y) € &~ . The fact that V is Q_-harmonic on D can be proved in the same way as in the proof of
Proposition 5.3. Therefore, for any (x,y) € D,

Vi, y) =E(V(X1,y+ S 7y > 1). (8.2)
By the claim 2 of Proposition 5.3 and the claim 3 of Proposition 5.9, on {z, > 1}, the random variable V (X1, y + S1)

is positive almost surely. Since by the definition of O™, we have Py (ty, > 1) > 0, we conclude that V (x, y) > 0 for
any (x,y) e D~. O

Lemma 8.3. Assume Condition 1.

(1) Forany (x,y) e D™,

VNP (ty > n) <cp(1+1x])".

(2) Ifin addition we assume either Condition 2 and E(a) > 0, or Condition 3, then for any (x,y) € D,

2V(x,y)
Px (Ty > I’l) n~>,\~|/»oo m

Proof. By the Markov property,

\/E]P’x(ry>n)=/]R . VnPy(ty >n—DPy(X) €dx',y+ 81 €dy’, 7, > 1).
xR}

By Theorem 2.2, for any y’ > 0, we have /nPy/(ty > n — 1) < ¢, (1 + y' + [x'|)? and moreover, for any y <0,
Ex(cp(] +y+S1 + |X1|)p; Ty > ]) SCp(l + |x|)l).

Then, we obtain the claim 1 and by the Lebesgue dominated convergence theorem and the claim 2 of Theorem 2.2,

. 2V(X1,y+S1)
nll)néoﬁPX(Ty >n)—EX<T,ty>l .
Using (8.2) we conclude the proof. g

Lemma 8.4. Assume either Conditions 1, 2 and E(a) > 0, or Conditions 1 and 3. For any (x,y) € D~ and t > 0,

S 2
Px<y+ n§t|ry>n> — l—e_tT.
o/n n— 400
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Proof. Similarly as in the proof of Lemma 8.3, we write,
+ S
P, 4 "<y [Ty >n
o/n

_ 1 P (y/+Sn—1
Py(ty > n) Jrxrs oxn—1

xPe(X1€edx',y+S1edy,7,>1)

St;ryr>n—1>

1 y/+Sn—l
= P/|———<t|ty>n-—1 Py(ty >n—1
ﬁpx(fy>n) RxR? ! (O'\/I’l—] =!l ? " \/ﬁ X(y " )

xPe(X1edx',y+ S €dy, 1y >1).

Since, by Lemma 8.3, /nP,(ty > n — 1) < ¢, (1 + [x|)?, applying the Lebesgue dominated convergence theorem,
Theorem 2.2, Theorem 2.4 and Lemma 8.3, we have

S
lim ]P’X(yt/_" stlry>n>
n

n— 00 o

V2 2 2V(x',y
S el (1—e*%)MPx(Xledx/,y+51€dy/,ry>1).
2V (x,y) JrxRr: V2no
Using (8.2) concludes the proof. O

Appendix
A.1. Proof of the fact Condition 3bis implies Condition 3
We suppose that Condition 3bis holds. Then, there exists § > 0 such that

P((a,b)e[—l+8,0] X [8,C])>0 (A.1)
and

IP’((a, b) e[0,1—46] x [, C]) > 0. (A.2)
For any x € R, set C, = max(|x]|, %) and

Ap={6 < X1 =Cy,6 <X2 <Cx,..., 0 <Xp =<Cx, ,}.
Using (A.1) for x < 0 and (A.2) for x > 0, we obtain that P, (41) > 0. By the Markov property, we deduce that
P, (4A,) > 0. Moreover, it is easy to see that, on #A,, we have y + Sx > y + k§ > 0, for all k <n, and |X,,| < Cy.
Taking n = ng large enough, we conclude that Condition 3 holds under Condition 3bis.
A.2. Convergence of recursively bounded monotonic sequences

The following lemmas give sufficient conditions for a monotonic sequence to be bounded.

Lemma A.1. Let (un)n>1 be a non-decreasing sequence of reals such that there exist no >2,¢ € (0,1), o, 8,y >0
and § > 0 such that for any n > ny,

o e
Upn S <] + —8>l/l[nl—s] + ﬁg + )/eian . (A3)
n n
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Then, for any n > ng and any integer kg € {no, ..., n},
B a 2028 g 22 . exp(—8 5
u, <expl ——— || u —
n= P e )\ ke 1 T et

Ca,e Ca,e _ &
|1+ —= Uk t+ /3—8 + ycas,c€ Cav5.6Kp .
k() kO

In particular, choosing ko constant, it follows that (u,)n>1 is bounded.

Proof. Fix n > ng and kg € {no, ..., n} and consider for all j >0,

pi=[n"""].

The sequence (p;) >0 starts at ng = n, is non-increasing and converge to 1. So there exists m = m (ko) € N such that
Pm = ko> pma1. Since n1=8 /2 > ko/2 > 1, for all j € {0, ..., m}, we have

. . ”(]75)1'
(1-¢)/ . (1—¢)/
n > >n 1>
ZPDjz = )

(A4)

Using (A.3) and the fact that (u,),>2 is non-decreasing, we write for all j =0, ..., m,

o _Spt o _8§pE
ul’j = (1 + E)MPHI + % +tye 8])_/. = <1+ ?) (uijrl + % +vye 5pj>'
J J J J

Iterating, we obtain that
Un < Am(Up,, + BBn+yCn),

8P e . .
where A, = HT:o(l + %), B, = ZT:O # and C,,, = Z?‘zoe %rj  Since Pm+1 < ko and since (uy),>2 is non-
J J

decreasing,
Un < Am (kg + BB +yCn). (A.5)

Now, we bound A,, as follows,

|2

m
Am < [e" =ebn. (A.6)
j=0
Denoting n; = n—(l—s)-/g, using (A.4), we have B, < 2° Z?:o n;. Moreover, for all j < m, we note that % =
; ? J
1 1 1
ngz(l_g)_,‘ < E < 27 < 1 and so
n 1 1
nj - (A7)

< > - < 3 - < ) —.
- — - — - 1€ —

2&“(m—j) PE2¢ (m—j) k§2¢ (m—j)
T'herefore, B, is bounded as follows:

22 I/ 1 \¢ 1 202
B, < — E — < — A.8
" kg k:0<282) ko 2¢* — 1 (A8
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Using (A.4) and (A.7), we have

§kg2¢* (m=D)
Cm<Ze 2”! <Zexp< )

Since for any # > 0 and k € N, we have (1 + u)k > 1+ ku, it follows that

&
6k0

Sk P m e~ F
Cp < b _ k(28 <. A9
e T Y exp(—ok(2° — 1)) < T (A.9)
k=0
Putting together (A.6), (A.8) and (A.9) into (A.5) proves the lemma. O

Lemma A.2. Let (u,),>1 be a non-increasing sequence of reals such that there exist no > 2, ¢ € (0,1) and B >0
such that for any n > n,

B
U, = M[nl—e] -
Then, for any n > ng and any integer kg € {no, ..., n},
B 227
Un > Uky — 5 —5—— = Uiy — C¢

- kot -1 0 kg
In particular, choosing ko constant, it follows that (u,)n>1 is bounded.
Proof. For the proof it is enough to use Lemma A.1 with u, replaced by —u,,. (I
A.3. Results on the Brownian case and strong approximation
Consider the standard Brownian motion (B;),>¢ living on the probability space (2, F, P). Define the exit time
rymzinf{t >0,y + 0B, <0}, (A.10)
where o > 0. The following assertions are due to Lévy [19].

Proposition A.3. Foranyy >0,0<a <bandn>1,

2 y 52
P(z™ > n) = e 02 dg
Y W 2mno

and

b (J‘*’z (s ')2
P(r§m>n,y+08n€[a,b])= /(e_#_e_%) ds.

2nno
From this one can deduce easily:

Corollary A 4.

(1) Foranyy >0,

]P’(f;’m > n) <c

Bl
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(2) For any sequence of real numbers (6,),>0 such that 6, —+> 0,
n—+00

P(zP™ > p)
P LI N
Yel0:6n/n] 27no

To transfer the results from the Brownian motion to the Markov walk, we use a functional approximation given in
Theorem 3.3 from Grama, Le Page and Peigné [15]. We have to construct an adapted Banach space B and verify the
hypotheses M1-MS in [15] which are necessary to apply Theorem 3.3. Fix p € (2, @) and let ¢, 8, cp and § be positive
numbers such that co+ & <6 <2cp <a —¢e and 2 < 242§ < (2+25)0 < p. Define the Banach space B = L; ¢ 0
as the set of continuous function f from R to C such that || f|| = | fle + [ f]e,c, < +00, where

| flo = sup If(x)le’ Flocs = sup Lf(x) = fFI _
vel 1+ |x] (eperz 1= YL+ [x[0) (1 + |y|0)
xXFy

For example, one can take ¢ < min(pT_z, %), co=1,0=1+2¢and2+2§ = H%. Using the techniques from [17]
one can verify that, under Condition 1, the Banach space B and the perturbed operator P; f (x) = E, (f(X1)e!’X1)
satisfy Hypotheses M1-MS5 in [15]. The hypothesis M1 is verified straightforwardly. In particular the norm of the
Dirac measure 8, is bounded: ||8, |35 < 1+ |x|?, for each x € R. We refer to Proposition 4 and Corollary 3 of [17]
for M2-M3. For M4, we have

s () = sup By 72 (1, 7720) < ¢ (1 + Ix)).
k>1

Hypothesis M5 follows from Proposition 1 of [17] and Lemma 3.1.

With these considerations, the C(x) = C1(1 + us(x) + [|8,)?T2® in Theorem 3.3 established in [15] is less than
cp(1+1x])?, where Cj is a constant. Therefore Theorem 3.3 can be reformulated in the case of the stochastic recursion
as follows.

Proposition A.5. Assume Condition 1. For any p € (2, o), there exists &g > 0 such that for any ¢ € (0, &9], x € R and
n > 1, without loss of generality (on an extension of the initial probability space) one can reconstruct the sequence
(Sn)n=0 with a continuous time Brownian motion (B;);cr . , such that

c
P Up [Sin) = 0 Bual > 0" ) = <22 (1 4 1)),
nx‘,‘

0<t<l1 N

where o is given by (2.2).

This proposition plays the crucial role in the proof of Theorem 2.2 and Theorem 2.4 (cf. Sections 6 and 7). The
following straightforward consequence of Proposition A.5 is used in the proof of Lemma 4.1 in Section 4. Set ®(¢) =

1 t _us
ﬁf_ooe 2 du.
Corollary A.6. Assume Condition 1. For any p € (2, ), there exists &9 > 0 such that for any ¢ € (0, &0], x € R and
n>1,
sup|P, Sn <u)-o(2L)| < Cp’g(l + [x[)”.
uelR \/ﬁ N o - onf

Proof. Lete € (0,1/2) and A, = {Supy<;<1|Srn) — 0 Bin| > nl/z’s}. For any x € R and any u € R,

u + u -+ s
X \/— = — X n X \/_ = &
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where the last probability does not exceed @ () +c.n~°. Using Proposition A.5, we conclude that there exists g9 > 0
such that for any ¢ € (0, gg] and x € R,

Sn u Cp,e P
In the same way we obtain a lower bound and the assertion follows. (]

A.4. Finiteness of the exit times

Corollary A.7. Assume Condition 1. For any x e R and y € R,
Py(ty <+o0)=1 and P,(Ty <+o00)=1.

Proof. Let y > 0 and ¢ € (0, 1/2). Set A, = {supg<,<;|S[tn] — 0 Bin| < nl/z_g}. Using Proposition A.S, there exists
&o > 0 such that for any ¢ € (0, &g], x e Rand y > 0,

Py(ty >n) <Py (ty >n, Ay) + Py (An)

c
< P(t;Tnl/z_g > n) + np—;(l + |x|)1’.
. . [2—¢ . . ..
Since, by the claim 1 of Corollary A.4, P(t;’:‘_‘nl/z,g >n) < c% <+ y)#, taking the limit as n — +o00 we
conclude that Py (7, < +00) = 1.
Let D, = {max<x<n|Sx — M| < n'/>=¢}. Obviously

]Px(Ty >n) < Px(Ty >n, Ay, Dy) +Px(xn) +Px(5n)

b Cpe p 1/2—
< P(Tyfznl/zfs >n) + n7(1 +1x[)" + Py (g@nlp?{kl >n'/ 8)-

Using the claim 1 of Corollary A.4, the Markov inequality and Lemma 3.1, for any ¢ € (0, g9], x e Rand y > 0,

1+ |x|?

p—2

n 2

Cpe
n€

C
P(Ty >n) < (1 +y)n—g + (1+1xD)" +ep

Choosing ¢ small enough and taking the limit as n — +o0o we conclude the second assertion when y > 0.
When y <0, the results follow since the applications y — 7, and y > Ty are non-decreasing. (]
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