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Abstract. Pélya trees form a popular class of prior distributions used in Bayesian nonparametrics. For some choice of parameters,
Pélya trees are prior distributions on density functions. In this paper we carry out a frequentist analysis of the induced posterior
distributions in the density estimation model. We investigate the contraction rate of PSlya tree posterior densities in terms of the
supremum loss and study the limiting shape distribution. A nonparametric Bernstein—von Mises theorem is established, as well as
a Bayesian Donsker theorem for the posterior cumulative distribution function.

Résumé. Les arbres de Pélya constituent une classe de lois a priori treés utilisée en bayésien non-paramétrique. Pour certains
choix de parametres, les arbres de Pélya induisent des lois a densité. Nous menons une analyse fréquentiste des lois a posteriori
bayésiennes correspondantes dans le modele d’estimation de densité. La concentration a posteriori des densités—arbre de Pdlya est
étudiée en terme de la norme—sup et nous déterminons la loi a posteriori limite aprés renormalisation. Un théoréme de Bernstein—
von Mises non-paramétrique est établi, ainsi qu’un théoréme de Donsker bayésien pour la fonction de répartition a posteriori.
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1. Introduction

Pdlya trees are a class of random probability distributions that are commonly used as prior distributions in the Bayesian
nonparametrics study of infinite-dimensional statistical models. The name ‘Pdlya tree’ appears in works by Mauldin et
al. [34] and Lavine [30] and it has been used since then, although the object and related ones such as tail-free processes
already appear in works by Freedman [13,14], Kraft [29], and Ferguson [12]. It should be noted that the name ‘P6lya
tree’ is also used for a different object, not considered in the present work, in the literature on trees, where it refers
to a rooted unordered tree. The origin of the name in the statistical literature comes from a beautiful connection with
Pélya urns, themselves named after the 1930 article [37] by George Pdlya in Annales de I’Institut Henri Poincaré. It
was indeed shown in [34] that Pdlya trees are de Finetti measures of certain exchangeable sampling schemes defined
from a tree of Pdlya urns.

In Bayesian nonparametric statistics, the starting point is the construction of a prior distribution, a probability mea-
sure that ‘samples at random’ the parameter to be estimated. If the parameter is itself a distribution, one needs to build
a ‘distribution on distributions.” A popular distribution on probability measures is the Dirichlet process introduced by
Ferguson [11], see [15] for a review of its use in the statistics literature. The Dirichlet process, as we recall below, is
actually a special case of Pdlya tree for certain choices of parameters. However, the resulting measure is not directly
suited for modelling a smooth object such as a density function, as draws from the Dirichlet process are discrete
almost surely. On the contrary, different choices of parameters of the Pélya tree lead to a probability measure that is
absolutely continuous with respect to Lebesgue measure, and hence admits a density. In this paper we focus on this
type of ‘density Pélya trees.’
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Let X = X™ = (X1, ..., X,) be a sample from an unknown distribution P on the interval [0, 1], and suppose that
P admits a density f with respect to Lebesgue measure, denoting P = Py. Following a Bayesian approach, we view
P as random and put an a priori distribution IT on P, equal to a Pélya tree distribution. The data X1, ..., X, are viewed
as, given P, i.i.d. from P. From this one forms the posterior distribution, the conditional law P | X1, ..., X, that we
denote IT[-| X1, ..., X,] = II[-| X]. To study the convergence of this random (it depends on the data) distribution
as n — oo, we undertake a so-called frequentist analysis of the Bayesian procedure: we assume that the data has
actually been generated i.i.d. from a fixed distribution Py = Py,, for some density fo on [0, 1], and are interested
in the convergence of the posterior II[-| X ] in probability under Py, as n — 00. A natural question is: does the
posterior I1[-| X ] converge to dp,, a Dirac mass at the ‘true’ distribution? If so, this is the so-called consistency
property of the posterior at Py. Further, what can be said about the rate of convergence, and, perhaps, the form of the
limit after rescaling?

General conditions for consistency of posterior distributions were given in Schwartz [40], and the theory was fur-
ther developed among others in [1]. For Pélya trees, posterior consistency in density estimation in the weak topology
follows from results in [31], see also [16], and consistency in the Hellinger topology was obtained in [1], whose con-
ditions where further refined in [43]. A next natural step once consistency is obtained is to investigate the convergence
rate of the posterior distribution. This has been the object of much attention in the last 15 years, with fundamental
contributions such as [17,18,41], where general sufficient conditions on model and prior are given ensuring posterior
convergence towards the true distribution at some rate.

Yet, to the best of our knowledge, there has been no study so far of posterior convergence rates when the prior
distribution is a Podlya tree. One reason may be that density Pélya trees are often perceived as relatively ‘rough’
objects: it can be shown for instance that the corresponding density has jumps at a countable number of points almost
surely. From this it could seem as if PSlya trees are just ‘smooth enough’ for consistency, not for rates. One first result
in the paper implies that for well-chosen parameters, Pélya trees are able to model smooth functions and to induce
posterior distributions with optimal convergence rates in the minimax sense for a range of Holder regularities. Here we
will follow a multiscale approach to obtaining rates and limiting shape results, introduced in [5-7], with connections
to semiparametric functionals [8].

In the Bayesian nonparametrics literature, there has been a recent interest in Pdlya trees and related constructions.
Wong and Ma [44] introduce optional Pdlya trees, where the tree is cut using stopping times in a data-driven way.
The work [36] studies Rubbery Poélya trees, an extension of P6lya trees that enables some dependence in the tree
while keeping its essential properties unchanged. Quantile pyramids [24] reverse the construction of the measure by
fixing the probabilities but making the interval lengths random. As a way to ‘smooth’ Pélya trees, one can consider
mixtures, as in [2,22]. We also note that Pélya trees are particular cases of the more general class of tail-free processes,
introduced in [10,13]; mixtures of such processes were recently considered in [27].

An in-depth introduction to Pdlya trees, including their construction as well as the proofs of many useful properties,
can be found in the forthcoming book by Ghosal and van der Vaart [19]. The present work directly benefited from
their exposition on the subject.

1.1. Definition

First let us introduce some notation relative to dyadic partitions. For any fixed indexes (k,[), 0 <k < 2! >0, the
rational number r = k2! can be written in a unique way as &(r) :=e1(r)...g&(r), its finite expression of length /
in base 1/2 (note that it can end with one or more ‘0’). That is, & € {0, 1} and k27! = Zi’:l g (r)27% Let £ :=
U;>010, 1} U {@} be the set of finite binary sequences. We write |¢| = if ¢ € {0, 1} and |@| =0.

Let us introduce a sequence of partitions Z = {(/;):|¢|=1, [ = 0} of the unit interval. Here we will consider regular
partitions, as defined below. This is mostly for simplicity of presentation, and other partitions, based for instance on
quantiles of a given distribution, could be considered as well. Set Iz = [0, 1) and, for any ¢ € £ such that e = ¢(l, k)
is the expression in base 1/2 of k271 set

[k k1Y,
18;[?,7):.1,(.

For any [ > 0, the collection of all such dyadic intervals is a partition of [0, 1).
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Fig. 1. Indexed binary tree with levels / < 2 represented. The nodes index the intervals I.. Edges are labelled with random variables Y.

A random probability measure P follows a Pdlya tree distribution PT (A) with parameters A = {«,, ¢ € £} on the
sequence of partitions Z if there exist random variables 0 < Y, < 1 such that,

1. the variables Y for ¢ € £ are mutually independent and Y, follows a Beta(o.q, ac1) distribution.
2. forany € € £, we have Y1 = 1 — Y.
3. forany/ >0ande=¢1---& € {0, 1}1, we have

I
P(l,) = ]_[ Yeiooe)- €]
=1

This construction can be visualised using a tree representation, see Figure 1: to compute the random mass that P
assigns to the subset I, of [0, 1], one follows a dyadic tree along the expression of &: €1, €162, ..., €182+ =¢. The
mass P (/) is a product of Beta variables whose parameters depend on whether one goes ‘left’ (¢; = 0) or ‘right’
(¢j = 1) along the tree:

1 1
PU)= [] Yeejox [ (=Yeoe 0. )

j=1l;¢;=0 j=Lej=1

This construction uniquely defines a random probability distribution on distributions on [0, 1]. For details we refer to
Ferguson [12] and Lavine [30].

The corresponding object, the class of Pdlya tree distributions, is quite flexible: as will be seen in the results
below, different behaviours of the sequence of parameters {«.} give a Pdlya tree with different properties. A standard
assumption is that the parameters {c.} only depend on the depth ||, so that

g =a;, Ve:le|=lI, 3)

for any / > 1 and a sequence (a;);>1 of positive numbers, which will be assumed henceforth.

The class of Pdlya trees contains as special cases several important distributions used in Bayesian nonparametrics.
A distinguished special case is the Dirichlet process [11], which corresponds to the choice o, = 27!, or more gen-
erally MG (I;) for some M > 0 and a given distribution function G. It can be shown that the corresponding random
probability measure is discrete almost surely and in particular does not provide a prior on densities. On the other hand,
if a; goes to oo fast enough with /, more precisely if

Za[l < 00 4)
>1

one can show, see [29] or [35], that a P6lya tree distribution on the canonical dyadic partition has a.s. a density with
respect to Lebesgue measure. As we are interested in random density priors, we shall work under that assumption.
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The reader familiar with random multifractal structures will certainly have noticed the similarity of the previous
object with random multiplicative cascades, as introduced by Mandelbrot and further studied in [28] and many others
since then. In random cascades, the variables Y, are assumed to be i.i.d., and conservative cascades are those for
which Y;1 = 1 — Y0, as we assumed above. An important difference between (density) Pdlya trees random measures
and standard cascades is that for Pdlya trees the variables Yo along the tree are not assumed i.i.d.: they are still
independent, but their distribution may depend on the level |¢| = in the tree: this is in fact necessary under the
assumed (4). Not only a; — oo fast enough guarantees the existence of a density, but the faster a; increases with /, the
more ‘regular’ the corresponding density. This is particularly important for the approximation ability of the prior and
the statistical properties considered in the present paper.

Despite this differences, and although we do not use properties of cascades in the present paper, one may expect that
some properties or techniques for cascades could be of interest in the study of Pélya trees. We note that, for instance,
the authors in [38] carry out a wavelet analysis of conservative cascades. In the present paper, such a multiscale
analysis of the random measure at stake will also be central, but with two important differences: the variables Y, are
not i.i.d. and, more importantly, we do not study the Pdlya tree above in itself (we shall use it as prior distribution),
but rather the posterior distribution, so the random measure we analyse also depends on the data X1, ..., X,, and this
dependence is crucial for the statistical properties considered here.

1.2. Function spaces and wavelets

We briefly introduce some standard notation appearing in the statements below.
Haar basis. The Haar wavelet basis is {¢, ¥k, 0 <k < 201> 03}, where ¢ = 110,17 and, for ¢ = —10,1/21+1(1/2,1],

Y () =212y (2 —k), 0<k<2,1>0.

In this paper our interest is in density functions, that is nonnegative functions g with fol gy = fo] g =1, so that their
first Haar-coefficient is always 1. So, we will only need to consider the basis functions 1, and will simply write
slightly informally {v;} for the Haar basis.

Function classes. Let L?> = L?[0, 1] denote the space of square-integrable functions on [0, 1] relative to Lebesgue
measure equipped with the | - ||>-norm. For f, g € L?, denote (f, g)» = fol fg. Let L> = L°°[0, 1] denote the space
of all measurable functions on [0, 1] that are bounded up to a set of Lebesgue-measure 0, equipped with the (essential)
supremum norm || - ||sc-

The class C¥[0, 1], o € (0, 1], of Holder functions on the interval [0, 1] is the set of functions g on [0, 1] such
that SUPy2yeqo, 1 18€(X) —gWI/Ix — y|% is finite. Let us recall that if a function g belongs to C%, « € (0, 1], then the
sequence of its Haar-wavelet coefficients (g, i )> satisfies

1
sup 2/ (g, Y )s| < oo (5)
0<k<2!,1>0

For a given « > 0, and n > 1, define

P 2
8* _ logn 2a+1
n,o n

This is the minimax rate for estimating a density function in a ball of «-Holder functions, when the supremum-norm
is considered as a loss, see [23] and [26].

1.3. Outline

In Section 2, we state our main results. Posterior rates of convergence for the density f are considered first. Next, a
Donsker-type theorem is established for the cumulative distribution function, as well as a more general nonparametric
Bernstein—von Mises theorem. Section 3 gathers the proofs of Theorems 1 and 3. The second proof uses some inter-
mediate results obtained in the first one. Section 3.3 gives some technical results used in the proofs, including two
lemmas on Beta variables that are of independent interest.
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2. Main results
2.1. Posterior convergence rates

Our first result shows that, in the problem of density estimation, if a Pélya tree is used as a prior distribution on
the density, the optimal minimax convergence rate with respect to the supremum norm is attained by the posterior
distribution, provided the parameters of the tree are well chosen. Note that the choice (6) in the Theorem satisfies the
summability condition ), a;” Uin (4) above, which ensures that the prior distribution has a density. The notation IT is
used for the distribution on densities induced by the considered Pélya tree.

We also note that the || - || o-norm in the result is, as defined above, the essential supremum with respect to Lebesgue
measure on [0, 1]: the proof of the result is based on a Haar-wavelet analysis of the posterior density f, which identifies
f Lebesgue-almost everywhere. Let, for any reals a, b, denote @ A b = min(a, b) and a V b = max(a, b).

Theorem 1. Let X™ = (X1, ..., X,) be i.i.d. from law Py with density fy. Let fo belong to C*[0, 1], for a € (0, 1]
and suppose fy is bounded away from 0 on [0, 1]. Let T1 be the prior on densities generated by a Pdlya tree random
measure with respect to the canonical dyadic partition of [0, 1] with parameters A = {a,, e € £} chosen as o, =
aje| vV 8 for any € € &, with

a=12%" 1>0. (©)
Then as n — oo, for any M, — 00, it holds
BILF IS = folloo < Mue) o | X ] — 1.

This result implies that for the considered prior, most of the mass of the posterior distribution concentrates in
a || - oo ball around fy of radius the minimax rate of convergence. It immediately implies rates for all L?-norms,
1 < g < oo, that are minimax optimal up to a logarithmic factor. The choice of parameters (6) realises an adequate
‘bias-variance’ trade-off for which the optimal minimax rate ¢, ,, is attained.

Theorem 1 assumes that log fj is bounded. This is for simplicity of presentation and could be improved, though
it would not add to the ideas we want to expose here: we preferred to keep a simple condition to make proofs more
transparent.

We also have the following result.

Proposition 1. Under the same assumptions as in Theorem 1, let I1 a Pélya tree prior 11 defined in the same way
except that one now sets

a =125 1>0, (7)

for some & € (0, 1] possibly different from the Hilder-regularity o of fy. Set

aNS
8* _ log n\ 25+l
n,a,d8 n

Then as n — oo, for any M, — o0, it holds

WIS 1L = folloo < Muef o 51 X®] = 1.

The proof of these results can be adapted to handle different choices of parameters; we do not elaborate on this in
details here but only note that

1. the presence of the factor / in (6) corresponds to the fact that we looked for a sharp optimal minimax rate (up to
a constant) in the supremum norm. Removing this factor in the choice of a; leads to a rate (log" n)e), , for some
1 > 0, with an extra logarithmic term, instead of ¢;; , as above (something similar happens in the Gaussian white
noise model with series priors, see [21] and [5]). On the other hand, the presence of an ‘I’ or not does not affect
results for most smooth functionals, as will be seen below.
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2. results for truncated priors can be obtained similarly, for instance the choice

ol = 1 if|ej=landl <],, ®)
¢ 0 ifle|=7and!>[,,

where [, is defined in (12) below with § = o, and with the convention that Beta(oo, 0o) is the Dirac mass 81,2

distribution, leads to the same posterior contraction rate as in Theorem 1. The proof is similar, though easier, as

one truncates high frequencies. However, it is a n-dependent prior; in contrast the prior (6) is canonical, in the

sense that it does not depend on n. We discuss this further in Section 2.4 below.

So far, only a few results on posterior convergence in the supremum norm have been obtained, see e.g. [5,21] and
[25]. In [5] we suggested a possible approach to obtain such results. One of the starting points for the present paper
is a question of a referee of [5], who asked whether some results for non-n-dependent priors in density estimation
could be obtained. The proof of Theorem 1 gives another illustration of the approach in [5] and answers the question
positively.

2.2. Donsker-type theorem

Let us now consider the behaviour of the cumulative distribution function F(x) = f(f f () dt induced by the posterior
distribution when a Pélya tree is used as prior. Given data X1, ..., X,,, let F;, denote the empirical distribution function

l n
Fu(t) = . Z:H-Xift-
i=1

For § > 0, define a sequence oz = aje| V 8 for € € £, where
=2 1>0 or q=012%, 1>0. )

For a prior IT on densities induced by a Pélya tree distribution with parameters as in (9), let f,, denote the posterior
mean f FdTI(f|X) and let F, (1) = fé fn () du denote its distribution function. In the next result, £(G) denotes
the law of a process G, and L(F | X) denotes the induced posterior distribution on F. Also, on a metric space S,
such as the space of C[O0, 1] continuous functions on [0, 1] equipped with the supremum norm, we denote by Ss the
bounded-Lipschitz metric on S, which metrises weak convergence on S. The definition of Bg is recalled in (27) in the
Appendix, where more details can be found.

Theorem 2 (Donsker’s theorem for Polya tree posteriors). Let X = (X1, ..., X,) be i.i.d. from law Py with density

fo. Let fo belong to C*[0, 1], for some « € (0, 1] and suppose fo is bounded away from 0 on [0, 1]. Let T1 be a Pélya

tree PT(A) with parameters A= {ag, & € E} such that oz = aje| for all € € €, with (a;) is as in (9) for some & > 0.
Let G p, be a Py-Brownian bridge G p,(t),t € [0, 1]. For any parameters a € (0,1],8 > 0, as n — o0,

Beo(L(v/n(F — Fy) | X), L(Gp)) =70 0.
Furthermore, for any a € (0, 1] and § such that § < 1/2 4+ o, as n — 00,

Bro,11(L(Vr(F — F,) | X), L(G p,)) — "% 0.

In particular, the last display holds true if § < 1/2, regardless of the value of «.

This result parallels Lo’s result [33] for the Dirichlet process, here in a regime where the Pélya tree as well as the
true law Py have a density. A few results of this type have been obtained in the literature since then, mostly for priors
whose realisations are discrete measures, like the Dirichlet process, see the introduction of [7] for some references.

A possible route for proving such a result is a direct analysis of the induced posterior on F(-). Here we use the
approach proposed in [7] and obtain it as a fairly direct consequence of a more general result on the shape of the
posterior distribution stated in the next section.
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2.3. Limiting shape of the posterior distribution

We focus now on limiting shape results for (aspects of) the posterior density f. For this we follow the approach
to nonparametric Bernstein—von Mises (BvM) theorems introduced in [7]. The idea is to formulate convergence in
distribution of the posterior density to a Gaussian process in a large enough space M defined below that enables
convergence at rate 4/n. Once convergence in distribution on My is obtained, it will typically be possible to deduce
results via continuous mapping for continuous functionals v : My — ) for some given space ).

First we need a sequence of ‘weights” w := {w;};>0, such that w;/+/1 1 co. The space My = Mo(w) is defined as
the multiscale sequence space

Mo = {x:{xlk}: lim maxsz}, (10)
l—o0 k wy

equipped with the norm ||x | := sup; max |x;c|/w;. It is a separable Banach space. A (possibly generalised) function
f is said to belong to M if the sequence of its wavelet coefficients ( f, ¥;x) over the Haar basis {1} belongs to M.
Now we define the limiting process. For P a given probability distribution on [0, 1], let Gp be the Gaussian process

indexed by the Hilbert space L3(P)={f:[0,11>R: fol f2dP < oo} with covariance function

1
E[Gp(g)Cp ()] = fo (g — Pg)(h— Ph)dP.

We call Gp the P-white bridge process. It can be checked, see [7], that Gp, provided w;/ Vi 1 00, is a tight Borel
Gaussian variable in M.

The first statement in Theorem 3 automatically recenters the posterior distribution around the posterior mean.
Typically, one may wish to center instead around a ‘canonical’ centering, in that its definition does not depend on the
posterior. This can be achieved by comparing f,,, for instance, to a smoothed version of the empirical measure. Let P,
denote the empirical measure n=! 37 8y, associated to the observed data X and let, for L, defined in (13) below,

(Pn’ 1//lk) if [ =< Ln»

11
0 ifl > Ly, b

(T, Yik) = {

and Ty, is a tight random variable in M. For a given § > 0, let j, = j,(§) and I, = 1,,(8) be the largest integers such
that

. 1 n T
2)n < BT 2l < (l > , (12)
ogn

and set, in slight abuse of notation, either
Ly=j, (Yn=1) or L,=I[, (¥nx>1). (13)

As before, let f, denote the posterior mean [ fATI(f|X).
In the next result, B4, () denotes the bounded-Lipschitz metric on Mg(w), see (27) in the Appendix for a defini-
tion.

Theorem 3. Let X = (X1, ..., Xp) bei.id. from law Py with density fo. Let fy belong to C*[0, 1], for some a € (0, 1]
and suppose [y is bounded away from 0 on [0, 1]. Let T1 be a Pélya tree PT(A) with parameters A = {a;,l > 1}, where
ay is as in (9) for some & > 0.

Let Tj : f = /n(f — fu) and let 7 = {z;}; be a weighting sequence such that z;//1 1 oo. For any parameters
axe€(0,1],6§ >0,asn— oo,

ﬂMo(z)(n(' [X)ot lvGPo) —Pro,

fa
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If§ <a,if Ty is given by (11) and 7, : f — /n(f — T,), then as n — oo,
Broo (TG 1 X) o1, Gpy) =P 0.

This result has several applications relevant for statistics. One application, that we only mention, is the construc-
tion of confident credible bands for fixed regularities, see [7], Section 4.2. Another application is the derivation of
Bernstein—von Mises theorems for semiparametric functionals via the continuous mapping theorem. A prototypical
example is the map f — fo f = F(-), leading to a Donsker-type result for the distribution function F, as stated in
the previous section. Indeed, it has been shown in [7] that the map f — F is continuous from Mgy(w) to C[O0, 1].
Theorem 2 then essentially follows from Theorem 3 combined with Theorem 4 in [7], see Section 3.3 for a detailed
proof. Results for smooth linear functionals also fairly directly follow from Theorem 3. For details on this and several
other examples of functionals, we refer to [6,7].

2.4. Discussion

First let us address two natural questions about the results.

Are Polya trees not too ‘rough’ as a prior to obtain nontrivial posterior rates of contraction? A reason to ask is
that one can show that any version of the posterior density Pdlya tree has a jump at any point of the subdivisions of
[0, 1] corresponding to the successive partitions, that is at all the dyadic rationals for regular dyadic partitions. But
this of course does not prevent the object to have good approximation properties, similar to the fact that histograms
can be used to approximate e.g. Lipschitz functions (note that Pdlya tree densities are not histograms though), and
our results show that this is indeed the case. Even more, it can be checked that at any non-dyadic point x¢ of [0, 1],
the density induced by a Pdlya tree with parameters is locally e-Holder at point xg. This is of course in line with the
result of Theorem 1 that for such choice of g; the posterior has optimal concentration around «-Hdélder functions.

Is the choice a; = 221“, orl 2210‘, reasonable in practice? Indeed, one may think that such an increase in the Beta-
parameters, that is exponential, could be ‘hard to fit’ in practice. The theoretical results show good behaviour of the
posterior for this choice though, and we claim that this exponential behaviour is the ‘correct one’ if one whishes to
model all frequencies. Indeed, the exponential growth corresponds to the exponentially fast decrease of the width of
dyadic intervals 7. It is simply that wavelet coefficients, which here are modelled through products of Beta variables,
naturally decrease exponentially fast for Holder classes, see Equation (5). Similarly, in regression, typical Gaussian
processes used as prior distributions have variances decreasing as a power of 2/, which is exponentially fast, too. Of
course, one may also consider priors that truncate high frequencies as in Equation (8), in which case the contraction
rate is essentially driven by the cut-off point, not so much by the individual variance parameters, similar to what has
been noted e.g. in [39].

The results are also part of a more general programme linked to obtaining Bernstein—von Mises results, as well as
posterior contraction in strong losses such as the supremum norm. For instance, the results are of interest for

1. Bernstein—von Mises theorems for ‘smooth’ functionals. In [8], we obtained limiting posterior shape results on a
family of random histograms. One may note that the truncated version of the Pélya tree defined by (8) is also a
random histogram, but with a quite different randomness in the weights. Similar to what is noted below Theorem 1,
Theorems 2 and 3 above can be checked to hold for this prior as well. The histograms in [8] can be seen as
histograms-projections of the Dirichlet process, giving Dirichlet weights. Here the weights are not Dirichlet, but
correspond to a tree-type product of Beta variables.

2. non-parametric BvM and posterior contraction in supremum norm. In [5-7], a multiscale approach was developed
and a programme to obtain results of this type was proposed. Only a few examples of priors have been investigated
within this framework so far, and investigating other classes of prior distributions is of great interest. One may
note for instance that in the density estimation model, the priors considered in [5,7] were all n-dependent (note
that, in fact, there cannot be a non-n-dependent version of the random histograms as in [5,7], as the corresponding
underlying infinite dimensional prior would be a Dirichlet process, which has no density). The Pélya-tree class of
priors in the present paper precisely provides an example of such canonical prior.

We plan to study further properties of Pdlya trees in future work. Among others one can mention two natural ques-
tions. First, adaptation: here we have studied the case where the Holder regularity parameter 8 of fj is given. Several
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constructions can be considered to build an adaptive prior, that automatically adapts to the unknown regularity 8.
Second, results for higher regularities, that is 8 > 1, would also be of interest.

Extensions to higher regularities. A first question is whether the analysis of the present paper could be carried
out, for the same Pélya tree prior, to higher regularities & > 1 using higher order wavelets. Indeed, one may think
that choosing @; = [2%* may continue to lead to optimal rates even when o > 1. We believe this is not the case.
One indication why this is presumably not the case is that under the prior distribution, it can be checked that locally
around any point xg € [0, 1], the density is not more than locally C I even if @ > 1 (as noted above, when o < 1 the
prior density when a; = 2%/ is locally C* at any non-dyadic point). The intuition is that having all Y, independent at
a same level [ = || creates ‘too much independence’ between values at different points to produce a highly smooth
density.

The second question is whether a different, cascade—like tree—induced scheme for sequentially defining random
masses P (I;) of intervals could produce a random density with a given arbitrary smoothness level o possibly larger
than 1. Such a construction could for instance be inspired by the schemes defining wavelets bases {y;;} that enable
to capture smoother regularities (e.g. Daubechies or boundary-corrected wavelets) compared to the Haar basis wIIZ .
The point is to understand whether this is could be done while still preserving a form of conjugacy: here conjugacy
is obtained at a given level with a multinomial likelihood on the one hand (the data produce counts Ny (/;) on each
dyadic 1) and a finite-tree prior of Beta distributions for interval probabilities on the other hand. It is thus quite
directly related to a definition of f via inner-products with indicators ( f, 1;,), which naturally leads to the Haar basis.
Would there exist a conjugate structure that would enable to define (f, ¥yx) along a tree—like scheme? This will be
studied elsewhere.

3. Proofs
3.1. Preliminaries and notation

By the standard conjugacy property of Pélya trees, see [12,31], if P follows a PT (A) distribution, the posterior
distribution P | Xy, ..., X, follows a Pélya tree distribution PT (A*) with respect to the same partition and with
updated parameters A* = {o), e € £}, where

az;:as‘f‘NX(Ie)’ (14)

with Nx(I;) = Y1 I{X; € I}
The following sets of notation will be used throughout the proofs.

1. Tilded notation, posterior distribution. We denote by P a distribution sampled from the posterior distribution and
by Y the corresponding variables Y in (1). In particular, the variable 1780 is Beta(ajo, oz;"l) distributed.

2. Bar notation, posterior mean. Let f = f fdTI(f | X) denote the posterior mean density and P the corresponding
probability measure. We use the notation Y for the variables defining P via (1).

3. Paths along the tree. A givene = ¢ ---g; € £ givesrise to a ‘path’ e] — €16, — £1&2 - - - £;. We denote

1M=1, .,
forany i in {1, ...,7}. Similarly, denote, with Ex the expectation under the posterior distribution,
P = Fye, TH = Ex[FI].
Conversely, any pair (/, k) with! >0and k € {0, ..., 2h— 1} is associated with a unique € = ¢(/, k), the expression

of length [ in base 1/2 of k27,

For a given distribution P with distribution function F and density f on [0, 1], denote P(B) = F(B) = f g [, for
any measurable subset B of [0, 1]. In particular under the ‘true’ distribution, we denote Py(B) = Fo(B) = f g Jo.- In
the sequel C denotes a universal constant whose value only depends on other fixed quantities of the problem.

For a function f in L2, and L, an integer, denote by fL» the L2-projection of f onto the linear span of all
elements of the basis {y;x} up to level I = L,. Also, denote fn the projection of f onto the orthocomplement
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Vect{yx,1 > L,}. In the proofs, we shall use the decomposition f = fL» + f Ly which holds in L? and L under
prior and posterior: this follows from Lemma 7, which gives sufficient conditions in terms of the sequence (a;) for
both L? and L™ statements. Both conditions of the Lemma are satisfied for (a;) of the form (6) or (9).

3.2. Proof of Theorem 1

Proof of Theorem 1. Define L, to be the integer such that

1
2Ln _ \‘CO( n > H~201J7 (15)
logn

for cg a small enough constant to be chosen below.

Step 0. Haar decomposition and an event . First, we define an event B on the data space. For any integer /, set
An(D)? := (I + Ly)n /2. Recall the notation / ,ﬁ from Section 1.1. Define B as the event on which, simultaneously for
the countable family of indexes [ > 1,0 <k < 2! for M large enough to be chosen,

M~ Nx (If) = nFo(I)| < An) v (1 + La), (16)
where as before Ny (1) is the number of data points in /. By Lemma 4, we have
P;O(BC)=0(1). (17)

Let us now decompose, using the notation above for the projection,

3 7 Ly ¢ Ly
f=tfo= ("= 7P+ (Ff = fom) + fhr = fy (18)
which holds in L> (Lebesgue-almost surely) and in LZ.
For any given [, k, for ¢ = ¢(l, k) the expression in base 1/2 of k27! let us write I k) = Ieo U Igy. For P a
probability measure of density f and {yy} the Haar basis, by definition (f, ¥x)2 = 202(p(1,1) — P(Ip)). For a

function g, denote by gy its coefficients onto the Haar basis. If P follows a Pélya tree distribution with density f, we
thus have the equality in law

fik = (f> Y2 = 212 P (1) (1 — 2Yeo). (19)

To start with, let us note that

LS
15" o = Z Jo.k Wik
I>L,.k o0
-1
< Z{m,gmfo,lu}HZqu S 275
I>Ly, k X I>Ly

using that f is Holder and the definition of L,. We now focus successively on each of the remaining terms in the

decomposition (18), before putting the bounds together and concluding.

Step 1, term fL" — fOL” in (18). Given indexes [, k, and e = ¢(l, k),

fie =212P(1.)(1 — 2Y.0)
as well as, with yg0 := Fo(le0)/Fo(le),

foux =22 Po(I:) (1 — 2y50).
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This leads to the expression

P
Po(I¢)

fik — fouk = fo,zk[ 1} + 2%+115(Is)(yso — Ye0).

Combining Lemmas 1 and 2 and the fact that Fo(I;) < 2! leads to, on B,

l .
- a;2! Ly2! 2l L
|ﬁk—fo,zk|§|fo,zk|{2 — }+<T|fo,lk|+ 7”)

i=1

i 1~
a2 L,2 L
§|fo,lk|{7+ :L }+ 7n

From this deduce that, on the event B3,

Ly

<) 27 max 1Ifzk — Jfo.uxl

oo~ = 0<k<2l—

| F5 = fo

L,2Ln
n

Ly
5 lel(a"rl)n—l +
=0

L, 2Ln

n

< g*

~ “n,a’

Sz—Lna +

where we have used q; 5_122"" and | fo | < 2710/2H),
Step 2, term fLn — fLn in (18). We define an event A for which TT[A¢ | X™] = o(1). We aim at having each
variable Y, defining the posterior law not too far from its expectation. In terms of f, this means a control on

fl[i+1] f/ flm f for all admissible i, ¢ = ¢(l, k) with [ < L,. Let A be the measurable set of densities f on which,
sifnultaneously for all possible ¢, i,

|?8[i] B Yg[i]} - '/m f//[i—ll f- /[/[i] f//[i—ll fj| dl'[(f | X(n))‘
15 IS I.L: Is
Ly .
<M [l (20)
nFo(1i

Let us check that the complement of .4 has small posterior probability. By definition Y, 11 follows a Beta distribution of
parameters ¢; = a; + NX(Igl...gi) and ¥; = a; + NX(IEI...(I_SI-)). So; A >a; > 8and ¢; +; =2a; + Nx(Ig[iil]).
Also, one has ?gm = ¢;i /(@i + ¥;). By Lemma 2, this ratio is bounded below by a constant times Fo(Igi])/Fo(Ig[i_l]),
for n large enough. Indeed, the remainder term in Lemma 2 is a o(1) for our choices of a;, L, and using the regularity
of fo. So ¢; /(@i + ;) is bounded away from 0 and 1.

Now one can apply Lemma 6, with x = M L,l/ 2 /2 and M a constant to be chosen below. First one checks that

@i + Vi = Nx (IF1) > Ny (117)
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as nFo(Ig[i])/Z =n2"" and /2L,n2~" = o(n27") uniformly in i < L,. Thus for n large enough, for x = ML,1,/2/2,
using Remark 1,

p[wgﬂ _ s } < De .

X
VnFoth

A union bound leads to, for .4 defined by (20) and d a small enough constant,

Ac | X(n) Z 2 —dM? logn

I<L,

which tends to 0 for M a large enough constant. Now

(1e)
_ —9/2p _ _(1—
fik — fue=2"2P (I, )[P(I )(1 2Y:0) — (1 2Yso)}

&

s B 5[ P
=222 P (1) (Yeo — Yeo) + 21/2P(15)[I_) ;

&

_1ﬁ1_2ﬁm+%ﬁo—ﬂ®]

P(I.)
P(1,)

= 221/2ﬁ(18)(?€0 - YisO) + |: - 1:|[flk + ZZZ/ZP(IS)(?EO - YE‘O)]’

where by definition

5 Loyl

Puo i

Py T

By Lemma 2, the mean Yy is close to Fo(Is0)/Fo(I;) when [ < L,, and similarly for Y;;. In particular it is bounded

away from 0 and 1. So on 3, one can replace |17 i _y [i]| in (20) by |V, g /Ye g — 1] up to multiplying the upper bound
[l] in (20) by a universal constant. The conditions of Lemma 3 are satisfied, as L,2%" /n is a o(1). Deduce that on A

and on the event B,

-1
‘P(I) ‘<Zr[:]< .
P(]g ~ e~

On the other hand, we directly have with (20) that |1?go — )750| < +/Ly2!/n. Conclude that for any f in A and on the
event B3,

L2 L2

k= il S Vil +2’/2P(1)[/7+ . }
~ L2 L
S Uikl o
n n

using that, on B, the mean P(I,) is within a constant of 2. By the triangle inequality |ﬁk| < Iﬁk — fo.kl + | fo.ixl.
Now it suffices to notice that the terms induced by fix — fo.x and fo ;x respectively have already been dealt with in
Step 1 above. Deduce that, on B, for f in A,

L,25n
n

*
oo SEna T

It 7

<e

*
n,a*
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Step 3, term fn in (18). For any R > 1 to be chosen, denoting by Ey the expectation under the posterior distribu-
tion,

EX”sz

o= 2 2 Ex|max| firl]

I>L,

2l _1 1/R
-y zl/z[z Exmkv*} |
I>L, k=0

where we have used Holder’s inequality and bounded the max by the sum. From (19), with ¢ = &(/, k), using inde-
pendence of Y's given the data along a path in the tree,

Ex| fu|®R =2R2Ex P(I)REx |1 — 2Y,0|F. 1)

First we deal with the last expectation in (21). We apply Lemma 5 with a = a; + Nx (I:0), d = Nx(Iz0) — Nx(I¢1)
and

R =R, :=log,n.

To do so, we check that the condition 2|d| < a is satisfied on the event B.Let M; = M((In/2")'/2 v 1) be the constant
appearing in Lemma 4 when [/ > L,,. Since Yo ~ Beta(a; + Nx(Is0), a; + Nx(I¢1)), we note that, on B,

|Nx (Ico) = Nx (Ie1)| < n|Fo(le0) — Fo(Ie1)| + M;
<271 4o < My,
where we have used that fj is ¢-Holder, that [ > L,, and that
aj + Nx(I0) = a; +nFo(l0) — M
Za +n27l — M,

so the condition is satisfied on 5 for [ > L,. Lemma 5 now implies that

5 R
Ex[|1 —2Y0|®] < (C|Nx (o) — NxUe1)|/ar)" + (CR/a)®/?
< (CMifa)® + (CR/ap®* S (CRjap)*/?
for n large enough sothat R=R,, > Ry V M 2. For the first expectation term in (21), the formula for the Rth moment
of a Beta variable leads to

[—1R-1

Ex[PUR] =TT @x.cG. 7.

i=0r=0
ai + Nx (1 4 r
2a; + Nx (11" + r

Ox.e(i,r) =

Let us distinguish the two regimes i < L, and L, <i <. Let us write Ny (I}')) = n Fo(1/"!) + M, (i). Wheni < L,
Fo(lltY) 14+ n~"(a; + Me(i + 1) + 1)/ Fo(Ii)
Fo(Ih)  14+n~'Qa; — M) +r)/FoI})

Fo(lg'“)[ ai+M5(i+1>+rM M, (i) }
. 1 . 1 — |,
=R LT aRarh T D

Ox.e(i,r) =
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where to obtain the last inequality we have bounded the denominator from below and used the inequality 1/(1 —x) <
1 +x forx <1, as well as n Fo(I}) 2 n27" and, for any i < L,, by definition of L,,

21 121 lzf L,2Ln
M, (t)—<M < =o(l).
n n n

Deduce, for C3, C4 large enough constants,

z+1 2ia, + /inzi/Z —‘,—2iR /inzi/Z
Ox,e(, 1)< ——+— ( ) 14+C3 d 1 1+C;3
Fy (I’) n n

n

Fo(Ilth 2ia; +/in21/2 + 2R,
S———(14+C4 .
Fo(1})

This implies that, for some Cs > 0,

i , i 2ig; ++/in21/2 +2'R
[[ox.G.r) < FO(ISL”+])H|:1+C4 ’ - .
i=0 i=0

Ln 5 —hi/2 | Ai
§2L"exp{C4zzal+mz +2Rn}
i=0 "

2Lnay, + /Lyn2tn/? 420 R,

n

SZ_L" exp{C5 } 52_1‘",

where the last exponential term is bounded due to the definitions of L,, &y, and R,,. Now in the regime L, <i </,

[i+
gy
Ox.eli,r)= -

2a;(1 + Ml

)+2a,)

[i+1]
< 1(1 + M + L)
2 a; a;

This implies that, on B, for some C¢ > 0, with M, (i) < Vin27i? 4 i,

1
[T QxeG.r =27 exp

i=Lp+1 i=L,+1

i nFo(Ii+1) + Mo (i) + Ry }

ai

!

2~ in27"2+i+R
C6 Z n +«/E +i+ n}

S 2*(1*Ln) exp
i=L,+1 di

2R
< ==Ly n Vn n
<2 exp Ce(anLn(Hza) + JL_nzL'l(%+2“) + e

S 2_(1_14)1)’

using again the definition of L,,. This leads to the bound

R-1

Ex[ﬁ(lg)R] < l—[ (Cz—anLn—z) < (CZ_Z)R'

r=0
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Conclude that, with R = R,, =log, n and some ¢ > 0,

Z 21/2[2121R/2CR271R(CR/al)R/Z]l/R
I>L,

_ .1 lo
5 Z zc‘l/Rnerl/zal 1/2 5 Z zclogzn lgnz_la

I>L, I>Ly

s Y ooy Y ofmer

L,<l<logyn [>logyn

Ex|r" . <

For n large we have c(log, n) ™! < va, for any fixed v > 0. The first sum in the last display is less than a constant times

e* and the second sum is less than n~ =" By choosing v < (2at)/ (2 + 1), the second sum is thus of smaller

n,o
order. Conclude that Ex || fX|loo < En o
Now putting together the different bounds obtained, for any M, — oo, setting T, :={f : | f — folloo < Mpe;; ,}

and using Markov’s inequality,
O[T 1X] < ER O[T, | X|1p + E} O[T, | X150
< E} [T, NA|X|1p+ E} TI[A°| X] 4 o(1)
<M. e T EY Ex[Lreall f — folloo|1s +0(1)
<M +o(1) =0(1).

This concludes the proof of Theorem 1. |

Lemma 1. Lets € € with |g| =1, for some | < L, and L, defined by (15). Suppose, foranyi <1 < L,, that a; < i2**.
Then, on the event BB defined by (16), for cq in (15) small enough, for n large enough,

- l .

P(1l,) a;2! L,2!
—— —1|<C § /.
‘Po(ls) ‘— [ n T\

i=1

Proof. Notice that P(Ig) and Py(I;) can be written as the products ]_[l | w; and ]_[l | yi respectively, with

a; + Nx (1) Fo(1i™

Sl — T YVi=——5—q-"
2a; + Nx (1~ Fo(rf="
On the event 3, we have NX(Ig[i]) = nFo(Is[i]) + 8i.¢ where §; . is controlled below. That is,

L @+ b Fo(llh
, )
1+ 171 Qa; +8i-1.0)/Fo(a¥ ™)

w; =

By definition of B, for [ < L, we have |8; ;| < Cy/nL,27%. Since L,25 = o(n), this bound is always of smaller
order than n2~1 < nFo(Ig[']), since fo is bounded away from 0. So the denominator of the last expression is bounded
away from 0. Deduce, forany 1 <i < L,,

‘_ B 1‘ [a,-zi N ani].
n n
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For large n and ¢ in (15) small enough, the last display is smaller than 1. Also,
l

l .
w; a; 2! L,2!
E ——=1|=<C E + ,
i ‘_ |: n n

11 i=1

which remains bounded. An application of Lemma 3 completes the proof. (]

Lemma 2. Let ¢ € £ with |e| =1 and I, = I,i,for some admissible indexes 1, k. Then, on the event BB defined by (16),
foranyl < L,,

- Fo(Ie0) - CZI/Z

o
T Foly)

(a1l fouxl +/nLy).

Proof. Similar to the proof of Lemma 1, let Nx (1z0) = nFo(Iz0) + 8i+1,¢, so that

Yoo 1‘ _ ‘ 1+ (@141 +8141.6) /nFo(leo) 1'

Ye0 1+ Qagy1 +81,)/nFo(le)

a1 1 1 167, 18141,el
Fo(leo)™ —2Fo(Ie)™ |+ — < + —
1o | Fo(ls)  Fo(leo)

22l(1 21/2 nL 1/2

< CTETI2 fy g + Cﬁ,

n n
on B, where we have used the bound |8; | + |6/+1,¢] < C(nL,2~Hl/z, U

Lemma 3. Let {yi}1<i<L, {wit1<i<L be two sequences of positive real numbers such that there are constants c1, c2
with

L

<c <1, Zﬁ—l
i=

— | i

i g
Yi

max
1<i<L

<y < 00.

Then there exists c3 depending on c1, ca only such that

5

Proof. It suffices to bound ¢ — 1 from above and below, where ¢ = Y log(w; /y;). For the upper bound, one uses
log(1 4 u) < |u| followed by el’l — 1 < ey for |v| < c3. For the lower bound, one uses log(14+u)>—(1— c1) " Hul
if lu| < c; < 1 followed by e =€l — 1 > —Clu]. O

L

]_[——1

ily

3.3. Proof of Theorem 3

Proof of Theorem 3. By Lemma 8, it is enough to check that finite-dimensional projections converge (28), and the
tightness-type property (29) at rate 1//n.

Finite-dimensional projections. First, let us formulate the problem in terms of convergence for histograms.

The finite-dimensional subspace V; is Vect{p, ¥,0 <k < 2 1<y }. Note that, if K = J + 1, it coincides with
the space of all histograms on the dyadic regular grid of [0, 1] of meshwidth 27X So, if J; = (( — 1)27K,i27X),
one also has V; = Vect{2X1,, 1 <i < 2K} and 7y, f has the explicit expression

2K 2K
g =2 ([ 1= Ereons
i=l1 i

i=1
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The distribution of my, f can be equivalently specified by the joint distribution of (F(J1), ..., F(Jyx)).
Below we show that if f is a draw from the posterior distribution IT[- | X],

<\/ﬁ</ f= Pn(-li))) = (Gpy1y)1<i<aks (22)
Ji 1<i<2k

where the convergence is in distribution in RZK, in probability under Py, and P, () = Nx(I)/n is the mass the
empirical measure associated to the data Xy, ..., X,, puts on an interval /.

To prove (22), we exhibit a parametric model where the same distributions as in (22) arise, and where the conver-
gence holds under Py. Set © = S,k = {(01, ..., 0,k) € (0, 1)2K, > 0i = 1} the interior of the unit simplex in R2" .
Consider the parametric model

2K
PEPK: P=Pg’gzzKZgi]lJia(gl"-'?gZK)EQEG) .
i=1

It consists of positive densities that are regular histograms with 2X bins. As usual the unit simplex ® can be identified
to the subset of RzK_l consisting of (0, ...,6,k_;) suchthat 0 <6, < 1forall1 <i < 2K _ 1 and

2K
Z 6 <1.
i=1

Define a prior distribution I[Tx on ® viewed as a subset of R2"-! by ‘cutting’ the Pdlya tree distribution at level K.
That is, define the joint law of (g;)<;<»« as the joint law of (F(J;));<; <ok, Where F is sampled from a Pdlya tree
with the prescribed parameters. o o

The algebraic expression, given data X1, ..., X,, of the induced posterior distribution on (F (J1), ..., F(Jyx)) in
the original model with the original Pdlya tree prior, and the posterior distribution of (gi, ..., g,x) in model Pk
with prior Ik, are the same: this follows by the conjugacy properties of the beta-distributions with respect to the
likelihood, which is of multinomial type. The posterior distribution has, under both models, a tree-type structure: the
posterior of F(I;) has same law as a product of )78["]’s, i < K, which are Beta variables with updated parameters
af =ag + Nx(Ig). In particular, note that the joint posterior distribution of (F(J1), ..., F(J,x)) only depends on the
data through the counts Ny (J;), for 1 <i < 2K,

Now, the counts (Nx(J;),1 <i < 2K ), have the same distribution under X ~ Py, the original true model, and

under X ~ P K15 where
0

2K
01 =283 Fotny,

i=1

is the L2-projection of f onto Pk . This is because the counts are multinomially distributed with parameters Fo(J;) =
Fy¥1(J;), both under Py, and P iK1

Deduce that the induced posteorior distribution on Pk has same law under Py, as the posterior in model Pg with
prior I1x and under P K1 To the latter distribution one can apply the parametric Bernstein—von Mises theorem,

as stated e.g. in [42], C(l)lapter 10, and we now check the corresponding assumptions. The model Pk is smoothly
parameterised, and in particular differentiable in quadratic mean. The testing condition (10.3) from [42] is easily
verified using Hellinger-type tests: denoting by Py an arbitrary element of Pk, one checks that for any 6,0’ € ©,
the squared-Hellinger distance between Py and Py verifies (9 — 6’ )2 < h2(Py, Py) < (0 -0 )2, In this context, the
existence of appropriate Hellinger tests follows from the works by Le Cam [32] and Birgé [3], see e.g. [4], Corollary 1.
Finally, the prior I1x has a positive density in a neighborhood of 6y, the element of the simplex corresponding to fO[K],
since all parameters o, are strictly positive. Conclude that the posterior in model Pk converges in the total variation
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distance

(K]

IMkl 1 XTor™ = NO.Tx) |1y — 40,

where 'k is the inverse Fisher information matrix in the model Pk at 6, the element of the simplex in R?" with

coordinates 6y ; = Fo(J;) (recall that one may identify the simplex ® with a subset of RzK_l, dropping out the last
coordinate, as usual; also, (I'); j = 6p,i1i=; — 6,;0, ;) and

7:0 > /n(6 —bg),

with g == (Nx(J)/n, ..., Nx(Jyk_)/n) = @u(J1), ..., Pa(Jox _))).
Deduce that, in the model P, for any real numbers by, ..., byx, the posterior distribution of

2K _

2K 1
VY biOi =0 =n Y (bi — by ) (O — ;)

i=1 i=1
converges to (b. — sz)TF k (b. — by ). This coincides with
oK 2 oK
EP0<GPOZbi]lJi> =Val‘p0(Zbi]lji>.
i=1 i=1
.. . . 2K
Indeed, rewriting the expression using 1=3 7, 1,

oK 2K _1 2K_1
Varp, <Zbi]lji) =Varp0<z b1y, 4 byx <1 — Z Ilji))
i=1

i=1 i=1

Z (b; —bzk)(bj —bzk)COVPO(:ﬂ.ji,]].jj),

1<i,j<2K_—1

where
Covpy(1y;, 1) = [(111,- — Po(J) (1, — Po(Ji)) d Py

=1;=;60,; — 00,i0,; = (Ck)i,j,

recalling that here 6y is the vector of 6y ; = Fy(J;) = Pyl ;, which leads to

oK
Varp, <Zbi]ljf) = (b. —bzl()TFK(b. — byx).

i=1

By Cramér-Wold, this shows that the left hand-side of (22) converges in distribution to a centered normal limit, with
the same covariance structure as that of the right-hand-side of (22), in Py-probability. This establishes (28), with
centering 7,, given by (11). Instead of centering at the empirical counts, one can also center at the posterior mean, as
can be checked by a simple computation (this also follows from the bound on fj; — flk obtained below and applied
for finite [ < J).

Tightness. One now needs to check (29). We will exploit several intermediate results obtained along the proof of
Theorem 1. Those are obtained under a specific choice of @; that depends on the regularity of fy. Nevertheless, it is
easy to check that most statements in that proof remain valid when a; is one of the two sequences in (9), provided the
cut-off level L, is redefined, for each choice as in (9), as in (12)—(13), namely

1
jEs))
2bn = g, = Lnﬁj or 2bn:=J, = {( " ) J,

logn
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respectively. The events 3 on the data-space and A from the proof of Theorem 1 are redefined accordingly, using this
definition of L,,.

In particular, we will repeatedly use the bound, established in the proof of Theorem 1, on the set .4 and on B, for
anyl < L,,

P(I) n
— -1 < < =o0(1). 2
P@)‘N ST =W 23)

Note that establishing this bound did not require any specific smoothness conditions on fj.

We apply Lemma 8 below. First we note that one can work with the posterior conditioned to the set .4, that is
II[- | X, A]. This is allowed thanks to Remark 2 below Lemma 8. Along the proof, one can go back to the original
posterior by using IT[- | X, A] = TI[- N A| X]TI[A| X]~'. As TI[A| X] = 1 4+ 0p (1), this does not affect the following
argument. To simplify the notation, in the sequel we omit the conditioning on .4 when writing posterior quantities.

The quantity under expectation on the left-hand side of (29) in Lemma 8 is || f — fL|| Moy(z)» that we split into

IfEn — FE N Moz and || 50| agy () - We have, for say M > 1, and Ex denoting expectation under the posterior,

—1 r
Ex[ﬁmaxz, maxlflk—flk|]
I<L, k

o0
§M+/ H[\/ﬁyl%le_lm]?x|ﬁk—ﬁk|>u|X]du
<

M

<M+ Zf [ fix — fix| > uzi//n | X]du

I<L,.k

The difference fjx — fix can be bounded in terms of P(I,) and Y's: using the identities linking the function f to the
variables Y's obtained in the proof of Theorem 1, one obtains

1+[“)@
B(l,)

<2721 Y0 — Yeol + ‘

| fik — fuel < 2PN P (1) Ve — m+

’|flk|

L) ‘|flk|

=:(a) +(b),

where to bound the first term we have used (23) and the fact that P (1) < 27! holds on B thanks to Lemma 1 (which,
again, holds for the adapted choices of (q;) and L,, as above, and « in the statement replaced by §). We now bound
(a) and (b) successively.

On the event B, the variable Y, is Beta-distributed, with parameters that are within constants of n Fy(l;0) and
nFy(Ig1) respectively. Both are thus bounded above and below by multiples of n271el = n2~! 1t now follows from
Lemma 6 that, foru > M > 1,

|:(a) > —u ‘ X:|

—Cz?u?
<o

3

where the second inequality holds because z; > 8/(n27%)!/? uniformly in [ < L, for n large enough.
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We now deal with the term (b) and use the following intermediate bound obtained in the proof of Theorem 1, on 5,

a1 L,2! L
|f1k|<|f01k|{ —— }+ =,
n n

Note that the last bound is always smaller than C27%/2 for [ < L,. So, when we evaluate the posterior probability

P(I,) z]
HHPu)_l"ﬁ"' \/ﬁ”‘x}’

one can assume that u < \/nco2~"/ 2 ! for ¢ an arbitrarily small fixed constant, otherwise the posterior probability

in the last display is O (recall that (23) implies that the term in factor of | fix| in the last display goes to 0). Denote

A (u) = {f Y - Y1 < uzl\/%}.

Denoting Pr as a shorthand for I1[- | X],

l
- . 22
Pr([ ]Ai(u)>§Pr(fe[ ) A @), |Yg”(f)—Y8'”|5c2—jﬁlu)

i<l i<l i<l
l] L
(f) /22Z1
<Pr<feﬂ,4()z ‘5C—u>
i<l i<l 2ﬁ
. ﬁﬁ!“(f) C/z a
- i=1 )75[[] \/_

where we have used that }_’,;[i] is bounded away from 0 and 1, as follows from Lemma 2, and for the last inequality we
have used Lemma 3 together wit_h the fact that uz; (2' /n) 1/2 < ¢ can be made as small as desired for co small enough.
This implies, using again that | f;z| < 27/2, that

H[(b)> %u‘X}

~ !
P(l,) 22z
Hﬁ(m - 1‘ - 2@”)}(}

IA
|

=<

[ A; ) | X] < L~

-

i=1

as for the term (a) above.
Combining the obtained bounds on (a) and (b) leads to, for some ¢ > 0,

Ex[ﬁmaxzflmaxmk—flkl]

I<L, k

su+ Y1 [ et a
I<L,.k

5 M + Z lzle—CleM
I<Lyn
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The last quantity is bounded as soon as M is chosen large enough (note that the previous bound holds in probability,
since we work on the event 3 and have restricted to the set A with TI[A| X] =14+ o0p(1)).

Now we focus on bounding the part [ > L,. Proceeding as in the proof of Theorem 1, one can obtain bounds for
Ex[maxg | fir|]. First, using Lemma 5,

R
~ CR\ 2 n2—l0+e) 4 pr\ R
Ex[I1 —27:0/"] < (—) + (c—l> ,
a aj
From this via (21) and as in the proof of Theorem 1 it follows
1 1/2 2—l(l+(x) M
EXI:m]?X|flk|] §2—1/2|:<_> +n—+li|2d/log2n. 24)
a aj

We distinguish the two cases § < « and § > «. In the undersmoothing case § < «, the first term in the last bracket
dominates, as n2~/(1+a) < Mj;and M; < (lal)l/ 2 sinceboth 8 <o and [ > L,. From this we directly deduce that, on
the event B, when § < «, and for any {z;} with z; > Vi,

Ex [ﬁmaxzfl max |flk|]
I>L, k

5\/’7 Z Zflﬁz—l/za;1/22cl/1og2;z

I>L,

SV Y 2,

I>L,

which is bounded by 1 for both choices of (a;) in (9) given our choice of L,. Also, as Ex fix = flk and
ﬁmaxzfl max|f1k| < Ex[ﬁmaxzfl maxlflk|],
I>L, k I>L, k

the bound in the last but one display also holds with a different constant when fyx is replaced by fix — fik.

In the oversmoothing case § > «, the first term in the bracket in (24) dominates if n27 10+ 4 pp = o(all/ 2). This
is the case for [ > 1, for A, := Clog, n with C large enough. So for [ > A,, one can use the same argument as in the
case § <a«. For L, <[ < A,, one should work with fj; — flk as a whole instead of separating both terms. It follows
from (19) that

fik = fi = =27V P(1) (Yoo — Ye0) + 2172 (P (1) — P(I)) (1 — 2¥,0)

P(I)
P(1,)

= =22 P (1) (Yoo — Yeo) + [ - l]ﬁk
= (1) + (ii).
As Yoo = Ex [1780], the term (i) nearly coincides with fj, except that the bias has been substracted from 1750, SO one

can use (21) combined with the estimate of E|Y — EY|R obtained in Lemma 5. This leads to the same estimate as in
the undersmoothing case, that is

Ex[ﬁga}l‘le_lm]?ﬂ(i)” <n Z 2_1/2af1/2 <l1.
n I>L,

For the term (ii), to control the term P L)/ P(I,)—1, one proceeds as in the proof of Theorem 1, extending the event
A to an event A’ on which, for T' large enough to be chosen below,

12
Ly [i]

+ = pg )
. nFo(IM') + a;

-5 <7
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for any i < |¢| and any & such that |¢| < A,,. As in the proof of Theorem 1, one checks that, on the event 15,

¢ X] < Z Zle—CTzlogn zo(e—cTzlogn)

I<kn

for T large enough, as well as the fact that on A" and on the event B,

~ -1 -1 L2 i
F =

P(I:) pr S SV Y S

since we are in the regime / > L, (one also uses the fact that Y, g[i] is bounded away from O and 1 for both i < L, and
i > L,). Using the expression (ii) one deduces

[f max zy max‘(n)hlA, <f

max z; ml?x|flk|

L,<l<),
<+ LnZLnEX[ max z,_] max|f1k|].
Ly<l<ip k

Next one bounds the maximum in / by the sum and uses the general bound (24). This shows that the display is a o(1).
Finally, using the rough bound (ii) < C2/ < C2* and bounding probabilities and Y, by 1, one gets on B

EX[J— max_ z, max‘(11)|]lA/c]<\/—2)\" [(A’)C|X]=0(1)

L,<l<\,
as TT[(A)¢ | X] can be made an arbitrary large power of n~! by choosing T large enough.
Gathering the bounds obtained for/ < L, and / > L,, leads to (29) with centering at the posterior mean. This proves
the first assertion of Theorem 3.
To derive the second assertion of Theorem 3, first note that (7}, V) = (Py, Yix) equals flk = 21/ 2(F (Ie1) —
F(Ic0)) := 2/2(Nx (Ie1) — Nx(Ic0)), for & = &(l,k) and [ < L,. It suffices to show that || fin — fEn | vq ) is a

op(n~1?2y, B B B
Given indexes [, k, and ¢ = £(/, k), we have fix =2/ P(I,)(1 — 2Y,0). On the other hand,

F(Iao))
F(le)

fue =2"2(F(Le1) — F0)) = 2’/215(18)(1

One controls the difference ﬁk — flk in a similar way as for flk — fo.1k in the proof of Theorem 1. Similar con-
siderations as in Lemmas 1 and 2, but this time with F(I;) playing the role of Py(l;), lead to, on the event B as
before,

2! L
| fik — ful S —allfzkl +2 (1;{)22 a1,/ —

2f B L,\2% L
< Zal ful + (2 l+\/—">—az+1 —
n n n n
2! 2! [L
< Zapl four] + a1y —,
n n n

where we have used that |ﬁk| < (2’a1/n)|f0,lk| + /L, /n on B, as in the proof of Theorem 1.
Consider the case a; = 2%%, the case a; = [2?% being dealt with similarly. The last term in the above display
verifies,

2! [L 2Ln [L
-1 n -1 n —1/2
max|z;, —aj+1y/ — | =2 ar, +11 — =ol(n .
lsL,,I: L 7Y Loy Sty Ty ( )
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As | foux] $2710/249)  deduce, when 8 < «, on the event B,

— 2Ln(%+5)
Ly _ — (=172
I e, =),

~

max[ l 2 22l52 l( +5):|
< n

Appendix: Remaining proofs
A.1. Proof of Proposition 1

One follows the steps of the proof of Theorem 1. The cut-off is taken equal to the cut-off /,, in (12). For low frequencies
| <1,, one uses the same arguments as in the proof of Theorem 1 with the new cut-off, similar to what is done in the

proof of Theorem 3. For high-frequencies, one separates fé’f and f' . For the latter, one uses Lemma 5 and this time
both terms on the right-hand side of the inequality in Lemma 5 matter, depending on how large / is. The proof is
largely similar to that of Theorem 1, so details are left to the reader.

A.2. Proof of Theorem 2

Proof. One applies Theorem 4 in [7], in the space My (z), where we take the sequence (z;) to be z; = 2//2/1?, and
the centering 7,, = f FLn | with f defined in the proof of Theorem 3 above. To do so, let us check that the conditions of
Theorem 4 in [7] are satlsﬁed. By definition Z, 2127172 is finite. Also, it follows from (the proof of) Theorem 3 that
the posterior recentered at fnL” satisfies the Bernstein—von Mises theorem in M(z). One now checks that, for the
above choice of z;, one has || fin — fL"  Mo(z) = 0p(1). This is done in a similar way as in the proof of Theorem 3.
The difference is in the estimate involving fy: the last estimate in that proof then becomes

1
2 2Ln(3+6)
max[ [ 22152 l( +0t)] -
n

1
L22EnG—a=3)
<L,

n

As § < a + 1/2, this bound is a o p(n_l/ 2), which leads to the first statement of Theorem 2. The second statement

follows from the fact that, by a direct computation one can show that \/n ||ﬁnL" — F,]loo 18 @ 0p (1) whenever § <
o + 1/2, as in the proof leading to Remark 9 in [20]. ]

A.3. An event of small probability

Let B; be the collection of events defined by, for / > 0 and a sequence L, — oo,

B = {On}{ax21|NX(1k) nFo(1})| < M(x/l + Ln\/gv I+ Ln)) }

Lemma 4. Let X1, ..., X, be i.id. of density fy on [0, 1], with fy bounded away from 0 and infinity. Then for M
large enough and any L, — 00, as n — 00,

P;O[U Bf} =o(1).
>0

Proof. For given fixed indexes &,/ > 1, Bernstein’s inequality applied to the variables 1 (X;el)) gives the bound, for
y >0,

n?y2/2 )
nFo(ID(1 — Fo(I})) +ny/3

Cny?
<2exp| — .
2~ +y

PRI (ah) = no (1) = ny) = 2exp( -
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Set ny = nyj, to be the term appearing on the right hand side of the < sign in the definition of ;. There are two regimes
for the index [/, depending on which one of the quantities in the maximum on the right hand side of the definition of
B; dominates. In each of the regimes, the last display is bounded by C’e~CM(+Ln) for any k. Conclude using that
>, 2le=CMU+Ln) = o(1) for large M. O

A.4. Lemmas on Beta variables
Lemma 5. There exist universal constants agy, Ro, c1 such that, for any a > ag, any integer R > Ry and d a real

number such that |d| <a/2, if Y follows a Beta(a, a + d) distribution,

R

1
E|l —2Y|R52R—1[ EY -3

+E|Y — EY|R}
< (cid/a)® + (c1R /)"

Proof. The first inequality follows by convexity of u — u® on R*. For the first term on the right hand side one uses
that by definition of Y, |2EY — 1| =d/(2a 4+ d) < d/(3a). For the second term, one writes

o0
E|Y —EY|R = Rf P[lY — EY|® > u]u?~" du
0

2 \® o0
<R +R/ P[lY — EY[® > u]u?~" du.
2a +d 2

2a+d

The last integral is bounded by, using Lemma 6 below and 1/3 <a/(2a +d) < 1/2, and denoting s = 2a + d,
/OOP Y—EyRs L g 2|2 v
0 TVs s\ s NG

1 (®/w 2\ _»
<— —+Z2) DeTd
_ﬁ/o <ﬁ S> ‘ v

R [V w? 1
§C2R|:s2./ wik=1e= 7 dw—l—SZR].
0

By the standard formula on absolute moments of normal variables,

w 1[,’2 R_l
/ wRk=le™% qu < F<T>c§ <(CR)?.
0

Combining the previous bounds leads to the result. (I

Lemma 6. Let ¢, v belong to (0, 00). Let Z follow a Beta(p, V) distribution. Suppose, for some reals cy, c1,

O<co=g¢/le+V¥)=ci<l, (25)
o AN > 8. (26)

Then there exists D > 0 depending on co, c1 only such that for any x > 0,

P[\Z—E[Z]|> x4 2 :|<De_x2/4
Vo+rv  e+v ] '

Remark 1. The bound in Lemma 6 can be read as a sub-Gaussian bound on Beta variables with ‘balanced’ (¢ and
Y are roughly of the same order via (25)) and ‘large enough’ (via (26)) parameters. Under (26) and if x > 1, which
is the case for the applications considered here, the term 2/(¢ + ) can always be absorbed in the first term, up to a
change in the constants.
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Proof. The density of Z can be written e8/ fol e8, where for u € (0, 1),
gw)=(p— Dlogu+ (¢ — 1)log(1 —u).

The mean of Z is E[Z] = ¢/(¢ + ) and its mode m is the mode of g on (0, 1), noting that g has a unique maximum
on (0, 1) if (26) is assumed. Solving g’(m) = 0 and simple algebra reveal that

p—y
(p+y—=2)e+Y¥)
2 le—yl__2
Tty oty T ety

That is, to prove the inequality, it is enough to bound

|E[Z] —m|=

-[\u—m|>B eg(u) du

Pl|Z-m|>B|=—77"———,
[ | Jo €5@ du
where B = B(x) = x/+/¢ + V. To do so, we bound numerator and denominator in the last expression by deriving two
bounds on g.
The first bound is g(u) — g(m) < —(¢ 4+ V) (u — m)?/4, for any u in (0, 1), which follows from Taylor’s formula
together with the fact that

_//(u)_<p—1 v-1 _ (+¥)
=" T Ay 2

¢+w.

WA —u?)> >

The second bound controls g close to m. First suppose m < 1/2 and letusbound g on J :=(m,m+1//o + ). We
claim that J is contained in (co/(1 + 8~'), 3/4). The right boundary follows from combining m < 1/2 and (26). The
left boundary is obtained from

§0+1 ] 1 co
m= > > ;
o+Vv+2 " o+ Y 14871 T 14871

where the first bound uses (26) and the second bound uses (25). Now for any u in J, we may write g(u) = g(m) +
g (&) (u —m)? /2, for some ¢ € J. But

&' O =@+W(E+A-07).
Using the previous bounds on the endpoints of J, one deduces that
lg@) —gm)| <c, Vuel,

where ¢ depends on ¢ only. In the case that m > 1/2, we instead bound g on J' := (m — 1/4/¢ + ¥, m). Using the
symmetric bound

m<1—L 1 -1 1—c

R A T

one has J/ C (1/4,1 — (1 —¢1)/(1 +871)) from which we deduce as before that |g(u) — g(m)| < ¢’ for any u € J',
where ¢’ depends on ¢; only.
Combining the previous bounds, one obtains, in the case m < 1/2,

e~ @V —m?/4 g,

Jyecdu

P[|Z —m|> B] < -[\u—m|>B

X ) )
Se‘f eVt dy < De ¥4,
lv|>x
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for D large enough, using the standard bound fxoo e du < Ae’xz, for any x > 0 and a universal constant A. The
case m > 1/2 follows similarly. O

A.5. Membership to L* and L>®
Lemma 7. Let I1 be the distribution on densities generated by a Polya tree with parameters oz = ay, for any |e| =1

and |l > 0, and some sequence (a;);>0. Under condition (4), that is

o0

Zal_l < 00,

=0

a density f drawn from TI belongs to L*[0, 11, TI-almost surely. In other words TI[ f : fol f2 < 0ol = 1. Under the
stronger condition that for some § > 1/2,

N
221 afl/z < 00
=0

a density f drawn from T1 belongs to L*°[0, 1], I1-almost surely. Moreover, in this case, T1-almost surely, f is also
(Lebesgue)-almost everywhere the sum of its Haar wavelet series. Also, all these statements hold under the posterior
distribution T1[- | X] as well.

Proof. For convergence in L2, it is enough to check that the sequence (fix), with fix = (f, ¥x) the Haar wavelet
coefficients of f, is square integrable IT-a.s., which is implied if

E [Z f,ﬂ <o,
1,k
where E denotes the expectation under the prior distribution. From the expression (19), for I, = I, ) one gets
E(f2)=2'E[P(I,)*]1E(1 — 2Y,)?, and
-1 -1

1 g +1 I +a; -1 =1
E[P(Ia)2]=l_[— i 211—[ <2 2 Xisoa;
im0 1+(2al) !

aswellas E(1 — 2Y.0)% = 4 Var(Y,o) = 1 /(2a; 4+ 1). Deduce that the expectation at stake is finite as soon as (4) holds.
For the supremum norm, one first checks that the series

ol
YD S

1>1 k=1

is normally converging IT-almost surely. For this it is enough to verify, as || Y, [Vikllloo < 2!/2  that, denoting by E
the expectation under the prior distribution,

E|:221/2mkax|flk|:| < 0.

l

Using Holder’s inequality, and next bounding the maximum by the sum, this expectation is bounded, for some R > 1,
by
1

2l—1 2l—1 ¥
ZZZ/2|:ZE|flk|:| <Zz’[ZEP(18<z,k>>RE|1—2Ysu,k)o|R] :

l k=0
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The first expectation in the last display is bounded proceeding as for the L2 norm above, but using the formula for the
Rth moment of a Beta variable instead of the second. This yields

[—1 R-1 o +r R—-11-1 1+V/Ol
EP(I : =27k ’
(ea.0)" ,l_!)rl_!) 20; + 1 rl_!)ll_(l)l—i—r/(Zoc,

R-1
<o—IR l—[ elizor/@i < p—IR ,CR*
r=0

For the second expectation to evaluate, we use Lemma 5 with a = ¢; and d = 0 to obtain E|1 — 2Ys(1,k)o|R <
(c1R/a;)®/?. Combining the previous bounds one obtains that the considered expectation is bounded by

Zzl 2[2—[R LR (ClR/a])R/2 1/R <Zzl/Re ﬁ

1/2
1 I a;

Taking R = C+/1, the last sum converges by assumption, which shows normal convergence IT-almost surely. Deduce
that the Haar-wavelet series of f IT-a.s. converges in L, to an element say g € L. As the wavelet series converges
in L? to f by the first part of the proof, deduce that J(f = 2)> =0, so that f = g a.e. That is, f belongs to L®
and coincides with the sum of its wavelet series almost everywhere, IT-almost surely. Finally, the statement about
the posterior distribution follows from the fact that, under (4), the Pdlya tree posterior is absolutely continuous with
respect to the prior, see e.g. [9]. (]

A.6. Weak convergence and BvM phenomenon in Mo(w)
Convergence in distribution of random variables X,, —¢ X in a metric space (S, ) can be metrised by metrising weak

convergence of the induced laws £(X},) to £(X) on S. Here we work with the bounded-Lipschitz metric Bs: Let p, v
be probability measures on (S, d) and define

Bs(w,v) = sup
F:||FlBL=1

/SF(x)(dpL(x) —dv(x))|, (27)

|F(x) — F(y)l
| FllgL = Sup|F(x)| + sup 1) = PO
xes x;éy,x,yes d(x,y)

Lemma 8 (Proposition 6 in [7]). Let ny,, J € N, be the projection operator onto the finite-dimensional space
spanned by the ’s with scales up tol < J. Let f ~T1(-|X), T, = T,(X), let I1, denote the laws of Vn(f —T,)
conditionally on X. Assume that the finite-dimensional distributions converge, that is,

Bv, (l:In on;}, Gp, 0 71‘7]1) P00, asn— oo, (28)

for all J € N, and that for some sequence z = (z7) 1 0, z;/\/i >1,

_ 1
E[s?pz, lml?x’(f—Tn,wlkﬂ|X]=0po(ﬁ>. (29)

Then, for any w such that w;/z; © 0o we have, as n — oo,
BMo(w) (T, Gpy) =0
Remark 2. The result still holds true if f ~ I1(:|X) is replaced by f ~ I1(-| X) for random measures IT1(- | X) s.t.

B (TIC1 X), TI(-| X)) =70
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as n — oo. Likewise, the posterior can be replaced by the conditional posterior I1(- | X, D,,) for any sequence of sets
D,, such that TT1(D, | X) =0 1.
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