Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

2017, Vol. 53, No. 4, 1747-1792 ANNALES

DE LINSTITUT
DOI: 10.1214/16-AIHP770 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2017 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Hydrodynamic limit for a system of independent, sub-ballistic
random walks 1in a common random environment

Milton Jara®! and Jonathon Peterson®-2

4IMPA, Estrada Dona Castorina 110, Rio de Janeiro, Brazil. E-mail: mjara@impa.br
bDepartmem of Mathematics, Purdue University, 150 N University Street, West Lafayette, IN 47907, USA.
E-mail: peterson@math.purdue.edu; url: http://www.math.purdue.edu/~peterson

Received 14 January 2016; revised 9 May 2016; accepted 1 June 2016

Abstract. We consider a system of independent random walks in a common random environment. Previously, a hydrodynamic
limit for the system of RWRE was proved under the assumption that the random walks were transient with positive speed (Electron.
J. Probab. 15 (2010) 1024-1040). In this paper we instead consider the case where the random walks are transient but with a
sublinear speed of the order n* for some k € (0, 1) and prove a quenched hydrodynamic limit for the system of random walks
with time scaled by nl/% and space scaled by n. The most interesting feature of the hydrodynamic limit is that the influence of the
environment does not average out under the hydrodynamic scaling; that is, the asymptotic particle density depends on the specific
environment chosen. The hydrodynamic limit for the system of RWRE is obtained by first proving a hydrodynamic limit for a
system of independent particles in a directed trap environment.

Résumé. Nous considérons un systeme de particules indépendantes évoluant dans un milieu aléatoire commun. Auparavant, la
limite hydrodynamique de ce systeme de particules en milieu aléatoire a été obtenue quand les particules sont transientes avec
une vitesse positive (Electron. J. Probab. 15 (2010) 1024-1040). Dans cet article nous considérons le cas ou les particules sont
transientes mais ont une vitesse sous-linéaire d’ordre n* pour k € (0, 1) et nous montrons I’existence d’une limite hydrodynamique
du systeme de particules avec une échelle du temps nl/¥ et une échelle spatiale n. La propriété la plus intéressante de cette limite
hydrodynamique est que le milieu n’est pas moyenné par la limite ; c’est-a-dire, la densité asymptotique des particules dépend de
la réalisation du milieu choisi. La limite hydrodynamique du systeme de particules est déduite a partir de la limite hydrodynamique
d’un systeme de particules indépendantes dans un milieu aléatoire dirigé.

MSC: Primary 60K35; secondary 60K37

Keywords: Hydrodynamic limit; Random walk in random environment; Directed traps

1. Introduction
1.1. Overview and significance of the main results

In this section we give an informal discussion of the main results of this article in terms of a simple model. More
rigorous definitions and a more general setting can be found in subsequent sections.

Let us consider the following simple model of a random walk in random environment. We have two types of unfair
coins, A and B. Coins of type A have heads probability p > % and coins of type B have heads probability ¢ < %
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Initially we associate to each site of the lattice Z a coin of one of the types A and B with equal probability. Then we
run a simple random walk in the following way. When the walk is at site x, it flips the coin associated to x. It moves
to the right if the coin gets heads and to the left if the coin gets tails. Let us call (X,),>0 the Markov chain obtained
in this way. It will be useful to introduce the parameters r = =P gnds =124 I [18], it is proved that (X,),>1 is
transient to the right as soon as p + ¢ > 1 (that is, rs < 1), and that the asymptotic speed of the chain is equal to
zero if r + 5 > 2, see (2) below. When the walk is transient to the right with asymptotic speed zero (i.e., rs < 1 and

r 4+ s > 2), there exists a parameter k € (0, 1) such that r* + s =2. If logr‘ is irrational (the so-called non-lattice
condition), the scaling limit

log s

.
lim =L
n—oo n

exists in the weak quenched sense, see [4,5,13,14]. The scaling limit is a process we call directed trap process. In
one sentence, the directed trap process is a Markov process in R generated by the (random) operator %, where o is
a realization of a x-stable subordinator. The random subordinator o can be understood as the weak scaling limit of
the random environment. Our aim in this article is to answer the following question: what can we say about a system
of independent random walks following the evolution described above on a common random environment? We will
prove that the hydrodynamic limit of this system of particles is given by the PDE

ou du I

ot do’ M
where the right-hand side of (1) represents the operator % applied to the function x — u(¢, x) for ¢ fixed. One of the
striking features of this hydrodynamic limit is the dependence of the limiting equation on the random environment (that
is, the operator % appearing in the PDE is random). This features is not new in the literature; similar results have been
proved in [6,9], and our result is a natural follow-up. However, one important difference in terms of hydrodynamic
limits with [6,9] is that our limiting equation is hyperbolic, while the equations in [6,9] are diffusive. This is not evident
from the scaling exponents of the equations, but a closer look at the proofs of the hydrodynamic limits in [6,9] reveal
the use of tools commonly used in the proof of diffusive hydrodynamic limits. Somehow this is summarized by the
self-adjointness of the operators % %, % % with respect to suitable Hilbert spaces. Since the limiting equation in
the current paper is hyperbolic, the techniques from the previous papers do not seem applicable and we instead prove
a hydrodynamic limit by a series of couplings with progressively simpler systems of particles.

In proving the hydrodynamic limit of the system of independent particles, we need to establish various properties of
the limiting equation (1) which are interesting in their own right. The point is that it is not necessarily clear in which
sense the probability density function associated to the directed trap process satisfies the proposed hydrodynamic
equation. This is a delicate point which is of independent interest and we devote a considerable part of this article
to answer this question. The same problem is already present in [6,9] and the answer in these three cases (ours and
theirs) are different.

1.2. Transient random walks in random environment

The main object of study in this paper is a system of independent one-dimensional random walks in a common random
environment. First we recall the standard model of one-dimensional random walks in a random environment. In this
model an environment is a sequence @ = {wy },ez € [0, 11% =: Q. For a fixed environment  and any x € Z, arandom
walk in the environment o started at x is a Markov chain (X,,),>0 with distribution P}, defined by

wy if z=y+1,
Py(Xo=x)=1, and P (Xpt1=z|Xn=y)=11-0w, if z=y—1,
0 otherwise.

A RWRE is constructed by first choosing an environment w according to some probability measure P on (2, F)
(where F is the natural Borel o -field) and then generating a random walk in the environment @ as above. Oftentimes
we will be interested in the case X¢ = 0 and so we will use the notation P, instead of Pg . The measure P, of the
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random walk conditioned on the environment w is called the quenched law of the RWRE. By averaging over the law
P on environments one obtains the averaged law P(-) = Ep[Py,(-)].

A system of independent RWRE can be constructed as follows. First, let w be chosen according to the fixed measure
on environments P. Then, for the fixed environment w we can let {(Xﬁ’] )n>0}xez,j>1 be an independent family of

random walks in the environment w such that X g’] = x for every x € Z and j > 1. In a slight abuse of notation we
will let P, be the quenched joint distribution of all of the random walks. Also, at times we will be interested in the
path of a single random walk started from x and so we will use X;, instead of Xﬁ’l in these cases.

While the above construction enables us to start infintely many random walks at every point, we will be interested
in the case where there are finitely many random walks started at every x € Z. We will let xo(x) denote the number
of random walks initially started at location x € Z and will refer to xo = {xo(x)}xez as the initial configuration. If we
only follow the paths of these particles then the configuration after n steps x, = {xn(x)}xez is given by

@)=y > Lyviy:

YEZ j=<x0(y)

For a fixed environment w, if the initial configuration of particles g has distribution u € M (Z_%), where M (Z?_)
is the space of probability measures on Zz, then we will denote the quenched law of the system of particles by
P.. In much of what follows below we will be interested in cases where the measure on initial configurations de-
pends on the environment w. That is, we will allow for u = () to be a measurable function from €2 to the space
Ml(Zz) equipped with the topology of weak convergence of probability measures. For such initial configurations
depending on the environment it makes sense to define the averaged measure on the system of random walks by
() = Ep[PS (1.

The main goal of the current paper will be to prove a hydrodynamic limit theorem for the system of independent
RWRE. In this paper we will make the following assumptions on the distribution P on the environment w.

Assumption 1. The distribution P on the environment is such that w = {wy },ez is an i.i.d. sequence.

Many of the properties of RWRE can be stated in terms of the distribution of the statistic p, := l;i of the
environment. To this end, our second assumption is the following.

Assumption 2. Ep[logpg] <O.

It is known that under Assumptions 1 and 2 the RWRE are transient to the right [18]. In addition, Solomon proved
in [18] the following result on the limiting speed of RWRE satisfying Assumptions 1 and 2.

X 1-Eplpol -
P lim =2 =vy ) =1, wherevy=1{ TFEripol ?f Eplpol <1, @)
e 0 if Eplpol = 1.

In [12], the following hydrodynamic limit was proved under the additional assumption that the RWRE are ballistic
(that is, vo > 0 or equivalently Ep[po] < 1).

Theorem 1.1 (Theorem 1.4 in [12]). Let Assumptions 1 and 2 hold, and additionally assume that Ep[po] < 1 so that
the limiting speed vo > 0. Let Cy be the set of continuous functions on R with compact support. If there is a bounded
function ug(x) and a sequence of initial configurations {x }n>1 such that

1
Jim_ ;Zx{}(xw(;—‘) = /]R uo(P(x)dx. Ve e C. 3)

X€Z

then for any fixed t > 0
1
lim — Z X,Z’,(x)¢<%) = /Ruo(x —tvo)p(x)dx, V¢ €Cp. “4)

n—oon
X€Z
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The limits (3) are either both almost sure limits under the averaged measure or limits in probability under the quenched
measure (for almost every environment ).

In this paper we will be interested in studying systems of RWRE that are transient but with a sublinear speed (i.e.,
vo = 0). As noted in (2) above, RWRE that are transient to the right have vop = 0 if and only if Ep[09] > 1, but for our
results we will need to assume the following slightly stronger assumption.

Assumption 3. There exists « € (0, 1) such that Ep[pj] = 1.
We will also need the following technical assumptions.

Assumption 4. log pp is a non-lattice random variable under the distribution P on environments, and E p[ o log po] <
oo where « is the parameter from Assumption 3.

Remark 1.2. For RWRE that are transient to the right (i.e., Ep[log po] < 0) the parameter « > 0 defined by Ep[ pg] =
1 plays a major role in many of the known results (note that in some of these results the parameter « > 1). For instance,
k determines the rates of decay of both the averaged and quenched large deviation slowdown probabilities [3,7], and
in the limiting distributions proved in [10] both the scaling and the type of limiting distribution are determined by the
parameter «. For instance, Assumptions 1-4 imply that

X
lim IP’(—" §x> =1—Lc(x7%), vx>0,

n— 00 nk

where L, is the distribution function for a totally skewed to the right «-stable random variable.

Remark 1.3. The technical conditions in Assumption 4 are needed to obtain certain precise tail asymptotics that are
needed for our results. These technical conditions were also needed for the averaged limiting distributions of transient
RWRE in [10] and also more recently for the results on the weak quenched limiting distributions in [4,5,13,14].

1.3. Hydrodynamic limits for systems of RWRE

For any environment w, define

1

8w(x) = w_(l + Ox+1 + Px+10x+2 + Px+1Px+20x+3 + ). )
X

If the distribution on environments satisfies Assumptions 1 and 2, then it can be shown that g,,(x) = E,, [ano Lixr=x}]

for P-a.e. environment w — that is, g, (x) is the expected number of times the random walk started at x visits x (in-

cluding the visit at time 0). The functions g,, are useful for constructing stationary distributions for the systems of

independent RWRE in the environment . To this end, for any o > 0 let iy (@) € Ml(ZJZr) be defined by

(@) = ®P0isson(agw(x)).
X€Z

It was shown in [12] (see also [2]) that iy (@) is a stationary distribution for the system of RWRE for any « > 0. That
is,

Pl@(n, e )= Pl () € ) = i, (@)(-), Vn>0,

for P-a.e. environment .

The hydrodynamic limit proved in this paper will describe the behavior of the system of particles when the initial
configurations are what may be considered “locally stationary”. For a continuous function u : R — [0, c0) and w € @
and n > 1 fixed let u!} (w) € /\/ll(Zf) be the measure on configurations given by

(@) = ®P0isson(u<%)gw(x)). (6)

X€ZL
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We call these configurations locally stationary because the distribution of the configuration in a small neighborhood
of x & yn is approximately the same under i}, (@) and fi,(y) (®).

If Ep[po] < 1 (equivalently k > 1), then it follows from Assumption 1 that Ep[g,(x)] = %ﬁ{zg} = val < 00.
From this it is easy to see that if x is a sequence of initial configurations with g ~ u}(w), then the configurations
X satisfy the condition (3) for the hydrodynamic limit when Ep[po] < 1 (if k¥ > 1 then the limit holds in probability
with respect to the quenched measure; if ¥ > 2 then it can be shown that the limit holds almost surely with respect
to the averaged measure). Informally, this says that by scaling space by n and giving each particle a mass of n~!, the
empirical distribution of particles converges to the deterministic measure v, Yux)dx.

If « <1 then Ep[g,(x)] = o0, and so one can no longer hope for condition (3) to hold when the initial configura-
tions have distribution p]; (w). However, it will follow from our main results below that when « € (0, 1),

nl/x

lim Pﬂi’«< ! ZXo(x)qS(x/n) € ) =P</Ru(x)¢(x)aw(dx) € ) Vo € Co, @)

where ow = {ow (x)}xer 18 a two-sided «-stable subordinator with distribution P.

Remark 1.4. In a slight abuse of notation, we will use ow (x) to denote a non-decreasing cadlag function of x with
ow (0) = 0 and will use o (dx) to denote the corresponding measure on R given by ow ((a, b]) = ow (b) —ow (a). We
explain briefly the notation ow used here and in the rest of the paper. Under the measure P, W is non-homogeneous
Poisson point process on R x (0, 00) with intensity measure Ay *~! dx dy for some A > 0 and then the measure
ow (dx) is defined by ow (A) = ffo(O,oo) y W(dx dy).

Remark 1.5. Note that (7) differs from (3) in two respects. First of all, the necessary scaling gives mass n~ '/ to
each particle, and secondly the limiting scaled empirical measure is a random measure u(x) ow (dx) instead of a
deterministic measure.

Remark 1.6. A proof of (7) can be obtained with a little bit of work using results from [4]. However, we will not give
this argument here since this will also follow from the proof of our main result below where we will show a similar
convergence for the empirical measure of the system of random walks as they evolve.

Our main result in this paper is a hydrodynamic limit for systems of RWRE when « € (0, 1).

Theorem 1.7. Let Assumptions 1-4 hold with k € (0, 1), and let u be a nonnegative, continuous function with compact
support on R. Then, for any function ¢ (t, x) on Ry x R that is continuous with compact support,

nll{[(‘)lopug (nll/K /thnl/“(x)qs(ts %) dt € ) :P</MW(I7X)¢(I7X)GW(dX) dt e ')s

where o is a two-sided k -stable subordinator with distribution P and where the function uw (t, x) satisfies uw (0, -) =
u(-) and

. uw (t,x+h)—uw(t,x) . _
d _ im0 Sty I 1=0,
——uw(t,x) =1 . uy (X —tw () . Vx € Jw, 3
ot im0 =oy et —owey #1>0,

where Jw = {x : ow (x) — ow (x—) > 0} is the set of the locations where ow has a jump.

Remark 1.8. Both uy and ow are defined in Section 2 in terms of a point process W =) ", 8(x,.y,) on (0, 00) x R
(in the proof of Theorem 1.7 W will be a random Poisson point process with intensity measure Ay *~!dx dy).
The function ow in Theorem 1.7 is then identified with the atomic measure ), yx8x, on R with support Jw =
{xx}r, and the function uw is defined probabilistically in (14) using a stochastic process which evolves on Jy .
This probabilistic formulation defines uw (¢, x) for all x € R in such a way that it is cadlag in x with jumps only
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Fig. 1. A simulation of the function uyy (¢, x) which appears in statement of Theorem 1.7 (and also in Theorem 2.8 below). The top left frame is
a Poisson point process W on R x (0, co) with intensity measure y % -1 dydx with k =0.7. The succeeding frames show the function uyy (¢, x)
at times £ =0, 0.25, 0.5, 0.75, and 1.0, respectively, when the initial configurations are given by the function u(x) = x(1 — x)1{x¢[o,17}- For this
simulation, a truncated point process was simulated on R x [0.001, oo) and since this point process has only finitely many atoms a corresponding
approximation of uy can then be calculated by solving a finite system of ordinary differential equations related to the differentiability properties
of uw in (8).

at points x € {xx}x = Jw. Moreover, using this probabilistic formulation, it is shown in Section 3 that the size of
the jump uw (¢, xx) — uw (¢, xx—) is proportional to y; = ow (xx) — ow (xx—). A simulation of the function uw (¢, x)
demonstrating these properties is shown in Figure 1.

Remark 1.9. The hydrodynamic limit in Theorem 1.7 is somewhat non-standard in that the limiting empirical mea-
sure of the particles is described by a random measure uw (¢, x) ow (dx). As will be seen from the proof of the theorem,
the reason for this is that the effect of the environment w does not “average out” in the hydrodynamic scaling. We note
that somewhat similar results in which the environment survives in the hydrodynamic limit were obtained previously
for systems of independent particles in the Bouchaud trap model [9] and also for the exclusion process with random
conductances [6].

Remark 1.10. Hydrodynamic limits of particle systems are typically described as solutions of some fixed PDE.
However, the differentiability properties of the function uw given in (8) suggest that the empirical configuration of
particles is asymptotically described by the solution to a random PDE of the form (1); the randomness in the PDE
comes from the Poisson point process W and is analogous to the randomness of the environment w in which the
random walkers are moving in. Note that since uw (0, -) = u(-) is continuous and ow () is discontinuous at points in
Jw the right-hand side of (8) equals 0O in the case = 0. We state (8) using a limit instead in this case to make the
connection with the PDE (1) more clear.

We suspect that the differentiability properties in (8), together with the initial condition uw (0, -) = u(-) uniquely
characterizes the function uw (¢, x). However, instead of characterizing the function uw as a solution to a PDE of
some sort we will define uw probabilistically in Section 2 using what we will call a directed trap process. The
differentiability properties in (8) will then be proved in Section 3. Finally, in Appendix A we show that if we also
assume that the function u(x) is of bounded variation then the function uw (¢, x) is in fact the unique solution to a
random PDE which depends on the point process W.

We give now a brief outline of how we will prove Theorem 1.7. Several recent works [4,5,13,14] have shown
that the behavior of RWRE under Assumptions 1-4 are similar to the behavior of a much simpler process which we
will call a directed trap process. We define the directed trap process in Section 2 and state an analog of Theorem 1.7
for systems of independent particles in a common trap environment. Due to the simple nature of the directed trap
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processes, one would expect the proof of the hydrodynamic limit to follow easily. However, a difficulty arises in that
the natural limiting directed trap process has traps that are spatially dense in R. Thus, a bit of work is required to
properly define the function uw and to prove the corresponding differentiability properties like in (8). After proving
the differentiability properties of the function uw in Section 3 we then prove the hydrodynamic limit for directed
traps (Theorem 2.8) in Section 4. In Section 5 we recall some of the tools that were introduced in [13,14] for cou-
pling a RWRE with an associated directed trap process. These techniques are then adapted in Section 6 to couple
entire systems of independent RWRE in a common environment with an associated system of independent directed
trap particles in a common trap environment. This comes close to proving the hydrodynamic limit as stated in Theo-
rem 1.7, but the natural coupling of the RWRE system with a directed trap system leads to a system of RWRE that is
different from those in Theorem 1.7. In particular, the natural coupling requires both a change in the distribution P on
environments and initial configurations that are different from the locally stationary configurations ], (w) defined in
(6). Proving that these two changes to the system of RWRE do not affect the hydrodynamic limit requires significant
technical effort and is accomplished in Section 7.

1.4. Notation and technical details

We close the Introduction by introducing some notation and discussing some technical details that will be used
throughout the remainder of the paper. Throughout this subsection, we will use W to denote a generic Polish space.

1.4.1. Functions
The set of functions f : ¥ — R that are continuous with compact support will be denoted by Co(W¥), and CO+ () C
Co(W) will denote the subset of such functions that are also non-negative. In the case that ¥ = R we will write Cy and
C(;r instead of Cy(R) and Ca’ (R), respectively.

If W has a metric dy (x, y) and f : ¥ — R is a real-valued function on W, then we will use the notation

A(fi8)= sup |fx)—f)| )

dy (x,y)<é

for the modulus of continuity of f. The supremum in the definition of A(f; d) is of course restricted to x, y in the
domain of the function f. Note that we do not assume that the function f is continuous in defining the modulus of
continuity. However, recall that if f is uniformly continuous (for instance, if f € Cp) then A(f;8) — 0asé — 0.

1.4.2. Measures and point processes

The space of non-negative Radon measures on ¥ will be denoted by M (W) (recall that Radon measures are finite on
compact subsets). We will equip M (W) with the usual vague topology. The reader is referred to [16] for more details
on the vague topology, but we simply recall here that a sequence of Radon measures w, converges to u € M (V) if
and only if lim,, oo ( f, n) = (f, ) for all f € Co(¥), where here and throughout the paper we will use the notation

<ﬁm=Afmmw>

to denote integration of f with respect to the measure . Also, we note that the vague topology is compatible with a
metric that makes M (W) a Polish space.

If W is also locally compact, we will use M, (V) C M (¥) to denote the subset of M consisting of point
processes on W; that is purely atomic measures of the form ), 8,,, where 8, denotes the Dirac-delta measure at the
point x; € W. Since point processes are Radon measures, there are only finitely many atoms in each compact subset
of W, and since we have assumed that W is a locally compact Polish space we can conclude that any point process
only has countably many atoms. Therefore, we may (and will often) enumerate the atoms of the point process by
the set of integers Z. The only point processes that will appear in the remainder of the paper will be on the space
W =R x (0, oo]. Thus, for the remainder of the paper we will simply write M, in place of M, (R x (0, oo]). Note
that [-L, L] x [&, 00] is a compact subset of R x (0, co] and thus any point process M € M, will have only finitely
many atoms in [—L, L] X [e, oo].



1754 M. Jara and J. Peterson

1.4.3. Path spaces

If I C R is a connected subset of R, a real-valued function x : I — R is called cadlag if it is right continuous with
left limits. We will use the notation x (—) = lim,_, ;- x(s) for the value of the left limit at # € 1. The collection of all
cadlag paths x : I — W will be denoted Dy .

There are many topologies that can be placed on the path space D; (see [19]), and in this paper we will at times
use two different topologies: the Skorohod J;-topology® and the uniform topology. When we wish to indicate that
a particular topology is being used we will use the notation DIJ or Dy to denote D; equipped with the Skorohod
J1-topology or the uniform topology, respectively. We refer the reader to [1] or [19] for the details of the Skorohod
J1-topology and the uniform topology, and will simply recall here some important properties of these topologies that
we will use.

e The Skorohod Ji-topology is compatible with a metric that makes D IJ into a Polish space.
e The uniform topology is stronger than the Skorohod J;-topology. However, if a sequence of paths x, — x in the
space DIJ and the limiting path x is continuous, then it follows that x,, — x in Dy as well.

1.4.4. Asymptotic notation
For sequences { f, }, and {g,}, of real numbers with g, > 0 for all n, we will use the following notation for comparing
the asymptotics of these sequences as n — o0.

fa= O(gn) if limsupn—x)o | fnl/gn < 00.
fan=o0(gy) if lim, o fr/gn =0.
So~guiflim, oo fr/gn = 1.

2. Directed traps and systems of independent directed traps

The proof of the hydrodynamic limit in Theorem 1.7 will be obtained by comparing the system of RWRE with a
system of particles in a directed trap environment. In this subsection we will introduce the model of directed traps and
state a hydrodynamic limit for systems of independent particles in directed traps.

2.1. Directed traps

We begin by describing the model of directed traps. Recall that we are using the notation M, for the space of point
processes on R x (0, oo]. A “trap environment” for a directed trap process is an element W = )", 8(x,,y,) € M . For
W fixed, we then wish to construct a directed trap process Zy with the following dynamics. When located at xj it
stays there for an Exp(1/yx) amount of time before moving to the next trap to the right. Of course, a complication
with this informal description arises if the set {x;}; of spatial trap locations is dense in R, for then there is no “next”
trap to the right. To account for this, we now define the following subset of M, for which we can make the above
construction rigorous (including cases where the locations of the traps are dense in R).

Definition 1. The subset 7 C M, consists of all point processes W with the following properties:

W(R x {o0}) =0.

sup, W({x} x (0,00]) = 1.

There exists an g > 0 such that W ((—oo, —L] X [gg, 00)) = W([L, o0) X [&g9, o0)) = oo forall L < oo.
For any fixed ¢ > 0 and L < oo,

// yW(dxdy) = Zykl{\xk|SLsyk<5} < 0.
[—L,L]x(0,¢e) k

-

Point processes W € T will be referred to as trap environments.

3There are several different Skorohod topologies, but the Skorohod Ji-topology is the most commonly used and in fact is often just called the
Skorohod topology.



Hydrodynamic limits for independent RWRE 1755

Remark 2.1. We briefly explain the need for these three conditions in the definition of 7. The first condition states
that there are no “infinite traps” and the second condition is that there is only one trap at each spatial location. The
final two conditions relate to the time it will take the process to cross an interval. The third condition ensures that there
are infinitely many traps larger than a fixed size in both spatial directions; thus the process will not be able to travel
an infinite distance in a finite amount of time. Finally, since there can be infinitely many “small traps” in an interval
[—L, L], the fourth condition will ensure that these traps are small enough so that the total time spent by the process
Zyw in crossing the interval [—L, L] is finite.

Remark 2.2. Because there are (countably) infinitely many atoms (xg, yx) in a trap environment W € 7, we can
enumerate the trap environments by the index set Z. However, it should not necessarily be assumed that the atoms are
ordered with respect to this indicing. That is, we cannot necessarily assume that k < £ implies that x; < x; (although
this will be the case for some trap environments we will consider later).

Definition 2. If W € T is a trap environment, then we will define
Jw = {x eR: W({x} x (0, oo)) > 0}.
We will refer to Jw as the set of trap locations for W.

Definition 3. If W € T is a trap environment, then we will define the measure o € M4 (R) by

ow(A) = // Y W(dx dy). (10)
Ax(0,00)

We will refer to ow as the trap measure for W.
Remark 2.3. The fact that oy is a Radon measure for W € 7 follows from the first and last properties in Definition 1.

We now show how to construct a directed trap process Zy for W € T. Let {x}rez be an i.i.d. family of Exp(1)
random variables, and let tyy € M (R) be the random measure on R given by

Tw = Z)’kfkfsxk-

keZ

Remark 2.4. The construction of 7y above does not necessarily imply that 7y € M, but we claim that for almost
every instance of the exponential random variables {{x} the construction does indeed give a Radon measure. To see
this, note that E[Y ;7 Yl v 1<2)] = D_g Ykl <2y = ow([—L, L]) < oo for any L < oo. Therefore, it follows
that with probability one Ty ([—L, L]) < oo for all L < oo. That is, tw is indeed a non-negative Radon measure on
R. Therefore, we can define Ty as above on a set of full probability and arbitrarily set Ty to be Lebesgue measure on
the null set where the above construction does not give a Radon measure.

We are now ready to define the directed trap process Zw . The process Zy will move strictly to the right with speed
dictated by the measure 7y in that Ty (A) will be the total amount of time that the process Zw spends in the subset A.
To make this precise, for any x € R and ¢ > 0 we will define

Zw(t; x) =sup{x: tw ([x, x)) <t} (11)

If the set Jw, which marks to spatial locations of the traps, is nowhere dense in R then it is clear that {Zw (¢; x)};>0
is a Markov process on the set J which evolves in the manner described at the beginning of the section (i.e., waits
at x for an Exp(1/y;) amount of time). On the other hand, if Jw has limit points in R then it is more complicated to
prove that the construction (11) gives a Markov process. However, it is easy to see that this construction implies the
following fact which would correspond to an application of the strong Markov property.

Zw(t;x)=Zw(t + tw([z. )):2), Vz<ux. (12)
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Additionally, the following properties of the process Zw follow easily from the definition in (11).
e For any fixed x € R, the process ¢t — Zy (¢; x) is non-decreasing and right continuous.
e The process Zy (; x) starts at the “first trap” greater than or equal to x. That is,
Zw(0;x) =inf{y > x:y € Jw}.
e The construction in (11) gives a natural coupling so that Zy (¢; x) < Zw (¢; y) whenever x < y. Moreover, for any
fixed t > 0, Zw (¢; x) is non-decreasing and left continuous in x.
An important special class of trap environments will be those trap environments with trap locations that are dense
in R.

Definition 4. The subset 7" is the collection of all trap environments W € T with the property that Jy is dense in R.

The following additional properties are true for Zy when W € 7.

o If W e T, then Zy (0; x) = x for all x € R.
o If W €77, then Zy (¢; x) is almost surely continuous in 7 for any fixed x. This follows from the fact that Ty ([x, y))
is almost surely strictly increasing in y for any fixed x € R.

In addition to the directed trap process Zy defined above, we will also need to define an analogous process that
moves to the left instead. That is,

ZT/V(t; x)= inf{x/ : ‘Ew((x/,x]) < t}.

Of course similar properties that were stated above for Zy are also true for Z*{V. Similarly to (12), we have the
following strong Markov-like property.

Ztv(t;x):Z’Cv(t—}—rw((x,z]);z), Vx <z. (13)

Other important properties which are slightly different from those for Zy are the following.

e For x € R fixed, Z"V‘V(t; x) is non-increasing and right continuous in .
o Z3(0;x)=sup{y <x:yeJw}h
e For ¢ > 0 fixed, Zj, (¢; x) is non-decreasing and right continuous in x.

The importance of the left-directed trap process Zj, is that we will use it to define the function uy that appears in the
statement of Theorem 1.7 and also in the hydrodynamic limit for directed traps below. This function is defined by

uW(t,x)zE[u( ﬁ,(l;x))]. (14)

Clearly the above properties of Zj, show that uw (0, x) = u(x) whenever W € T’. We will prove that uyw (¢, x) satisfies
the differentiability properties of (8) if W € 7 in Section 3 below.

2.2. Hydrodynamic limits for directed traps

The main goal of the current paper is to study systems of independent random walks in a common random environment
. In a similar manner, we will study systems of independent directed trap particles in a common trap environment
W. We will use notation that is similar to that which was used to define the systems of independent RWRE.

Let W € T be a fixed trap environment, and fix an enumeration {(xx, y¢)} of the atoms of W. Given this enumera-

tion of the traps let {(Z];",j (t))1=0}kez, j>1 be an independent family of directed trap processes in the trap environment
Law

W such that Zl‘;’,j () = Zw(; xy) for all k € Z, j > 1. As with the systems of RWRE, we will only start finitely
many particles at each x;, and we will use ntW to denote the configuration of particles at any time ¢ > 0. That is, we
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will fix a (random) initial configuration {17(‘)” (xx)}rez according to a distribution that we will specify later. Then the
configuration r),W at any later time ¢ > 0 will be given by

ny (xe)

W —_— .
Yo=Y )" Lty k€Zi120.

teZ j=1

We will be interested in proving a hydrodynamic limit for systems of independent directed trap processes in a
common trap environment. To obtain a limit, however, instead of re-scaling a fixed trap environment we will instead
assume that we have a sequence of trap environments W,, that converge to a trap environment W. Moreover, we will
assume that the limiting trap environment W is dense in R.

Assumption 5. {W,},>1 C T is a sequence of point processes such that W, — W € T’ as n — 0o, where the con-
vergence is with respect to the vague topology on M, (R x (0, co]).

Remark 2.5. We will denote the atoms of W, by {(x}, y{)}kez to distinguish them from the atoms (xx, yx) of W.
Thatis, Wy =3 ez 8¢,y and W =3 7 8 )

Since W), € T for every n > 1, the fourth condition in the definition of 7 implies that

lim// yW,(dxdy)=0, VYL <oo,n>1.
L,L1x(0,)

e—0

However, we will need to assume the following uniform control on this convergence.

Assumption 6. The sequence {W, },>1 of trap environments is such that

hm hmsup// yWu(dxdy)=0, VL <oo.
[—L,L]1x(0,¢)

n—o00

For a fixed sequence of trap environments W, — W, we will use the notation 5} to denote the system of particles
in the trap environment W, rather than the more cumbersome n,W ". To obtain a hydrodynamic limit for the systems
of independent directed trap particles, we will need to make the following assumptions on the sequence of initial
configurations.

Assumption 7. There exists a sequence a,, — oo and a function u € C(')" such that for every n, the initial configuration
of the system 7" in the trap environment W, =), Sy is given by

{6 (x) } <7, is product Poisson with n¢ (x}') ~ Poisson(a,u(x}') 7). (15)

Remark 2.6. It can be seen that for any trap environment W =}, §(x,.y,) and any « > O the configuration that is
product Poisson with n(xx) ~ Poisson(ayy) is a stationary configuration for the system of particles in the trap envi-
ronment W. Thus, the initial configurations given in (15) are analogous to the locally stationary initial configurations
i for the systems of independent RWRE that were described above.

Remark 2.7. The sequence a,, is needed so that the number of particles in a fixed interval is unbounded as n — oo
and allows for a law of large numbers type result to be used. When we use Theorem 2.8 to prove results for systems
of RWRE the sequence a,, will be n!/*.

We are now ready to state our main result for the hydrodynamics of systems of independent directed trap particles.

Theorem 2.8. Suppose that there are trap environments W, — W € T as in Assumptions 5 and 6. Let the systems of
particles n"* in the trap environments W,, be constructed on a common probability space P so that the initial conditions
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given in Assumption 7 are satisfied for some u € CaL and some sequence a, — o0. Then, for any ¢ € Co(Ry x R) we
have that

lim i/X:r);’(x,f)(]b(t,)c,’:)dz‘=//(]b(t,x)uw(t,)c)aw(dx)dt, in P-probability, (16)
R

n— o0 an ez
where uw (t, x) is the function defined in (14).

Remark 2.9. The inner integral on the right-hand side in (16) is a Lebesgue integral. That is, using the representation
W =23 8(x,,y) We have

/]R Bt 6, x) o (@) = 3, v (1, x0) i

keZ

3. The function uw (¢, x)

The main goal of this section will be to prove differentiability properties of the function uyw (¢, x) that arises in the
statement of the hydrodynamic limits in Theorems 1.7 and 2.8. Recall the definition of uw (¢, x) in (14) for any trap
environment W € 7. The main goal of this section is to show some differentiability properties of uy, but we begin
with a few easy continuity properties.

Lemma 3.1. For any W € T, the function uw (t, x) is right continuous with left limits in x for every t > 0 and
continuous in t for every x € R.

Proof. As noted above, it follows from the construction of the process Z ;, that

° > Z*W(t; x) is right continuous with left limits for any fixed x € R, and
e x> Zy,(t; x) is right continuous with left limits for any fixed # > 0.

From these two facts and the bounded convergence theorem it follows that uw (¢, x) is right continuous with left limits
in ¢ for any fixed x and also right continuous with left limits in x for any fixed ¢.
To show that uw (¢, x) is also left continuous in ¢, first note that (13) implies that

uw (t, x +h) =E[u(Z} ;x4 1) Ly (cox+h>1 ]
+Efuw (1 — ow (v, x + 1), ) Loy (ex+h)=n |- 17)

Since « (and thus also uw) is bounded and tw ((x, x + h]) — 0 as h — 0%, we can thus conclude from the Bounded
Convergence Theorem that

uw(,x)= lim uw(@,x+h)=uw(—, x),
h—0t

where the first equality is from the right continuity in x that was proved above. This completes the proof that uw (¢, x)
is continuous in ¢. O

Remark 3.2. If the trap environment W € 7, then the fact that uw (¢, x) is continuous in ¢ follows more easily from
the fact noted above that Z;‘V(t; x) is continuous in ¢ for any fixed x € R when W € 7.

Before proving the differentiability properties of uy, we need the following Lemma which gives a probabilistic
formulation for limy,_, g+ uw (¢, x — h).

Lemma 3.3. Let Z3,(t; x) = Z;ﬁv (tw({x}) + t; x). Informally, t — Z3,(t; x) is the path of the (left) directed trap
process started just after leaving site x. Then,

ujy (t, x) = E[u(ZﬁV(t; x))] = hlir51+ uw(t,x—nh), Vi>0,xeR. (18)

Moreover, the function u$y, (¢, x) is continuous in t for any fixed x € R.
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Remark 3.4. Note that if x ¢ Jw, then tw ({x}) = 0 and so Z},(t; x) = Zy,(¢; x) and uy, (¢, x) = uw(t, x) for all
t>0.

Proof. The Markov-like property in (13) implies that
uw(t,x —h)= E[u(Z;‘V(t + rw((x —h, x]); x))]

The limit in (18) then follows from the Bounded Convergence Theorem along with the fact that tw ((x — &, x]) —
T ({x}) almost surely as # — 0T and Z ;‘V(-; x) is right continuous. If x ¢ Jy, then it follows from Lemma 3.1 that
uyy, (¢, x) is continuous in ¢ since as noted in Remark 3.4 above uy, (¢, x) = uw (¢, x) for all £ > 0 in this case. It
remains to show that ug, (¢, xx) is continuous in 7 for any fixed x; € Jw. However, for x; € Jw if we define the trap
environment Wy = W — 8(x,y) (that is remove the trap at spatial location x; from the trap environment W) then it
is easy to see that Zy, (¢, x¢) = Z*Wk (¢, x¢). Therefore, uy, (¢, xx) = uyy, (t, xx) and it follows from Lemma 3.1 that

ufy (¢, xx) is continuous in . O
We are now ready to prove some differentiability properties of uyy .

Proposition 3.5. For any W € T, the function uw (t, xi) is differentiable in t for any x; € Jw and

d t, - t,xy—h
D itz = — lim WO muw@ =) s, (19)
at h—0+ ow ((xk — h, xk])

Moreover, if W € T’ then we also have
0 . uw(t, xg +h) —uw(t, x)
— t,xx) =— lim , Vxp e ,t>0. 20
atMW( ) Him, ow (G D) k€ Jw (20)

Proof. First of all, by conditioning on the value of Tw ({xx}) ~ Exp(1/yx) and recalling the definition of u{, in (18)
we have that

t
) 1
uw (t, xx) = e u(xp) + / —efs/y"u%,(t —s5,x;)ds
0 Yk

1
1 ,
=e—t/yku(xk)+e—t/yk/ — "M uS, (s, xi) ds. (21)
0 Yk

From this representation of uyw (¢, x¢), and using the fact that u;, (s, x) is continuous in s, it is easy to conclude that
uw (t, x) is differentiable in ¢ with derivative given by

d —uw(t, xk) +upy, (¢, xi)
—uw(t,x) = = :
Jat Vi

(22)

The equality in (19) then follows from Lemma 3.3 and the fact that oy ((xx — k, x¢]) — yr as h — 0.
Before giving the proof of (20) when W € T, we introduce some notation that will be convenient. For W and
xx € Jw fixed, let

= tw (X%, xx + h))
and
o = ow ((xx, xx + hl).
Since 1, = Z[:xze(x]“xﬁh] yele, with &g 1.i.d. Exp(1) random variables, it is easy to see that

E[t)])=0, and Var(z,) <o} (23)
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Having introduced this notation, we now turn to evaluating the limit on the right-hand side of (20). To this end, we
first note that (17) implies

uw (t, xy +h) —uw(t, xy) _ E[M(Z*W(t; Xk + )z, >n] _ P(ty, > Huw(t, x)
o N Op Oh

3 E|:14W(f7xk) — uw (I — Th, Xg)

on 1{-[115[}}. (24)

Since u and uw are uniformly bounded above, to show the first two terms on the right-hand side in (24) vanish as
h — 07 it is sufficient to note that
P(r, >1) . P(ltp —opl > 1 —op) Var(7;,)

lim sup —— < limsup <limsup ———— =
h—0t  Oh h—0+ Oh h—o+ On(t —op)

3

where in the last equality we used that Var(zy,) < of by (23) and that o, — 0 as 1 — 0. It remains to show that the

last term on the right-hand side in (24) tends to — %uw(t, xx) as h — 07 To this end, first note that (22) and the mean
value theorem imply that

uw (t, xg) —uw( —a, xi)
a

2||u
< llulloo

Yk

, foralla€][0,1t).

Since E[1;,] = 03, we can conclude that

at

B uw(t, xg) —uw(t — T, xi)
o

d
1{Th§f}:| — —uw(t, xp)

ww (t, xg) —uw( — T, X) Th 0 11
= ‘E[ — g <y | — Duw @, x)E| —
T oy, ot oy

gl —uwt =) 0 %, Hjulloo B 5,512
< - - Euw(l,xk) —1. .12 +
h o h Yk op
ww (6, x) —uw (t —e,x,) 0 Hulloco,”?
< —8—MW(t7xk) R
0<5§<7hl/2 € t Yk
E[z7]

where in the last inequality we used that E[z), l{th>01/z}] <—5 = 2(;13/2_ Since 05, — 0 as h — 07, both terms in the
h oy,

last line above vanish as h — 07. Recalling (24), this completes the proof of (20). O

4. Proof of the hydrodynamic limit for directed traps

In this section we will give the proof of the hydrodynamic limit for the systems of independent directed trap particles
as stated in Theorem 2.8. As a first step toward the proof of the theorem, we prove the following lemma which helps
explain the appearance of the function uw (z, x).

Lemma 4.1. If W =), 8(x,.y,) € T is a trap environment and 17,W is a system of independent trap particles with
initial configuration that is product Poisson with E[n(‘)v (xx)] = u(xr) yk, then for any t > 0 the configuration {ntW (i) e
is also product Poisson but with

E[n" (x0)] = uw (1, xi) yi.
Remark 4.2. Note that under the assumptions of Theorem 2.8 we have that
E[n} (x7)] = anuw, (1. x¢)vi-

In this application we have replaced W by W,, and u(x) by a,u(x).
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Proof. First of all, since the initial configuration is product Poisson and the particles all move independently then it is
a simple consequence of the thinning and superposition properties of Poisson random variables that the configuration
at any fixed later time is also product Poisson, so it only remains to prove the formula for E[n,W (xp)].

To this end, we first claim that the following time reversal property holds.

yeP(Zw (t; x0) = xi) = wP(Z3, (6 x0) = x¢),  if xp < xy. (25)

Indeed, it is easy to see from the construction of the processes Zy and Z *;V that for any s € [0, 7],

t—s 1 X
P(Zyw (15 x0) = xlow ((xe, 1)) = s) = / ;e—"/ﬂe—“—f—”’/«‘k du,
0

and

t—s 1 i
P(Z#‘;V(t, -xk) =x[|TW((x67xk)) — S) =/ _g—u/yke_(f—s—u)/yl du
0o Yk

t—s l
:/ _e—(t—s—v)/yke—v/yzdv’
0 Yk

where the last equality follows from the substitution v = — s — u. Comparing these formulas and then averaging over
all possible values of Ty ((x¢, xx)) we obtain (25).

. W n Gee)
Next, since n," (xx) = Zm[gk >

=1 (2], (x0)=x2)” by conditioning on the initial configuration it is easy to see
that

E[n)0]= > Eny @]P(Zwtx) =xi)= Y ulee)yP(Zw(t, x0) = xt).

Cixg <xi Cixp <xp

Applying (25) we then obtain that

E[n) )] = Y uCconP(Zyy (t: x0) = x0) = wE[u(Z3 (1 x0)) ],

Cixp<xp

which, recalling the definition of the function uy, is the claimed formula for the mean. O

Next we introduce some notation that we will use in the proof of Theorem 2.8. First of all, let

1
m = — Y ()dy
" keZ
denote the re-scaled empirical measure of the particle configuration ;. With this notation, the limit (16) in the state-

ment of Theorem 2.8 becomes

lim (¢, 7)) dr = / / ¢ (t, x)uw (t, x)ow(dx)dt, in P-probability, (26)
" R+ JR

n—oo R

where on the left we use ¢, for the function ¢ (¢, -) for any # > 0 fixed, and where (f, u) denotes integration of a
function f with respect to a measure . One of the complicating factors in proving the limit in (26) is that since the
limiting trap environment W is dense in R there are infinitely many traps in every interval in the limit. We will get
around this difficulty by a standard truncation of the trap environment and then by controlling the error induced by
this truncation. To this end, for ¢ > 0 let

ers) = Z Sy lpyp=ey and W = Z 8oy Lnze)-
keZ keZ
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We can then expand the measure P to also include systems of directed trap particles 7;¢ in the truncated environments
W,g‘g). The initial configurations for the systems in the truncated environments will again be product Poisson and
with ng’s(x,’j) ~ Poisson(a,u(x;')y;) whenever the atom (x}, y/) of W), has y/ > &, and the corresponding empirical
measure of the particle system will be denoted 7;"*. We will use the truncated trap environments to prove Theorem 2.8
by first proving a hydrodynamic limit for the systems in the truncated trap environments. That is, we will show that

lim (@, 7€) dt = / / G (t, )y (t, X)oye (dx)dt, in P-probability, 27)

n—oo R

for arbitrarily small ¢ > 0. In order to conclude that the corresponding limit (26) holds for the original sequence of trap
environments we then need to show that the errors introduced by the truncation of the trap environments are small.
That is, we will need to show that

lim sup/qb(t,x)uW(g)(t,x)aW(g)(dx)—/¢(l,x)uw(t,x)aw(dx) =0, VT <o, (28)
e—=>0;<T|JR R

and that
tim lim sup P (sup| (¢, /') — (@, 7/")| = 8) =0, 5> 0. (29)
=0 p—ooo t<T

In the proofs of (27)—(29), we will use that both u and ¢ have compact support. Thus, for the remainder of this
section we will fix constants L, T < oo such that suppu C [—L, L] and supp¢ C [—L, L] x [0, T] (clearly the limits
in (28) and (29) need only be proved for this choice of 7). Moreover, since W has only countably infinitely many
atoms we may choose the constant L so that W({—L, L} x (0, 00)) = 0 (that is, there are no traps located at +L in
w).

4.1. Convergence for the truncated systems
In this subsection we will prove (27). The proof of (27) will follow from the following two lemmas.

Lemma 4.3. For almost every ¢ > 0,

lim E|:/ (¢,,n{"€>dti| =/ /d:(t,x)uW(g) (t, x)owe (dx)dt.
n—00 R, R, JR

Lemma 4.4. For almost every ¢ > 0,

lim Var</ (d),,rr,"’g)dt) =0.
n—o0 R+

Proof of Lemma 4.3. First of all, let £ > 0 be such that W(R x {e}) = 0 (since W has countably many atoms, this
is true for all but countably many ¢ > 0). Therefore, by our above choice of L, the point process W does not have
any atoms on the boundary of [—L, L] X [¢, oc] and so the vague convergence of W,, to W implies that for all n large
enough the point process W,, has the same number of atoms in [—L, L] X [¢, oo] as W does and that the locations
of these atoms converge to the locations of the respective atoms in W (see [16, Proposition 3.13]). That is, letting
Ne.p = W([—L, L] x [¢e, o0]) we can enumerate the atoms of W, and W so that

Ns.L NE\L
W = Z Bxt o)+ w® = Z () and nlggo(x,g', ) = (e, yk), Yk < Ner. (30)
k=1 k=1

Moreover, we can choose the enumeration so that the traps are ordered spatially. That is

l<k<l<Ngrp = x{<x; and Xx;<ux.
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Now, Lemma 4.1 (see also Remark 4.2) implies that

E[/&((/)t,nt”’g)dt}=/R+E[(¢t,nt \|di = /R S (0 < )E[ ()] di

" k: Vize

TNsL

/0 Z¢ r,xp) w“)(t X )y dr.

Also, note that

NaL

/ / ¢ (t, Xy (t, )Ty (dx) dt = / qu(t XUy (t, X) Yk dt.

Since ¢ is continuous, x;/ — xi, and y;! — yx, we need only to show that

1 & 5 ) — & 5 =V, V < . 1
nirgofu¥|”w§>(f () =y (6, x0[ =0, VK< Nep ©1)
For convenience of notation, let v}/ () = uy e, x;) and v (t) = uy e (t, x¢). Then, it follows from Proposition 3.5

that the families of functions {v} }x<n, , and {vi}k<n, , are the solutions to the following systems of linear differential
equations.
vp_ () —vi (1) k<N 9 Vg1 (1) —vg ()
s =010 kN [Fn =2, k= e
v (0) = u(xy), k<Ngp, vk (0) = u(xx), k< Ner,

where for convenience of notation we let vg (1) = vo(t) = 0. Note that here we used the fact that we have ordered
the indices so that the traps are in increasing order and that the traps in the truncated environment are all separated
so that uy, (¢, x;') = uw(t, x;_,). Since (x;, ;') — (xk, yx) and the function u is continuous, the coefficients and
initial conditions of the system on the left-hand side converge to those for the system on the right-hand side. Thus, v}
converges uniformly to v; as n — oo for each k < N, ., which is exactly what was to be shown in (31). |

Proof of Lemma 4.4. It follows from Lemma 4.1 that

Var((qb,,;T,”’S))=Var<ai Z n?’s(x,’j)¢(t,x’,:))

" kiyi>e
1 2
=— 2 Var(n (5)o (. x7)
n k:y}{’zs
2
= — Z W(s) t xk)yk¢( s k) < ”M”Ojlmo-w’?)([_l”L])
k)k>s n

Note that the last term on the right-hand side does not depend on ¢ and vanishes as n — co. Since

T
Var(/ <¢t,nt"’8)dt> = Var(/ <¢t,nt”’€)dt)
R, 0

T T
- / / Cov((ps, %), (¢, /%)) ds dt
0 JO

< T2[supVar((¢>z, JTzn’g))}’

t<T

this completes the proof of the lemma. (I
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4.2. The error from truncating the limiting process

Here we will prove (28). To this end, first note that

‘ /]R 6t Vit (1 Xy (dx) — /]R (6, X (b, X)ow (dx)

Zykfﬁ(t,Xk){uwm (&, X)Ly ze} — Mw(t,Xk)}‘

k

<> o x| [uye (t x) — uw (8 20 [ Liyezey + lulloo Y e|d (x| 1y<e)
k k

<lplloe D eluwe . x0) —uwt, x0)[Lyzey + lullooldlloc D Wiliy<e)-

k:xk|<L k:lxk|<L

Note that the last term on the right-hand side does not depend on ¢ and vanishes as ¢ — 0. Therefore, we need only to
show that

lim sup sup |uw<g> (t, xx) —uw(t, xk)| =0.
e=0 1 kiigl<L

To compare ui,f,) (t, xx) and uw (¢, xr), we will couple the left-directed trap processes Z*W(E) (t; xx) and Z *W(t; Xi) by
using the same exponential random variables ¢ to generate the holding times at the traps with y; > ¢. Using this
coupling and the fact that suppu C [—L, L] we have (recalling the notation A for the modulus of continuity from (9))
that

| (Z 30 (5 200) — u(Zy (11 300)) | < A(u; sup | Zi 0 (15 300) — Ziy (85 xk)l)
1=Ty(e) (=L, xk])
<alus  sup |Zho L) = Zi L)|). (32)
1=y () ((=L,L])
Now, let
0y = tw((—L.L]) = Ty (=L, L1) = >yl ye(—L. L.y <e)-
keZ

so that 1:‘(; ¢) is how much less time it takes the process Z"jv(s) to cross from L to —L than it takes the process Zj;, to

do so. With the above coupling of Zj;, and Z*W(E) it is then clear that

Zi (14T L) < 280 (15 1) < Z3, (15 L), Vi < Ty (=L, L)),

In particular, this implies that the supremum in (32) can be bounded by the maximum distance the process Zj;, (-; L)

travels during a time interval of length r‘(,VL ) before reaching — L. That is, using the notation
L
zgP () =max{Zj,(; L), - L},
we have that
L L,
u(ZE ) (85 x0)) — u(Zy (15 30) | < A(us A(Z Vs 73y 7)). (33)

Note that this bound is uniform over ¢ and |x;| < L. Therefore, it follows from (33) and the definition of the function
uw that

sup sup |uw(s) (t, xp) — uW(t,xk)| < E[A(u; A(Z(v‘t’]‘); réVL’E)))]. (34)
I kix|<L
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Since ‘C‘E‘f ) 5 0 almost surely and since the process Z%’L) is almost surely continuous (here we are using that

W € T"), decreasing, and bounded below we can conclude that
: (x,L), _(L,e)\ _
EIER)A(ZW s T ) =0, P-as.

Then, since A(u; ) is bounded and vanishes as § — 0, we can conclude by the bounded convergence theorem that
the right-hand side of (34) vanishes as ¢ — 0. This finishes the proof of (28).

4.3. The error from the truncated systems

Here we will prove (29). First of all, we describe how we will couple the system 7" and n;**. Clearly we can couple
the initial conditions by letting

Ny e i
n,e _ Uo(xk) if Ve =€,
o (XZ)_{O if y! <e.

We will prove (29) by showing that the directed trap processes z~ W, J and Z* s) started at the locations with y; > ¢ can

be coupled so that the differences are typically small, and then by showing that the number of particles in 7; that start
at a trap with y;! < & do not contribute much to (¢, 7/ ) 1f e>01 1s sufﬁmently small. As was done for the coupling of

Zy, with Z7 We in the previous section, we can couple zk W, J and Z* (F) by using the same exponential random variables

S to generate the waiting times at the traps with y;’ > e. With thls couplmg, then similarly to the proof of (34) in the
previous section we can show that

max  E[sup|o (. Zyy] ) = 9(1. Zyl, )| | < B[A(0: A2 i) )

k:yp >e,|x}|<L
where we use the notation
L .
Zy) () =min{Zy, (1 ~L).L} and ;" = 1w, (~L.L)) — Ty (=L, L)),

Therefore, with this coupling of the two systems we have that

P (supligr. ) ~ (9 )| = 5)
)
( Z o 2||¢||oo)

)
(Z 3 up|¢tz Wl 0) = (. W<s>(f))| 2)

n

}k j=1
2||@lloo v (L), (L.e)
== Y ul)i + Z E[1 [A(e: A(Zy,) iy, )]
k:y]t‘<£ k}">£
2||¢||oo 2EA CA Z(L) (L,e) n\,,n 35
Z T3 [A(e: Azt PN D2 wls)i- (35)
yE<e kiyi>e

Due to Assumption 6 and the fact that u is bounded and has compact support, the first term on the right-hand side will
vanish as n — oo and then ¢ — 0. For the second term on the right-hand side, note that Assumptions 5 and 6 imply
that

lim lim sup Z xk N/ _/u(x)aw(dx)<oo.
R

0
e—=0 ;- ke
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Therefore, the final sum on the right-hand side in (35) is uniformly bounded in ¢ and n, and so to finish the proof of
(29) we need only to show that

lim limsupE[A(¢; A(Zﬁﬁ); T‘S‘fﬁa)))] =0.
e=>0 50 " "

To this end, since § > A(¢; ) is uniformly bounded and vanishes as § — 0, it is enough to show that

lim limsupP(A(Z%); t‘EVLn’S)) > 6/) =0, V§>0.

e=>0 n—soo

To prove this, note that for any &’ > 0,

P(A(Zy) 1y ) > &) <P(ry ) 2 &) +P(A(ZY): ') > 8). (36)
(L&)

Since E[rWn 1=> yl’czl{x,fe[*L»L)»yZ <¢}» it follows from Assumption 6 that the first term on the right-hand side in
(36) vanishes if we first let n — oo and then & — 0 for any fixed &’ > 0. For the last term on the right-hand side in
(36) we will need the following lemma whose proof we postpone for the moment.

Lemma 4.5. [f Assumptions 5 and 6 hold, then Z%I,‘n)(-) =min{Zw, (-; —L), L} converges in distribution to Zé{,‘)(-) =
min{Zw (-; —L), L} in the space Dﬂ%r.

Since x — A(x, &¢’) is a continuous mapping from DH% to R, it follows from Lemma 4.5 that

lim P(A(Zi‘fn); 8/) > 8/) =P(A(Z§§); s/) > 8’),

n—o0

and since Z;{,‘ ) (+) is almost surely continuous, the right-hand side can thus be made arbitrarily small by taking &’ — 0.
This completes the proof of (29), pending the proof of Lemma 4.5.

Proof of Lemma 4.5. We claim that it is enough to show that
J
tw, ([—L,)) => tw([—L,-)) on the space Di_ 1) (37)

To see this, recall that the process Zw, (-; —L) was constructed by a time/space inversion of the process tw, ([—L, -)),
and note that this time/space inversion functional is continuous at paths that are strictly increasing (see [19, Corol-
lary 13.6.4]). Since the limiting trap environment W € T, the process x — Tw ([—L, x)) is strictly increasing and

then it follows from [19, Corollary 13.6.4] and (37) that Z %ﬂ )(-) converges in distribution to Z % )(-). Since the limit-

ing process Z &I,‘ ) (+) is continuous, this convergence can be taken with respect to the uniform topology.

To prove (37), first recall that for any ¢ > 0 such that W(R x {€}) = 0 (which is true for all but countably many
& > 0) we can represent the truncated trap environments W,gg) and W as in (30). From this representation it is easy
to see that for any such & > 0 the process Ty ) ([—L, -)) converges in distribution to the process Ty ([—L, -)) in the

space D[J_ L.1)- Since this is true for arbitrarily small ¢ > 0, (37) will follow if we can show that

lim sup |ty ([—L,x)) —tw([—L,x))| =0, inP-probability, (38)
e>0y¢e[—1,L]

and
slglz)llyfiso%pl)(xe,sffﬂ|’W£” (I-L,x)) — 7w, (I-L.0))| = 3) =0, V§>0. (39)

In both (38) and (39) we will couple 7y ) with T and 7, ) with Ty, by using the same exponential random variables
k. at traps that are in both environments. In this way the supremum over x € [—L, L] in both (38) and (39) is clearly
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achieved at x = L. From this coupling, it is clear that Ty« ([—L, L)) increases to tw([—L, L)) as ¢ — 0, P-a.s., and
thus (38) holds. To see that (39) holds, note that

1
P(|zy o (=L, L)) — 7w, (=L, D)| = 8) = < Y el L)y <e)-
k
Since Assumption 6 implies that this last sum vanishes as first n — oo and then ¢ — 0, this implies (39). O

5. The trap structure in RWRE

In this section we review how a trapping structure can be identified in the environment w for a RWRE. This trapping
structure will then later be used to construct a system of independent particles in a directed trap environment that can
be effectively coupled with the system of independent RWRE. Several slightly different approaches have been used
recently to identify trapping structures within RWRE [4,5], but we will follow for the most part the approach and
terminology developed in [11,13—15] by the second author of the present paper.

We begin the identification of the trap structure of the environment by recalling the notion of the potential of the
environment, first introduced by Sinai in [17]. For any fixed environment w, we can define the potential V,, : Z — R
of the environment by

Yiologp if x>1,
Vo(x)=10 if x=0,
—> ! logp if x<—1.

Next, we will define a doubly-infinite sequence {vi }rcz that we will refer to as the ladder locations of the environment.
These will be defined by

vo = sup{x <0: Vy(y) > Vu(x), ¥y < x},
vk:sup{x<vk+1 Ve (y) > Vw(x),Vy<x}, Vk < —1 (40)
Vk =inf{x > Vp—1: Vpx) < Vw(vk,l)}, Vk > 1.

The ladder locations of the environment serve to identify “traps” for the RWRE in the following manner. Since
Ep[log po] < 0 by Assumption 2, the potential V,, of the environment is generally decreasing. However, there may be
atypical long intervals of the environment where the potential is instead increasing. Since a decreasing (or increasing)
potential indicates a local drift of the random walk to the right (or left), the atypical long intervals where the potential
is increasing act as barriers or traps that the random walk must overcome. The ladder locations vy are constructed so
that any interval where the potential is increasing must lie between two consecutive ladder locations vy and v 1.

In order to prove the effective coupling of the RWRE with the related directed trap process, it is most convenient
to make a slight change in the law on environments that we are using. Let

Bk:(ka’ka-i-l’“-’wle—l)’ keZ, 1)

be the “block” of the environment on the interval [vg, vi+1). It follows from the definition of the ladder locations and
Assumption 1 that { By }iez is an independent sequence and that for any k # O the block By has the same distribution
as

By = (wo, 1, ..., w5_1), where D =inf{x > 0: V,(x) < V,(0)}. (42)

However, under the i.i.d. measure P on environments the block By containing the origin has a different distribution
than all the other blocks (this is an instance of the “inspection paradox’). We can make all the blocks between lad-
der locations have the same distribution by changing the distribution P on environments to the distribution Q on
environments defined by

Q(we-):P(we~|Vw(y)>O,Vy<O)=P(a)e~|v0=0).
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The measure Q is stationary under shifts of the environment by the ladder locations in the following sense: if 6 is the
natural left shift operator on environments so that (6”w); = wy4. for any y, x € Z, then w and 6" w have the same
distribution under Q for any k. The environment w is no longer i.i.d. under the measure Q, but instead the blocks Bx
are 1.1.d., all with the same distribution as éo as defined in (42) (note that the distribution of Bo is the same under
the measures P and Q since the conditioning in the definition of Q only changes the environment to the left of the
origin).

Remark 5.1. The definition of the ladder locations given in (40) is slightly different from the one used in [11,13-15].
However, the distribution Q is the same as in those previous papers and under the measure Q the ladder locations are
the same in this paper as in the previous papers.

5.1. Coupling RWRE and directed traps

The coupling of the RWRE with a directed trap process is obtained through the hitting times of the processes. For a
RWRE X, let the hitting times be defined by 7, = inf{n > 0: X,, = x} for any x € Z. Since we expect the intervals
between ladder locations to serve as traps for the RWRE, to each such interval [vg, vi+1) we identify the (quenched)
expected crossing time as

Bk = Br(®) = Ef [Ty, VkeZ. (43)

Given an environment @, we can thus use the parameters {8 (w)}rez and the ladder locations {vi}rcz to define a trap
environment. That is, we will define the point process B = B(w) by

B=2 dwp0- (“44)
keZ

Techniques were developed in [13,14] for coupling a random walk in the environment o with a directed trap process in
the trap environment B (we will explain this more fully below). In this way, understanding the probabilistic structure
of the trap environment ‘B is useful for analyzing the behavior of the RWRE. To this end, the following tail estimates
on the trap structure which were proved in [15, Theorem 1.4 and Lemma 2.2] are useful.

OB >x)~Cix™ , and Q(v; > x) < Cre” &, (45)

for some constants Cy, C2, C3 > 0. It follows from the tail estimate on vy that v := Eg[v1] < co. Moreover, since the
sequence {Vk4] — Vk}kez 1S 1.1.d. under the measure Q, we can conclude that

. SUPj <y vk — kD
lim —— =

n— 00 n

0, in Q-probability. (46)

The sequence {Bx}rez is stationary and ergodic under Q but not independent. Nonetheless, the sequence is close
enough to independent that the following result on the limiting structure of the trap environment was obtained in [13].

Lemma 5.2 (Lemma 5.1in [13]). Let W,, = W, (w) be the point process on R x (0, o] given by

Wn :ZS(@ Br )
k n

*al/K
There exists a constant ) > 0 such that under the measure Q on environments, W, converges in distribution to a
Poisson point process with intensity measure Ay~ dx dy.

Remark 5.3. Note that if the 8; were in fact independent, the conclusion of Lemma 5.2 would follow from the tail
decay of B; given in (45). Also, the convergence in [13] was actually proved for the point process with atoms at
(k/n, Bx/n'/) instead of (kv/n, Bi/n'/*), but of course this only changes the value of the constant A > 0 in the
intensity measure of the limiting Poisson point process.
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The Poissonian limit of the trap structure in Lemma 5.2 implies the following corollaries that we will use throughout
the remainder of the paper. The proofs of these corollaries will be given in Appendix B.

Corollary 5.4. For any environment w, let the rescaled trap environment W, be given by

Wom Y00 “7)
kez,
€

There exists a constant A > 0 such that under the measure Q the pair (W,, ow,) converges in distribution on the space
M, x Dﬂé to (W, ow) where W is a Poisson point process on R x (0, 0o] with intensity measure Ay~ dx dy and
ow is the corresponding trap measure defined in (10).

Corollary 5.5. Under the measure Q on environments, n~ /% ZI kl<n Bk converges in distribution to a non-negative
k -stable random variable.

Corollary 5.6. Under the averaged measure E o[ P, (-)] for the directed trap process Zss, the rescaled crossing times
n=Y¥155([0, vy)) converge in distribution to a non-negative  -stable random variable, and the rescaled directed trap
process {t — n~' Zgy (tn'/*; 0)} converges in distribution to the inverse of a k-stable subordinator on the space D]f{ir.

Having given the Poissonian limit of the trap environment, we now turn to a review of the coupling of the random
walk in the environment @ with the directed trap process in the trap environment 5. We will give a brief overview
of the nature of this coupling and refer the reader to [13,14] for more details. First of all, we expand the measure
P, to contain an i.i.d. sequence of Exp(1) random variables {{;}rcz. These exponential random variables are used
to generate the holding times of the directed trap process at each trap location. That is, the directed trap process Zsy
waits at location vy for time i ¢ before jumping to location viy1. The coupling of this process with a random walk
in the environment w is then obtained by coupling each crossing time 7, , — T, between successive ladder locations
with the time B¢y that it takes the directed trap process to cross the same distance. Without giving the details of
this coupling procedure, we simply note that this coupling is done so that the sequence of the coupled hitting times
{(Tys1 — Tos Bri) }k=0 is independent under the measure P,. Moreover, in [13, Lemma 4.4] it was shown that this
coupling can be done so that

lim EQ[Pw(ks;/&\Tvk — o5 (10. v0)) | = 5n1/K)] =0, V56>0,A < oo. (48)

n—00

(Since under the Assumptions 1—4 the rescaled hitting times n~!/¥T,, converge in distribution with respect to the
averaged measure P [10], the above coupling is useful for comparing the asymptotic distributions of the hitting times
for the two processes.) We note that the coupling as constructed only couples the hitting times of the two processes.
The path of the random walk is then constructed by first determining the crossing times 7y, ,, — T, via this coupling
and then by sampling the paths of the walk {X;, T, <i <T,,,} between hitting times of successive ladder locations
with respect to the quenched measure conditioned on the values of the crossing times. Our next result shows that this
coupling procedure yields the following comparison of the locations of the random walk and the directed trap process.

Proposition 5.7. For any environment w we can expand the quenched distribution P, to give a coupling of the random
walk {X,},>0 with a directed trap process {Zs (t; 0)};>0 in the trap environment *B in such a way that

lim Eq| Po(sup| X, = Zen (1n'/:0)| z en) | =0, VT <o0,e>0.
n—o00 (<T

Proof. For convenience of notation, in the proof of the proposition we will denote the directed trap process Zgs (¢; 0)
by Zg () instead. Let Xi = max; <, X; be the running maximum of the random walk. It follows from [13, Lemma 6.1]

that sup, .y n~l(X ;*n, =X, Jc) converges to 0 in [P-probability.* Since the measure Q on environments is obtained

4In fact, the proof of Lemma 6.1 in [13] can be used to show that the convergence is P-a.s.
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by conditioning the measure P on an event of positive probability we can conclude that sup, .7 n™ Lx* S — X i)
converges to 0 in probability with respect to the averaged measure Eg[ P, (-)] as well. Therefore, it is enough to show
that
1
nlgrc}oEQ[ (sup|Xml/,( — ZsB(tn /K)| > sn)] =0, VT <oo,e>0.
We now couple the random walk with the directed trap process according the procedure outlined above prior to the

statement of Proposition 5.7. To use the control of the hitting times in (48) to obtain control on | X t*nl w—Zn (tn'/*)),
note that

{ sup |7y, = 7 (10, )| < 8n' | {g%(vk —v) < %n}

k<An

0,
C {z% (t=8n'*) < X%, < Zas((t +8)n'/*) + %" forall r < T80, vian)) _ 3}.

Tk (49)
To see this, first of all note that ¢ < — & implies that Zos ((f + 8)n'/®) = vy for some k < | An]. Since the

process Zsgs is non-decreasing this implies that o3 ([0, vk41)) > (f + 8)nl/¥ and then the control on the hitting times
in the first event in (49) implies that T, , > tn!/, or equivalently that

75 ([0,v[4n)))
nl/x

k+1
X;knl/,( <Vkt1 < Zsp ((l‘ + 5)n1/K) + (Vk+1 — k).

This proves the upper bound on X t*nl s« needed in the event on the right-hand side of (49). The corresponding lower
bound on X t*nl J 18 proved similarly.
Using (49) we can conclude that

EQ[Pw(sup|X;"n1/K — 7 (tnl/K)| > 87’!)]
t<T

< Eo| P, (ki"f [T, = 7 (10, v0))| = 6n7) | + EQ[Pu(5 (10, vian) = (T +)n'7)]

~|—EQ|:Pw<supZ%((t~l—8)n1/K) Zys((t = )n'/¥) = 2")} + Q(max(vk—vk D> 8—”)

t<T 2

Equation (48) shows that the first term on the right-hand side vanishes as n — oo for any fixed A < oo and § > 0, and
since the vg41 — Vg are i.i.d. with exponential tails the last term on the right-hand side vanishes for any fixed ¢ > 0.
The remaining two terms are handled by Corollary 5.6. The second term vanishes as we first take n — 0o and then let
A — oo for any 8 > 0 fixed, and since the process f — n~! Zgs (tn'/©) converges in distribution on DU to the inverse
of a k-stable subordinator (which is a continuous, non-decreasing process), the third probability on the rlght hand side
vanishes as n — oo and then § — 0. O

6. Coupling the RWRE system with a directed trap system

In this section we will use the couplings of a RWRE with a directed trap process to give a coupling estimate on
systems of independent RWRE and systems of independent particles in a directed trap environment. Unfortunately
this will not quite be enough to give us the desired hydrodynamic limit for systems of independent RWRE as stated
in Theorem 1.7 since the systems of independent RWRE considered in this section differ in two ways from those in
the statement of Theorem 1.7.

e The environment @ will be chosen according to the distribution Q instead of the original distribution P on environ-
ments.
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e The initial configurations of particles xo will be different from the locally stationary initial configurations in The-
orem 1.7. In particular, in this section we will use initial configurations where all the particles start at some ladder
location v of the environment.

These two difficulties will be resolved in the following section.

To describe the system of directed trap processes that we will couple with systems of RWRE we first need to
introduce some new notation for the law of the directed trap processes with certain initial configurations. If W =
Y kS80q.y) € T is a trap environment and u : R — (0, 00) is a continuous function, we will let Pjj, denote the law of
the system 7,V of independent directed trap processes in the trap environment W with an initial configuration that is
product Poisson with ngv (xx) ~ Poisson(u (xg) yr). We will be interested in systems of directed trap processes in the
trap environment 8 = ) _, 8(,,, g,) With initial conditions that are product Poisson with 770% (vi) ~ Poisson(u(vg/n)Br).
If we let u,(-) = u(-/n) denote a rescaled modification of the function u, then P%" is the law of such a system of
directed trap processes. The following Proposition shows how Theorem 2.8 can be used to give a hydrodynamic limit
for these systems of independent directed trap processes.

Proposition 6.1. There exists a constant . > 0 such that for any u € CJ and ¢ € Co(R4 x R),

nll>noloEQ[ u( 1k /Zr]tnl/x(‘)k)(b(t ve/n)dt € - >]

keZ

:P(//uW(t,x)¢(t,x)aW(dx)dt € )

where u, (-) = u(-/n) and under the measure P, W is a Poisson point process on R x (0, 00) with intensity measure
Ay ldxdy.

Proof. Note that in the hydrodynamic limit we are trying to prove, we are rescaling space by n and time by n'/%. This
rescaling can instead be incorporated into the trap environment. In particular, if we let W), be the rescaled version of
B as defined in (47) then it is easy to see that

P%"( 1/k /anl/ﬂ((vk)(p(t Vk/n)dte >

keZ

=P€vlf“< e / S0l /gt v fmydt € )

keZ

The probabilities on the right-hand side are in the right format to apply Theorem 2.8 with a,, = n!/*, but unfortunately
the point processes W, do not converge almost surely to a fixed W € M. However, a consequence of Corollary 54
is that there exists a probability space with measure P containing a sequence of point processes W, such that W, has
the same distribution as W, for every n > 1, but for which (W,, oy, ) converges P-almost surely to a random pair

(W, ow) where W is a Poisson point process with intensity measure Ay ~“~1dxdy. It follows that with probability
one the sequence W, satisfies Assumptions 5 and 6. Thus, applying Theorem 2.8 we can conclude that

nlggoEQl: ( 1/x /Zn,nl/x(‘)kM)(t Uk/n)dt<z>i|

keZ

= lim E[PW/< o / > we/mee, vk/n>dr<z>]

keZ

= P(//uw(t, x)p(t,x)ow(dx)dt < z)

for any z € R where the distribution function on the right-hand side is continuous at z. O




1772 M. Jara and J. Peterson

Next we wish to couple the system of directed traps 17, with a system of independent RWRE. Given an environment
o and a function u € CO , we will let n% have distribution Pg; . That is, the initial configuration 170 is product Poisson
with ’70 (vr) ~ Poisson(u(vi/n)By) for every k € Z. The related system of independent RWRE x; will have an initial
configuration that is also product Poisson with

Poisson(u (%))  if x = v for some k € Z,

do, x & {vilkez. (50)

x0(x) ’V{

We will denote the law of this initial configuration by (i}, so that the system of RWRE has quenched law denoted by
PMZ

Note that we can obviously couple the initial configurations of these two systems so that 7’0 (vk) = xo(vg) for all
k € Z; that is the systems start with the same number of particles at each site. Next, we can couple the evolution of
the two systems by pairing each random walk particle with a corresponding directed trap particle at the same starting
location. Each of these couplings is performed independently and is done according to the method given in [13,14]
which is outlined above prior to Proposition 5.7. With this coupling of the systems of particles we can obtain the
following result.

Lemma 6.2. For every environment @ (with corresponding trap environment ‘B) and every n > 1, there exists a

nn
coupling P”“’“" of a system x of independent RWRE in environment w with a system n® of directed trap particles in
ll

the trap environment B such that x and n® have marginal distributions PY* and Py
coupling can be constructed so that
>en! )] 0, (51)

g
Eg [Pw,% ' (sup
foranye >0, T < o0 and ¢ € Ch(Ry x R).

Proof. Since the initial configurations xo = ’70% are the same, we can match the jth particles at v in each system and
then compare the systems at any later time by comparing the differences in these particles at this later time. That is,

W, respectively. Moreover, this

mewxwz x/n) =Y noe )G, vi/n)

keZ

'70 (Uk) vklik Zk'/(tnl/’()
D Xt G /n) =Y o )P (/) =D Z{ ( = >—¢(%4>}.
X€L keZ keZ j=1 n

Now, let ¢ € Co(R4+ x R) and ¢ > 0 be fixed and choose A < oo (we will let A — oo later). Since ¢ is uniformly
continuous, there exists a § > 0 such that |¢(x, 1) — ¢ (y, 1)| < 57 if |[x — y| < and r < T'. Therefore, for this choice
of A and § we have that

> 8n )

P/Lu n (Sup

<T

D K S, x/n) =D 0D (), vi/n)

xX€L keZ

<Py <Z ne (k) > An””)
k

770 (k) 1
an un en /x B 1/k
P (22 20 Vi 2k oty zom) 4—”‘15”007;770 () < An

keZ j=1

4
=Py (Z e ) > Aw) + A2 i s (SuplX,3 . — 2 (") 2 ).
k

where L < oo is such that suppu C [—L, L] so that all particles are started at sites vy € [—Ln, Ln]. (The last inequality
above is obtained by first conditioning on the initial configuration and applying Chebychev’s inequality.) We wish to
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show that the above terms are small when we take expectations with respect to the measure Q and then let n — oco. To

handle the first term, note that if the environment is such that >, u(vi/n) i < A”
Anl/
2

* then >k 170 (vr) is stochastically

dominated by a Poisson(

limsup Ep | P! Z P > An'* )| < 1im ©Q Zu ok B >An1/"
—>oop Q B o k T n—>o0 n k 2

n k k

A
= P(/u(x)ow(dx) > E),

where the last equality follows from Corollary 5.4. Since this can be made arbitrarily small by taking A — oo, it
remains only to show that

) random variable under the measure P% . From thlS, we can obtain that

lim EQ[ max P, %(sup|X e = zk (tnl/K)| zén)] =0, VL <o00,§>0.
n—oo | |

Of course, by the shift invariance of Q with respect to the ladder locations this is equivalent to showing that

lim EQ[ max Pw%(sup‘X e — zk (tnl/")| zSn)]:O, VL < 00,8 > 0. (52)

n— 00 kel0,Ln]

To control the probabilities inside the expectation above, fix 8 > 0 and S < 0o and note that for any k € [0, Ln],
P, q;<sup‘X e — Z%(ml/’(” > Sn)

= Po, %(sup|XT Tl T ZO% (T‘B ([0, Vk)) + tnl/")| > 8n)

< Py max [Ty — (10, 00)| 2 8'n7%) 4 Py (x5 (10, vi) 2 $n'/%) (53)

+ Pw,%( sup  [X0,, — 2% (1n")| = 5n/2> (54)
t<T+S+6

+ Py <,§S¥3s Z9 (e +28)n'1*) = 28 (1n'/*) = 8n/2). (55)

Since all of the probabilities in (53)—(55) do not depend on k € [0, Ln], in order to prove (52) it will be sufficient to
control each of the terms in (53)—(55) when first taking expectations with respect to the measure Q on environments
and then letting n — oco. That the first term in (53) vanishes in this way is the content of (48) above. Proposition 5.7
shows that (54) vanishes when averaging over Q and then letting n — oo for any § + T + 8 < 0o and § > 0.
Finally, for the second term in (53) and the term in (55), note that Corollary 5.6 implies that under the averaged
measure Eg[P,(-)], the crossing time n—l/k 73 ([0, vr,)) converges in distribution to a k-stable random variable Y,
and {t — n~'Zg(tn'/ )} converges in distribution to the inverse of a x-stable subordinator {r — Z(¢)}. Therefore,
we can conclude that

hmsupEQ[ maz( ngg(sup’X e -zt (tnl/")’ 2811)]

n—oo

<P(Y, > S)+ P( sup Z(1+28)— 2(t) > 5/2).
t<T+S

The right-hand side vanishes as we first take 8" — 0 and then let § — oo (note that here we are using that Z is almost
surely a continuous process). This completes the proof of (52) and thus also the proof of the lemma. (|
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7. Changing the initial configuration and the law on environments

The previous section comes close to proving a hydrodynamic limit for the system of RWRE, but as noted above the
system of RWRE studied in the previous section uses an initial configuration of particles that is concentrated on the
ladder locations only and the environment w comes from the distribution Q instead of P. In this section we remove
these two difficulties. We will again use couplings of systems to be able to compare the behavior of two systems of
RWRE.

Some of the analysis in the current section requires a detailed analysis of the random environment. To this end
we will introduce notation that will help simplify things. Recall that p, = = wx for any x € Z. Many formulas for

quenched probabilities or expectations of interest involve sums of products of the px- To this end, we will let
J J 00
=[], Wi=) M. and Ri=)> I (56)
x=i

i=—00 j=i

Since we are assuming that the environment w is i.i.d. with Ep[log po] < 0, the infinite sums W; and R; converge
almost surely. We will also need notation for the partial sums which converge to W; and R;, and thus we will let

J 1
W@’j :ZH,‘)]‘, and Ril:ZHi,f 57

Before proceeding to the analysis of the systems of RWRE in the rest of this section, we mention briefly two important
places where this notation is useful. First of all, from the definition of the g, (x) in (5) it is clear that

1
8o(X) = —=(1+ Rey1) =T+ Ry + Rep, Vx € Z. (58)

X

(For the second equality above we used that i =1+ px.) Secondly, the quenched expectations for hitting times can
be derived from the fact that £} [Ty41] = 1 4+ 2W, for all x € Z. In particular, we will use below that

n—1 n—1
E,Ty=n+2) Wy=n+2)» (Wo;+ W_iI)
j=0 j=0
n—1 j
_n+ZZZH,j+2W_1ZHOJ (59)
j=0i=0

Another statistic of the environment that will be helpful in our analysis below is
My =sup{Il,, ;v < j <wvg1}= sup{ev’”(")_v‘“(”") 1x € (v, vk+1]}, Yk € 7.

That is, M} measures the maximal increase of the potential V,, of the environment between the ladder locations vg
and vi41. Because My only depends on the environment between successive ladder locations, it follows that the
sequence {My}krez is i.i.d. under the measure Q. When the expected crossing time S between ladder locations is
large, typically the main contribution comes from Mj so that we can use My at times as an i.i.d. approximation of
the stationary sequence fB;. Moreover, it will be important below that M} has similar tail decay as . In particular, it
follows from [8] that there is a C > 0 such that

OM; >x)~Cx™*, asx— oo. (60)
7.1. Coupling different initial configurations

We begin by showing that the system with particles started only at the ladder locations as in the previous section
can be coupled with a system of particles with locally stationary initial configuration. Recall the definitions of the
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distributions u* and /i) on initial configurations in (6) and (50) respectively. The following proposition allows us to
compare the systems of independent RWRE with initial configurations u} and (i}, respectively.

Proposition 7.1. Let Assumptions 1-4 hold with k € (0, 1) fixed, and let u Cg' . There exists a coupling Pl u@).fry (@)

of two systems of particles {xn}n>0 and {fn}n>0 such that the marginal distribution of {xn}n>0 is P(ff“(‘”) and the
marginal distribution of {Xn}n>0 is Pcff“, and such that for any ¢ € Co(Ry X R) and T < oo,

D (Kot @) = Rty () (2, x /1)

X€Z

lim Eg [P;,‘”(“’“‘;(w’ (sup

n—o00 (<T

> 5n1/K>] =0, V§>0.

The proof of Proposition 7.1 is most easily accomplished via yet another intermediate coupling. We will consider
a system of independent RWRE ;, that is constructed by taking the initial configuration xo and “spreading out” the
particles so that there are particles started at every x € Z. In this way every particle in each system will be matched
with a corresponding particle in the other system and the difficulty will be in showing that for most of the matched
pairs of particles, the random walks can be coupled so that the distance of particles is not too far apart as the random
walks evolve. The next step will be to give a coupling of the system of random walks x, with the system x;, that has
the locally stationary initial configuration. In this step particles in the two systems will be matched to particles in the
other system but starting at the same site x € Z. In this way, any two matched particles can be perfectly coupled for
all time, but the difficulty arises in that the initial configurations are slightly different and so it needs to be shown that
the number of unmatched particles between the two systems is not too large.

In order to introduce the intermediate system y, and describe the couplings of the systems of RWRE we first need
to introduce some notation. For any x, k € Z with x < vgy1 let by x = by k() be defined by

T,

vy 1
bx,k=bx,k(w>=E:;[ > l{xn:x}].

n=0

The utility of the parameters by x will be that they will allow us to connect the parameters S and g, (x) that are used
in the definitions of the initial configurations ! () and i} (w). In particular, it is easy to see that

Bi= Y bux and gu()= > bux (61)

XX <Vkg1 kix <vggq

With this notation we can define the distribution that will be used for the initial configuration of the system yg. For
w € Q and u € Cy fixed, let

rr{f(w):@Poisson( Z bx,ku<‘;—k>>.

xX€ZL kix <vg41

Having introduced the necessary notation, we are now ready to approach the proof of Proposition 7.1. To make the
proof easiest to follow, we will state the intermediate couplings as two separate lemmas and then give the proofs of
these lemmas. Obviously Proposition 7.1 follows easily from these two lemmas.

Lemma 7.2. Let Assumptions 1-4 hold with k € (0, 1) fixed, and let u € C(‘)Ir . There exists a coupling Pl ul@)-7y (@) of

two systems of particles {Xn}n>0 and {}n}n>0 with marginal distributions Phe @ and P,," @)

that for any ¢ € Co(Ry x R) and T < oo,

, respectively, and such

lim Eg [sz (@) (@) <sup

n—oo t<T

> Runtie 06) = Ryt ()bt /)

X€Z

> 8n1/K>:| =0, V§>0.

Lemma 7.3. Let Assumptions 1-4 hold with k € (0, 1) fixed, and let u € C(')" . There exists a coupling PY ul@)-7y (@) of

two systems of particles {xn}n>0 and {xn}n>0 with marginal distributions Pcff u(®@) and Pg” (w), respectively, and such
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that for any ¢ € Co(Ry x R) and T < oo,

lim Egp [PM“(w)’ﬂg @) <sup

n— 00 (<T

D " (tonise (X) = Ky (0)) (2, x/m)

> 8n1/K>:| =0, V§>0.
xX€Z

Proof of Lemma 7.2. We begin by coupling the initial configurations of particles xo and jo. Given the environment
w, let { B} k}(x k):x<vey, be a family of independent Poisson random variables with B? , ~ Poisson(by, ku(”" )). Using
the first equahty in (61), it is easy to see that we can construct the initial conﬁguratlons Xo and xo by lettlng

Row)= Y By, and Xox)= Y B,

XX <Vjy1 kX <vg41

Given this coupling of the initial configurations, for each pair (x, k) with x < vy we can couple B}  pairs of
particles started at x and v. That is, for each such pair (x, k) and any j < B, we will let X. R and x50 e
two random walks started at x and v, respectively. We will couple these Walks in the following simple manner. If
x < v then the walk X%/
walk X0 Conversely, if v < x then the walk
it will trace the path of the walk X @R):J Note that it is clear from this coupling procedure that

will evolve independently until reaching v, at which point it will trace the path of the

X0 will evolve independently until reaching x, at which point

e = (x.k), ] .
sup P X(x,k)vf’ . |infli=0: ng M=uy i x <,
" inf{i >0: )A(l.(x’k)’j =x} if x>y

. (62)
Law | T if x <,
Tl Toif x>,

where in the last line we use the notation Tyx for the first hitting time of a site y € Z by a RWRE started at x € Z.
Having constructed the coupling of the systems of RWRE, we have that

R v (x.k).j

CHRSES ARSI T S z(( R )

X€ZL |k|<Ln Xx<Vi41 j=I

where on the right-hand side we can restrict the first sum to k] < Ln since suppu C [—L, L] implies that B ; =0
if |k| > Ln. Next, we claim that in the hydrodynamic limit scaling, we can ignore all the coupled pairs (x, k) Wlth k
such that My <n'/%/logn. To see this, note that it was shown in the proof of Proposition 4 in [5] that

lim m Z Bl e, =0. in Q-probability. (63)

lk|<Ln logn

Since B;l, « 1s Poisson with mean at most ||u | oobx. £, it follows easily from (61) and (63) that

B[ O( Y st -o v o

|k|SLn,MkSM)C<Uk+1
Z5n1/K):| :Oa (65)

logn

Therefore, to finish the proof of the lemma, it will be enough to show that

¥ (X.K), ] 5 (k). j

X% X
R tnl/k
J— l*’ PR LA —

for all § > 0. We will prove (65) by showing the following.

nlggoEQ[ ( > X ngt;
k|<Ln X<Vvit1 j=1

nl/K
logn

Mi>12
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nl /K

o If My > {5 o
very large.

e There are relatively few coupled particles started at pairs x < v that are not close enough to have a good coupling.

then we will be able to couple the two walks so that the difference is not

In order to make this precise, we will need to identify an interval around each v; where the coupling works well. In

. . 1k o e . .
particular, for all k € Z with M; > % we will identify intervals [a,’{’, cZ] around the respective ladder locations vi

log
with the following properties.

nll)ngo nl/K Z Z by kl{M k:g/:} =0, in Q-probability, (66)
|k|<Ln x<a
lim ;117 Z Z beil,, i) = 0, in Q-probability, (67)

|k|<Ln ¢}l <x<viy1

and for some ¢ > 0,

1/k

lim Q<5I|k|§Ln:Mkz " E
n—00 logn

FAVAIES n12€) —0. (68)

Before defining these intervals properly, we first show how properties (66)—(68) allow us to prove (65). First of all, in
a similar manner as (63) was used to prove (64) we can use (66) and (67) to show

I'Lll u 1
nll)rgloEQ[P ( > > Biy=én /K)} =0, V§>0.
KI<Ln  x<vii1

nl/e xé¢lay ¢
Mk>]ngn k

That is, the total number of pairs of particles corresponding to (x, k) with x ¢ [a}, c}/] is negligible in the hydrody-
namic limit. Thus, to prove (65) we need only to control the coupling of the walks when x € [a}, ¢}!] and this will

be accomplished using (68). To this end, let {a){: tJx.k,j be a family of independent random variables for k such that
M > nl/"/logn, x €la},cfland j < B)’Clyk with ajk having the same distribution as Tcz]‘ for every j < B;”k. Due to

(62) we can couple the a){ & SO that sup,, |)A( ,(,x’k)’] X, (k). j | < o - Therefore,

o (x.k), j (x,k), j

< thl/" )—(f)(l‘ thl/" )

> Y Sk Sy Sa(el

:)

kI<Ln xelal,cl]j —1!=T kI<Ln xela},c}lj=1
nl/K nl/K
M/‘>logn M/‘>logn
from which we can conclude that
& (x,k),j v (x.k),j

By ¥ > s

lk|<Ln xe[a" c" 1j= 1[<T

( Xml/K >—¢([ inl/x ) >5nl/K>
n -
Mk>l();>n

an 8}’11/’(
EP(UM’M( Z Z BkA(png)Z 2 )

lkl<Ln xelal',c}]

Mk> Togn
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an (Snl/K
. 2 X ch =11 = Fglog

[kI<Ln xela},cp]j=1
nl/K

Mk>logn
2A(p;5n ) Nullo 4||¢>||oollulloo a _ q—e
Sﬁn—]/’“ Z B+ ————— Py Z Z bkaPw(TcZ >n ) (69)
|k|<Ln lk|<Ln xe[ak ck]
Mk>”1/K

logn

For k with My > n'/%/logn, we have that Chebychev’s inequality and (61) imply that

EX T, T

nl—¢

Z,:nb”P T,l>n )= = Y beiEd [T]<

x€lay,ci] xe[ak ‘A]

k -

Therefore, we can conclude that (69) is bounded above by

2 2 [’ %) all
(W ) ﬂk){A(¢:n‘8)||u||m+”‘f’l'ﬂ¢ max EJ[TCE]}.

|k|<Ln

If we choose ¢ > 0 as in (68), then Corollary 5.4 together with (68) implies that this converges to 0 in Q-probability,
which in turn implies that (65) holds.

It remains now to show that we can choose the intervals [a;, ck] containing vy when Mj > nl/x /logn so that (66)—
(68) hold. First, fix a constant K > 1/(kVE p[—log pp]), and let a; = vx_[k 1ogn7- With this definition of a;, property

(66) follows from [5, Proposition 3]. To define the right endpoint ¢}, fix y < 1 and for k € Z with My > ’g/ >nY
(for n large enough) define

cr :inf{j > Il zny}.

To verify (67) for this choice of ¢}, first note that

1/
Q<Z > beiy, e, =80 )

logn
[k|<Ln ¢} <x<vq1 e’

1/k
n
< Q( > 1 >810gn> +Q<El|k| <Ln: Y beid, >

|k|<Ln logn} c2’<x<vk+1 logn IOgn
2Ln+1 nl/« nl/« nl/«
< 0> +QLr+1DQ( Y bio=—, My> : (70)
Slogn logn logn logn

cH<x<v
The tail asymptotics of My in (60) imply that the first term in (70) is O((logn)* —1) = o(1). To control the probability

in the second term of (70), let ;" = inf{n > 1 : X,, = x} denote the first return time of the RWRE to x € Z and note
that for0 <x < vy

Ty, —1
1 L+ Ryt1,v-1
=FE 1ix,= &
x 0 [ Z X}] PX(TUI < T+)

Wy
=1+ Ry -1+ Rxp1,0-1

< 1+2v1( max l'[xj)

x<j<vi
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(The third equality is a standard calculation for hitting probabilities for reversible Markov chains, and can be deduced
for instance from [20, equation (2.1.4)].) Using this upper bound for b,  we can conclude that (for n large enough)

1/k 1/k

n n
byo>——, M

Q( Z x’o_logn 0>10gn>

n
cp<x<vi

) I’ll/K nl//(
< Q0(vi = (logn)~) + max II; ;>—— My> .
- Q( 1= ( 5 ) ) Q<68<i§j<l)1 b= 4(10g1’l)5 0 logn)

Since v; has exponential tails, in order to show that (70) vanishes as n — oo we need only to show that the second
probability on the right-hand side above is o(n~!). This will be accomplished using some estimates from [11]. Let
J =max{j €[1,v1]: g j_1 = Mo} be the (last) location in (0, vi] where the potential achieves its maximum in that
interval. Then, define M~ and M T by

M~ =min{Il; ;:0<i<j<J}Al and M+=max{1'1,-,j:.]<i§j<v}\/1.

That is M~ controls the amount the potential can decrease before J and M controls the amount the potential can
increase after J. With this notation it is easy to see that

. < ,,VM# ifc3<i§J,j<v1,
1, p— . . .
/ Mt if J<i<j<v,

and therefore
nl/K nl/K N nl/K nl/K
Q(  max Il ;> 5. Mo > SO\MT =z ——= . My=
ch<i<j<v 4(logn) logn 4(logn) logn

1/k
1 Q(M‘ <n 7 My > - )
logn

nl/K+)//2
). (71)

+ My> ——
Q( *= 4(logn)’
It follows from [11, Lemma 4.1] that the first two probabilities on the right-hand side are o(n~1), and the tail decay
of My in (60) implies that the third probability is also o(n™!).

We have shown that our choice of @} and ¢} satisfy (66) and (67), and it only remains to show that (68) also holds.
To this end, it is clearly enough to show

1/k

Q<M02 "
logn

n 1-2¢ 1/ 1-2¢
EST =) v oMoz P — BTl = T ) =o(n), (72)
-2 “logn’ ¢ 0T 2

for some ¢ > 0. For the first probability in (72), note that

W pl-2¢ o/ a pl-2e
O\ My > ,Ey' [To]l = = Q0| My > O\ Ey [To] = ,
logn 2 logn 2

since My is independent of the environment to the left of 0 under the measure Q. Then, recalling that ag =V_[Klogn]
we have that

Q<Eag[To]>nl_28)=Q i =" <rKlogn1Q<ﬁo>ﬂ>
@ - 2 - 2 |- ~2[Klognl)’

k=—[Klogn]




1780 M. Jara and J. Peterson

Therefore, the tail decay of By and My imply that the first probability in (72) is o(n ') as long as & < 1/2. To control
the second term in (72), note that (59) implies that

=1 j cg—1
Ew[TCS] = Cg +2 Z Z IM; ; +2W_ Z Iy, ; <vi+ 2\)%}’1]/ +2W_jvin?,
j=0 i=0 Jj=0

where the last inequality follows from the fact that I1; ; <Tlp ; <n? forany 0 <i < j < cg < v;. Thus, since v; and
W_1 have exponential tails under the measure Q we have that the second probability in (72) is bounded above by

1-2¢

—on~) i
)_o(n ), if0<e< >

(0] <v1 + 21)%71)/ +2W_ivnn? >
This completes the proof of (72), which in turn completes the proof of the lemma. ]

Proof of Lemma 7.3. The key to the proof of Lemma 7.3 is to show that the initial configurations xo and xo can
be coupled under the measure E Q[P(ff w7 (w)(~)] so that there are typically much less than n'/% particles that
are not coupled with a particle in the other system. That is, since we can perfectly couple for all time the first

min{xo(x), xo(x)} particles at each site x € Z, we need only to show that

lim Eg [Pfjﬁ(w)*”f(“’) <Z|X0(x) — )| = (Snl/’()i| —0, V5>0. (73)

n— o0 "
For any 61, 6, > 0, it is a standard property of Poisson random variables that one can construct a coupling of random
variables Y| ~ Poisson(61) and Y, ~ Poisson(6,) so that |Y| — Y»| ~ Poisson(|0; — 6;]). Indeed, if 8; < 6, then we
can let Z| and Z; be independent Poisson random variables with parameters 8; and 8, — 61, respectively, and then
let Y1 = Z; and Y, = Z;1 + Z». Therefore, since g, (x) = Zk:x<vk+1 by we can construct a coupling of the initial
configurations so that {| xo(x) — xo(x)|}xez are independent with

x alG)=())))

kix <vgt1

|x0(x) = Xo(x)| ~ Poisson(

From this it follows easily that

P(g“u(w),ﬂu (@) (Z|XO(-X) _ XO(X)| > Snl/K>
X

1
D T b))

k€EZ X <Vk41

1 e =gl ll2¢l oo
S > 2l bx,kA<u, . )+6W SN beae (74)

|k|<Ln X <Vi41 k>Lnx<Ln

where in the second inequality we use suppu C [—L, L]. To control the second sum in (74), note that the definition
of by  implies that

o0
Z Z bx,k — E:)LLnJ-H |:Z l{XmSLn}:|

k>Lnx<Ln m=0

o0 0
n L.
< Eg [ > l{xmswm}} = Ew[ > 1{xmsv1}} (75)
m=0

m=0
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where the last equality indicated equality in law under the measure Q. Since this last quenched expectation is Q-a.s.
finite, it follows that the second term in (74) converges to 0 in Q-probability. We wish to show that the first term in
(74) also converges to 0 in Q-probability. To this end, note that for any ¢ € (0, 1) the first term in (74) is bounded
above by

A ) 2lul
S L X hat g Y Y b

|k|<Ln  X<Vki lk|<Ln X<V
[x—vg|<nl—e [x—vg|>nl-e
DN T D VD W
= onllk snl/x Xk
|k|<Ln lk|<Ln  X<Vgy]

|x—vg|>nl—¢

Since A(u; n~¢) — 0, Corollary 5.4 implies that the first term on the right-hand side converges to 0 in Q-probability.
To show that the second term also converges to 0 in Q-probability, we further decompose it as

2wl 2]
5:1/;.0 Z Z bri+ 5:1/;.0 Z Z br

[k|<Ln X<Vt lk|<Ln  X<Vik41
Mk<n1/'< |x—vg|>nl-¢ Mk>lll]/K [x—vg|>nl—¢
Og ogn
_ 2lulls 2||M||oo
= e 2o Bl e+ oY b (76)
|k|<Ln oen |k|<Ln X<Vkt1

1/k \x V \>nl &
n k
M > Togn

The first term in (76) converges to 0 in Q-probability by (63). For the second term in (76), recall the definition of
the intervals [a}, ¢} ] containing v when M > n'/¥ /logn that were given in the proof of Lemma 7.2 above. Since
ay = Vk—[K logn] and ¢} € (vg, vg+1) we have that [x —vg| > n'~¢ implies that x ¢ lay, c;lunless vgy1 —Vk—[K logn] >
n'~¢. For n large enough we have

1—¢
n
Q(3Ik| < Ln: veg1 — VK togn] > 1" )<3L”Q(v1 = 2Klogn)’

and since v; has exponential tails the right-hand side vanishes as n — oo. It follows from this, together with (66) and
(67), that the second term in (76) converges to 0 in Q-probability. Combined with our above estimates, this completes
the proof that (74) converges to 0 in Q-probability, and this is enough to prove that (73) holds. ]

7.2. Changing the distribution on the environment

The results proved so far will be enough to prove a hydrodynamic limit of the form in Theorem 1.7 for a system
of independent RWRE with locally stationary initial configurations, but where the environment  has distribution Q
instead of P as in the statement of Theorem 1.7. In this subsection, we complete the final comparison that will be
needed for the proof of Theorem 1.7 by giving a coupling of two systems of RWRE in different environments w and
@ where the environments w and @ have distribution P and Q respectively.

We begin by giving a coupling of the environments @ and . Recall the definition of the blocks By of the envi-
ronment between ladder locations from (41) and that the blocks {B}xo are i.i.d. under the measure P, the blocks
{Bx}rez are i.i.d. under Q, and Bj has the same distribution under both P and Q. Therefore, given an environment
o with distribution P we can construct an environment @ with distribution Q by simply removing the block By from
the environment w. That is,

- wy4x if x>0,
@x = {wvéﬂ if x <0. a7
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Having given this coupling of environments with distribution P and Q, respectively, we are now ready to state the
following Proposition which shows that changing the distribution on environments from Q to P does not affect the
hydrodynamic limit if we use the sequence of locally stationary initial configurations p), ().

Proposition 7.4. Let Assumptions 1-4 hold with k € (0, 1) fixed, and let u € Cy. For any two environments w, @ € 2
HONHE)

1
there exists a coupling P(fj:b of two systems of random walks { x,,}n>0 and { X }n>0 with marginal distributions

Pl u(@) and Pg u (5)), respectively, and such that if P is the coupling of pairs of environments (w, ®) € Q2 as given in
(77) then

lim Ep[Pa’jbg‘”)’“u(“’) (sup > ot ) = Fiie (0)d (1 /)| > 8n1/K>] —0, ¥8>0,

n—oo ’ (<T o

forany ¢ € Co(Ry x R) and T < oo.

In preparation for the proof of Proposition 7.4, we will first prove the following Lemma which will be used to show
that the distributions uJ (@) and ! (@) on initial configurations are very similar when w and @ are coupled as in (77).

Lemma 7.5. Under the coupling (o, ®) of the measures P and Q given in (77), with probability one,

Z |80 (Vo +x) — g5(x)| < oc.

x<-—1

Proof. Recall the definitions of the random variables I1; ;, W;, R;, and R; ¢ as given in (56) and (57). We will use
the notation 1:I,~, i W,-, Ri and Iéi,g for the random variables as defined in (56) and (57) but corresponding to the
environment & instead of w. Then, recalling (58), this notation gives that

85(x) — 8w (Vo +X) = Ry + Ryt — Rygrx — Rugtat1.
Next, note that
Ryg+x = Rugtx,vg—1 + Hyggx, vp—1 Ry,  forx <O.
A similar decomposition is true for R., but using the coupling of  and & given by (77) we get that
R, = Rx,fl + T, 1Ry = Rygtx,v9—1 + Myggx vg—1 Ry,  forx <O.
Therefore, we obtain that
8o (x) — 8o(Wo +x) = (Iyg4x,wg—1 + Mygtxt1,09—1) (Ry; — Ryyp).

Note that this shows that the sign of g5 (x) — g, (vp 4 x) does not depend on x and is the same as the sign of Ry, — Ry,.
Therefore, we can conclude that

> 180() = 8o (o +x)|= (1 +2Wyy1)| Ry, — Ry

x<0

We now return to the proof of Proposition 7.4.

Proof of Proposition 7.4.

We begin by giving a brief overview of the outline of the proof. Recall that in coupling (w, @) defined in (77), the
site x in the environment & correspond to either vy 4+ x if x < 0 or v; + x if x > 0 in the environment w; we will refer
to these as corresponding sites in the two environments. The coupling of the systems of RWRE that we will construct
will have two parts to it. First of all, we will create a coupling of the initial configurations so that the number of
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particles started at corresponding sites in the two environments are approximately the same. Secondly, we will couple
as many of the particles as possible in the system x to particles started at corresponding sites in the system yx, and
we will couple the paths of these random walks so that the difference between them is bounded for all time (for each
fixed pair of walks the bound will be a finite random variable).

Using the standard coupling of Poisson random variables with different parameters we can construct a coupling of
the initial configurations xg and o with the required distributions so that

u0<f>_u0<'”+x)‘>, Vx>0, (78)
n n

X Vo +x
g@(X)Mo(;) — 8w (Vo +x)uo( " )D Vx <0, (79)

and such that all the above Poisson random variables are independent. (Note that in (78) we used that g;(x) =
8o (V1 + x) for all x > 0.) Given these initial configurations, let

| Xo(¥) = xow1 +x)| ~ POiSSOH(g@(X)

|X0(x) — xo(vo + x)| ~ Poisson(

(x) = min{xo(vo + x), Xo(x)} if x <0,
v min{xo(vi + x), xo(x)} if x >0.

That is, y (x) gives the number of particles started at x in the environment @ that are matched with a particle started at
the corresponding site in the environment w (either vg + x if x < 0 or v; 4+ x if x > 0). The Poisson random variables
in (78) and (79) then give the unmatched particles at one of the corresponding sites in either @ or ®. In addition,
since the sites x € [vg, v1) in the environment w have no corresponding site in @ all of the particles in [vg, v;) are also
unmatched. Therefore, the total number of unmatched particles in either system is

e =D |0() = xoo + )|+ Y _|Zo(x) = o0 + 1)+ Y xo(),

x<0 x>0 x€[vo,v1)

which is a Poisson random variable with mean that is bounded above by
X vy + x X v+ x i X
> g@(X)M(;) — 80 (V0 +X)u< " )’Jrzg@(X) u(;) —u( . >’+ Zgw(x)u<;>

x<0 x>0 x=v)
X Vi +x
uy— | —u
n n

<> g u(%) —u(”fx)‘ +Y 2a(x)
x<0 x>0
vi—1 x
) + Z gw(X)u(;>

Vo +x
n
xX=vq

+ ) [8a(x) = gu(v0 +X)|u<

x<0

— vlfl
< A(u; . "°> > gal) + ||u||oo{2|g;u<x> — oo+ 0|+ Y gw(x>}.

|x|<Ln x<0 x=vg

We claim that the number of unmatched particles is negligible on the scale of the hydrodynamic limit. That is, we will
show that n~1/¥$(, converges to 0 in probability (under the averaged measure). Indeed, for any ¢ > 0 and A < oo,

Ep[PL 1D (4 > en'/¥)] < Py — v = V) +7>( > ga0) > An”K)

[x|<Ln

vl—l
+77(Z|g5)(x) — 8w(Vo +x)| + Z 8w(x) = n)

x<0 x=vg

1
+ P(Poisson(A (u; —>An1/K + ||u0||oon> > enl/K>, (80)
vn
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where in the last line we use the notation Poisson(x) to denote a Poisson random variable with mean . Since the
random variables in the first and third probabilities on the right-hand side do not depend on n (and are finite by
Lemma 7.5), clearly these probabilities vanish as n — oo. Also, since A(u; 1/4/n) — 0 as n — oo, the Poisson
random variable in the fourth probability has a mean that is o(n!/%). Thus, the fourth probability also vanishes as
n — oo for any choice of A < oo and ¢ > 0. For the second probability on the right-hand side above, we claim that

Jlim_im sup Q( > gw(x)>Anl/K> =0. (81)

A—00 pn—o0 Ix|<Ln
(Note that since the coupling measure P for (w, @) has marginal Q on @, the probability in (81) is the same as the

second probability on the right-hand side in (80).) This can be proved using results from [4], but we will give a proof
using the techniques of the current paper instead. To this end, first note that

e D 8 == > > bk

|x\<Ln |x|<Lnkx<vk+|
So 2 2 bwetam D )b
|k\<Ln+1X<Vk+| k>Ln+1x<Ln
S Y Ak Y Y
|k|<Ln+1 k>Ln+1x<Ln

Under the measure Q, the first sum in the last line converges in distribution to a x-stable random variable by Corol-
lary 5.4 and (75) implies that the last sum converges to 0 in Q-probability, and from this (81) follows easily.

We have shown that the initial configurations can be coupled in such a way so that the number of unmatched
particles in the two systems is negligible on the hydrodynamic scale. It remains to show that for the matched particles,
we can couple the random walks in the different environments so that the difference between the particles remains
small enough (in fact we will show that the difference remains finite for each pair of coupled walks). We begin by
introducing some notation. We Will use X/ to denote the path of the jth random walk started at location x in the
environment w and similarly X"/ will denote the path of the jth random walk started at x in the environment @. For
any x € Z and j < y(x) we will attempt to couple X with X, XS op X, vt depending on whether x < O or
x > 0, respectively. For convenience of notation, we will let

e {X,‘,}OH’] if x <0,
n - 7 .
X x>0,

so that our coupling will be for X;'/ and X;;*/. Given this notation, our goal will be to construct a coupling of the
walks so that

T g i
lim Ep Pcff’gw)’““(w) sup Z Z¢<t, ﬂ) — ¢<t, ﬂ) > enl/x =0, (82)
n—00 ’ t<T T =l n n

for any ¢ > 0.
We now describe the coupling of )?,)f’j and }_(z’j . We will couple the random walks so that on the mth visit to
corresponding sites, they both move in the same way. To make this precise, let U = {U;",{; Jx,yez,m,j=1 be an ii.d.
family of U (0, 1) random variables. Then, given the environment w and the family U of uniform random variables we

construct the random walks in environment w as follows.
X, =X +21

wdea — 1 X =y and sl <0 X =) =
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To construct the coupled random walks in the environment @ we will give a coupled family of uniform random
variables U = {U;% Yx,yez,m, j=1 by letting

X, o
yomn =U5’ S m?

batitall

Wherei:{vo<w)+x if x<0, 4 ~={V0(w)+y if y <0,

vi(w)+x if x>0, vi(w)+y if y>0.

Then, given the environment @ and the family U of uniform random variables, the random walks in environment &
are constructed by letting

Given the above coupling of the random walks, it is easy to see that the steps of the random walks are identical up
until the first time the random walk in environment w reaches the interval [vg, v1) (or equivalently when the random
walk in @ crosses the edge between —1 and O for the first time) and that upon each exit of this interval to the right the
steps of the random walk in w match the steps of the random walk in @ during excurswns to the right of 0. Thus, the
difference in position of the two walks is bounded by their initial difference |X J / | < v — vg plus the amount
of time the walk in w spends to the left of v; after first reaching [vp, v1) and the amount of time the random walk in
@ spends to the left of the origin after first reaching the origin. Note that since the random walks are transient to the
right, for any x € Z and j > 1 these quantities are stochastically dominated by the random variable ® defined by

00 00
D =vi—vo+ Z 1{X20<v1} + Z 1{X9<0}' (83)
n=0 n=>0

(@), iy (@)

Therefore, we can expand the probability measure P““ to include an i.i.d. family of random variables

{Dy,j}rez, j>1 all with the same distribution a © in (83) and such that sup,, |)_(ﬁ’j — )}ﬁ’j| <9,,; for every x € Z
and j > 1. Thus, we can conclude that
> 8n1//(>

Pﬁgw),uu(w) (sup

t<T

x5 5]

y(x) ml/ . Xt,;]/x
Ee(- 7)ol

; ¥ (x)
< PC,:ng),/tu(w) (ZZ ( ) > enl/® )

ooEw o' [A Ln
||u|I [A@: 2)] Z 251,

enl/x

(84)

x=—Ln

Since A(¢; %) is bounded and converges to O almost surely under the averaged measure Ep[ P, ()], it is easy to

see that E,, ,/[A(¢; %)] converges to 0 in P-probability. Together with (81) this implies that (84) converges to 0 in
‘P-probability, and this in turn implies (82). O

Appendix A: A PDE characterization of uyw

As mentioned in Remark 1.10, hydrodynamic limits are often described via a solution of some partial differential
equation. However, in our proof of the hydrodynamic limits in Theorems 1.7 and 2.8 we defined the function uw (¢, x)
probabilistically instead of as a solution to some PDE. We showed certain differentiability properties of this function
uw (t, x) in Proposition 3.5, but it is not clear that these differentiability properties uniquely characterize the function
uw (¢, x). Indeed, if we only require that (19) holds (differentiable in ¢ with time derivative equal to the negative of the
left spatial derivative with respect to o), then it is easily seen that the function v (¢, x) = u(x) for all # > O satisfies
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(19). However, the function v(z, x) is different from uw (¢, x) since v does not satisfy the second differentiability
property (20) (time derivative equal to the negative of the right spatial derivative with respect to ow). We suspect
that the differentiability properties (19) and (20) together do uniquely characterize the function uw (¢, x), but we are
currently not able to prove this. Instead, we will give a slightly different characterization of the function uw in the
case when u is a function of bounded variation.

Definition 5. A function f is of bounded variation on [a, b] if

n

Via.o1 (f) = sup Y | fGi) = flxiop)| < oo

a=xp<x|<--<xp=b i=1

(The supremum in the above definition is taken over all finite partitions of [a, b].) The total variation of a function on
all of R is

V()= lim Viap(f).
b—o0

The collection of all functions of bounded variation on R will be denoted by
BV(R) ={f:V(f) <oo}.

Lemma A.l. If We T andu € Cg' NBV(R), then uw (t, x) is the unique function with the following properties.

uw (0, x) =u(x) forall x e R.

SUP; >0 xer [UW (s, X)| < 00.

For any fixed t > 0, the function x +— uw (t, x) is right-continuous with left limits and also of bounded variation on
R. Moreover, the measure uy (t, dx) is absolutely continuous with respect to ow (dx).

For any fixed x € Jw, uw (¢, xi) is differentiable with respect to t, with

9 0 if t=0,
T W) = | At g p s, (85)
and such that
d
sup/ —uw(t,x)|ow(dx) < oo. (86)
>0 Jr| 01

Remark A.2. Note that (85) is equivalent to the statement that

0
uw(t,b) —uw(t,a) :/ ——uw(t,x)ow(dx), Vt>O0anda <b.
(a,b] at

Proof. We begin by proving that the function uw (¢, x) has the properties claimed in the statement of the lemma.
The first two properties are immediate consequences of the definition (14). We have already shown in Section 3 that
uw (¢, x) is right-continuous with left limits in x and is differentiable in # whenever x € Jw with

0 t, —) — t,
guw(t,xk):uW( h )yk w650 e T (87)

Note that if we can show that uw (¢, dx) is absolutely continuous with respect to o, then (85) clearly follows from
(87). Thus, it remains to show (86) and that uw (¢, dx) is absolutely continuous with respect to ow. To prove (86) we
will show that

/a (t.x)
—uw(t,x
R| Ot v

ow(dx) =Y |uw(t, xx) —uw(t, xx=)| < V) < oo, Vt=0. (88)
k
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The first equality follows from (87). To prove the inequality in (88) recall from Lemma 3.3 that uw (¢, x4 —) =
ufy (¢, xx) = E[u(Zy, (t; x))] and thus

D luw e xi) —uw @, x—)| < D Elu(Ziy (4 x0) — u(Z (6 x0)|
k k

=E[Zlu(2*w(r:xk)) —u(Z5(t; xp)) ]
k

and since Z’;V(t; xg) < Zy (8 xp) < Z’{V(t; xy) for all x; < xi, the sum inside the expectation in the last line is always
bounded by V (u). We claim that a further consequence of (88) is that

uw(t,b) —uw(t,a) = Z (uw(t,xk)—uw(t,xk—)) Vt >0, anda < b. (89)

xx€(a,b]

To see this, we first note that
uw(t,b) —uw(t,a) = E[u(Z*W(t; b)) — u(Zi}V(t; a))]

= E[ D u(Zy i x) — u(Zy(t; Xk))},

xi€(a,b]

where the last equality above is justified by the fact that u is a function of bounded variation and that the half-
open intervals (Za,(t;xk), Z’{V(t;xk)] with x; € (a, b] are disjoint and cover all but countably many points in
(Zy (t; @), Z3,(t; b)]. Due to (88), we can interchange the expectation and summation in the last line above to obtain
(89). Combining (88) and (89), we see that uw (¢, -) is of bounded variation with V (uw (¢, -)) < V(u) for all r > 0.
Since uw (z, -) is a function of bounded variation, the finite Borel measure uw (¢, dx) is well defined. (89) shows that
this measure agrees with a measure concentrated on Jyw for all subsets of the form (a, b]. Since the half-open intervals
(a, b] uniquely determine the Borel measures we can conclude that uw (¢, dx) is absolutely continuous with respect
to ow (dx).

Having shown that uw (¢, x) satisfies all of the claimed properties in the statement of the Lemma, we now turn to
the proof of the uniqueness. To this end, we first note that for any g € C(J{ N BV(R) and any ¢ > 0 we can define a
function f on [0, ] x R by

f(s,x):E[g(Zw(t—s;x))], sel0,t],x eR. 90)

Similarly to the above argument that uy satisfies the properties stated in the lemma, it can be shown that the function
f has the following properties.

f(t,x)=g(x) forall x e R.

Jf is uniformly bounded. That is, sup,cg sef0.1 |/ (s, X)| < 00,

For any s € [0, ¢) the function x — f (s, x) is left-continuous with right limits and of bounded variation on R.
Moreover, the measure f (s, dx) is absolutely continuous with respect to ow (dx).

For any fixed x; € Jw, f (s, x¢) is differentiable with respect to s € [0, ¢], with

0 df(s,-) .
——f(s,xx) = | “dow (k) }f s €10,1), o)
ds 0 if s=t¢,

and such that

/ 0
sup
s€[0,t] /R

gf(S,x)

ow (dx) < oo. 92)
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Now, suppose that u(¢, x) is another function satisfying all of the properties in the statement of Lemma A.1. Let
g€ C(')Ir NBV(R) and 7 > 0 be fixed and let f be defined as in (90). Then,

/Ru(t,x)g(x)ffw(dx)Z/Ru(t,x)f(l,x)aw(dx)
t
=/u(0,x)f(0,x)aw(dx)+// i(u(s,x)f(s,)c))dsaw(dx)
R RJo 0s
'
:/u(x)f(O,x)aW(dx)—}—// (f(s,x)iu(s,x)—i—u(s,x)if(s,x))dsaw(dx)
R rRJo as as

t
=/u(x)f(0,x)ow(dx)+/ /(f(S,x)ﬂu(S,x)+M(S,X)if(s,x)>o'w(dx)ds,
R 0 JR as as

where the application of Fubini’s Theorem in the last equality is justified by (86), (92) and the boundedness of # and
f - To simplify the double integral in the last line above, note that for any s € (0, ) it follows from (85) and (91) that

/(f(s,x) u(s,x)+u(s, x) f(s x))ow(dx)
R

=/f(s,x)u(s,dx)+/u(s,x)f(s,dx):O,
R R

where the last equality follows from integration by parts since # and f are both of bounded variation, u(s, -) is right
continuous and f (s, -) is left continuous. We have shown that

/ u(t,x)g(x)ow(dx) :/ u(x) f(0,x)ow(dx), Vge Ca' NBV(R),t > 0.
R R

Since this is also true for the function uw (¢, x), we can conclude that u (¢, x;) = uw (¢, xi) for all > 0 and x; € Jw.
However, since W € T’ then Jy is dense in R and since u and uy are both right continuous in x it follows that
u(t,x) =uw(,x) forall t > 0and all x € R. O

Appendix B: Weak convergence of the random trap environments

In this appendix, we will give the proof of the Poissonian limit of the trap structure as stated in Corollary 5.4 as well
as the proofs of Corollaries 5.5 and 5.6. All of these corollaries are a consequence of Lemma 5.2.

B.1. Poissonian limit for the trap structure

Proof of Corollary 5.4. We begin by showing that W,, converges in distribution to W. Since Lemma 5.2 implies that
W, converges in distribution to W, we claim that it will be enough to show that

lim Q(|(¢, Wa) — (¢, W,)| 28) =0, V¥8>0,¢eCf (R x (0,00]). (93)

n—o0

To see that (93) is sufficient, note that M, is a Polish space under a metric dy,gue Which is given by
o0
dvague(M, M) = Zz (1 — e 1@eM=0M)) vy M e M,,
k=1

where {¢x}r>1 is a certain fixed sequence of continuous functions with compact support. Clearly (93) then implies
that

lim Q( Vdgue(Wna Wn) = 5) - 0, Vs > 0,

n—00
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from which it follows that W,, has the same limiting distribution as W,.

To prove (93), first note that
Ve Pr kv B
o5 eae) o)

Now, suppose that ¢ € Cg' (R x (0, 00]) has support contained in [—L, L] X [g, 0o]. Since ¢ is uniformly continuous,
for any &’ > 0 there exists a 8’ > 0 such that |¢ (x, y) — ¢ (x’, y)| < &’ if |x — x’| < §. Therefore, we can conclude that

(@, Wa) = (¢, Wa)| <

k

8

0(|(¢. W) = (9. W)| =) < Q(lglggn|vk—kﬁ|z<8’n)+Q( > Ty _—>
- k=—Ln

) 2Ln + 1)¢’

<Q<max vk — kv| > 6'n 5

[kl<Ln

0(B1 = en'/v).

As noted in (46) above, the first probability on the right vanishes as n — oo for any &’ > 0. The tail decay of B
implies that the second term on the right vanishes as first n — oo and then ¢’ — 0. This completes the proof of (93),
and thus we can conclude that W), converges in distribution to W.

Next, recalling the notation M® = M (- NR x [e, oc]) for any point process M € M ,(R x R.), we claim that the
mapping M > oy from M,(R xR;) — Dé is continuous on the set

Ae={MeM,: M(R x {g, 00}) =0}.

Indeed, let M,, - M € A, and fix L < oo with the property that M({—L, L} x (0,00]) = 0 (since M has only
countably many atoms, there are only countably many L for which this does not hold). Then for n sufficiently large
we can enumerate the point processes M, and M so that

M, (-N[~L, L] x [&, 00]) Zﬁ(x" . and  M(-N[-L,L]x [e, o00]) Za(xk )

and

nli)ngoirlaxhk xk| \Y \y,’j — yk| =0.

(Of course, in the above notation K must be given by K = M([—L, L] x [g, c0]) < 00.) It follows that for n suffi-
ciently large we have that

K
d[J L.010 5 Oy ©) <max{max|yk — s Z|xk _yk|}
k=1

From this we can conclude that d[J_lL’L](aM’gg>,oM<s)) — 0 as n — oo for almost every L < oo. This is enough to

. J
conclude that Oy © converges t0 o) in D.

Since the Poisson point process W satisfies P(W € A,) = 1, the continuous mapping theorem and the fact that W,
converges in distribution to W then imply that (W,,, awm) converges in distribution to (W, oy ) ). Since

L &
sup |0W<s>(X)—0w(X)|S/ /yW(dxdy)—>0,
|x|<L -LJo =0

it follows that oy ) — ow in Dﬂé, and thus to conclude that (W, ow,) converges in distribution to (W, ow) we need
only to show that

lim lim sup Q( sup |GW(£) (x) — ow, (x)| > 8) 0, VL <o0,6>0.

e—>0 nsoo Ix|<
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Since
L & 1 Ln
sup |o, @ (x) — ow, (¥)] < / / yWaldxdy) <~ D Biligzentivys
RIETANN -LJo L S—
this will follow from
gg)llgs;p Q< Z Bilig, <entie) = n K) =0, VL <o00,8>0. (94)
lkl<Ln
However,
. . 2Ln + 1
limsup Q Z Biig, <ent/cy = sn'/*) < limsup 71EQ[,811{/3I <£n1/,(}]
n—00 n—00 on /x
|k|<Ln
2LCik | _,
= —- .
§(1 —«)
where the last equality follows from the tail decay of 81 in (45). Since « € (0, 1), this is enough to prove (94). O

B.2. Stable limits in Corollaries 5.5 and 5.6

Proof of Corollary 5.5. It is known that if W = )", 8(x,,y,) is a Poisson point process with intensity measure
Ay ~“"ldxdy, then (yLfjx|<a}» W) =D ¥k1jjx;<a) 1S a k-stable random variable for any a > 0. Since

1 —
Y > Be={¥1{xi<ip, Wa),

[k|<n

we would like to use Lemma 5.2 to conclude that the sum n~!/¥ >_jk|<n Bk also converges in distribution to

(y1yx 1<y, W). Unfortunately, the mapping M — (yl(x<p, M) from M, — R is not a continuous mapping. How-
{Ix|=<0} {lx]=v} p

ever, the mapping

M = (yLix<v.y=e). M)
is continuous on the set {M € M, : M(R x {e}) = M({—v, v} x (0, 0o]) = 0}. Since for any & > 0 the Poisson point
process W belongs to this set with probability 1, we can conclude from Lemma 5.2 that
1
7117 Z ,Bkl{ﬁkzsnl/'(} - (yl{lx\sﬂ,yzs}a W>, asn — oQ,
k|<n

for any ¢ > 0. The proof of the corollary then follows from (94) and the fact that
(Ve yze), W) — (¥ (1ei<o). W),
e—0
with probability one. U

Proof of Corollary 5.6. Let S,(r) = n~ /%15 ([0, nt)) be the hitting time process for the directed traps. We claim
that both limiting distributions in the statement of the corollary will follow if we can show that the hitting time process
{S,(t)};>0 converges in distribution to a «-stable subordinator {S(¢)};>0 on the space DI{M' First, since v,/n — v,

Q-a.s., it follows that n =% 793 ([0, v,)) converges in distribution to S(v), which is a «-stable random variable. Next,
let D;’ Ne DR, be the set of non-decreasing cadlag functions x(t) with x(0) > 0 and x(¢) — 00 as t — oo and let

J: DIT — DIT be the space—time inversion operator given by

Jx(t) =sup{s = 0:x(s) <t}, 1=0,xeD/,.
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Note that the construction of the directed trap process Zgs is such that n~1Zgy (tn'/) = 38, (1). Since it is known that
the operator J is continuous on the subset DI 1 C DI 1 of functions that are strictly increasing [19, Corollary 13.6.4],
the continuous mapping theorem then implies that {r — n~!Zg (tn'/%)} converges in distribution to {IS(®)}s>o0.
Since the inverse of a k-stable subordinator JS(¢) is almost surely a continuous process, we can conclude that this
convergence in distribution is with respect to the uniform topology on Dg, .

It remains to prove the claimed convergence of the hitting time process S,,. Recall that the crossing time 753([0, nt))
for the directed trap process in the trap environment B is given by

53 ([0, nt)) = Z Bk il vee[o,nny»
k

where {¢}x is an i.i.d. sequence of Exp(1) random variables that is independent of 8. We then construct the point
process

r,= ZS(L" ﬁk;k)
keZ

n’,l/k

which is obtained by multiplying the y-coordinate of the atoms of W, by the independent random variables . It
then follows from Corollary 5.4 that I';, converges in distribution to a Poisson point process I with intensity measure
A’y_K_l dx dy, where A’ = Al'(k + 1) with A as in Corollary 5.4. Now, note that 7 — S(t) = (y1{xefo.0)), ') is a
k-stable subordinator and

1 1
Sp(t) = mf%([O, nt)) = Y Xk:ﬂkikl{vke[o,nz)} = (y1ixeqo,n))> In)-

The mapping M + {(y1{xe[0,r)}, M)}+>0 is not a continuous mapping from M, to DHJQ , but for any ¢ > 0 the mapping
M = {(y1{xe[0,r),y>¢}» M)}i=0 is continuous on the set {M € M, : M(R x {¢}) = 0}. Then, similarly to the proof of
Corollary 5.5, we will be able to deduce the convergence of S, to S if we can show that

nT
lim limsup E g |:Pw (Zﬂkgkl{ﬁkgqn./q > 5n1/x>} =0, VT <00,8>0. (95)
&=V n—oo

k=0

To see this, first note that the tail decay of §; in (45) and the fact that ¢ is independent of 81 can be used to show that
Eg[Pu(B151 =x)| ~CiT(k + Dx™*, asx — oc.

From this tail decay asymptotics, the proof of (95) follows in the same way as the proof of (94) above. This completes
the proof of the convergence of the hitting times process S, (), and thus also the proof of the Corollary. (]
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