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Abstract. We consider a non-integrable model for interacting dimers on the two-dimensional square lattice. Configurations are
perfect matchings of 72, i.e. subsets of edges such that each vertex is covered exactly once (“close-packing” condition). Dimer
configurations are in bijection with discrete height functions, defined on faces & of 7%. The non-interacting model is “integrable”
and solvable via Kasteleyn theory; it is known that all the moments of the height difference hg — hy converge to those of the
massless Gaussian Free Field (GFF), asymptotically as | — 5| — 0o. We prove that the same holds for small non-zero interactions,
as was conjectured in the theoretical physics literature. Remarkably, dimer-dimer correlation functions are instead not universal
and decay with a critical exponent that depends on the interaction strength. Our proof is based on an exact representation of the
model in terms of lattice interacting fermions, which are studied by constructive field theory methods. In the fermionic language,
the height difference hg — hy takes the form of a non-local operator, consisting of a sum of monomials along an arbitrary path
connecting & and 7. As in the non-interacting case, this path-independence plays a crucial role in the proof.

Résumé. Nous étudions un modele non integrable de dimeres en interaction sur le réseau carré bidimensionnel. Les configurations
sont des appariements parfaits de 72, i.e. des sous-ensembles d’arétes tels que tout sommet est contenu dans une et une seule aréte
(condition de “close-packing”). Les configurations de dimeres sont en bijection avec une fonction de hauteur discreéte, définie sur les
faces & de 72, Le modele sans interaction est “integrable” et resoluble par la théorie de Kasteleyn; il est connu que tous les moments
de la différence de hauteur hg — hy convergent vers ceux du champ Gaussien libre (GFF), dans la limite ou |§ — 5| — co. Nous
démontrons que le méme résultat est valable quand le parameétre d’interaction est non nul et petit, comme il avait été conjecturé
dans la littérature physique. Il est remarquable que, d’autre coté, les fonctions de correlation dimere-dimere ne sont pas universelles
et décroissent avec un exposant critique qui dépend de la force de I’interaction. Notre preuve se base sur une representation exacte
du modele en termes de fermions en interaction su réseau, que nous étudions par des outils de la théorie constructive des champs.
Dans le language fermionique, la différence de hauteur hg — hy est un opérateur non local, qui s’écrit comme une somme de
monodmes le long d’un chemin arbitraire qui relie & et 5. Tout comme dans le cas sans interaction, 1’indépendance par rapport au
choix du chemin joue un rdle crucial dans la preuve.
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1. Introduction and main results

Two-dimensional dimer models were studied extensively in the 1960s for their equivalence with various statistical
physics models such as the Ising model. At close packing, dimer models are critical (correlations decay polynomially
with distance) and, as was later discovered, enjoy conformal invariance properties [42]. Their early study culminated
in the exact solution of non-interacting dimers by Kasteleyn, Temperley and Fisher [27,40,61] and the related compu-
tation of the correlations [28]. However, even in the presence of a solution, a number of properties used in the physical
literature were left for decades without a mathematical justification. In particular, the height field (see Section 1.1)
was believed to be effectively described in terms of a continuum Gaussian field theory. The difficulty in substantiat-
ing mathematically such belief is due to the ultraviolet divergences that arise in the continuum limit. They produce
ambiguities in the final formulas for the moments of the height function, which require ad hoc regularizations, see
e.g. [3,21,64] for an analogous discussion in the context of the critical Ising model. It is fair to say that not only a
mathematical proof, but even a solid, convincing, non-rigorous argument, proving the correctness of the scaling limit
for the height function, was missing until very recent. The progress came from the mathematical community: in the
last 15 years, radically new ideas and methods have been introduced [41-45], which provided a firm basis for the
continuum field picture in the non-interacting dimer model. These works take advantage of the underlying discrete
holomorphicity properties of the model, which arise from its integrability, and can be used to prove the emergence of
conformal symmetry in the scaling limit [42,43]. Similar ideas also appeared and developed in the context of percola-
tion and of the Ising model [59,60]. However, these methods fail as soon as integrability is lost, and the very natural
question of whether the Gaussian Free Field (GFF) description survives for the interacting case requires radically new
ideas. It was proposed in [24] to apply the methods of constructive Renormalization Group (RG) theory to interacting
dimers, and in this way the large-distance asymptotics of the dimer-dimer correlations were derived, as well as certain
universality relations between critical exponents. In this paper we extend the approach of [24] to the computation of
all the moments of the height function, and we succeed in proving their convergence to those of the massless GFF.
The control of the height fluctuations, as compared to that of the dimer correlations, poses new non-trivial problems,
due to the non-local nature of the height function, as opposed to the local nature of single-dimer observables.
Constructive RG methods have proven, along the decades, to be an invaluable tool to control rigorously some non-
integrable critical models and their universality properties, see references below. On the other hand, these methods
seem to be very little known in the probability/combinatorics/discrete complex analysis communities, despite the fact
that they are interested in very similar mathematical questions for the Ising model, percolation, etc. One of the aims
of the present work is to make these methods accessible to a wider audience. For this reason, we make an effort to
present the main ideas and steps in a pedagogical way (within reasonable limits: for the technical details of some
constructive RG estimates we refer to the relevant literature), which (partly) explains the length of the article.

1.1. The model

To be definite, we study the model of interacting classical dimers proposed in [2] and [55]. We consider a periodic box
A of side L (with L even), whose sites are labelled as follows: A = {x = (x1,x2) € Z* : x; = —L/2+1,...,L/2}.
“Periodic,” as usual, means that if ¢; are the two unit coordinate vectors, then (L /2, x3) + €1 should be identified with
(=L/2+1,x2), and (x1, L/2) + &; with (x;, —L/2 + 1). The partition function of interest is

ZaGmy= ) []‘[z,i””]eWMM)z > manm(M): (1.1
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e M is the set of dimer coverings (or perfect matchings) of A. We recall that a dimer covering is a subset of edges
such that each vertex of A is contained in exactly one edge in M. We choose L even, otherwise M, would be
empty.

e m > 0 is the amplitude of a periodic modulation of the horizontal bond weights, playing the role of an “infrared
regularization” (see later), to be eventually removed after performing the thermodynamic limit, by sending m — 0.

The modulation is defined as follows: ") . = 1+8; m(—1)*1. Note that limy,_o ™ = 1.
(X,x+¢;) Js b

o Wa(M) = chA Np(M), where P is a plaquette (face of ZZ) and Np(M) = 1 if the plaquette P is occupied by
two parallel dimers in M, and Np (M) = 0 otherwise.

If one sets A =m =0, one recovers the usual integrable, translation invariant, dimer model studied e.g. in [40,42,44].

Since A is bipartite we can paint white and black the sites of the two sublattices; with no loss of generality we
can assume that the coordinates of the white sites are either (even, even) or (odd, odd). The expectation w.r.t. the
measure corresponding to the partition function Zx (A, m) will be denoted (-) 5., ,: if O(M) is a function of the
dimer configuration, we define

1

OVpaom=——— am(M)O(M). 1.2
(O) A, ZA(A’m)§uA,A,( )O(M) (1.2)

Truncated expectations are denoted by a semicolon: e.g., (O; O'Ya.p.m := (00 Y anm — (OYA:3.m{O" Y asp.m- The
massless infinite volume measure is defined via the following weak limit (existence of the limit for local observables
is part of our results):

(D= lm Lim_ ()a.p - (1.3)
m—>0A 172
The name “massless” refers to the fact that (-), exhibits algebraic decay of correlations, irrespective of the value of A,
see Theorem 2 below. If, instead of sending m — 0 in (1.3), we keep m > 0 fixed in the thermodynamic limit, then the
truncated correlations decay exponentially to zero at large distances, with rate proportional to m itself. In this sense,
m plays the role of a mass (infrared regularization).
Given a dimer covering M and two faces of A centered at & and 7, one defines the height difference between & and
N as

hg —hy= Y (Lo(M) = (Lp) p ;5. m) 0. (1.4)
bECE%,,

where 1;(M) denotes the dimer occupancy, i.e., the observable that is equal to 1 if b is occupied by a dimer in M,
and 0 otherwise, while C¢_,, is a nearest-neighbor path on the dual lattice of A (i.e. a path on faces of A). The sum
runs over the edges crossed by the path and o, = +1/ — 1 depending on whether the oriented path C¢_,, from & to 5
crosses b with the white site on the right/left. See Figure 1.

We have centered the height function to have gradients with zero average; remark that, form =0, (1p) 5.5 ,, = 1/4
by symmetry. A priori, the definition (1.4) depends on the choice of the path. The remarkable fact is that it is actually
independent of it, provided the path “does not wind around the torus”: more precisely, the r.h.s. of (1.4) computed
along two different paths is the same, provided the loop obtained by taking the union of the two paths does not wind
around the torus' [44]. We shall say that two such paths are equivalent. In particular, if ||& — §||oc < L/2, then all
the shortest lattice paths are equivalent, and we uniquely define the height difference between & and » as the r.h.s.
of (1.4), computed along any path equivalent to one of the shortest lattice paths. In this way, given two faces with
fixed (i.e., L-independent) coordinates & and », their height difference is uniquely defined, for sufficiently large L. If
we arbitrarily assign height zero to the “central” plaquette (the one centered at (1/2, 1/2)), then the height profile is

'In general, if a path wraps n times horizontally and n, times vertically over the torus, the r.h.s. of (1.4) picks up an additive term n{ 71 (M) +
noTh (M), for suitable constants, called periods. In this sense, the height on the torus is additively multi-valued. The example in Figure 1 is special,
in that 71 (M) = T> (M) = 0 for the configuration M depicted there; however, it is easy to exhibit other configurations for which these periods are
non-zero.
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Fig. 1. A dimer configuration for L =4 and the height function computed according to (1.4). In this picture we assume that (1) = 1/4 for every
b, which is the case on the torus for m = 0. Moreover, we conventionally set the value of the height in the central plaquette equal to 0.

Fig. 2. A dimer covering of a domain of the honeycomb lattice and the corresponding discrete height function. The correspondence is established
by drawing a segment along the main diagonal of each lozenge in the figure on the right: these segments are the same as the dimers in the figure on
the left, and they make apparent the fact that dimer configurations are in one-to-one correspondence with lozenge tilings of planar domains. The
vertices of the lozenges correspond to the centers of the hexagonal cells in the figure on the left.

uniquely determined everywhere, asymptotically as L — oo. In conclusion, each plaquette is associated with a value
of the height function, and one can view each plaquette as the basis of a block which extends out of the page by
an amount given by the height function. From this perspective, dimer covering may be viewed as a two-dimensional
representation of the surface of a three-dimensional crystal.

Let us mention that the bijection between discrete interfaces and perfect matchings of planar bipartite graphs is a
general fact: see for instance Figure 2 for the (visually more obvious) case of the honeycomb lattice.

1.2. Correlations and expected behavior

Among the physically interesting correlations are the dimer correlations (1p,; ...; 1p,)x, the height moments ((hg —
hy)") and the so-called electric correlator

(em(hrh,,)> (1.5)

5
For A = 0 (non-interacting dimers) the partition function was exactly computed in [27,40,61], where it was shown
that it can be expressed in terms of the Pfaffian of the Kasteleyn matrix (see below); such a Pfaffian can be rewritten
exactly as a Gaussian Grassmann integral, so that the case A = 0 is also called free fermion point (see e.g. [34,54]
for a definition and an illustration of the basic properties of Grassmann integrals). The dimer correlations are easily
computable from their Grassmann representation (the dimer occupancy 1, becomes a local quadratic monomial in
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the language of Grassmann variables), by using the fermionic Wick theorem, see for instance [26]: one finds that if
m = 0, the dimer correlations decay as a power law modulated by an oscillating factor; in particular, the decay of the
two-point dimer correlation is proportional to the inverse distance squared (see Proposition 3 below).

The computation of the height or electric correlations is a completely different matter: the height and electric
observables take the form of non-local expressions in the Grassmann variables (as can be guessed from (1.4)) and
their computation is much harder. Indeed, the proof (for A = 0) of GFF-like behavior for the height function [43,
45] and the computation of the large-distance behavior of the electric correlator [22,56] are very recent. The dimer
model with A = 0 strongly resembles the two-dimensional Ising model at the critical temperature, which admits a
similar fermionic representation in terms of Gaussian Grassmann integrals [31,57]. The dimer correlations are the
analogues of the Ising energy density correlations (i.e. the correlation between oo, and oy0y/, if (x, x’) and (y, y")
are two lattice bonds) and the electric correlator at « = 7 is the analogue of the square of the spin-spin correlation
at criticality. The analogy is not just formal, but also quantitative: it was recently shown in [23] that there is an exact
identity, valid at the lattice level and at finite volume, between the energy correlations of the critical Ising model and
the dimer correlations, as well as between the (square of the) two-point spin correlation of critical Ising and the electric
correlator at « = 7. These identities play the role of lattice bosonization identities, see [23], and imply in particular
that the critical exponents of the corresponding Ising and dimer observables are the same.

If A # 0 the model is not solvable anymore. The Grassmann representation, reviewed below, shows that the inter-
acting model can be expressed exactly in terms of a non-Gaussian Grassmann integral. That is, the interacting dimer
model is equivalent to a model of interacting lattice fermions in two dimensions [24]. The critical exponents of the
dimer observables change, as apparent from Theorem 2 below, where a non-trivial critical exponent 2« appears. Nev-
ertheless, a heuristic mapping of the theory into a sine-Gordon model [2] predicts that the height function, at least for
small A, still behaves in the continuum limit as a massless GFF:

K
hu—hw,/;(%—%), u,veR?, (1.6)

where ¢ is the massless GFF with covariance —1/(27) log|u — v|, and K = K (1) is an analytic function of A such
that K (0) = 1.

As already noticed, the identification (1.6) in the scaling limit has been rigorously proved in the non-interacting
case only [42,43]. In the presence of interactions, (1.6) was until now a phenomenological assumption, not derived
from the microscopic Hamiltonian but confirmed by numerical simulations, see [2] and [55]. From simulations, K
appears to be a non-trivial function of A, which suggest that the model should be in the same universality class of the
Ashkin—Teller model, see [2,55]. On the basis of a universality relation [39,55], the amplitude K is expected to be
computable in terms of the exponent k of the two-point dimer correlation.

Our Theorems 1 and 3 are the first rigorous confirmations of (1.6) in the interacting case A # 0. Let us mention that,
in the same spirit, convergence of Ginzburg—Landau type V¢ interface models to a GFF was obtained for instance in
[20,35,52,53].

1.3. Results and perspectives

In the last years methods based on constructive Renormalization Group (RG) have been applied to various classical
and quantum statistical mechanics models, starting from [48]. In contrast with field theoretic RG, they can be applied
in the presence of a lattice, they allow for a mathematically rigorous control of the effects of momentum cut-offs, of the
irrelevant terms, and of the convergence of perturbation theory. These methods have already been successfully applied
to the computation of the critical exponents associated with several different observables that, once re-expressed in
the language of Grassmann variables, are local or quasi-local operators: examples include the energy and crossover
observables in the eight vertex [7,48] and anisotropic Ashkin—Teller models [37], energy density correlations in non-
integrable Ising models [38], the correlations of S* (the z-component of the spin) in the XXZ model [12] and, more
recently, the already mentioned dimer correlation of the interacting dimer model [24].

In this paper, we combine this approach with the methods used in the A = 0 case in [45], thus applying for the
first time constructive RG methods to the study of a non-local observable such as the height. Our main result is the
following:
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Theorem 1. There exist:

(1) a positive constant Ao and a real analytic function K (L) on |A| < Ao satisfying K (0) =1,
(2) positive constants Cy,, with n > 2, and a bounded function R(&) satisfying |R(&)| < Cp, V&€ #£0,

such that the following is true: if & # 1, then
K@)

72

((hg —hp)?), = log|& — 1 + R(E —1). (1.7

Moreover, if n > 2, the nth cumulant of (hg — hy) is bounded uniformly in |§ —q| as

|(hg — hy; ...s hg — hy)a| < Ca. (1.8)

n times

In the non-interacting case A = m = 0, the result is a refinement of previously known estimates: in fact, in that case
(1.7) is proven in [41] and in [45, Theorem 4.5] (in a much more general setting of bipartite planar graphs), see also
[47] for the height moments of order n > 2. Neither in [45] nor in [47] there is a sharp control of the error terms: for
instance, for the variance the error term in [45] is o(log | — p|) instead of O(1).

Let us also mention that the logarithmic growth of the height variance (without sharp control of the constant in front
of the log) for some discrete (2 + 1)-dimensional interface models (Solid-on-Solid and discrete Gaussian model) was
obtained in [30]. Moreover, an asymptotic computation of the height variance in the six-vertex model was recently
presented in [25].

For the proof of (1.7) the crucial estimate is provided by the following:

Theorem 2. Let |A| < Ag. There exists K (\) as in Theorem 1, and two real analytic functions K (A), k(A) with K ) =
Kk (0) = 1 such that the following holds. Given two bonds b = (X, X+ ¢é;) and b’ = (y,y + &), then

K () _ @)+
1p: 1), = gty | ————(—D* YR -
o Ty} #[ 22 T R T i )
KO oy
O T gy | R s (9

with |R; (x — y)| < Co(1+ [x — y)) 7279, for some 3 <6 <1 and Cy > 0.

This result appears in [24] together with a sketchy derivation, and its proof is reproduced in this paper, see Sec-
tion 6.4 below (it builds on the tools introduced in Sections 6.1-6.3).

The estimates behind the proof of Theorem 1 are strong enough to actually prove that the height field converges in
law, in the scaling limit, to the massless Gaussian Free Field X on the plane [58] with covariance

KL

(X@)X(0)=Go(x —y)i=— -

log|x — y|. (1.10)
More precisely:

Theorem 3. Recall that the height is set to zero at the central face, h(0) = 0. For every C* compactly supported test
function ¢ : R? — R satisfying Jo(x)dx =0, and € > 0, define

hE () =€> Y hyo(em), (1.11)
n

where the sum runs over the faces of A. Then, for every a € R,

e—>0

2
lim (""" @) = exp(—o‘7 / d ()P ()G (x — y)dx dy). (1.12)
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Remark 1. Let us emphasise that the condition f ¢ (x)dx =0 is not technical: lff ¢ (x) dx # 0 the variance of h€ (¢)
diverges logarithmically as € — 0. Recall also that the definition of the average (-), includes the thermodynamic
and massless limit: in particular, the sum in (1.11) is unambiguously defined since the support of ¢ (€-) is of order
1/e <« L. For the same reason, the limit GFF does not keep trace of the periodic boundary conditions.

Remark 2 (Electric correlator). Take x a smooth, positive, compactly supported function on R? centered around the
origin and of average 1. Then, if x () := x (- — x) for x € R?, from Theorem 3 we obtain

lim (e CI=N D), ~ const x |x — y| 7K/ (1.13)

asymptotically as |x — y| — oo. This suggests that, at least for o small,
(e? =M\, ~ const x 1§ — g| =K/, (1.14)

asymptotically at large distances. Indeed, (1.13) can be seen as a coarse-grained version of (1.14) and actually (1.14)
would follow from Theorem 1 if we could prove that C,, = O (n!). We hope to come back to this issue in a future
publication, possibly by combining the methods of constructive RG with the (strong) discrete holomorphicity used
in [22], where (1.14) is proven for A = 0 (see also [56]).

Remark 3 (Generalizations and extensions). The above theorems can be straightforwardly extended to the case
where the nearest neighbor interaction Wy in (1.1) is replaced by a general finite range interaction that respects the
symmetries of the lattice. Another possible generalization (in the spirit of [45]), that we did not work out in detail
but we believe would not entail new conceptual difficulties, is to work on different planar bipartite lattices, like the
honeycomb lattice.

The proof of Theorem 1 also implies analyticity of the free energy per unit volume for ) small, uniformly in the
volume. Since the free energy can be seen as the Legendre transform of the large deviation functional of Wy, one can
deduce a central limit theorem for the fluctuations of W /+/|A] around its mean, and similarly for space averages of
other local observables.

In principle, the proof of Theorem 1 provides estimates on the convergence radius A¢, as well as on the constants
C,. However, since we do not expect them to be optimal, we do not spell them explicitly here (e.g., our estimates on
C,, grow proportionally to (n!)? with n, for some 8 > 1). The proof is based on precise asymptotics on multipoint
dimer correlations, which requires the identification of remarkable cancellations in the (renormalized, convergent)
expansion for the correlations, which follow from hidden Ward Identities [12] (i.e., asymptotic identities among
correlation functions). The name “hidden” refers to the fact that these identities are not exact in the model at hand,
while they are so in a continuum reference model (Section 6.3.2), which displays the same large-distance behavior as
the interacting dimer model but on the other hand has more symmetries.

Note that in the above theorem no continuum limit is performed. Therefore, the n > 3 cumulants are not exactly
vanishing, but are finite, while the 2-point function is log-divergent as |§ — | — oo.

Let us also remark that our result is not just a corollary of the estimates on the dimer correlations, which can be
inferred from (the methods of) [24]. In fact, a naive substitution of these estimates into the expression of the nth
cumulant of (kg — hy) obtained by plugging (1.4) into the Lh.s.s of (1.7)—(1.8) leads to very poor bounds, growing
faster than (log |& — 5|)"*/? at large distances. A key fact that we need to implement is the path-independence of the
r.h.s. of (1.4), which is a (weak) instance of the underlying discrete holomorphicity of the model, and relies crucially on
the presence of the oscillatory factor o3 : these oscillatory factors produce remarkable cancellations in the perturbation
series, which we keep track of within our constructive multi-scale computation of the height correlations.

Finally let us mention that, for A = 0, height correlations in finite domains exhibit conformal covariance properties
in the scaling limit where the lattice spacing tends to zero; this was proven for instance by Kenyon [42,43] for some
suitably chosen boundary conditions. It would be extremely interesting to prove that conformal invariance survives
for A # 0, where integrability is lost. While we believe that constructive RG is again the right approach to attack
this problem, new difficulties will need to be overcome with respect to the present work, notably due to the loss of
translation invariance arising from non-periodic boundary conditions.
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1.4. Organization of the paper

In Section 2 we show how to represent the partition function and the multi-dimer correlations for A = 0 (resp. A # 0)
as a Gaussian (resp. non-Gaussian) Grassmann integral. In Section 3, as a warm-up, we prove Theorem 1 for A = 0. In
Section 4 we prove (1.7), conditionally on Theorem 2. In Sections 5 and 6 we discuss respectively formal perturbation
expansion in A and the “renormalized expansion.” The latter is convergent for A small and allows to get the large-
distance behavior of multi-dimer correlations of the interacting model, thereby completing the proof of Theorem 2.
Finally, in Section 7 we use the results of Section 6 to prove Theorems 1 and 3 for A # 0.

2. Grassmann representation of partition function and correlations

In this section we explain how to derive a representation of the interacting partition function Z, (A, m) and dimer
correlation functions in terms of non-Gaussian Grassmann integrals. This representation is exact and valid as an
algebraic identity for every finite lattice A. For the reader who is not used to Grassmann variables, we refer for instance
to [34, Section 4] for some of their basic properties. The key points to keep in mind are the following: Grassmann
variables anti-commute, in particular 1//,% = 0. Gaussian Grassmann integrals are just an alternative way of writing
determinants (or Pfaffians); non-Gaussian Grassmann integrals are just an alternative, compact, way of writing certain
series of determinants (or of Pfaffians); the rewriting of Z (A, m) in terms of a non-Gaussian Grassmann integral is
very convenient for its subsequent computation via the methods of constructive field theory, which makes the analogy
with the rigorous multi-scale analysis of perturbed Gaussian measures as apparent as possible.

2.1. The non-interacting model

2.1.1. Partition function and dimer correlations
Kasteleyn’s theory [40] gives an explicit formula for the dimer partition function with bond-dependent activities

t={tp}pca.,

Zaw= Y J]w 2.1)

MeMy beM

Introduce the Kasteleyn matrix? K¢, whichis a |A| x |A] antisymmetric matrix indexed by vertices in A, such that its
elements (Kt)y,y are non-zero if and only if x and y are nearest neighbors; in this case (Kt)x x+¢, = —(Kt)x14; x =
txxtép)> and (Kp)y xys, = —(Kt)xqe, x = i(x x+¢,)- Also, for 0,7 € {0, 1} let Kt(gr) be the antisymmetric matrix
obtained from K¢ by multiplying the matrix elements (K¢)y 45, = —(Kt)x+4,,x by (— 1)? if x belongs to the rightmost
column of A and (K¢)x xt2, = —(Kt)x4s,.x by (—1)7 if X is in the top row of A. Of course, K"” = K{. Then one
has (cf. [44] and [45, Section 3.1.2])

—

Zat) = = (—=PfK " +Prk " + Prk'” + Prk V)

[\

1
=3 > CorPIKST. 2.2)
6,7=0,1

Here, Pf(A) indicates the Pfaffian of A. [We recall that the Pfaffian of a 2n x 2n antisymmetric matrix A is defined as

1
2'n!

PfA .=

Z(_l)nAn(l),n(Z) < Arn—1),702n); (2.3)
s

2There is a certain amount of freedom in choosing the Kasteleyn matrix. For instance, in [40] matrix elements are all chosen to be real. Two
Kasteleyn matrices are gauge equivalent if there exists a function ¢ : A — C such that K,ny = Kx,ycxcy. See [44, Section 3.3] for a discussion of
this point.
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7 is a permutation of (1, ...,2n), (—1)7 is its signature. One of the properties of the Pfaffian is that (Pf A2 =detA.]
Since the ordering of the labels (1, ..., 2n) matters in the definition of Pfaffian (changing the ordering, the sign of the
Pfaffian can change), in (2.2) we use the convention that the sites x € A that label the elements of K are ordered from
left to right on every row, starting from the bottom and going upwards to the top row. Using (2.2) we immediately
obtain:

1
)3 [H,lgm]ﬂbl...]lbkzi S Coctindy, -ty PEKCD| 2.4)

MeMy “beM 6,7=0,1 t=t(m)

where t = t') means 7, = tém) for every b. The r.h.s. of (2.4) is itself a sum over Pfaffians, and can be conveniently
represented in terms of Gaussian Grassmann integrals. In fact, given any 2n x 2n antisymmetric matrix A,

2n
PfA = / |:1_[ dl/fi:|e_1/2(w’Aw), 2.5)
i=1

where the Grassmann integration is normalized in such a way that

2n
/[Hdlﬁi:|l//2n-"l//1 =1
i=1

For later purposes, it is also useful to recall that the averages of Grassmann monomials with respect to the Grassmann
Gaussian integration can be computed in terms of the fermionic Wick rule:

(Y k) 4

2n
=— dvi |V, - - Y, e PVAY = PEG, 2.6
i []1 m}ml Vi, e (2.6)

where, if m is even, G is the m x m matrix with entries
Gij = Wi, = [A7']; 4, @.7)

(if m is odd, the r.h.s. of (2.6) should be interpreted as 0).
Specializing these formulas to the case A = Kt(er) we find:

o [ [[Taw]ow
@0 Lyen
1 )
S ) =5 3 Un(K7) gy (2.9)
X,yEA
== ltxtenExten +lxtin Eoxton]s (2.10)
xeA

where Ey xt5) = Vx¥xye, While E xy5,) = i¥xV¥xie, and the index (67) under the integral means that we have
to identify Yz /241,y) = V(—L/2+1,y)(—1)° and similarly ¥ 1/241) = ¥(x,—1/2+1)(=1)*. The choice & = 0 (resp.
0 = 1) means periodic (resp. antiperiodic) boundary conditions for the Grassmann field in the horizontal direction,
and similarly 7 determines periodic/antiperiodic boundary conditions in the vertical direction.

Inserting (2.10) into (2.4) we find that, if the bonds by, ..., by are all different [here we say that two bonds are
different if they are not identical; their geometrical supports may overlap], then

C
(m) — b.t _kpm) o pm) S
E [l | 1, ]]].bl 1p, = gr ) /(01) | |d1ﬁx( DYE, Ehk e, (2.11)

MeMy =beM XEA

where S() = Sy (¥), see (2.10), Eé’m = tlgm)Eb and the r.h.s. can be computed via (2.6).
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2.1.2. Gaussian Grassmann measures and the free propagator

Definition 1. Given an anti-symmetric matrix M we define the Gaussian Grassmann measure with “propagator” M,
denoted Py (dyr), which maps a polynomial f of the  variables into a complex number denoted

/ Py ) or (Far. (2.12)

To fix the map, we require:

o linearity: (afy +bf2)yy = a(fi)y +b(f1)y ifa,beC.
o (Hy=1
o (Vi - Vky )y = PEIM (ki k)i j<m].

if M is invertible, then we can write more explicitly (cf. (2.6))
__ 1 —1/20, M7y
[ Puanrsan =g | []:[m}e £, 2.13)

We emphasize that Py (d) is not a measure in the usual probabilistic sense. We list two useful properties of Grass-
mann Gaussian measures, that are analogous to properties of usual Gaussian measures:
Proposition 1. The following identities hold:

(1) Addition formula: If g1, g2 are two propagators and g := g1 + g2, then Pg(dvyr) = Py (dyr1) Py, (dVr2), in the
sense that for every polynomial f

[ Peanrsn = [ Patav) [ Pata s+ . (2.14)

(2) Change of measure: Given anti-symmetric matrices M and V such that det(1 — uMV) > 0 for every u € [0, 1],
we have

/ Pu(dy)e! 29V £y = Jde(T — MV) / Par @) £ () 2.15)

withM' =1 —-MV)"'M.

For (2.14) see [34, Eq. (4.21)]; for (2.15) see the analogous [34, Eq. (4.29)] and use the property Pf(A)? = det(A).
With this language, and recalling formulas (2.8)—(2.11), we see that dimer observables can be expressed as averages
of suitable fermionic polynomials under the linear combination

2

0
0,7 Zﬂ,r Co.x Pf(Kt((ml;))

0
Co. PEK(Y)

e (dy)

of Grassmann Gaussian measures

PYT (@) = Pom 1.
t(m)

-1

It is understood that boundary conditions on ¥ are (8, t), as above. The propagator [K t(f,f))] can be computed

exactly: we have (cf. Appendix A)

Lemma 1.

) o 07)\—1 1 _ikx—vy N(K,m, y1)
R A e R N St T
keDfr) ’
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where

N, m, y1) =isink; + sinky +m(—1)*! cosky,
Dk, m) =m?* + (1 — mz)(sinkl)2 + (sink»)?

and
DY —{@r/L)(n+ (6,7)/2),n € A}. (2.17)
Note that gfr) (x,y) is zero whenever x and y have the same parity (this can be seen by observing that the ratio in
(2.16) changes sign if k is changed to k + (7, 77), while e “*®~¥) remains unchanged if x has the same parity as y).
The propagator is not translation invariant, but is invariant under translations in 27 x Z (because of the horizontal
periodic modulation of the bond weights). Of course, when m = 0 full translation invariance is recovered.

In the following we will need to evaluate the propagator for fixed X, y € Z2, as A /' Z2. In this limit, the propagator
takes a particularly simple form, independent of (67):

dk o—ikGy) Nk, m, yr)

2 (2m)2 2Dk, m) ’ (2.18)

. ()
gx,y) = lim ¢¥9x,y) = /
A 72 T

where the torus T? = R? /27 Z? is also called the Brillouin zone. In analogy with its finite volume counterpart, g(x, y)
is zero whenever x and y have the same parity. We will see in Appendix A.2 that the finite-volume corrections to gft)

are exponentially small in L, if m > 0.

Remark 4. At this point the role of the regularization parameter m > 0 should be apparent. If m = O then the integrand
in g(X,y) has poles whenever sink; = sinky = 0. As we will see in next section, the propagator then decays slowly at
large distances (like 1/|x —y|), signalling that the system is critical (or massless). When instead m > 0 the integrand
is analytic on the Brillouin zone and therefore g(X,y) (that is its Fourier transform) decays exponentially fast and the
system is off-critical (or massive). The exponential decay however kicks in only when |x —y| £ 1/m, and for m — 0
the critical decay is recovered. In the language of [45], one says that the non-interacting (A = 0) system is in the
“liquid phase” when m = 0 and in the “gaseous phase” when m > 0.

2.1.3. Majorana fermions

In this section we discuss the large-distance behavior of the non-interacting propagator g(x,y) introduced above.
Similar estimates (with different notations) are obtained in [45]. The fall-off properties of g play a key role in the
computation of the dimer correlations, as well as of the height fluctuations, to be discussed in the next sections. As
we will see, it is convenient to split ¥y as the sum of oscillating functions times four new Grassmann variables v ,,
y =1,...,4, each of which has a propagator with well-defined limiting behavior for large distances,

1 1
4 (x1 — y) (=7 (xa — )’

(Yx,y Py,y) ~ (2.19)

when |x —y| is large (but |x — y| S 1/m). For m = 0, the four fields v, are independent (i.e. their propagator is
diagonal in the y index) and are the lattice analogues of “real,” massless, Majorana fermions, see [31, Section 2.3.1].
These lattice Majorana fields can be also combined in pairs, to form two “complex,” massless, Dirac fields, 1//3},
o = %1, see next section. Besides the terminology, which is borrowed from high energy physics, the transformations
from the original Grassmann field, to the Majorana, and then the Dirac fields, are just restatements of a couple of
simple, and convenient, algebraic manipulations of the propagator, which are discussed in the following.

Consider (2.18). The large distance asymptotics of g(x,y) is dominated by the contributions from the momenta
close to the singularity points where the denominator is small (for m small), which are p; = (0, 0), p2 = (r, 0),
p3 = (7, ), pa = (0, w). Therefore, g(x, y) can be naturally written as the superposition of four terms:

4
_ dk —ik(x—y) N, m, y1)
g(x.y) —; /T , Gy X e D& (2.20)
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where x, (k) are suitable smooth (say, C*°) functions over the torus, centered at p,, and defining a partition of the
identity: Zi:l Xy (K) = 1. We assume that the functions y, (k) satisfy the following: first of all,

xyK)=x(k—py,), (2.21)

for a nonnegative compactly supported smooth function y (k), centered at the origin and even in k. We also require

that the support of x () does not include p3, p3, ps4. For definiteness, one should think of x (-) as a suitably smoothed

version of 1., <z/2. In Appendix C we make an explicit choice for x (-), satisfying further smoothness properties.
The decomposition (2.20) with x, (k) as in (2.21) induces the following decomposition on the Grassmann fields:

Uno= PN 1 — Py o PRy 3+ PRy, (2.22)

with 1 ,, Grassmann variables with propagator

fo,yl/fy,y’) = / P(d‘/f)l/fx,ywy,y’ = <G(XO_ y) G(XO— y)) K (2.23)
V24

where G(X) = {G(X) pw' }, , @ = %1, is the 2 x 2 matrix
dk —ikx , . . .
G =/ A fsinkitsinky - imeoski )
T2 (27) 2Dk, m) imcoski isink; — sinkp

[The reader should simply check that with this definition the field ¥ has the correct propagator g(x,y) as in (2.20).
Keep in mind that for x integer one has exp(iwx) = exp(—imx).] Note the symmetry properties

(2.24)

Gi+(x) =GL_(x), Gi-(x)=GL (x)=-G_1(x), (2.25)
G (X) = —00' G ey (—X). (2.26)
At m = 0, the large-distance behavior of G(x) is given by (cf. Appendix A.1):
Proposition 2. [fx# 0 and m =0,
G(x) =g(x) + R(X), (2.27)

where both g and R are diagonal matrices. The diagonal elements of g are:

® dk e kX 1 1 N 2.28)
X) = = — , w=d=. .
B Q)2 2(—ik; +wky) 47 x1 +iwx
The matrix R is a remainder such that
C
|Row(X)| < M (2.29)

for a suitable C > 0.

Remark 5. Using (2.27), we see that {{x ,Vy.,) behaves asymptotically as the propagator of a real massless Majo-
rana field, in the sense of [31, Section 2.3.1]. Similarly, if m # 0, G behaves asymptotically as a massive Majorana
field. Therefore, the fields . ,, are referred to as lattice Majorana fields.

From the above discussion we see that the propagator G decays as the inverse of the distance, without any oscillat-
ing factor. The discrete derivatives of G decay as the inverse distance squared, while the same is not true for g, due to
oscillatory factors in (2.22).

The decomposition of the field v in terms of four Majorana fields v, can be done analogously in finite volume
and for the boundary conditions (67). In this case, one should simply interpret, e.g. in (2.24), integrals as sums for k €

Dfr), the estimates in Proposition 2 still hold and the Grassmann integration w.r.t. ¥, will be denoted PI(\G” (dry).
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2.1.4. Dirac fermions
Since the propagator of v, depends only on the parity of y, it can be convenient to group the two pairs of so-called
“real fields” (Y1, ¥3) and (Y2, ¥4) into “complex fields” wj:

1 , i .
V= SO TR U= e F i), (2.30)

which is inverted (recall (2.22)) as

V1 T ¥y if (x1,x2) = (even, even),
Va1 — ¥y, if (x1,x2) = (even, 0dd),

1//;1“‘1//;_1 if (x1, x2) = (odd, even),
V1 — ¥y if (x1,x2) = (0dd, odd).

Yx =2 2.31)

Here 1//{ «» formally plays the role of complex conjugate of v . Using its definition we see that (w;f ww;“ o) =
(Vxw¥y.,) =0, while

( <t/f5]wy+i> <w§]¢y+,+,]> >:( Gys(x—y) iG+(x—y)>_ 0
(fo,_]l/fy,]) (’»”x’_]‘/fy’_ﬂ —iG_4(x—y) G__(x—Yy)

The “complex” nature of the field wf justifies the name “lattice Dirac field,” which is used for it. In the following, it
will be sometimes convenient to work with Majorana variables and sometimes with Dirac variables.

2.2. Dimer-dimer correlations

Applying formula (2.11) together with the Wick rule (2.6), one can easily express the dimer-dimer correlations of the

non-interacting model in terms of the free propagator gfr). In the infinite volume L — oo and massless limit m — 0,

using the asymptotics in Proposition 2, one recovers the well-known result:

Proposition 3. Let 1 = 0. Given two bonds b= (X,X+¢;) and b’ = (y,y + ), we have
i+
((x1 = y1) +i(x2 — y2))?

(L: 1) = Loy | — s (1) ¥ Re
by Lp'1a=0 = Ix#y )

1 S
+8j,j/m(—1)xj Vi i|+Rj,j’(X_Y), (2.33)

Ix —y?
with |R; j(x—y)| <C(1+[x—y)~.
(This is re-derived, as a by-product, also in Section 3.2 below.)

2.2.1. Multi-scale decomposition of the free propagator

An important tool in constructive RG is a multi-scale decomposition of the free propagator G as a sum of terms G,

h < 0, each one collecting contributions at a given distance ~ 2" (in Fourier space) from the singularities py, ..., ps.
We start from G (x) defined in (2.24) or, better, defined as the finite volume counterpart of (2.24) with boundary

conditions (8, T), in which case the integrals over k are sums in Di\“). Let h* = |log, m] and recall that L'«

m < 1. Recall that x (-) is the cut-off function appearing in (2.24), that should be thought of as a smoothed version

of 1| <x/2, see the explicit definition (C.2) in Appendix C. Let x (-) be another positive, C* cut-off function, that

3From now on, unless explicitly stated, we shall write integrals over k just as shorthands for the corresponding finite volume sums. All the equations
and estimates written formally in the thermodynamic limit are valid at finite volume as well, uniformly in A.



Height fluctuations in interacting dimers 111

we require to be rotationally invariant as a function on the Brillouin zone [—, 7%, see explicit definition (C.3). One
should think of x (-) as a smoothed version of 1k <z/2, with || - || the Euclidean norm.
We decompose G(x) as

G(x) = i GMx) + G (x), (2.34)
h=h*+1
where G™ (resp. G=") is as in (2.24), except that x (k) is replaced by
fn®) = xn (k) — xp—1(k) (2.35)
(resp. by xu=(Kk)); here xo(k) := x (k), while
xn(K) := x(27"k), VA <O. (2.36)
Observe that f;, (resp. x;+) has compact support contained in

Spi={keT?:c2" < |k|* =k} + k3 < C2"}, (2.37)

(resp. in Uhgh* Sy,) for suitable constants ¢, C > 0, and that Zgzh*ﬂ Jn(K) + xn+ (k) = x (k). One easily checks that,
if £ in (C.3) is small enough, then

Sy () fn, (k) =0, if [hy — ha| > 1. (2.38)

At m = 0, the decomposition (2.29) induces a similar decomposition for the single-scale propagator: G (x) =
g™ (x) + R™ (x). Finally we have:

Lemma 2. For h* <h <0and ny,ny >0, the matrix G(h)(x) satisfies, for a suitable Cy, p, > 0,

07152 G " )| < Cpy 2" HHHD V2N (239)
with 0; the right discrete derivative in the j direction. The off-diagonal elements of G"™ satisfy a better estimate:

O 2G I (X)| < Cpy pym2 112 =V 2N < " () =2 N, (2.40)

The propagator GEm satisfies the same estimates, with h replaced by h*. If m = 0, the propagator gV satisfies the
same estimates as G™ in (2.39), while R satisfies an improved estimate:

071022 RM (x)| < Cpy 2811412 gV 2N 241
See Appendix C for a sketch of proof.
2.3. The interacting model
2.3.1. Partition function and dimer correlations
Our goal here is to rewrite the partition function (1.1) and the correlation functions of the interacting model as a

Grassmann integral. For the partition function we have:

Proposition 4. Let o = e* — 1. We have

1
ZaOum) = 5 > CQ,T/( []‘[ dwx]es“/’HVA (28 (2.42)
0,1t

97) Lyea
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with

Va() =Y E(y), (2.43)

yCA

where, if by, ..., by are adjacent parallel bonds (with k > 2) and y = {by, ..., by}, then
E() =&({br..... b)) = (=D*a* T ES B (2.44)
and £(y) = 0 otherwise. Recall that El()m) was defined just after (2.11).

Proof of Proposition 4. We re-write

ZaGom)y= Y []‘[r('"’} [ +anNp)

MeMy “beM PCA
=y []‘[ z(’”)} [] (1 +an,n1, ), (2.45)
MeMy “beM (b,b')yCA

where the product ]_[(b, p)ca Tuns over pairs of neighboring parallel bonds b, b’ (i.e., such that the union of the four
vertices of b and b’ are the four vertices of a plaquette in A). In the second identity we used the fact that, if P is the
plaquette with sites X, X + €1, X + &2, X + €| + é2, then

Np =T ixxte) Lixter,x+614+82) T Lixxte2) Lixtey, x+6,+¢2)

and

Lix.x+é1) Lixtén,xtér+é0) Lixoxtén) Lixrer xé+é9) =0
as an observable over dimer configurations; therefore,
L+ aNp =1+ oelxxten Loy xter+en) 1+ 0Laxtsn Loy xé1+é0)- (2.46)
We now rewrite the last product in (2.45) as
[] a+emp1n=>" Z tn) L), (2.47)
(b,b"YCA n=0{y1,....vn}CA

where y; are “contours,” each consisting of a sequence of 2 or more adjacent parallel bonds nyl """ 4} TUNS over
unordered compatible n-ples of contours (here we say that {y1, ..., y,} is compatible if y; Ny; = &, Vi # j, where y; N
yj = & means that the bonds in y; are all different from those in y;; note that the geometric supports of two compatible
contours may overlap). Moreover, if by, ..., by are adjacent parallel bonds (with k > 2) and y = {b1, ..., bi}, then

c()=¢(br, . b)) =y, T (2.48)
Finally, the term with n = 0 in the r.h.s. of (2.47) should be interpreted as 1. By inserting (2.47) into (2.45) we find:
k
ZaGomy=)" Yy []‘[ ‘””]am (). (2.49)
n>0{y1,....yn}CA MeMp “beM

Note that each term ¢(y) - - - £(yn) in the r.h.s. of (2.49) is proportional to a product of operators 1, over different
bonds: actually, having a representation involving only products of 1, over different bonds was the very purpose
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of grouping the bonds into contours and of rewriting the product in the Lh.s. of (2.47) as a sum over compatible
collections of contours. Therefore, we can evaluate the sum ZMEMA Tpem tb(m)]g“()q) --+Z(yy) by using (2.11):

ZM,W%;C@JZ > f(gr)[l—[dwx]é(y1>-~-s<yn)e5<¢>. (2.50)

n>0{y1,....yn}CA XEA

Finally note that, by the Grassmann anti-commutation rules,

*

YooY s £ = eXvent®), 2.51)

n=0{y1,....yn}CA

(in the expansion of the exponential, terms containing incompatible contours vanish since Eg = 0) so that (2.50)
simplifies into (2.42). (]

Remark 6. It is worth noting that V5 can be written as

VAW =a Y (242m(=1)" +m®)Ysyps, Yoy Uiy 46, + Was (), (2.52)

XeA
where Wxe(Y) is a sum over Grassmann monomials of order larger or equal than 6, whose kernels decay exponen-
tially in space if . < log?2 (with rate k = —log || > 0).
Besides the partition function Zx (A, m), we are interested in computing truncated multipoint dimer correlations
(cumulants) of the form

k

0
(Lps..5p ) n., , = ————1og Zpa(A, m, A) , (2.53)
1 KA R m dAp, -+ 0Ap, £ A=0
with
Za0m A= 3 [1_[ fzf'”)]em(wzm " (254
MeMp —beM
and by, ..., by a k-ple of bonds. Moreover, A = {Ap}pca. The modified partition function Zx (A, m, A) can be ex-

pressed in the form of a Grassmann integral, by proceeding in the same way that we followed for Z 4 (A, m). The result
is:

Proposition 5.
1
ZaOh,m,A) = 5 Z Cor |:1_[ dwx]es(lﬂ)-i-VA(I//)-l-BA(l//,J)’ (2.55)

6,7=0,1 @) XeA

where J = J(A) = {Jp(Ap)}pca with J, = e — 1, and

Bap, =Y Y. Y. iR, (2.56)

k>1y={by,..., br}CA D#RCy

EyiR) =D TTE T 4 2.57)

bey beR

Here, as above, by, ..., by are adjacent parallel bonds.
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The proof is analogous to that of Proposition 4, details are left to the reader. Note that once the truncated correlations
are known, the standard correlations can be reconstructed via the inversion formula:

Loy Lo ) ppm

= Z (]lbi(l) S ]lbi(l) )A;)»,m e <Il'bl.(s) S ]lbi(s) >A;)\‘mv (258)
(10, iO)ePlL ok i ' o

where L(j) = {ifj),...,i,g)} C{l,...,k}, with k; > 1, is a non-empty set of indices, and P[1, ..., k] is the set of
partitions of {1, ..., k}. In (2.58), the single-bond average (1) 5.5/, b C A, is given by

(2.59)

0
(Ip) acam = A log ZA (A, m, A)
b A=0

2.3.2. Rewriting the partition function in terms of Majorana or Dirac fields
The partition function (and, similarly, the generating function Z (A, m, A) for dimer correlations) can be rewritten in
terms of the Majorana or Dirac fields: going back to (2.42) and (2.55) we get for instance

1 T T
ZaGm) =3 02 Cor PEKD /( N y_]l‘[ 4 PV dry) exp{Va (1)), (2.60)

.....

with ¥ = {{x}xea as in (2.22). We used the addition formula for normalized Grassmann Gaussian integrations, cf.
(2.14).

2.4. Reduction to a single Pfaffian

We have seen in (2.18) that the propagator gf\er) loses dependence on (6, 7) in the limit A 7 Z?. This holds also for

PfK 1(\(%), the normalization of the measure P[(\Gf). More precisely, while each Pfaffian grows exponentially in L?, for
m > 0 one has (cf. Appendix A.2)

Rk

lim —+—— = (2.61)
a2 PEK I
and the limit is reached exponentially fast in L. This is a consequence of the fact that at very large distances the prop-
agator decays exponentially (actually this is the main technical reason why we introduced the infrared regularization
m > 0).

The observation (2.61) implies important simplifications in the thermodynamic limit. Suppose that we want to

compute the average of a dimer observable, say 1,, ---1p,, with by, ..., by distinct bonds, for the non-interacting
system (A = 0). From (2.11) we get

Ype Coc[PEKY T g0 PP (@y) (—DFES - B
Yo CorlPIKY™] |

(Lpy Ao ) g =

We have seen above that the free propagator, and therefore the integrals in the numerator, become independent of (67)
when A 7 7Z2. Together with (2.61), this implies that

lim (1p ---1p) 5.0 = lim P @y (—DkEM™ .. g™ 2.62
A/'Zz( by bk)A,O,m a2 Jan A dy)(=1 by by ( )

= / Py (=D ES™ - B, (2.63)
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with P (dv) the Gaussian Grassmann measure with propagator g(x, y). That is, it is sufficient to consider (11) bound-
ary conditions in the Grassmann integrations (these are more convenient than (00) conditions since even for m =0
the denominator in (2.16) is never singular for k € Df\“)).

An analogous fact holds also for the interacting model (A # 0), as a consequence of the fact that the interact-
ing propagator also decays exponentially as long as m > 0 (the model remains off-critical even in the presence of
interactions, see Remark 13 below). More precisely, for m > 0 the following holds: given n > 1 distinct X, ..., X,

0
Jiory PXT Dy oy,

m
A7 f(ll) P[(\“)eVA(‘”le Yy,

=1 (2.64)

and actually the limit is reached exponentially fast in L. The proof is a corollary of the multiscale construction
described in Section 5 below, and goes along the same lines as [48, Appendix G].
As a consequence of (2.64) and (2.61), using (2.55), we see that

a}’l
lim ——— log ZA (A, m, A 2.65
A 9 Ay, - 0Ay, g Za( )A=0 (2.65)
an
= lim ——log Z{" (A, m, A) (2.66)
A72 0Ap, - 0Ap, A=0
with
ZM 0 m, A) = / PV (@yr)e s +BAD), (2.67)
(n

3. Height fluctuations in the non-interacting model: Proof of Theorem 1 for A =0

As a warm-up, and in order to introduce some basic ideas that will be important later, here we prove Theorem 1
in the special but important non-interacting case, A = o = 0. The strategy we use is convenient for the subsequent
generalization to the interacting case.

3.1. Grassmann representation for height function fluctuations

Let us start with some considerations that hold both for A =0 and A # 0. We are interested in computing the height
fluctuations, i.e., the n-point truncated self-correlations, n > 2:

riiElOAl;I%Z(hE —hys s he —hy)aam- 3.1

n times

For lightness we will write here (-) 5 instead of (-) 5., ,,- The definition (1.4) allows us to re-express (3.1) in terms of
sums of multipoint dimer correlations:

(heg —hy;...;hg —hy)a = Z Z Oby - 0p, (Lpys o5 L, ) ps 3.2)
n times blecgg" bneCé'g”

where Céj_)) p are paths on (Z2)* from & to 5, which we assume not to wind around the torus and to be independent of
L. The n-point dimer correlation in the r.h.s. of (3.2) can be computed via (2.53), so that

(he —hy; ... hg — hy)a

n times
an
= coiop ———————log Za (X, m, A)|a—o. 33
> > on Aoy, EZAG Ao (33)
byecV bpeC™

£ £



116 A. Giuliani, V. Mastropietro and F. L. Toninelli

Finally, one takes the limit lim,, .o lim, »7> of the expression thus obtained. Since the limit A 77 is taken keeping

&, n fixed, in view of (2.65) we are allowed to replace Zx (A, m, A) in the r.h.s. of (3.3) by ZEXU) (A, m, A), modulo an
error term that is negligible in the thermodynamic limit and that we will simply forget in the following formulas.
Using the Grassmann representation discussed in Section 2, we can rewrite the r.h.s. of (3.3) in terms of expecta-

tions of Grassmann variables. Let £7 indicate the truncated expectation with respect to P/(\1 ])(d ¥), ie.,

as
ENX1): - X)) = 71%/ PUD @yyeh 1Dt ol (3.4)
Oy - OA, (D -
In particular,
1
log/(“) pl(\n)(dweXW) :Z;gT(x(¢); Lo X)). (3.5)
sz1 7 s times

Therefore, recalling (2.67), we get

logZI(\“)()\,m,A)

1
= €T (Va) + BA( D VaW) + Ba(1.9))

s>1

s times

k
=Ex(L.m)+Y > []‘[ ij}s,\,k(bl,...,bk), (3.6)

k>11{by,...bx}cAaLj=1

where the third line is the definition of EA (A, m) and of Sp x (b1, ..., bk), i.e., EA(X,m) (resp. Sa x(b1,...,bk) X
Jp, -+ Jp,) collects all the terms in the second line that are independent of J (resp. are proportional to Jp, - - - Jp, but
are independent of the other J;’s). In the last line, the sum over {by, ..., by} does not run just over k-ples of different
bonds. Rather, {b1, ..., by} =: B is a bond configuration in which some bonds are allowed to coincide. Formally, one
such configuration is a function » — B(b) with nonnegative integer values such that ), B(b) = N(B) < +o0c. The
number B(b) has the meaning of multiplicity of b in B. Given B, we denote by B the set of bonds b such that B(b) > 0;
hence B is the support of B, and it consists of the bonds that are in B, each counted without taking multiplicity into
account.

Let us remark that the fermionic truncated expectations in the previous equations can be computed explicitly, by
using the definition (3.4) and the fermionic Wick rule (2.6). In order to understand how to evaluate (3.4), assume
that the functions X;(v) are Grassmann monomials (which is not a restrictive assumption, since the operator £7 is
multilinear in its arguments), i.e.,

Xi(¥)=ci ¢x<]i> R NCP 3.7

Then Eq. (3.4) admits the following diagrammatical representation:

(1) draw s vertices, each representing one of the monomials X;, with a number of “legs” equal to the order n; of the
corresponding monomial; each leg is associated with a label x;'), which we will think of as the point which the
leg exits from (or is anchored to);

(2) contract in all possible connected ways the legs, by pairing them two by two and by graphically representing every
such pair by a line (here a contraction, or pairing, is called connected if the s vertices are geometrically connected
by the contracted lines).

In this way, each pairing is in one-to-one correspondence with its diagrammatical representation, called Feynman
diagram, and (3.4) can be computed as follows (see e.g. [34, Appendix A3.1]):

Proposition 6 (Wick rule for truncated expectations). If the functions X; are as in (3.7), the truncated expectation
(3.4) is equal to the sum over connected Feynman diagrams of their values, where the value of a diagram is: the
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product [[;_, ci of the “kernels™ c1, ..., cs of X1, ..., X, times the product of the propagators associated with the
contracted lines, times a sign, which is equal to the sign of the permutation required for placing next to each other the
contracted Grassmann fields, starting from their original ordering in X1(y) - - - X5 (), times a combinatorial factor

1/s!.

For instance, if s =2 and X; (Y) = ¥x,, ,¥x,;, i = 1,2, and we contract the leg associated with x; with x3 and
x; with x4, the value of the corresponding Feynman diagram is (—1 /2)g5\“) (x1, X3)g§\“) (x2, X4), where —1 is the
signature of the permutation that transforms 1234 into 1324. This diagrammatical representation, if applied to (3.6),
leads to the Feynman diagram expansion for the height fluctuations, discussed in Section 5.1 below.

If X =0, then (3.3)—(3.6) lead to the following explicit representation (observe that in this case V4 (¥) = 0 and
Ba(W, D) ==X, HhES"):

<h£ — ]’lﬂ; ey hg - hn)A;A:O,m

n times
B(b)  B®))
= Z Z Op, -+ Op, Z Z (— [ymittms
bleCéi” bneCé"l” my=1 mg=l
X Py, (B(B))) -+ P, (B(b;))éT(El(JZ"); e El(;l"); e El(,zn); e E;}Z”)), (3.8)
| S ——
mq times mg times

where {by, ..., b,} =: B should be thought of as a bond configuration (possibly with repetitions), B= {b’l, e bé} as
the support of B and B(b!) as the multiplicity of b, see the discussion after (3.6). Moreover,

N (et =D

PV = |

(3.9)

Then, we take the limit lim,,—olim, »72: this simply means that in the computations of the averages & (.. all

propagators gf\l l)(x, y) are replaced by lim,,_,0 g(X,y) and E ;,m) = tlgm)Eb is replaced by Ep.
Let us now discuss how to evaluate (3.8), separately for the cases n =2 (the variance) and n > 2.

3.2. The height variance
In this section we prove:

Theorem 4. Let A = 0. There exists a uniformly bounded function R (&) such that
5 1
((he —hy)?), _o = —loglé —nl+RE—m. (3.10)

Proof. We assume for simplicity that & and » have the same parity. We choose the two paths C D e insucha

=’ TE—y
way that: (1) they are completely distinct, i.e., the bonds in Cgi” are all different from those in Céz_))"; (2) they are both
of length comparable with |§ — 5]; (3) they consist of a union of straight portions (i.e. horizontal or vertical portions),
each of which is of even length. Moreover, we assume that ngn’ Céi),,
Fix ¢, ¢’ > 0. Inside balls of radius c|§ — n| around £ and 7, the two paths are portions of length c¢|&§ — 5| of infinite
periodic paths (that is, they are portions of straight paths — apart from lattice discretization — see [47, Definition 2.1])

and have mutually different asymptotic directions, say opposite. Outside of these balls the paths stay at distance at

are “well-separated,” in the following sense.
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(2
CE—W]

Fig. 3. A schematic view of the paths c

£y for n = 3. Near & and 7, paths are essentially linear for a length proportional to |§ — 5|, with non-zero
mutual angles.

least ¢’|& — n| of each other and their length is of order |§ — n|. See Figure 3. Using (3.8) for n = 2 and the above
assumptions on the paths, we can rewrite the variance as

i i (0~ = Y omone (B En) @
b] ECE(I_)”’ szCE(Z_)”I

where the expectation £7 has propagator lim,, o g(x,y). Let b = (X, x + ¢ j) be a bond crossed say by CE(Z . and

observe that, since we assumed that the white sites are on the even-even and odd-odd sub-lattice (and letting (—1)* :=
(=DFH),

op = ap(—1)¥(=1)7, (3.12)

where «p, is +1/ — 1, depending on whether the bond b is crossed by the oriented path C’;‘(i in the positive/negative
direction (the positive direction is upwards for vertical portions of the paths, and rightwards for horizontal portions).

Next, we have to rewrite £ T(Ebl; Ep,) and we start by expressing Ex xtée; = i(f’l)wxwﬂéj in terms of Dirac
variables:

(1) we replace each of the two fields by a combination of Dirac fields using (2.31);

(2) whenever w;ﬁré, ., appears we replace it by Ui, +9 i Vi, with d ; the (right) discrete derivative in the j direction.
2 , ,

In this way we obtain (we skip lengthy but straightforward computations):

Ex xté = Ax,X+él + Rx,X+él (3.13)
=2 U ¥ — 2D D W W, + Rxrd (3.14)
w w
Ex,x+é2 = Ax,x+éz + Rx,x+éz 3.15)
= =20 Y ovd U, — 21D ovd Y, + Raxiays (3.16)
w w

where R is a linear combinations of terms of the type Wf, w0j w)f,w,, with €, ¢’ = %. Let us consider first the “local
parts” Ay s, i.e. let us neglect for the moment R. When the path crosses the bond b, the change of position Az, in
the complex plane is i, if b is horizontal and «; is b is vertical. Therefore,

opAp = —2:'%[2 Y oo + (=17 Zw,;fwwx,_w] (3.17)
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if b is horizontal, and
opAp = —2iAzp [Z oY U+ (DY ww;ww;w] (3.18)
w w

if b is vertical. At this point we can write, assuming for the moment that both b and b, are horizontal bonds, i.e.,
by =(x,x+¢é1) and by = (y,y + é1),

Ob, szgT(Ahl s Apy) = —SRG[AZ;,I AZbZET (l/f;+1ﬂ;+; w;:er):Jr)] (.19)
—8(—=1)2"2 Re[ Azp, Az, ET (Vg Y i Uy ¥y ) ]- (3.20)
Here we used the fact that Az, Azp, is real, that
ST (w;ww;w’ w;w’ l'ﬁ;fcz)’) =0

(because (¥, _ w; ) =—iG_1(x—y) vanishes when the mass m is zero as is the case here: recall in fact that we
already sent m — 0, see the Lh.s of (3.11)) and that

5T(W;,71¢x_1,71§ w:;,flwx_z,fl) :5T(W;,1wx_l,1§ w;,]wx_z,l)*

(cf. (2.32) and the first of (2.25)). Using the Wick rule (Proposition 6) and the first and third of (2.26) we have,
assuming that b; = (x,x+¢1) and b, = (y,y + €1),

0,00 ET (Apy; Apy) = —8Re[Azp Azpy (G (x— )] (3.21)
— 8(=1)2 "2 Azy Azp,y |Gy (x—y) [ (3.22)

In the general case by = (X, X+ ¢;,), bo = (y,y + éj,) one finds with similar computations
01,05, ET (Ap, 3 Apy) = —8Re[Azp, Azp, (Gt (x — )] (3.23)
88,2y (=) (=130 01 Az, Az, |G (x— )| (.24

Using Proposition 2 to express G at m = 0 as g plus a fast decaying remainder, we have

1 ity ]
0b,0b,ET (Ap,; Ap,) = —Re| Azp, Azpy, —s —— 20— 3.25
1106, E" (A Apy) [ b1 AZby 5 G =127 (3.25)
i . , 1 1
8y (C D (DS Ay Agp, s =Y LRy (x—y), (3.26)
2me |zy — zxl

where zx = x1 +ix2 and [Rj, j,(x —y)| < (const.)(1 + [x — y|)_3. Now we can sum over b; in the paths Céiﬂ,
i =1, 2. The contribution from R}, ;, is of order 1 uniformly in &, : to see this, use the properties of the paths spelled
out at the beginning of this subsection. The same holds for the second term, this time because of the oscillating factor
(=1)%-q T¥3-ji | that in the sum has the effect of a discrete derivative in the direction 3 — Jj1: in fact, recall that the
paths are assumed to consist of unions of straight portions of even length; on each such portion, the sum over x and
y of (—=1)"3-i +y3-j; lzx — Zy|_2 is of the same order as the sum of 8x37/.1 33’371‘1 lzx — zy|_2, which decays at large

distances like |[x — y|~*. As for the first term, it produces the Riemann approximation to the integral

' R /Z"d /Z;d ! (3.27)
_—— e Z wi .
22 ), 4 G-wp?
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(here zf; and 2;7 are points at a distance O(1) from z¢ and z,, respectively), and differs from it by a constant, inde-
pendent of & and ». This integral is the same found in [45] (see the second equation at p. 1043); it can be explicitly
evaluated and gives (see the third and fourth equation at p. 1043 of [45]):

—_Relog G =)@ =) 1 log|zg — 291 + O(1). (3.28)
272 (zy — z,,)(z,’E —z¢) w2

It remains to study the contribution coming from the error terms R, in (3.13), (3.15), that we disregarded so far.

Remark 7. Each remainder Ry, is a linear combination of terms like wgawfu’/, all localized in the vicinity of X;, where
X; is such that b; = (X;, X; + ¢ ;). Therefore, we can symbolically write the contribution to the height variance from
all the terms containing at least one term Ry, as

N(E ' - ET((willaalwill)(xl);(‘/”Zzzaazllfj)z’z)(xz)). (3.29)
bleC(l) RO w,zalvole{O,l};
E(Z)'I E1yeerEh ayta>1
bzeCE . 2

The writing is symbolical, in the sense that the terms in the sum should in general be multiplied by extra factors,
depending on all the indices we are summing over, which are not written explicitly just for lightness of notation.
Moreover, the discrete derivatives have an index depending on the orientation of the bonds by, by, which is not written
explicitly, again for lightness.

Using (2.32) to express the propagator of the Dirac fields 1/13} in terms of the propagator G (x) of the Majorana
fields v, and the decay properties of G(x) stated in Proposition 2, we can bound the expression in square brackets
by a constant times (1 + |x; — le)_3 (the discrete derivative of G decays like 1/ |x|2), so that, recalling that b; =
xi,x; +¢j),

3 C
R(E —n)| < — <, (3.30)
| § ’ 2(1:) (14 |x1 —x2])3

b]ECE_)”,

bzec’éﬂ”

for suitable constants C, C’ > 0. Putting all together, we find
1 "
{he = hy hg —hy), o — —5log|zg — 2yl < €7, (3.31)

as desired, since |z — zy| =€ — 1| H

To get Proposition 3, just recall (3.25), (3.12) plus the discussion above on the contribution of the R terms appearing
in (3.13) and (3.15).

3.3. The nth cumulant
Here we prove:

Theorem 5. Let L = 0. For every n > 3 there exists a constant C,, such that, uniformly in &, 7,

|(he — hys ... hg — hy)a=o| < Ca. (3.32)

n times
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Proof. Again, we assume for simplicity that & and 5 have the same parity. As in the case of the variance, we fix
n, ¢, > 0, and we assume that the n paths satisfy the following: (i) inside balls of radius ¢, |§ — 5| around & and 7, the
n paths are portions of length c¢,|& — n| of infinite periodic paths and have mutually different asymptotic directions,
say (cos@;,sin6;), with 8; =2mj/n, and j =0,...,n — 1; (ii) outside of these balls they stay at distance at least
c,,|& — | of each other and their length is of order |§ — n|. See Figure 3.

Moreover, we require that the n paths consist of unions of straight portions of even length. Note that if b; = b; With
i # j in (3.8), then b; is at a distance smaller than r,, from &, or from 5. Here and below C,, C,;, .,and ¢y, Cps e
denote n-dependent constants, which might change from line to line. If we drop the index #n, it means that the constants
can be chosen independent of r.

We rewrite (3.8) as the contribution from the bonds by, ..., b, that are all outside the balls B,, (§) and B,, () of
radius r,, around & and 7, plus a rest (and the limit lim,, ¢ lim, 72 has been already taken):

(hg —hy;...shg —hy)a=0 = Du(§, 1) + Ru(§, )

n times

k *
D DY o 0b,(—=1)"ET(Epy: Enyi .3 Ep,) + Ru(€.m),  (3.33)
blecﬁﬂl Cén—)ﬂl
where the * on the sums indicate the constraints that the b;’s are at a distance larger than r,, from & and from #, and we
used the fact that such constrained sums involve n-ples of bonds that are all distinct from each other. The rest R, (&, 1)
contains all the remaining contributions, including those where some of the bonds are coinciding.
We start by analyzing the dominant term, namely D, (§, ). With the notations of (3.13), we write

Dyg,m= Y - Y (=Dob 05, (Apyi...: Ap,) + Dy (€, ), (3.34)
b1€Cé2” b,,ecggn

where D) (£, ) collects all the terms containing at least one remainder term R, and can be symbolically written (in
the sense of Remark 7) as

DEn=3 Y Y Y e VAT ;- (207U ) ), (3.35)

brecV b eC™W @10 ALy Ont
15—y g-on o Y ai>0

,,,,,

where in the last sum «; € {0, 1} and, once again, X; is one of the sites of bond ;. In the spirit of the diagrammatical
rules explained after (3.7), we can graphically represent every monomial (1/;5’ % 1//3)()(,-) by a two-legged vertex v;,

consisting of two solid half-lines (indexed by ¢;, w; and ¢/, ], respectively) exiting from the point x;, one of which
has a derivative 3% on top. It is customary to draw an extra dotted line (external field) exiting from the vertex v;,
thus representing it as in Figure 4(a). Using the rules explained after (3.7), we find that the truncated expectation in
the r.h.s. of (3.35) is equal to the sum of “sun diagrams,” as in Figure 4(b). Since m = 0, the allowed contractions
involve pairs of legs with opposite ¢ indices and equal w indices, see (2.32) (recall that, if m =0, G4 — = G_4 =0).
Therefore, the value of every allowed sun diagram is equal (up to a sign) to

3 Gy, (X1 — X))+ 0% G sy K (m) — X1), (3.36)

for suitable indices @; € {0, 1,2} (such that Y, @; = ), o;), @; € {£} and a suitable permutation 7 of {2, ..., n}.

As for £ T(GblAbl; ...;0p,Ap,), going back to (3.17)—(3.18) we see that we can distinguish two contributions:
one that collects all terms without oscillating pre-factors (—1)*, i = 1, 2 and one that contains at least one term with
oscillating factor.

Let us look at the latter first. When we sum over by, ..., b,, we remarked in Section 3.2 that the effect of an
oscillating factor (—1)*/ is the same as a discrete derivative d; acting on a propagator. Therefore, the contribution to
the nth cumulant, to be called D)/ (&, ), can be symbolically written exactly like Dj, (&, ) in (3.35).
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(a)

Fig. 4. (a) A vertex of type 3% . (b) A sun diagram obtained by contracting n vertices of type ¥ 9% .

Next, we look at the term without oscillating factors. In analogy with the derivation of the first term in the r.h.s. of
(3.19), one can check that we get

2" .2 Re[(—i)" Azp, .-.AaneT(w;ﬁ,lw;,l; Y e )] (3.37)

The truncated expectation in (3.37) can be evaluated via Wick’s rule (Proposition 6) as:
T(g+ o— . .o+ =
€ (I/fxl,l xl,l""’wxn,lwx,,,l)

== Y G —Xz2) Gy Ky — X1). (3.38)

m on {2,...,n}

Plugging the decomposition (2.27) into (3.38) gives

— ) 0 K = X)) G Ky — X1 + R (X1, X),

where R’ collects all the terms involving at least one factor R(x — x’) from (2.27). Now, a well known combinatorial
identity (see e.g. [29, Eq. (D.29)]) states that, if n > 3 and x{, ..., X,, are all distinct, then

> g X = Xp@) Gt Ky —X1) =0 (3.39)

Therefore, the only non-vanishing contributions to the expression in (3.37) come from the terms involving at least one
factor R(x — x'). These terms can be represented by sun diagrams similar to those in Figure 4(b), with the difference
that the lines can be either associated with a propagator g or with R, and there must be at least one propagator of type
R. They give a contribution to the nth cumulant of the height that we denote by D]’ (&, n).

In order to evaluate D) (€, n), D//(§,n), D,/ (€, n), we resort to a multiscale decomposition and a tree expansion
that are typical of constructive quantum field theory. While in the non-interacting case A = 0 this could be avoided,
this is the right approach that can be generalized to the interacting case. Let us focus on D), (£, n) first, the discussion
for D)/(€,n) and D)’ (&, ) being completely analogous. We expand the value of every sun diagram (3.36) by using
the multiscale decomposition for G in (2.34) (recall that m = 0, so that 7* = —oo in that formula), so that (3.36) is
replaced by

D ANGU) (X1 = Xp@) 0T GE L Ky — X1). (3.40)

Or () P (n)
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Diagrammatically, every such contribution is associated with a labelled sun diagram, similar to the one in Figure 4(b),
with extra scale labels &; attached to every solid line. Using (2.39), we can bound every factor in (3.40) as

= =~ hy
|8Ctk G(hk) (k) — Xﬂ(k+1))| < C %Nk Dk =/ 2" X () =X (k1) |

O (k) D (k+1)

which implies the following bound on D), (&, n):

DyEm|<Ci Y o D> > > 2’{]_[2’” e/ 2% I ~X (i1 '} (3.41)

b, byect T on Reb it cehn <0
-

Here: (i) C,, is a suitable positive constant, (ii) h= max;—1,.nhj, and 2" is an upper bound on I—[i 2%ihi (i) (1)
and 7 (n 4 1) should be interpreted as being equal to 1.
Now we can sum over by, ..., b, (which is the same as summing over Xi, ..., X,), observing that each sum is

one-dimensional (b; and, therefore x; runs along the path C (l) ) and that, thanks to the way the paths were chosen,

[x; —X;| > c,(d; +d;), with d; = min{d(x;, §),d(x;, 1)} and e.g. d(x;, &) the distance between £ and x; along Cél)"
Then,

H — /2" X5 ) =X k)| < 1—[ hy/ dr 1y (2 42— 1) (3.42)

where hg should be interpreted as being equal to £,,. The kth factor can now be easily summed over by () and gives:

o0
Z efc,g,/dﬂ(b(zhk +2"=1) < ZZe_C;' A d- 2421y < ¢} g~ maxthi bt} (3.43)

k =l
by O d=0

Plugging these bounds into (3.41) gives

B n
Dy wl<c; Y 2”[1_[2’“‘2"““{’“‘”"”}- G4

hi,..,hy <0 k=1

The sum over the 4;’s in the r.h.s. of (3.44) can be performed in various ways. We follow a specific strategy (possibly
not the most straightforward), which admits a natural generalization to the interacting case. We think, once again,
of the scale labels as being associated with the propagators of a labelled sun diagram. Every choice of (h1, ..., hy)
produces a hierarchical organization of the vertices of the sun diagram into clusters, defined as follows. We say that a
group of vertices forms a cluster on scale 4 if:

e the vertices are connected in the sub-graph where only lines on scale 2’ > h are drawn;
e the group of vertices is maximal (i.e. no other vertex can be added while keeping the first property).

With this definition, every cluster contains at least 2 vertices. Note that the same group of vertices can be a cluster
on various different scales. Every choice of (h1, ..., h;) defines a set of clusters, which are partially ordered in the
natural sense induced by the subset relation: if a cluster v on scale & strictly contains a cluster v’ on scale /', then
h' > h. If v on scale h contains a cluster v’ on scale A’ > h, we say that v’ follows v. In this sense, every choice of
(hy, ..., hy,) defines a cluster structure. An example is shown in Figure 5.

The partial ordering introduced above allows to represent a cluster structure as a tree, see Figure 6. The tree can be
drawn on a grid of vertical lines, each associated with its scale label, and ordered from left to right, from the scale of
the root (which is by convention one unit smaller than min; /) to 1. Vertices v; correspond to endpoints (leaves) of
the tree, which are all drawn by convention on the vertical line of scale 1. The intersections between the vertical lines
and the tree are called nodes. All the nodes followed by at least two endpoints correspond to clusters: the cluster of
scale h, associated with such a node v is the set of endpoints following v on 7; in terms of this definition, it is natural
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Fig. 5. An example of a labelled sun diagram with (part of) its cluster structure. In the picture it is assumed that hg < hy < hy and
hy < hs < h3 < hg. The cluster on scale /5 is not indicated explicitly.

V1

o]

V3

Uy

Us

Ve

Fig. 6. The tree representing the hierarchical cluster structure of the labelled graph in Figure 5. Dots are nodes, squares are endpoints.

to think of the endpoints, as well as of the nodes followed by just one endpoint, as (trivial) clusters. Given the tree,
the cluster structure can be reconstructed unambiguously. If we identify trees obtained from each other by pivoting
the branches on the branching points, then the trees are in one-to-one correspondence with the cluster structures.

In Section 5, when analyzing the interacting model, we will need a more general class of trees.

Every labelled tree can be naturally thought of as a “topological” (i.e., unlabeled) tree, together with its scale labels.
The idea is to reinterpret the sum over (h1, ..., h;) in (3.44) as a sum over trees, to be performed by first summing
over the scale labels at fixed topological tree, and then over the topological trees. This can be done very easily: calling
7;2n the family of labelled trees with n endpoints and root on scale & that we just introduced, (3.44) implies

Dy <cy > S o [T 2 [ 27t (3.45)

h<0-[€7;2’7 veV (1) VeV (1)

where: (i) V(7) is the set of nodes of 7 that are neither endpoints nor the root; (ii) Vy,;(7) is the set of branching points
of ; (iil) h; = maxyev,,(r) hv; (iv) 71y is the number of propagators contained in the cluster v but not in any other
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cluster v’ > v [we say that a propagator is contained in a cluster v of scale &, if it connects two endpoints in v, and if
its scale is > h,]; (v) if v € V,;; (1), then n"a,{ is the number of endpoints contained in the cluster v but not in any other
cluster v" € V,,;(t) such that v" > v. The exponent in the last product can be rewritten as follows. First note that, given
a function f;, on V(7) one has

Y=k Y ot Y, D fu (3.46)

veV(r) veV(r) veV(t) weV(r):
w>v

with £ as usual the scale of the root. Similarly,

Yo ohfo=h Y fut D (—hy) Y fu (3.47)

VE V(1) VeV (7) VeV (T) weVy (7):
w>v

where, given v € V,; (), we denoted by v’ the rightmost node in V,,;(t) preceding v on 7 (if v is the leftmost node
in V,;(t), then we let i,y = h). On the other hand, if n¢ is the number of solid lines exiting from the cluster v in the
Feynman diagram, see Figure 5, and ml{ is the number of endpoints following v, one has

~ J ni}
D Av=my - o (3.48)
veV(r):
v>w
which can be easily proved by induction. Similarly, if w € V,,;(7), then >,y (.. m? =m3 . Then, one deduces
v>w
Z hyity — Z hoi! = — Z né /2, (3.49)

veV(r) VeV (T) weV*(r)

where V*(t) = {v € V(1) :ml{ > 1} and we used the fact that Zvevm Ny = Zvevm(r)’;lz{' Moreover, n¢, = 2 for
every cluster except the one at scale 2 + 1 (just look at Figure 5). Therefore, plugging (3.49) back into (3.45) gives

PACENES IS L | (3.50)

h<0,€7’£n veV*(7)

which readily shows that the sum over the scale labels is convergent (first sum over the scale labels %, at fixed A%,
and then over 7% < 0): finally, we multiply by the number of topological trees with n endpoints, which is a constant
depending only on 7, so that

|D &, m|=C)", (3.51)

as desired. The bounds on D)/ (&, ) and D)’ (&, n) are completely analogous, because both quantities can be bounded
as in (3.41). This is obvious for D/ (£, 5), for what already observed a few lines above (3.37). For what concerns
D" (&, n), recall that every contribution to it comes from a sun diagram whose lines are either of type g or R, and
there is at least one rest propagator R. After a multiscale decomposition of the propagators, we use the dimensional
estimates on g/ and R stated in Lemma 2, and note that dimensionally R behaves exactly like dG". This
implies the analogue of (3.41) for D)’ (&, n).

We are left with the rest R, (&, 5) in (3.33), which is easier to analyze. In order to estimate it, we do not even need
to use the cancellation (3.39). Proceeding as above,* we find the analogue of (3.41):

|R, (. m)| < C, Z Z Z []i[2’%—“/2”"'Xﬂ<k>—"ﬂ<k+l>'}, (3.52)

bieCl 7 on (2o} by <0 Lk=1
-0

i=1,...,n

4To be precise, when applying (3.8) one should take into account the multiplicity of the coinciding bonds. Since these multiplicities are bounded
by n, this only changes the constants Cj, below.
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where the o on the sum indicates the constraint that at least one coordinate belongs to B, (§) U B, (n). Note that, as

compared to (3.41), the (good) factor 2ma* hi is now absent. After summing over by, ..., b,, we get
n
R, m]<Cy > 2mih {]‘[ 2t~ maxthi hi 1}] (3.53)
hl ----- hn <0 k=1

where the gain factor 2M%J hj arises from the fact that at least one of the coordinates X; is not summed over (or, more
precisely, is summed over a region of size r,,) and, therefore, at least one of the factors 2~ max{hi,he-1} ip the r.h.s. of
(3.53) in reality should not be there (in fact, recall that these factors come from (3.43); if the sum over d from 0 to co
in (3.43) is replaced by a sum over a finite set of nonnegative integers, then the r.h.s. of (3.43) can be replaced by a
constant C),). The r.h.s. of (3.53) is the same as (3.44) and, therefore, leads to the analogue of (3.51): |R, (&, n)| < Cp.
This concludes the proof of (3.32) and of Theorem 1 in the case A = 0. O

4. The height variance in the interacting case

In the proof of Theorem 1 for A = 0, a crucial role was the sharp asymptotic behavior of multi-dimer correlations, see
in particular Proposition 3 for the two-point function. We need analogous estimates for A # 0. In particular, for the
proof of (1.7) (logarithmic divergence of the height variance) we need the sharp asymptotic estimate on the two-point
dimer correlation, provided by Theorem 2 (which is proved in Section 6.4). Given this, the proof of (1.7) is immediate
and is presented here. The height variance can be written as

(hg —hyihg —hg) =Y " 0,05, (Lp;; Ty, (4.1
b]ECéin bzeCéi”
with ngﬂ ng_))" chosen as explained after (3.10). Plugging (1.9) into (4.1), we obtain
K B ()t
(hE _hﬂ’hE Z Ublabz{ X1¢X2|: ﬁ(_l)xl szem
neci,
bzecgz_)”’
K (- 1)(X1 —X2) j;
k53 T } + Rjy,jp (X1 — Xz)}, 4.2)

where X1, X2, ji, j» are such that by = (x1,X1 4 ¢;;) and by = (X2,X2 + €},), and zx = x1 + ixp is the complex
number associated with x. Recall now that oj, = ap, (—1)% (—1)/, with o, defined just after (3.12). Using this explicit
expression for oj, into (4.2), we can rewrite the term proportional to K as:

Y opop Re O Y Re ot 43)
1 ! ? (le - ZX2)2 27T2 (1) (le ZXz) )
b]ECE‘)” b|€c§~>n
bzeCéi)" szCézl”

where Azy, is the displacement associated with the elementary portion of the path C @ crossing b;, thought of as a
complex vector of modulus 1. This term is the A 7 0 analog of the first term in the r.h.s. of (3.25), which referred to
the case A = 0. Exactly like in the A = O situation, the r.h.s. of (4.3) is equal to K times the integral in (3.27) (which
is the desired dominant contribution to the variance of the height), plus a rest that is uniformly bounded in |& — n|.
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Let us now estimate the contributions to the variance coming from the other two terms in the r.h.s. of (4.2). The
last term, i.e., the sum over by, by of op,04, R}, j, (X1 — X2), leads to a contribution that is uniformly bounded in
| — 5|, thanks to the decay estimate on R, ,: |R; j/(x—y)| < Cg(1 + Ix —y))~27, for some % <6 <1land Cy > 0.
Regarding the term proportional to K, note that

Ob, Ob, (— 1)(X1_X2)jl = ap, otp, (— 1)(Xlix2)37jl .

Namely, the oscillatory factor oy, 0, does not compensate the oscillatory factor (— 1)®1=X2)j1  Once summed over the
path, and using the fact that the paths C (i" consist of union of straight portions, each of which is formed by an even

number of bonds, we see that the oscillatory factor (— 1)®17%2)3-j1 hag the same effect as a discrete derivative (we are
sketchy here, but the very same argument was used in the non-interacting model just after (3.25)):

‘ ( 1)(X1 X2)3—j; 1

§ : op by 8y o =c § : 93— j, 7| 4.4)
1) Ix; — |2+2'72 (1) Ix1 — X |22

b]EC eC
- 3d ]
(2) 2)

bzecg%” bzecsﬂﬂ

which shows that also this term is bounded uniformly in |§ — »|. This concludes the proof of (1.7), i.e., of Theorem 1
forn=2. ]

The proof of Theorem 2, which is, as we just saw, the crucial ingredient behind the proof of (1.7), is very hard. It is
based on a renormalized, convergent, perturbative expansion for the generating function Z, (A, m, A) to be discussed
in Section 6 below. The renormalized expansion Zx (A, m, A) induces a convergent expansion for the multi-point
dimer correlations, which is the key ingredient in the computation of the cumulants of the height fluctuations of order
3 or higher, to be discussed in Section 7.

5. The interacting case: Formal perturbation theory

Before explaining the renormalized, convergent, expansion for the generating function for dimer correlations, we make
a digression to explain why naive perturbation theory in A does not work to get results like (1.9). This discussion will
help the non-expert reader understand the meaning of the renormalized perturbation expansion of Section 6, which is
behind e.g. Theorem 2. Since strictly speaking the present section is not necessary for the proof, our exposition here
is more informal than in the rest of the article.

Remark 8 (Warning on the literature). Here and in Section 6 we will often appeal to results from the literature on
constructive RG, notably [8,12—15,34]. These works do not study exactly the same model as ours: however, they all
study models that can be written as two-dimensional interacting Majorana or Dirac fermions, with potentials having
the same symmetry and decay properties as ours. The results we refer to can be easily extended to our context.

5.1. The Feynman diagrams expansion of the height fluctuations

We restart from (3.6). We emphasize that, since Zx (,, m, A) is a polynomial in A for finite A and it equals 1 when
A =0, A =0, the sums in the second and third lines of (3.6) are convergent for sufficiently small A, A. However,
proving that the radius of convergence in A does not shrink to zero as A ' Z? is a highly non-trivial task. Of course,
before even attempting to prove uniform convergence, we need at least to understand how to compute the r.h.s. of (3.6)
formally, i.e., order by order in A. A possible way of computing the perturbation series in A for the generating function
is in terms of Feynman diagrams, as explained after (3.7), see Proposition 6. In particular, E A (A, m) equals the sum
of all possible connected Feynman diagrams obtained by contracting vertices of type £(y) (coming from Vp (¥), see
(2.43)), where y = {by, ..., bi} C A is acollection of k > 2 parallel adjacent bonds, see (2.44); in order to graphically
represent £(y), we imagine to represent E((;'Tl+éi) = @)1+ 8jm(—=1* )wxlﬁx+éj as a pair of solid half-lines,
each of which can be contracted with another solid half-line to form a solid line (a propagator), while the «’s can be
thought of as wiggly lines from b1 to by, etc., to by, see Figure 7.
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Moreover, []_[1;=1 Jp j]S Ak(b1, ..., by) is the sum of all possible connected Feynman diagrams obtained by con-

tracting vertices of type £(y) and of type E(y:R) (coming from B (Y, J)), with the obvious constraint that the
product of the Jj, factors involved produces exactly ]_[];=1 Jp;. See Figure 8. For example, one of the diagrams con-
tributing to Sp 4(b1, ..

., bg) is shown in Figure 9. The diagram in Figure 9 is obtained from a contraction of the
vertices depicted in Figure 10.

by by bs by,

Fig. 7. Graphical representation of a vertex of type E({by, ..., br}).

\

b1 bg bg bk

Fig. 8. Graphical representation of a vertex of type & ({b],

-+ bi}i R), with R = {b, by, by }. The dotted lines represent the external fields Jp, . If
ly| =|R| =1 the vertex is said to be of type 7JbE£m) (see also Figure 4(a)).

Fig. 9. A diagram contributing to Sp 4(by,

. by).

bs ,

be

***** RN

Fig. 10. The vertex elements producing the diagram in Figure 9, after a suitable contraction of the solid half-lines.
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5.2. Failure of the Feynman diagram expansion

In order to bound the Feynman diagram expansion for the kernels Sp , (b1, ..., b,) in (3.6), we can try to proceed as
follows (the strategy is similar to the one used in Section 3.3). We decompose each of the propagators G appearing in
the values of the Feynman diagrams as in (2.34) and in this way we obtain labelled Feynman graphs with solid lines
(propagators) each carrying a scale label h* < h < 0, the label A = h* corresponding to G=""). Any labelled graph
has a corresponding cluster structure, in the sense explained after (3.44), which can be conveniently represented by a
tree analogous to those in Figure 6; in the interacting case, these trees are known as Gallavotti—-Nicolo (GN) trees, first
introduced in [33] for studying the renormalization theory of the (pj Quantum Field Theory (QFT), and later applied
to several other problems in statistical mechanics and field theory (for a detailed derivation of the tree expansion,
see e.g. [32] and the more recent reviews [34,36,50]; a description of its main features is summarized below, for
completeness). It is now tempting to bound the value of every labelled Feynman diagram by using Lemma 2, then
sum the resulting bound over the scale labels at fixed cluster structure, and then sum over the cluster structures, exactly
as we did in Section 3.3. Natural as it appears, this strategy does not work, and actually perturbation expansion in
Feynman diagrams does not provide any information on the interacting dimer correlations. As this is a key point
in order to understand the motivations of the more elaborate analysis in the following sections, it is convenient to
explain why the power series expansion in Feynman diagrams does not work, i.e., it cannot be proved directly to be
convergent.

5.2.1. The tree and the labelled Feynman diagram expansions

In contrast with the trees we introduced for the non-interacting model, GN trees have endpoins of different type,
depending on whether they are associated with a vertex of type Vi (¥) (i.e., of type £(y), see (2.43)), in which case
the endpoints will be called “normal,” or of type B (v, J) (i.e., of type —Jp Elgm) or of type £(y; R) with |y| > 2, see
(2.57)), in which case they will be called “special.” Note that in the non-interacting case « = 0 we had VA (¢) =0
and BA(Y, J) =—=>"pca HE l()m)’ so that all the endpoints were special. It is important to realize that, given a labeled
tree (including possibly the labels that specify the order in « of the endpoints), there may be many Feynman diagrams
compatible with it, see e.g. Figure 11.

To explain precisely how to express E (A, m) and Sp (b1, ..., by) as a sum over trees and over Feynman diagrams
compatible with the trees, we need to make a small detour about the main features and definitions of the GN trees.
The trees introduced in this section are called “non-renormalized trees,” as opposed to the “renormalized trees” that
will be introduced in Section 6. Let us also remark that some of the conventions introduced here are slightly different
from those used in Section 3, such as the rule for identifying trees, and the meaning of the word “vertex.”

(1) Consider the family of all trees which can be constructed by joining a point r, the root, with an ordered set of
N + n > 1 points, the endpoints of the unlabeled tree, so that r is not a branching point. The endpoints can be

hl }Lg
h3 h4 ]Ll
}LQ
" )
&(m) ha

5(%)

Fig. 11. Two different labelled Feynman graphs, coming from the contractions of two vertices of type £(y;), i = 1, 2 with |y;| = 2, giving the same
tree. Here, hy < h3 < hy < hy.
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Vo

h h+1 hy 1

Fig. 12. Atreet € 7']5,]131 with N = 6 and n = 3: the root is on scale /2 and the endpoints are all on scale 1.

of two types, either normal or special, the former drawn as dots, the latter as squares, see Figure 12; N and n
are the number of normal and special endpoints, respectively. The branching points will be called the non-trivial
vertices. The unlabeled trees are partially ordered from the root to the endpoints in the natural way; we shall use
the symbol < to denote the partial order. Two unlabeled trees are identified if they can be superposed by a suitable
continuous deformation, so that the endpoints with the same index coincide. We shall also consider the labelled
trees (to be called simply trees in the following); they are defined by associating some labels with the unlabeled
trees, as explained in the following items.

We associate a label h* — 1 < h < 0 with the root and we denote by 7~—1\(/h7)1 the corresponding set of labelled trees

with N normal and n special endpoints (the tilde in 7'1\(,}1,1 reminds that the trees are non-renormalized). Moreover,
we introduce a family of vertical lines, labeled by an integer taking values in [k, 1], and we represent any tree
v € Ty") so that, if v is an endpoint, it is contained in the vertical line with index h, = 1, while if it is a non-trivial
vertex, it is contained in a vertical line with index & < h, <0, to be called the scale of v; the root r is on the
line with index 4. In general, the tree will intersect the vertical lines in set of points different from the root, the
endpoints and the branching points; these points will be called trivial vertices. The set of the vertices will be the
union of the endpoints, of the trivial vertices and of the non-trivial vertices; note that the root is not a vertex. Every
vertex v of a tree will be associated to its scale label %,, defined, as above, as the label of the vertical line whom
v belongs to. Note that, if v| and v, are two vertices and vy < vz, then Ay, < hy,.

There is only one vertex immediately following the root, called vg and with scale label equal to & + 1.

Given a vertex v of T € 7~'A(,h,)l that is not an endpoint, we can consider the subtrees of T with root v, which
correspond to the connected components of the restriction of 7 to the vertices w > v. If a subtree with root v
contains only v and one endpoint on scale i, + 1, it will be called a trivial subtree (and in this case i, = 0).

If v is not and endpoint, the cluster associated with it is the set of endpoints following v on t; if v is an endpoint,
it is itself a (trivial) cluster. The tree provides an organization of endpoints into a labelled hierarchy of clusters
(the cluster structure).

Normal endpoints are associated with (one of the monomials contributing to) V (¥), while special endpoints are
associated with (one of the monomials contributing to) B (v, J), both thought of as functions of the Majorana
fields ¥y ,, withxe Aandy =1,...,4.

In order to distinguish the various contributions arising from the choices of the monomials in the factors V () and
(¢, J) associated with the endpoints, as well as the scale at which each field in these monomials is contracted,’ we

need a few more definitions. We introduce a field label f to distinguish the field variables appearing in the monomials

ass

ociated with the endpoints; the set of field labels associated with the endpoint v will be called 7,; if v is not an

endpoint, we shall call I, the set of field labels associated with the endpoints following the vertex v. Note that every

5 A remark on nomenclature: we refer to both Majorana variables ¥rx ,, and to Jx ; as “fields” (¢ fields and J fields respectively).
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field can be either of type J or : correspondingly, we denote by 7,/ and I,:p the set of field labels of type J and ¢,
respectively, associated with v. Furthermore, we denote by x(f) the spatial coordinate of the field variable with label
fiif fe IUJ , we denote by b(f) the bond label of the corresponding J field, and we let x(f) and j(f) be such that

b(f)=&(f),x(fH+e;p)if fe I,ﬁ”, we denote by y (f) the Majorana label of the corresponding Grassmann field.
Similarly, we let x, := Ufelv x(f), etc.

Remark 9 (Kernels of endpoints). Given an endpoint v and the labels I, X, etc., the value of the endpoint is
uniquely specified, and we denote it by K, (Xy, IU)J(IUJ)lﬁ([;//), where K, is the kernel of v, while J(I) = er[ Iu(r)
and Y (1) = l_[fel Yx(f),y(f)- For instance, if v is an endpoint of type §(y) with y a collection of k adjacent vertical
bonds then K, = (—1)*ika*~1, see (2.44).

We associate with any vertex v of the tree a subset P,j/f of I;// , the set of external fermionic fields of v. They cor-
respond to the lines exiting from the cluster v, in the same sense discussed after (3.47); in particular, their cardinality
is the analogue of the quantity n{ introduced there. These subsets must satisfy various constraints. First of all, if v is

not an endpoint and vy, ..., vs, are the s, > 1 vertices immediately following it on 7, then P,}/’ C Ui PJ{./ ;if v is an
endpoint, pY = I;// . If v is not an endpoint, we shall denote by QK. the intersection of PJII and P,}/,./ ; this definition
implies that P'// = Ui Q,}l/’l.. The union of the subsets P,j/l.’ \ in is, by definition, the set of the internal fields of v,
and is non-empty if s, > 1. For convenience, in the following we shall also indicate P/ := I/, P, := XV P/ and

0y = va U PUJ .Givent € 7’1\(,}’31, there are many possible choices of the subsets P,, v € T, compatible with all the
constraints. We shall denote by P; the family of all these choices and by P the elements of P;. For every t and
P e P;, we let I'(P, ) be the set of labelled Feynman diagrams compatible with the tree and the choice of the field
labels.

In terms of these trees and labels, the generating function for correlations in (3.6) can be written as (see e.g. [34,
Section 6])

—1 *
logZVGum A= 31 3 > Y IR

N,n>0: h=h*—1 tej—]\(/h) PeP;: Xy,
W

N+n>1 P,}/('):g
1
x[ [ Kv(xv,m}[ I me,lTv(w(Pvl\Qvl),...,l/fuovw\QIJW))} (5.1)
veE(T) veV(t)

where the * on the sum over P indicates the constraint that Pl}/g = & and the set of internal fields of vg is non-empty.
Moreover, EhT indicates truncated expectation with respect to the propagator G, if h > h*, or G if h = h*.
Finally, E(7) is the set of endpoints of 7, V(7) is the set of vertices of t that are not in E(7); for each v € V (1), we
indicated by vy, ..., vy, the vertices immediately following v on 7. After re-expressing the truncated expectations in
the r.h.s. as a sum over Feynman diagrams, we obtain the desired representation of the generating function in terms of
a double sum over trees and labelled Feynman diagrams:

-1 *
log 2y Vo.m A= > > 3T 3N N J(P)val@) (5.2)

N.n=0: h=h*=1 ¢ 70 PEPr: Xug Gel'(1,P)

N+n>1 ’ PDIZ(/) -z
with Val(G) the value of the graph G, including the combinatorial factor [] 1/(s,!). To obtain the multiscale expansion
for EA (A, m) itis enough to compute this expression for J = 0, so that n = 0. Similarly, to obtain Sp (b1, ..., by) it
is enough to derive with respect to Jp,, ..., Jp, and then take J = 0.

5.2.2. Dimensional estimates
At this point we can discuss how to obtain estimates on the generic term of the non-renormalized expansion just
introduced, and see whether the resulting upper bound is summable or not over all the labels and the trees.
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Let us consider for simplicity a contribution to EA (A, m). That is, consider G € I'(z,P), where t € 77% and

Py, = &; note that P, = PJ// , because n = 0. In order to estimate Val(G) we use that, from Lemma 2,

l6D 0], = YlaPw] <c2, ], <c2 53)

XeA

Moreover, given v € E(t) and an arbitrary field label f* € P,

> Ky, Py)| < 1Pl P12 (5.4)
Xp \X(f*)

as it follows from the very definition (2.44) of the kernel v. Therefore,

NPl |Py]/2—1 1 hyfiy—2hy (sy—1)
Z|Va1(g)|5|1\|[ [T (¢))™a?V ][ I1 —2 } (5.5)
Xy

veE(T) veV(r) "V

where 7, = (Zf”zl |Py;| — | Pyl)/2 was already introduced after (3.45), i.e., it is the number of propagators contained
in v but not in any v’ > v or, equivalently, the number of propagators obtained by contracting the internal fields of v.
We also recall that s, is the number of vertices immediately following v on t (i.e., the number of clusters contained
in v but not in any other cluster w > v). To understand (5.5) note that the factor |A| in (5.5) comes from translation
invariance (i.e. from the sum over the location of the cluster at scale # 4 1) and that the factor associated with the
product over the endpoints comes from (5.4). Moreover, the factor associated with the product over V(t) comes from
the following argument: for any vertex v € V (t) with s, descendants vy, ..., vy,, we select a minimal number, s, — 1,
of propagators at scale &, connecting them; all the non-selected lines are estimated in the £, norm and give C2/
each, by the second of (5.3); when the relative positions of vy, ..., vs, are summed over, each selected line gives
instead C2~"» by the first of (5.3).

Then we proceed as in (3.49), and in particular we use (3.46) for f, =1, — 2(s, — 1) and the analogues of (3.48),
namely

Z ﬁUZ% Z (SZU|Pvi|_|Pv|>:%(|Iw|_|Pw|)v

veV(r): veV(r): \i=l1
v>w v=w
(5.6)
D v =D=my—1,
veV(r):
v>w
where m,, is the number of normal endpoints following w on 7, and we get
Z|Val(g)] < |A|(C/)\IU0\amo|/2—N2h(2+|1,)0|/2—2muo) 1—[ L'ZZ—|PU|/2+|I,,\/2—2mv’
Xug veV(n) v
where we used the fact that Py, is empty. Next we note that
hmy, + > my=hll,|+ Y [L|=0, (5.7)

veV(r) veV(r)

thanks to the fact that the vertices immediately preceding the endpoints on t are all on scale 0 (otherwise, we would
have e.g. hmy, + 3y o) Mv = D_yep(r) Mo With V' the vertex immediately preceding v on 7). Therefore,

sp!
Xug veV(z)

v
Z|Val(g)| §|A|(C/)1v0a|11:’/6|/2—N22h|: H %22—|P,}/’|/2:|’ (5.8)
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where the apex i on I, and P, is inserted to recall that in the case considered so far P, = P,}ﬁ . A similar estimate

is valid for the contributions to Sp x (b1, ..., by) from the graphs I" € G(r,P) with 7 € ~1\(/},l,)1’ with the only important

difference that the scaling dimension 2 — |P1}p |/2 is replaced by 2 — |P;/f /2 — |PUJ |, to be denoted by d,.

If we could assume that the scaling dimensions d, = 2 — |PJ//|/2 — |PvJ| are <0 for all v € V(r) and strictly
negative for v € V*(7) (here V*(7) is the subset of vertices of V() that are followed by at least two endpoints), then
(5.8) would be summable over the scale labels, and after summation we would get a bound proportional to all ol/2=N .
However, there are trees t and graphs I' € G(t, P) with vertices v € V (t) such that d,, is either O or 1: this happens for
(PL1,1P]]) = (2,0), (4,0), (2, 1), in which case (5.8) is not summable, uniformly in L, over the trees in 7,") and on
the scale label 4 < 0. In the Renormalization Group language, clusters with scaling dimension 0 are called Marginal,
and those with scaling dimension 1 are called (linearly) relevant. Note that in the non-interacting case there were
neither marginal, nor relevant clusters in V*(t), simply because |PUJ | > 2 for such vertices; moreover, all vertices v
followed by exactly one endpoint had (|P,Jp [, |PUJ ) = (2, 1), so that d, = 0; as a consequence we could safely sum
over the scale labels. In the interacting case the presence of trees and graphs containing marginal or relevant clusters is
inevitable, and this makes the Feynman diagram expansion useless, because it leads to bounds on e.g. |E o (A, m)| that
diverge as m — 0 and L — oo (recall that, in the sums on scales, |/, | ranges from O to |A*| o« —logm > —log L). In
other words, the Feynman graph expansion is not sufficient for gaining control on the perturbative expansion at & # 0,
not even order by order in «.

On top of the problem of divergence of Feynman diagrams outlined above, there is also a combinatorial issue to be
faced: even if we could sum every single Feynman diagram over the scale labels, we should still sum over the Feynman
diagrams. However, assuming for definiteness that n = 0, the number of Feynman diagrams is at least (const.)™ (N!)2,
where N is the total number of normal endpoints and we used the fact that every endpoint is associated with a vertex
with 4 or more fermionic fields (i.e. half-lines), as well as the fact that the number of Feynman diagrams is equal to
the number of possible Wick contractions of such fields (it is easy to see that the number of possible contractions of
the half-lines exiting from N vertices, each with 4 external half-lines, scales like (const.)N (N1)2, and even faster if we
allow vertices with more than 4 external half-lines). On the other hand, the factor [ ], ev(D) 1/sy!in (5.8) behaves like
1/N! atlarge N, which means that the bound on the total contribution of order N grows like (assuming for simplicity
that all endpoints have 4 external lines) aV N !, which is not summable in N, even for « small.

These two problems are the counterparts of analogous difficulties emerging in QFT. The divergence of Feynman
diagrams with m as m — 0 is called the infrared problem, and it signals that an expansion in « is not suitable
for treating the interacting system at hand. Rather, we need to introduce scale-dependent parameters A, Z; which
measure the effective strength of the interaction and of the propagator at scale 4 (in the language of field theory,
Zy, is called “wave function renormalization”). The theory depends analytically on Aj, Zj, so that all the potential
divergences of the theory are “absorbed” into the definition of the running coupling constants Ay, Z;, whose behavior
can be studied in terms of a finite-dimensional discrete flow equation. For example, the iterative equation for Aj leads
a priori (i.e., on the basis of dimensional estimates of the contributions to ,8;} := Ap — Ap—1, which are also expressed
as a perturbation series in Aj, Zj,) to a divergence of A;, as h — —oo (dimensionally, the divergence is linear in |A]);
however, remarkable cancellations in the beta function :3/){ allow one to show that A, reaches a fixed point close to
o as h — —oo. The same cancellations are of course (a posteriori) present also in the original naive power series
expansion, but are much less visible there.

Finally, let us comment about the combinatorial divergence due to the large number of diagrams: this divergence
indicates that we should not simply expand in a sum over Feynman graphs, but rather over (resummed) families of
such diagrams; in the fermionic context, the regrouping of Feynman diagrams into families leads to a determinant
or Pfaffian expansion, which is better behaved combinatorially than the original expansion (see for instance [34,
Section 4]). Roughly speaking, using the signs from the fermionic Wick rule we can regroup families of Feynman
diagrams into determinants; the sum over Feynman diagrams is obtained by expanding the determinant along a row
or column; however, it is better to estimate the determinant of an n x n matrix in terms of the maximal eigenvalue,
rather than in terms of the sum over the n! terms in the definition of the determinant.

Using well known methods coming from constructive QFT one can solve the above difficulties, as explained in the
following section.
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6. The interacting case: Non-perturbative multiscale construction

As discussed in the previous section, the perturbation theory in Feynman diagrams for the pressure and correlation
functions of the model does not appear to be convergent in «, uniformly in L and m. In this section we show that at
finite L and m we can reorganize the expansion, thus obtaining a new series, the renormalized expansion, which is
not a power series in & anymore and has better convergence properties. In particular, it will allow us to show that the
observables of interest are well-defined and analytic in «, uniformly as L — oo and m — 0 and to get Theorem 2 (see
Section 6.4) and the corresponding statements for multi-dimer correlations (Section 7.2).

The renormalized expansion has been described in detail in several specialized and review papers in the last 20
years, see [9—12,34,50], and is reviewed and adapted to the present case in this section. In order to derive it, we proceed
roughly speaking as follows: we first decompose the propagator in a way similar to (2.34) and we integrate step by
step the propagator on scale h =0, —1, —2,.... At each step, before integrating the next scale, we properly resum
the expansion at hand, by isolating the divergent parts of the relevant and marginal contributions from the rest (the
irrelevant terms); the relevant and marginal divergent parts are proportional to the running coupling constants, already
mentioned at the end of the previous section. Moreover, at each step we express the effect of the integration on scale &
in a way similar to (5.1), with the important difference that the truncated expectation in the r.h.s. of (5.1) is not written
as a sum over Feynman diagrams, but rather as a sum over Pfaffians, each of which collects several contributions
arising from different pairings. The resulting expansion takes the form of a multiscale Pfaffian expansion, expressed
in terms of the running coupling constants, rather than in terms of «.

We start from the generating function with anti-periodic boundary conditions on the Grassmann variables in both
coordinate directions: dropping, for notational simplicity, the label (11),

© 0
ZA(/\,m,A)=/PA(d1p)eVA><‘/f)+B(A W (6.1)

where V[(\O) + BX)) is obtained from V, + B by re-expressing the original Grassmann fields in terms of Majorana
fields, via (2.22). After the integration of the fields on scales 0, —1, ..., + 1, we recast (6.1) into a form similar
to (6.1), with V@ and B© replaced by scale-dependent effective potentials, depending on the infrared fields =",
This is expressed by the following lemma.

Proposition 7. For any h <0, (6.1) can be rewritten as

(h) | o(h) (h) (<h) (h) (<h)
2y = U@ f Py (A9 S VA V70 EOHBL Ziy D) 6.2)

For h =0, EE?) = SI(\O) J)=0,Zyo=1,mo(K) =mcosky, and Pz i, y,(dV) is the same as Py (dr), once written in
the basis of the Majorana fields . If h < 0, the Gaussian integration Pz, m, y, (dy=M) has propagator

g x—y) _ / dk 0 ®) _ixxy (Gm®) 0 63)
Z e @r)? z, 0 Gum®k)’ '
where xj, was defined in (2.36) and
A _ 1 (—isink +sinky imj, (k) !
Gy (k) =3 ( —imp (k) —isink; —sinky ) - ©4

The constants Ef\h), Zn, the functions mjy(K) and the effective potentials Sl(\h)(.]), Vlgh)(W), BXI)(w,J) are defined
inductively in the course of the proof.

The kernels of the effective potential VI(\h) () are defined in terms of the following representation:

vir=3 >y Wé{@’(xl,...,xn>[]_[efpyf"fwxi,yi}, (6.5)

n>1: YiseesVn X1seens Xn i=1
n even
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where y is a shorthand for (y1, ..., ¥,), the sums over X1, ..., X, run over A, and W,gh; depends on A (weakly, see
comments after (6.7) below), but we drop the label A for simplicity of notation. Note that if we impose that

(h) (h)
Wn 1(]/1 )(Xl e Xy) = (=17 Wn [ )’n(n})(xﬂ(l)’ S o)) (6.6)

with 7 any permutation and (—1)” its signature, then the representation (6.5) is unique. Similarly,

BPw.h=> > Y Z W KT X Y1 Yg)

n>1: g=1 V1 Vns Xlseees
n even Jlseens jq YI ----- Yq

X [ﬁ Py Xi }[]—[ Jy;. Jl 6.7)

i=1

where Jx ; is an alternative symbol for Jj,, with b = (x,x + &;). The kernels W( )(yl, ..., yg) of S(h) are defined
analogously. All these kernels satisfy “natural” dimensional estimates that can be deduced from the discussion in
Section 6.2.1 below (see in particular (6.71)). In a finite box, the kernels W,E, ;, etc., depend weakly on the volume
and mass, in the sense that for any m > 0 they reach their infinite volume limit exponentially fast, and these infinite-
volume kernels admit a limit as m — 0 (see also comments around (2.64)). Therefore, the finite-volume, finite-mass
kernels are all bounded uniformly in L and m, provided L > m™' > 1.

Remark 10 (Translation invariance properties of the kernels). At the initial step, h = 0, the kernels W;O; i and

W,g)), are obtained from (2.43) and (2.57) after re-expressing the field \ in the Majorana basis, via (2.22). Be-

cause of the factors t( " entering the definition of E l(,m), these kernels are not translation invariant. However, the

non-translation invariant terms vanish at m = 0 (see e.g. the quartic terms in the r.h.s. of (2.52) as an illustra-

tion): therefore, PoWrEO; Tk WYEO; y J|m o 1s translation invariant (same for PQW,E and Pqu(?}), a fact that

will be useful in the following. Similarly, for later convenience, we mtroduce the operator P1, which extracts the

linear part in m from the kernel it acts on: P Wé ; yj = = Moy, Wn 7, lem 0. It is easy to see that the kernels

P1 ero(; y J(xl, - Xn3 Y1, ..., Yq) are translation invariant, up to an overall oscillatory factor (—D)ED1 (see again

(2.52)). The same properties are valid for the kernels at lower scales, as it follows from the induction below.
6.1. Multi-scale integration (proof of Proposition T)

We proceed inductively. We already discussed the validity of (6.2) at the first step, # = 0. We now need to show how
to go from scale & to h — 1. The first key step that we have to perform at each iteration is the localization procedure,
which consists in isolating the potentially divergent contributions in Vlgh) and BX’) from the rest (Sections 6.1.1
and 6.1.2); next we will rescale the Grassmann fields and finally we will integrate out the (rescaled) fields on scale &
(Section 6.1.3).

6.1.1. The localization procedure
We write:

viP=cvPyrv®,  BY =B +RBY, (6.8)

where L, the localization operator, is a projection operator that acts linearly on the effective potential as described in
the following. The operator R is called the renormalization operator: it extracts from V[(\h) + BX’) the well-behaved
(“irrelevant”) part. For simplicity, in the following we spell out the definitions of £ and R in the L — oo case only,
the finite volume case being treatable in a similar, even though notationally more cumbersome, way, see e.g. [12,
Eqgs (2.74)-(2.75)]. Recall that the only potentially divergent diagrams in the multiscale expansion are those with
(|P,}0|, |PUJ|) =(2,0), (4,0), (2,1) (see the discussion after (5.8)), the (2,0) terms being relevant, and (4, 0), (2, 1)
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being marginal: therefore, £ acts non-trivially only on these terms. More precisely, denoting by V( the n-legged
contribution to the effective potential, i.e.,

v W) = Z W (X1, .. Xn) []‘[ ¢/Pr%i wxl_%} (6.9)

sssss i=l1

we let (dropping the A label to indicate that we are formally giving the definition in the L — oo case only)

LV = 3P, oW, R 1 (v =) -8

v,y
+ Z eleXwX ypl (y v )(X y)elPVIY¢X y (610)
X,y
vy
and
4
h h DX
vy =3 P()Wi;(xl,X2,X3,X4)|:1_[elp7ix’¢xl’yi:|, (6.11)
X1,...,X4 i=1
Y1, V4

while £V,,(h)(1//) =0, Vn > 4. In the first line of (6.10), 3 indicates the symmetric discrete gradient, whose ith compo-
nent acts on lattice functions as éi fx) = %( f(x+e¢;)— f(x—e¢;)). Note that all the fields appearing in these formulas
are localized at the same point, or at two points at a distance 1, which justifies the name of localization operator for L.
The action of £ on the source term is defined similarly (and it acts non-trivially only on the term with two ¢ and one
J fields):

LBD )= 3" iy, oWy oy De Y, (6.12)
X,y.z
Vv

The rationale behind the definition of L is that it guarantees that: (1) the action of R =1 — £ on the kernels produces
a dimensional gain, which is enough to make the analogue of the dimensional estimate (5.8) for renormalized graphs
(i.e. graphs such that each non-trivial subgraph is renormalized by the action of R) convergent; (2) the algebraic
structure of £ is sufficiently simple that the linear space spanned by L£(V + B) is finite dimensional, i.e., it can
be parametrized by a finite number of constants. The fact that the action of R = 1 — L on the kernels produces a
dimensional gain has been discussed in several books and review papers, see e.g. [10,34]. A heuristic explanation of
this point, adapted to the present case, is discussed at the end of the present section, see Section 6.1.4 below.

6.1.2. The structure of the local terms
Let us now discuss the explicit structure of the local terms, and let us show that they are parametrized by a finite
number of constants. We define

K{" (x—y) = PoWy) (x. ), (6.13)
K( )(Xl,Xz,X3 X4) —PoWi (X1, X2, X3, X4), (6.14)
MY (x—y) = (= 1) PIWS (%, y), 6.15)
By  (x—y.x—z):=PoW;|  (x.y:2), (6.16)

so that K, (h) . K, (h) and Bé 1) . are independent of m, while M, (M) is linear in m. They are all translation invariant. Let
us separately rewrlte ina more compact way the contributions to 'the local part of the effective potential associated with
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these kernels. As an illustration, let us consider the contribution to the local part of the effective potential associated
with K, (k) , which can be rewritten as (again, we provide formulas only in the L — oo limit; we also add the apex
(<h) to the fields to recall that they are on scale < h)

Z Ze’py W(<h)Kéh()y (X — y)eipy/y[ +(y—x)- 3]¢(<h)

XY y,y/

- Z/ (2n)? ( 2,7 Py +Zsmk i, K3y @)

h h
W(i;‘ﬁf 's(k+py —K —py). 6.17)

where, as in (2.18), the integrals over Kk, kK’ run over the torus T2, 5 isa periodic Dirac delta over the torus,

(<h) ikx ; (<h)
Yoy = eyl (6.18)
X
and Kéh()y ) k) :=>", elk"Kéh()y Y )(x). In finite volume, integrals are replaced by discrete sums as in (2.16).

Claim 1. We have

dk . o
vy () = / Gy VoaCh )i (6.19)

where lﬁk is a column vector with components 1/Afk,y, y =1,2,3,4, and Cy(K) is a block-diagonal matrix of the form:

[ cn(k) 0
Cr(k) = ( 0 ch (k)) (6.20)
with
_ [ zn(—isink; +sinky) iop
cn (k) = < —ioy zp(—isink; — sink2)> 6.21)

‘or some z,, oy, € R with zg = oy = 0. Moreover, there exist real constants Iy, Z(l), 7P such that
h h

v ) =1, Z Ux 1 Vs 2V 3 e (6.22)

7@
LBY (y) = h F“W D+ ” O (6.23)

and

FO@, 1) =2y (=)™ [Jo1 (s 1¥x3 + ¥x2¥na)

+ l.Jx,Z(wx,lwx,S - %,2%,4)], (6-24’)
FO, D=2y [ha(=D"" W 1¥s + ¥x3¥na)

+ Jx 2 (=D (Ux 1 ¥xd + U 2¥x3)]- (6.25)

Zy, is the same as in (6.2)—(6.3) and is inserted in (6.23) for later convenience.
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Remark 11. For future reference, it is useful to give here the expressions of Egs (6.22) through (6.25) in terms of
Dirac variables, via (2.30):

vy =Y U e v - (6.26)

FO=NTV0ud e, IV ®:=2(-D Uy 1 +ioly). (6.27)
X,

FO=3 IR0 e I 00 :=2(J1 (=D +iwdo(—=1)?). (6.28)

Proof of Claim 1. Consider first the case 2 = 0. Then, EV;O) = 0 (so that zop = gp = 0) simply because the effective
potential V5 contains no bilinear term in the fields, cf. (2. 52) Suppose instead that # < —1. Then, since we are
assuming the statement of Proposition 7 at scale 4, the field wk Vh) has the same support as x; (k) = x (2~ hK) (in the
sense that its propagator has this support, cf. (6.3)). Remember from the discussion after (2.21) that the support of
x () is essentially {k € T? : |[k|| < r/2}, where | - || is the Euclidean distance on T2. Then the only non-vanishing
terms in (6.17) are the diagonal ones, i.e., those with y = y’. Note that the term kéf’()w) gives zero contribution, since

[ dkdK'y_x , Y., = 0 by anticommutation.

In a similar way we find that the contribution to the local part of the effective potential associated with Méh; can
be rewritten as

h h (P, ,0 <h
Z Zell’y 1/,(< )Mé ()y y )(X _ y)el(l’y +(r ))ywi,yz)
Xy y.y

dkdk' - n
=3 / P M (o + (. 0) I 5(k +py — K —pyr — (7.0)). (6.29)
Y

Thanks to the above mentioned properties of the support of the field I/Ik_ 2 , the only non-vanishing terms in (6.29) are

those with (v, y") = (1,2), (2, 1), (3,4), (4, 3). In terms of these definitions and properties we can rewrite EVz(h) as
(6.19), with

cp(k 0
Cp(K) =< h(() ) dh(k)), (6.30)
(h) (h) (h)
sinky + b, sink; o
cn(k) = ( ) b2 ) (6.31)
0y 1 smlq + b, " sinky
(h) . (h) (h)
a,  sink| + b; ' sinky
dp(K) =( 3 W ) (6.32)
043 ) gin kq + b smkz

h h h h h h .
and: ay” = 3y, K ()y y)(py),b(y)zasz; ()y (), 0() =ty ()Vy)(py)— z(y (Py). Even more: by using

the symmetries of the Grassmann action and of the propagator, one can check (see Appendix B for some details) that:

° a)(, ) is independent of y and purely imaginary: i.e., a)(,h) = izy for some real constant zj;

° b(h) (— l)”ia(h) so that b(h) = (—1)""1z,, for the same constant zj,;
° Ul(hz) = —az(hl) = 3(}’4) = —afg) = ioy,, for some real constant oy, (the fact that o1 = —02,1 and 034 = —043 is

obvious from the definition).

Therefore, in (6.30), ¢, (K) = dj, (K), and ¢, (K) is of the form (6.21).



Height fluctuations in interacting dimers 139

As far as the quartic and source local terms are concerned, we find (6.22) with

4
= D UK ) me) iy (51 %2, X3, %) [ T P, (6.33)
X2,X3,X4 j=1

TES

where Sy is the set of permutations of (1,2, 3, 4), and

LBD W) =33 Ziyng SOy oy T (6.34)
z

y<y' J
where the constants Zy,, ,), j are

(h)
Zhi(y.yj = Bz L.y, ](py Py —Py) — B211 ), ](py, Py —Py). (6.35)
Using again the symmetries of the Grassmann action given in Appendix B we find that the constant /, is real, while
the constants Zj. ., ; are such that the source term takes the form (6.23) where Z, () A 2 are real. ([

Remark 12. Note that LVz(h) has the same structure as the inverse of the propagator in (2.23)—(2.24), and it is
parametrized just by two real constants zj and oy,. In conclusion, thanks to the way L is defined and to the symmetry
of the theory, the local part of the effective potential is parametrized by 5 real constants, namely zj,, oy, I, Z;ll), Z,(lz).
These constants are all independent of m, except oy, which is exactly linear in m. As we shall see in the following, the
terms proportional to z and oy, are inserted step by step into the Gaussian integration, thus “dressing” iteratively
the propagator at scale h.

6.1.3. The integration of the fields on scale h
We resume the proof of Proposition 7 and we proceed with the inductive proof of (6.2). We assume the representation

to be valid at scale ; since £V2( A is bilinear in the fields and has antisymmetric kernel, we can apply (2.15) to write

(h) (<h)
P2,y (d¢(<h)) LV NVZpy =) _ p~

Zh—1,mp—1, Xh( w(fh))’ (6.36)
where exp(tl(\h)) corresponds to the factor /det(1 — M V) in (2.15), with V =2L Véh)(\/Z_hl//(fh)), and accounts for
the change in the normalization of the two Gaussian Grassmann integrations. To be allowed to apply (2.15) we have
to check that det(1 — uMV) > 0 for every i € [0, 1]. It is not hard to check that this is satisfied if EVZ(h) has the
symmetry structure summarized in Claim 1, with z;, small and m_(0)/mp(0) close to 1, uniformly in 4. We will
see later (Remark 18) that this is indeed the case, provided A is small enough.

The matrix M’ appearing in (2.15) can be computed immediately in Fourier space, and we obtain after some algebra

that the “dressed” measure Py . 0 (dy=") has a propagator similar to (6.3), namely

/ Ak xn®) iy <émhl(k) 0 ) _ =M (x—y) 637
2 Q02 7 1) 0 G &) Zpy '
where
Zh-1(K) = Zn (1 + zp xn(K)), (6.38)
(k) Zh (mn (&) + o3 1, (K)) (6.39)
mp— == (m o s .
h—1 Zh—l(k) h hXh

Zin—t1 = Zp—1(0) = Z,(1 + z3), (6.40)
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and r.h.s. of (6.37) defines §(=). The constants zj,, oy, are computed from the effective potential at scale /, following
the procedure explained in the proof of Claim 1. We can therefore rewrite (6.2) as

_ JEV P50 (<h)
Zr=e A PZh 1Mp—1, Xh (dw )

< e V(h) (\/_w(<h))+£5’(h)(«/_¢(<h) J)+RV(h)(«/_hl//(<h))+RB(h)(\/_w(<h) J) (6 41)

Remark 13. Inductively, we see that my(K) is linear in m, simply because oy, is linear in m, and my(K) = m cosk;.
Therefore, the propagator at m = 0 is massless: this is an instance of the fact that our theory remains critical at m =0,
irrespective of the value of the interaction A.

We now apply the “addition formula” (2.14) to split Py . 38
Py @) = Pr o (@ SN, (dy ™), (6.42)
where the propagator of P Z, —_— ﬁ.
eMx—y) / dk  fi(K) P (G‘mh_,(k) 0 ) 6.43)
Zp1 12 27)? Zp— 0 G, (k)

and

fin(k) =

7 _1[ xnk Xh—l(k)i|' (6.44)

Znoik)  Zn-

(To prove (6.42), just check that g (x — y)/Zy_1 = g ="V (x = y)/ Zh_1 + g P (x = y)/ Zp—1).
Note that f; (k) has the same support as f;, (k) = x5 (k) — x»—1(k) defined in (2.35), in fact (using (6.40) and the
fact that ;1 (K) xn (K) = xn—1(K))

~ 14z
fn®) = fn(k )H‘—Xh(k) > 0. (6.45)

Note also that g satisfies the same estimate as in Lemma 2 (with m replaced by mj,(0) and possibly with different
constants C, ¢) provided that z;, in (6.45) stays uniformly small for all scales # < 0. We now rescale the fields and
define

(h)(\/—lﬁ(<h)) EV(h) (\/_Ilf(<h))+RV(h)(\/_1/f(<h))

EX’)( VZip &) B(h)( JZnp ). (6.46)
It follows that
LV W) =Y U1 ¥mat3¥a =t an Fu (), (6.47)
Z“; z®
LBY () = 7 F(”(w D+ F% D), (6.48)

with

A —( Zh )21 (6.49)
"= Zh— h '
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A simple computation (simply based on (2.22) and (2.52), plus the observation that Z_; = Zy = 1: recall from Claim 1
that zo = 0) shows that

ro =l =—320 = —32(e" — 1). (6.50)
Similarly, we find Z(()l) = Z(()z) = 1. We now define (recall the decomposition YED = ™ 4y Eh=D a5in (6.42))
VA W2y S BTV 2y D BTV 50TV )

_ i M\ 2 B Zn 432, 2 Fi(p D)
= [ P AN 2

x eR‘?f(\h)(«/ Zp— llf(gh))-i-REXl)(«/ Zh_1y =D J) 6.51)

with the constants fixed by the convention that Bf\hfl)(l//, 0) = V/(\hfl)(O) = S‘X’*U (0) = 0, which proves (6.2) with &

replaced by h — 1, if one sets Ej\h_l) = Ej(\h) + tl(\h) + EX’_I) and Sf\h_l)(J) = SXI)(J) + S',(\h_l)(J).

Using (6.51) and the definition of truncated expectation (cf. e.g. (3.5)), we can rewrite

VNV Ziw + By Wz D+ BTN 4500 0)
1 -~ -~
=2 SE (W Wz +9™).0): VO V2 (v + 9 ™). 3)). (6.52)

s>1

s times

where EhT is the truncated expectation with respect to the propagator g™ /Z;,_; of the field ™ (cf. (6.43)), and
Vgh)(w, J) is a shorthand for ngh)(w) + EX' )(w, J). This concludes the proof of Proposition 7. O

Remark 14 (The beta function). The above procedure allows us to write the effective constants &, := (A, Zp,, mj,(0),
Z}(ll), Z,(lz)) with h <0, in terms of & with h <k <0:

Zp— mp—1(0)

An-1 =y + By, =148, = =1+p
! Z " my(0) !
(6.53)
Zl(zl)l Z,1 Z;lz)l Z2
—=1+8"", > =1+8,",
Z}(zl) h Z;(IZ) h
where ,B;f = ﬁ;f(gh, ..., &) is the so-called beta function. By construction, :3;){ and ﬂhz depend only on (M, Zy), k > h.

Therefore, the first two equations can be solved independently of the others and their solution can be plugged into the
other three. Note also that, applying iteratively (6.53), and recalling that &) = (=32(e* = 1),1,m,1,1), one can also
see ,B,f as a function of ) and (a priori) m. However, by definition and the fact that mp_1(0) is linear in {my(0)}k>p,
we see that ,BZ is independent of m, that is, it only depends on A.

Proposition 7 is valid for all &~ < 0. However, it is convenient to use it only for scales & > h*, where h* is the
first scale (with respect to the ordering h =0, —1, —2,...) such that® mp_1(0) > 2" When we reach scale h*, we
note that the propagator g(fh’“/zh*_l (see (6.37)) admits the same dimensional estimates as g(h*)/Zh*_l of (6.43).
The two propagators differ mainly because in the former the cut-off function is x(27""K) and in the latter it is
frr(K) = x 27" k) — x (277" +1K), so that momenta below 2" are absent in the second. However, the mass mj«_1 (0)
is bounded from below by 2" and it effectively cuts-off momenta below 2" also in (=" / Z;«_; . Therefore, one can
integrate all at once all the scales < h*, thus obtaining the contribution to the pressure and to the generating function

from this last step, EE\}!L]) + S’,(\h**])(J).

SNote that this definition is slightly different from the one given in Section 5.2, which referred to the non-renormalized expansion, where the mass
was not modified iteratively under the RG flow. The correct one, used from now on and keeping into account the mass renormalization, is the
current one. With some abuse of notation we indicate it by the same symbol.
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6.1.4. Dimensional gains associated with the action of R

Let us now turn to the discussion (promised after (6.12)) of why the localization procedure produces the right di-
mensional gains, required for making the multiscale expansion of the effective potentials convergent. Recall from
Section 5.2.2 that the possible divergences in the tree expansion come from vertices v € V(t) with (|P1:p [, |PUJ )=
(2,0), (4,0), (2, ). We focus on the case (4, 0) (quartic kernels). Consider the combination

4
hy V) — hy iPy, Xi =Ny
v, )(WSh )= Z Wiy)(Xl,Xz,X3,X4) |:1_[€lp”x W,Efl;, ):|- (6.54)
X1,...,X4 i=l1
Visews Va

Such a term appears in the computation of the effective potentials at scale h, — 1, see (6.52). In the multiscale
(<hy) (<hy)

integration procedure, the “external fields” ¥k )", ..., ¥x;.yy Will be contracted on scales Ay, ..., hqy smaller or
equal to h,. We let h~ :=max(hy, ..., h4). By proceeding in a way similar to the one described in Section 5.2, Wih}f)
can be written as a sum over trees 1, with root v at scale 4, and over P € P, of terms Wih}f ) (tv, P; X1, ...,X4), where

7, specifies the cluster structure of the labelled diagrams contributing to it, while P = {Py}wev (r,)UE(z,) Specifies
the field labels associated with the vertices w of t, (recall that | P, | represents the number of fields external to the
subdiagram associated with w). We denote by Vih”)(l’v, P; /) the analogue of (6.54) at fixed t, and P. The kernel
Wil
We let At > h, denote the smallest such scale. Since a propagator at scale k decays over a length scale of order 27,

) (ty, P; x), with x := (xq, ..., X4), is a combination of propagators, each having a scale strictly larger than 4.

Wf'}f) (tv, P; X) is essentially zero whenever two variables x;, x; are at distance (much) larger than 2",

Recall that the quartic kernels have scaling dimension zero. In other words, go back to (5.8): if T there is a tree that
contains the vertex v we are looking at (and t, is the sub-tree starting from v), the contribution to the r.h.s. from the
portion of the tree T from scale 2~ to AT containing the cluster v is 1 = 20x("=h") I order to make the sum over
trees T convergent, we would need to improve this bound by 2¢ (h"=h™) for some 6 > 0. To see that the dimensional
estimate of RVA‘(h) (ty, P; ¥) is better than the one of V4(h) (v, P; ) precisely by such a factor (with 6 = 1), we rewrite

(denoting X = (X, ..., X4) and omitting for lightness the index (< 4,) on the fields)
4 4
RV, (2, P; ) = Z[ e'P } {(1 — POW" (1. P %) []‘[ wx,.,y,}
xy Li=1 i=1

hy
+POW (1, P X0 [, 3y Vo Viss.s Vs — Vi) + o
+ wXI»Vl (wXZ,Vz - wxl,yz)wxl,ys wxl,m]}' (6'55)

The kernel in the second line has an operator 1 — Py acting on it, which extracts its m-dependent part, i.e., it extracts
the m-dependent part from at least one of the propagators contributing to its value; recalling that every m extracted
from a propagator G*) comes with a dimensional gain of the order 2" % (see Lemma 2; note that the terms linear
in m originate necessarily from the non-diagonal part of some propagator), we see that this term has the desired
dimensional gain, simply because o=k < 2h"=h" The terms in second and third line of (6.55) involve a difference
between two fields at different locations, of the form v, ,, — ¥x,,y,;,» Which is formally (i.e., forgetting lattice effects)
the same as

1
Vo — Vi = (X —X1) / A3V, 5051 6.56)
0

Now note that the factor x; — X1 goes together with Py Wih}f)(rv, P; x) which, as discussed above, decays over a
typical length scale 2-h" Therefore, |x; — X1| can be bounded essentially by 2-h" Similarly, the derivative 9 acting

on . ,, corresponds to a dimensional contribution proportional to 2hi < 2" simply because Y.y, is contracted at
scale i; < h~ and the derivative of G") satisfies the same qualitative estimates as G") times an extra 2% (see
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Lemma 2). Therefore, all the terms appearing in RV4(h”) (v, P; ) are associated with a gain factor 2h7*h+, which is
enough to renormalize the (marginal) quartic terms.

To summarize, the action of £ essentially corresponds to extracting the zero order term in a Taylor expansion of
the kernel with respect to m, and of the fields with respect to x — X1 ; conversely, the action of R corresponds to taking
the rest of first order of the same Taylor expansion. The rest of order 1 has an improved estimate by a factor oh™—h*
as compared to the original kernel. By proceeding similarly, one can show that the rest of order 2 has a dimensional
gain 22(h__h+), etc. The rationale behind the definition of £ should now be clear: if it acts on a marginal term,
it extracts the zero-th order term in the aforementioned Taylor expansion, so that the renormalized part has a gain
2h7_h+, which is enough to eliminate the divergences in (5.8) from vertices v with (|Pf [, |PUJ ) =(4,0) or (2, 1); if
it acts on a linearly relevant term (i.e., a term with (| Pf [, |ij |) = (2,0)), it extracts the zero-th plus first order terms
in the Taylor expansion (this is precisely the choice done in (6.10)), so that the renormalized part (which is a Taylor
rest of order 2) has a gain 22 —h")

6.2. The renormalized tree expansion

Now that we described the inductive definition of the (renormalized) effective potential, we have to explain why such
an expansion is well behaved: that is, we explain how to get estimates on the kernels of the effective potential. As
already observed above, see in particular Remark 14, the effective potential on scale / can be thought of as a function

of the whole sequence of effective constants & = (Ak, Zi, my(0), Z,El), Z}gz) ), h <k <0. The sequence {&x}i~p is a

solution to the beta function equation (6.53) with initial data (Ao, Zg, mo(0), Z(()l), Z(()z)) =(=32(¢* - 1),1,m,1,1)
and, therefore, the sequence itself, as well as the effective potential, are just functions of A and m. Nevertheless, it is
convenient to proceed as follows.

We will first think of {§}x~s as an arbitrary sequence, not necessarily a solution to the beta function (6.53).
The first key result to be discussed, summarized in Proposition 8 and in Eq. (6.70) below, is that the kernels of
the effective potential can be written as an absolutely convergent series, provided the sequence {&}r~ is such that
M (Zy/Zxk—1 — 1) and (my(0)/myr_1(0) — 1) remain small (more precisely, the required assumptions are (6.66)—
(6.67) for A small enough). The proof of this fact requires a combinatorial representation of the expansion in terms
of renormalized GN trees, reviewed in this section, and the iterative use of the Pfaffian representation for truncated
expectations, recalled in Lemma 3.

Once we know that the kernels of the effective potential are well defined for sequences of effective constants
satisfying suitable conditions, the next goal is, of course, to prove that the solution to the beta function equation do
satisfy such conditions, i.e., it remains uniformly close to the initial datum for all 2 < 0. The flow driven by the beta
function is very non-trivial and it has been investigated in a series of works from the mid 1990s to the mid 2000s
for very similar models (cf. [11,13,14,49,50] among others), by combining the use of the Schwinger—Dyson equation
with local Ward Identites. A crucial point is that the beta function can be written as the sum of two terms: one part is
“universal,” i.e., it is the same for all the models treated in [11,13,14,49,50] and corresponds to the beta function of
a reference model (an ultraviolet cut-off version of the Luttinger model [51]); the second part is a model-dependent
rest, which is exponentially small and, therefore, summable as # — —oo. The key point is, therefore, to study the flow
under the universal part of the beta function, and to prove that such a flow remains bounded and close to the initial
datum for all & < 0. We review the conceptual scheme used to study the flow in Section 6.3 below.

Let us now describe the tree expansion for the effective potential, and let us discuss how to prove its absolute
convergence. The definition of the renormalized GN trees arises naturally from the iterative construction described
in the proof of Proposition 7 (see (6.52)) and it is described in detail, e.g., in [10,12,34]. The renormalized trees are
defined in a way very similar to the one described in Section 5.2.1, with the following important differences.

(1) A renormalized tree t contributing to V/(\h) s BXL), EX') , or S (J) has root on scale & and can have endpoints on
all possible scales between & + 2 and +1. The endpoints v on scales &, < 0 are preceded by a node of 7 (on scale
hy — 1) that is necessarily a branching point.

(2) Normal endpoints on scale £, are associated with A, Fy, if h,, < 0; they are associated with (one of the monomi-
als contributing to) ‘7(0), if h, = 1. Similarly, special endpoints on scale /4, are associated with (Z;l{; )7 1/ Zn,—2)Fj
(cf. (6.23)), where either j =1 or j =2, if h, < 0; they are associated with (one of the monomials contributing
to) BO,if h, = 1.
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(3) Each vertex of the tree that is not an endpoint and that is not the special vertex vg (the leftmost vertex of the tree,
immediately following the root on 7) is associated with the action of an R operator.

The family of renormalized trees with root on scale &, N normal endpoints and n special endpoints will be denoted
by T/\(,hr)l In terms of renormalized trees, the Lh.s. of (6.52) can be written as (replacing & — 1 by h)

V" (VZiw =) + BY (VZiy S 0) + EL + S0 ()

Z Z V(h) Zhl//(<h) J) (6.57)
N,n>0 Tl\(lhr)t
N+n21

where V® (g, «/thlf(fh),J) is defined iteratively: if vg is the first vertex of 7, if 71,..., 7, (s = sy, = 1) are the
subtrees of T with root vy, and if £ hT 41 1s the truncated expectation associated with the propagator Zh_1 gh,

V(h)(z', mw(fh)’J)
— _5h+1( (h+1)( @w(<h+1) J) (h+1)( 7, /?hw(gh+l),J)), (6.58)

where y (ShHD = (51 4y, (WD) gpg yitl )( i, N Zpy D))

e isequal to RV B (ti, NZpy S DY) if 1; is non-trivial. Here R is the linear operator induced by the definitions
(6.8)—(6.12), and VD (¢;, \/Z, "D | J) is defined in analogy with (6.46), that is

?(h“)(r,-, mw(§h+l)’J) — V(h+1)(tj, mw(ffﬁl)“});

e isequal to Ap41 Fy («/Zhl/f(fh+l)) if 7; is trivial, h < —1 and the endpoint of t; is normal;
e isequal to Z?zl(Zfl‘Ql /ZW)Fi(NZy &0 ) if 1; is trivial, h < —1 and the endpoint of 7; is special;
e is equal to VO (VZ_ 1y E0) (resp. B‘(O)(«/Z_“//(f())’ J)) if 7; is trivial, 7 = —1 and the endpoint of 7; is normal

(resp. special).

In order to compute as explicitly as possible the tree values V) (z, v, J), we can inductively apply (6.58) and use
the Pfaffian representation for the truncated expectation in its r.h.s., originally due to Battle, Brydges and Federbush
[4,17,18], later improved and simplified [1,19] and re-derived in several review papers, see e.g. [34,36]:

Lemma 3 (Pfaffian representation). Using a notation similar to (3.4) and (3.7) we get

EN (X1 X)) =i 20 Y ar [ gl / dPrt) PE(M"T (1)). (6.59)

TeT  (eT
Here:

e the constants c¢; are those appearing in the definition (3.7) of X; and 2p =Y _}_, n; (recall that n; is the order of
the monomial X;);

e the first sum runs over set of lines forming a spanning tree between the s vertices corresponding to the monomials
X1,..., Xs, i.e., T is a set of lines that becomes a tree if one identifies all the points in the same clusters;

e «r is a sign (irrelevant for the subsequent bounds);

° géh) is a shorthand for g)(f&),y,(e) (x(£) —x'(£)), where y (£), v’ (£) and x(£), X' (£) are the y and X indices associated
with the two ends of the line £, which should be thought of as being obtained from the pairing (contraction) of two
Jields Yx(e).y o) and Yy (0),y'(0)5

o ift={,;,€[0,1],1<1, i’ < s}, then d Pr(t) is a probability measure with support on a set of t such that t; ;y =
u; - uy for some family of vectors u; = u; (t) € R® of unit norm;

o M"T(t) is an antisymmetric 2p — 2s + 2) x (2p — 2s + 2) matrix, whose elements are given by M?”;, =

’i(f),i(f’)gy(l])gff)’ where: f, f' ¢ UleT{fel’ fez} and fel, fe2 are two field labels associated with the two (entering
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and exiting) half-lines contracted into €; i(f) € {1,... s} is s.t. f € Py, gé}(’} 10 is the propagator associated
with the line obtained by contracting the two half-lines with indices f and f’.

If s = 1 the sum over T is empty, but we can still use Eq. (6.59) by interpreting the r.h.s. as equal to 0 if Py is empty
and equal to PfM"T (1) otherwise.

Remark 15. If the Pfaffian is expanded by using its definition (2.3), then (6.59) reduces to the usual representation
of the truncated expectation in terms of connected Feynman diagrams. The spanning trees in (6.59) guarantee the
minimal connection among the vertices X1, ..., Xs and the Pfaffian can be thought of as a resummation of all the
Feynman diagrams obtained by pairing (contracting) in all possible ways the fields outside the spanning tree, with
the rule that each contracted pair (Vx,y , Yy 1) is replaced by Z;}l g}(,}f;/(x —Y); the interpolation in t is necessary in
order to avoid an over-counting of the diagrams.

With respect to the Feynman graph expansion, Eq. (6.59) has the advantage that the Pfaffian PE(M™T (t)) can be
bounded by using the Gram—Hadamard inequality [34], which leads to

‘ / dPr)PE(MMT (1) < (C2")" (6.60)

Here 2(p — s + 1) is the size of the antisymmetric matrix M">T and C is the constant appearing in the estimate of
g™, see the lines following (6.45). This is in contrast with the estimate scaling like (p — s + 1)!1(C2MP=5+H! that
we would get via the Feynman expansion. Morally speaking, recalling that (Pf M)? = det M, the Gram—Hadamard
inequality is similar in spirit to bounding the determinant of a k x k matrix by the largest eigenvalue to the power k
(which is combinatorially optimal), rather than by the number of terms in the determinant times the maximum of the
matrix elements to the power k. Finally, the number of spanning trees is bounded as

IT| <s!CP, 6.61)

with p the total number of fields appearing in X1, ..., X [34, Appendix A3.3]. Note that, if formula (6.59) is applied
to the r.h.s. of (6.52), then the number of spanning trees  s! is compensated by the factor 1/s! appearing there.

When we apply iteratively (6.58) and Lemma 3, we can naturally distinguish the various contributions arising from
the choices of the monomials in the factors V© and B© associated with the endpoints on scale 1, as well as the scale
at which each field in these monomials is contracted (we can keep track of these informations via the labels P attached
to the trees, as explained in Section 5.2.1).

The resulting formula has a natural structure, slightly complicated by the presence of the R operators acting at all
vertices of the tree that are not endpoints. Therefore, in order to make it as transparent as possible, let us temporarily
neglect the action of the renormalization operator, i.e., let us temporarily pretend that the action of R on the nodes
of T is replaced by the identity. Then the result of the iteration would lead to the following relation (the reader can
easily convince himself of the formula by induction, or consult the aforementioned reviews for more details, see in
particular [12,34]):

12
VO N Zi D = 3 VZi 0 S S W ki) ¥ (PE) I (P, (6.62)

PP, TeT Xy,

where T =, ot ep. Tv is the union of the spanning trees T, associated with all the nodes that are not endpoints
in T, which arise from the inductive application of the Pfaffian formula (6.59). The star in Vj is to recall that we are
ignoring the renormalization operator. Moreover, WXp 1 is given by

W:,P,T(XUO) = [ 1_[ (Zhv/zhl,_1)|P1%|/2i| [ 1_[ Kzghv)(xv)}

v not e.p. v e.p.

1
L T famomur a1} oes
v not e.p.

LeTy
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where K,Sh”) (xy) is equal to: Aj,,—1, if v is a normal endpoint on scale 4, < 1; (Z;(l{fﬂl /Zp,—2),if v is a special endpoint
on scale i, < 1; the kernel (see Remark 9) of the monomial of VO (resp. [3‘(0)) compatible with the assignment of
external fields P,, if v is a normal (resp. special) endpoint on scale /, = 1.

The analogous formula for v (¢, VZ) ¥, J), in which we do not neglect the action of R, can be written in the
form

VO, VZy )
v
_ Z /ZleJo\ Z Z ZWr,P,T,ﬂ(XUO)[I/I(Pl}/é)]ﬁJ(PvJo)’ (6.64)

PeP; TeT BeBr Xy,

where $ is a multi-index that keeps track of the various terms arising from the action of R: see e.g. (6.55), which
shows that the action of R on a four-legged kernel produces 4 different terms. Moreover,

[v(Ps)]s= 11 37:<(}C>)¢x(f‘),w(f>7 (6.65)
feP%

where jg(f) € {1,2} and gg is a nonnegative integer < 2; the action of a derivative on the fields arises from the
interpolation formula (6.56), see [12] for details. In particular, the kernels W; p 1 g admit a representation similar to
(6.63), see [12, Eq. (3.81)] for an analogous formula (the parameter 8 appearing there is equal to L in our case, and
our B is called « there).

6.2.1. Analyticity and dimensional estimates of the kernels

The expressions (6.62)—(6.64) can be bounded by using (6.60). In the absence of the action of the R operators the
resulting bound has the same structure as the final bound of Section 5.2, see (5.8) and following discussion, modulo
an improved combinatorial factor due to the use of the Pfaffians rather than of the Feynman diagrams. If, on the
contrary, we take the action of R into account, the dimensional factors are improved by the gain factors discussed in
Section 6.1.4. The net result is:

Proposition 8. Let |1| < L for Ao suitably small. If

sup [Aw| <cilAl,  sup <% (6.66)
Wsh W=hl Zi -1
’ 0 /
@ < 26mlA, sup 27" |myy (0)] < 1 (6.67)
w>nlMp—1(0) h'>h

for some A-independent constants cj, c;, ¢, > 0, then there exists a (A-independent) constant C > 0 such that, if
reT®

1 v _ _ V_ipd_
TZ’WT,P,T,ﬂ(XU()” < CN+n(CZ|)\|)1/2uU0| N2h(2 1/2| Py [Py 1—0p)
| IXUO
Go) _
Z CZ,-:1|Pvl-| [Pyl v v
Zhe—1 T el P 52172 || P |—2(Py)
x|: ]‘[ 7y ][]‘[ ~ 2 2 . (6.68)

v not
e.p.

v s.e.p.

where the first product in the second line runs over the special endpoints, while the second over all the vertices of the
tree that are not endpoints. Moreover Qg = ZfeP“’ qp(f) and
Yo

L—culdl  if(PY, P))=(4,0),2,1),
SP)= V200 —eulil) i (PP =2.0), (669
0 otherwise.



Height fluctuations in interacting dimers 147

This is the analogue of [12, Eq. (3.110)] and the details of its proof can be found there. To understand the factor

L . . . . . Ly _
A20!1=N observe that if for instance all endpoints are quartic monomials Ay, ¥x, Vx; V¥x,, then A2 g l=N = 3N

Note that the renormalized scaling dimension d(P,) :=2 — %|PJ/[ | — |PUJ | — z(Py) appearing at exponent in the
last factor of (6.68) satisfies

1
d(Py) +c 22| PV < (_8 + czﬂ) (|PY|+2|P]]), (6.70)

v
which is negative for A small. Therefore, if A is small enough, the product [] 2¢:M2IPU+d(P) ip the second

v not e.p.

line of (6.68) produces an exponentially small factor smaller than, e.g., 2~ t=hy) for each branch of the tree

connecting two vertices v and v/, with v’ < v and | P,| constant along the branch. Not surprisingly, this allows to sum
over the scale differences i, — h,, as well as over the choices of the field labels { P, }, ¢ (see [34, Appendix 6.1] for
details about how to perform these summations). Using also the fact that the number of spanning trees in T is smaller
than (const.)N " [1, su! (see (6.61)), and that the number of elements of Br is smaller than (const.)N*" we get

1
WZ o202 D0 D e sty
Nzl 1677\(,’” PcP, TeT BeBr: Xy
i Q=4

()
z,!

< C"“MI( sup
h/

h'>h
Jj=12

" h@-172PY - 1PL 1~g)
) 2 ol = 1Py 1= 6.71)

for a suitable, A-independent, C > 0. This is the analogue of [12, Theorem 3.12] and further details of its proof can
be found there. Eq. (6.71) is the final dimensional estimate on the (renormalized) kernels of the effective potential,
promised after (6.7). Absolute summability of the tree expansion immediately implies:

Corollary 1. The kernels on scale h are analytic functions of the sequences {(Ag, Zx, my)}x=n in the space defined
by (6.66)—(6.67), for A small.

Note that the factors Z }(l{ ) /Zys, corresponding to special endpoints, may diverge in the infrared limit, i.e. for A’ —

—oo (and in fact this happens for j = 2, see Proposition 10 below: the ratio grows like 2H' () =n() gnd N2 #nin
general). When we compute the nth cumulant of the height function (Section 7.2) we will consider diagrams with
n special endpoints and such diverging factors do appear. It will however turn out that they are irrelevant in the
computation the large-distance asymptotics of height cumulants, since they are compensated by oscillations in the
multi-dimer correlation functions.

Remark 16 (The short memory property). If A is small then, as discussed above (see lines after (6.70)), every branch
of the tree is associated with an exponentially decaying factor smaller than, e.g., 2_%(}“’_%/). Therefore, not only
the sum over the scale and field labels converges exponentially, but we also have that the sum restricted to the trees
T with root on scale h and at least one vertex on scale k > h is bounded dimensionally by the r.h.s. of (6.71) times a
dimensional gain of the form Co2°"=0 | for a suitable 6 > 0 (it can be checked, in particular, that any 6 in (0, 1 —
2¢ || + 2¢. %) makes the job). This improved bound is usually referred to as the short memory property (i.e., trees
with long branches are exponentially suppressed) and will play an important role in the following. From now on, 6
will be a constant in (0, 1), uniformly bounded away from zero for A small. One can think for definiteness of 6 = 1/2,
but as we just discussed one can actually take 0 close to 1 when A is close to zero.

6.3. The beta function

The above procedure implies the absolute summability and analyticity of the tree expansion kernels, provided the
effective constants Ay, Zj, my(0) satisfy the conditions (6.66)—(6.67) of Proposition 8. It is easy to verify that these
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conditions hold at the first step, # = 0, and that they remain valid for a finite number of steps, provided X is small
enough. The difficult issue is to show that they remain valid for all the scales such that 2* < i < 0, uniformly in A2*
(that is, uniformly in m, as m — 0).

An important remark is that, as long as these conditions are verified, the beta function itself, governing the flow of
the effective constants via (6.53), is analytic: in fact, the beta function is defined simply in terms of the local parts of
the 2- and 4-legged kernels of the effective potential V! and of the local part of the 3-legged kernel of B, cf. Eqs
(6.33)—(6.39) and (6.47)—(6.49). Therefore, the natural strategy to study the flow of A;,, Zj, mj(0) is the following:
write down the Taylor expansion for the beta function, which is convergent as long as (6.66)—(6.67) are verified;
truncate the Taylor expansion at lowest non-trivial order, and try to check whether the approximate flow governed by
this truncated beta function verifies (6.66)—(6.67); if so, prove that the solution is stable under the addition of higher
order Taylor approximations.

In order to understand the difficulty of the problem at hand, consider the flow equation for X;, and suppose that
the second order truncation of the beta function reads A,_1 = Ay + ay, A% + ---. The qualitative properties of the flow
are encoded in ay,: if, e.g., a, > a > 0, uniformly in /, then the truncated flow is divergent as 1 — —o0, and the same
holds for the non-truncated flow; in this case, the multiscale construction in the form described above would have to
be stopped at a critical scale, below which perturbation theory in A; is not applicable anymore. If, on the contrary,
ap < —a < 0, uniformly in /, then the truncated flow would be convergent, A, — 0 as &1 — —o0, and the same would
hold for the non-truncated flow; such a scenario is usually called asymptotic freedom in the Renormalization Group
language. Quite remarkably, our case of interest realizes a critical, intermediate, scenario: an explicit computation of
the lowest order contribution to the beta function shows that in the case of interacting dimers aj, = 0. Therefore, the
truncated flow of A, remains analytically close to the initial datum Ao, uniformly in /. The problem, of course, is that,
since ay, is vanishing, the truncated flow is unstable, and one needs to show that a similar cancellation takes place at
all orders in perturbation theory, which is very hard (if not impossible) to prove by direct computation.

The idea to be pursued is that the beta function of the dimer model is asymptotically close as & — —oo to that
of several other models, all belonging to a family called, in the RG language, a universality class (the Luttinger
liquid universality class). Other statistical mechanics or field theory models belonging to the same class are: the
Luttinger model [14,51], the Thirring model [6,46,62], the XXZ spin chain [12,63], the repulsive 1D Hubbard model
[8], the 8-vertex model [5,15], the Ashkin—Teller model at criticality [37,48], etc. All these are associated with the
same reference model (an ultraviolet cut-off version of the Luttinger model, whose precise definition is given in
Section 6.3.2), which is defined in the two-dimensional continuum, with exactly linear effective dispersion relation for
the free propagator (in the sense of (6.73) below). The key fact is that the reference model displays more symmetries
than the dimer model or any of the other models in the same universality class: these extra symmetries can be used to
show that the beta function for A; in the reference model is asymptotically zero; as a consequence, the same property
is true for the dimer model, as well as for the other models mentioned above. Let us now describe more technically
how this idea is implemented.

6.3.1. Asymptotic vanishing of the beta function
At each step of the multiscale integration procedure, we can decompose the single scale propagator (6.43) as the sum
of a massless relativistic propagator plus a rest:

(h)
gzhf) = i(g%”(x) +r"(x)), (6.72)
where
o _ [ 9K ik z . 1
gr (X)= We SnK)(—=iky + Jk2) (6.73)

and J is the diagonal matrix with diagonal elements (1, —1, 1, —1). The index R stands for “relativistic,” which refers
to the fact that the denominator is exactly linear in k. Note that the rest satisfies improved dimensional estimates
as compared to gg’): ie., |[r™ (x)| satisfies an estimate like (2.39) times an extra (gain) factor that can be bounded
proportionally to 2" 4+ mp (0) /2”. Using (6.67) and the definition of 1* we get

h*
mi©) o, ma@) 2% ot mya—culi)
2h T Ty (0) 20
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In conclusion, the rest 7" has an improved dimensional estimate as compared to g;h) by a factor proportional to
2h o =h)(I—cumlr])

Remark 17. Any observable on scale h can be naturally decomposed as the sum of a dominant part plus a rest. the

dominant part is expressed in terms of GN trees with all the endpoints on scale <0 and their values computed by

replacing all the single-scale propagators by their massless relativistic approximation ggl); the rest can be written as

a sum of trees, each of which either has at least one endpoint on scale 1, or it has at least one single scale propagator
of type r® for some k > h. It is easy to see that the rest satisfies a better dimensional estimate than the dominant part
(better by an exponential factor 2" + 200" =1) \ith 0 < 6 < 1 as in Remark 16, in the infrared limit). To see this, use
the estimate above for ||r™ (x)|| and the short memory property (Remark 16): just note that 2€2°0(=% < 20h

In particular, the beta function can be written as the sum of a dominant part plus a rest, in the sense discussed in
this remark:

Br=PBhr+r (6.74)
where, as long as (6.66)—(6.67) are verified, the rest satisfies
|rj| < (const.)2;2". (6.75)

The universal part ﬁﬁ g Of the beta function has been studied in detail in several works. In particular, [14, Theorem 2
and Eq. (57)] establish the asymprotic vanishing of the beta function, which is summarized here.

Proposition 9. For A, small enough, let Z), (An) be the solution to the beta function equation for Zj, with the sequence
(Any ..., Ao) replaced by (Mp, ..., Ap) and Zo(Ap) = 1. Then ,B,)I"R((Ah, Zn(An),s .oy (Mp, Zo(Mp))) is asymptotically
vanishing as h — —o0, i.e.,

185 & (s ZGu))s - Ay ZoGu)))| < Colrnl?27", (6.76)

for 0 <6 <1 (see Remark 16) and a suitable Cy > 0.

Note that, at the nth order in perturbation theory, ﬂ,ﬁ, g is the sum of O(2n!) Feynman graphs of order O (|A,["),
each of which is not vanishing as h — —o0, but a dramatic cancellation implies that their sum is O (A, 291, for

all n > 2. A consequence of (6.75) and (6.76) and of a lowest order computation of ﬁhz, ﬂ;’l", ﬁhz "/ is that the flow of
the interacting dimer model is exponentially convergent, as summarized in the following proposition (the proof is a
simple corollary of Proposition 9, see also the comment following [14, Eq. (57)] and [6, Theorem 2.1]). In reading the

following proposition, recall that the beta functions of Ay, Zj, Z;(lj ) , mp(0)/m are independent of m and, therefore,
the corresponding flows can be extrapolated to h — —oo (i.e., in the study of their flow we do not need to stop at £*).

Proposition 10. For A small enough, the solution to the beta function equations (6.53) satisfies the following:

lim Ap=A_so(X) 6.77)
h——o0

with A_so(A) analytic in A and such that
A () = Aoo(W)| < Ca|27[27 (6.78)

for a suitable 0 < 6 < 1 as in Remark 16 and Cy > 0. Moreover, |%| < 2263AZ and |m'7f—i%)| < ZCmm,for suitable

constants c;, ¢y > 0, uniformly in h. Finally,

Zyy ~ 200z O W () ~ m2m O (6.79)



150 A. Giuliani, V. Mastropietro and F. L. Toninelli

where ~ means that the ratio of the two sides is bounded from above and below by two universal positive constants,
uniformly in h, and n(L), n1(A), m2 () and n,, (1) are analytic functions of A, such that n(0) = n’(0) = n1(0) =
12(0) = 1, (0) = 0. Moreover, ni (1) = n(A).

This proposition implies, in particular, that (6.66)—(6.67) are satisfied for all & € [#*, 0], with A* = (log, m) /(1 —
nm) + O(1), as m — 0. Combining this with Proposition 8 and Corollary 1, we get that the kernels of the effective
potential on scale £ are analytic in A, uniformly in 4. The last claim in the proposition, i.e., the fact that n; (1) = n (%),
is proved in [13, Theorem 1] (where the index n; equals our 2(n — n1)).

Remark 18. Note that |Zy/Zp—1] < 2262 g |mp (0)/mp_1(0)| <2 say that zj, and o}, are small with X, uni-
formly in h (recall from (6.40) that Zy_1/Zy, = 1 4 z3), as was required for the multi-scale integration to be valid
(see comment after (6.36)).

Remark 19. The flow of the effective constants is stable under small changes in the original energy function of the
model; e.g., it remains valid in the presence of a finite range, rather than purely nearest neighbor, interaction. A small
analytical change in the weights entering the definition of the model induces a small analytical change in the values of
A—oo(A), n(A) and n; (X). In this sense, these functions are non-universal, i.e., they are model-dependent. However, the
critical exponents n = 11 and 1y are universal (i.e., model-independent) functions of A—so(A). The proof these claims
goes together with the proof of Propositions 9 and 10 and we will not discuss it in details. However, in Section 6.3.2
below, we will explain more technically some of the ideas behind them.

6.3.2. The reference model. Emerging Dirac description

In this section we define the reference model, which we mentioned so far only vaguely. It is needed both in the proofs
of Proposition 10, and in the explicit computation of the dimer-dimer correlation (e.g. Theorem 2), which is required
for a sharp estimate of the height fluctuations. The generating function of the reference model are defined by the
following Grassmann functional integral (for lightness of notations we give formally the expression in infinite volume
and massless limit, but to be precise the model is defined on [—L, L]2 with anti-periodic b.c. on the fields wf and
with an infrared regularization, similar to putting m > 0 in the dimer model; see [15] for details):

g’SR(J)=/PZ(dlﬂ(SM))eV(ﬁW(SM))+B(ﬁW(5M),J)’ (6.80)
(=M)E: o=+ (<M)N ; Lo . .
where the Grassmann field is {{x, }xeRZ’ Pz(dy ) is the Grassmann Gaussian integration with propagator
R Y, S dk xum (K)
P (dy EM) (M (SME' _ O —e'O0.0 ika-y) S 6.81
/ Z( v ) X wy’“’ 2Z (271)26 —iky + wky ©31)

and the xjs is an ultraviolet cut-off (coherently with our previous notations, it is a smooth function that vanishes say
for ||k|| > 2M), to be eventually removed, M — +o00. Moreover,

V() = koo / dxdyv(x — YV U (6.82)
with v(x —y) a smooth short-range potential (decaying on a length-scale of order 1), and
7D
B =% [ axsDu - (6.83)
z@ _

‘We denote the correlation functions of the reference model as

Gt ) — lim 3" 6.85
SRen e, (X1 ey Xn) ¢ M1—>003](]1)(X ). aJa(,j")(xn)SR(J) o (6.85)
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For instance,

(M)

S (ZO) (U5t Vi Uy VoV (6.86)

R;w,w’(x’ )= Mlgnoo

where (-);,A/[)\)OC denotes (the L — oo limit of) the average with respect to the measure of density

¢SO VWZYE) p (dy =),

There is a clear analogy between the (M — oo limit of the) reference model and the dimer model with m = 0, once the
latter is re-expressed in terms of Dirac variables (W;fw)xe A (see (2.30)). Indeed, the corresponding free propagators
have the same asymptotic behavior at large distances, see Proposition 2. Also, recall (cf. (6.26)—(6.28)) that the local
parts of the interaction potential and of the source term of the dimer model are given, in terms of Dirac variables, by

) I AT R AL N B O/ R AR Sl AR

X,

respectively, to be compared with (6.82)—(6.84). The analogy is approximate because the fields of the reference model
are defined on the continuum and those of the dimer model on the lattice. However, the large-distance behavior of
the correlation functions do turn out to be the same for the two models, see Propositions 11 and 12. For ease of
comparison, let us introduce a convenient notation for the dimer correlation functions expressed in terms of Dirac
fields: if

o 20000 m,A)
S(J)= lim lim log PPN (6.87)
m=0n22 "z, m, 0)
is the (m — O limit of the A 7 Z? limit of the) generating function of correlations for the interacting dimer model,
we let

o a"
SUL ) (xy LX) = . S (6.88)
1,...,Wp n aJa()Jll)(Xl) . 8-’65){:’)()(}1) J=0

be the corresponding correlation functions, where the external fields Ja()j ) (x) are related to Jyx ; via (6.27)—(6.28).

The generating and correlation functions Sg (J) and S }({1 wlj ”20 (x1, ..., Xp) of the reference model can be expressed

in terms of trees, whose values are the same as those of the dominant trees contributing to the corresponding functions
S(J) and Séf;',’_ij;}l{:i) (x1, ..., Xp) of the dimer model (once again, here we call “dominant” the trees where the propaga-
tors g are replaced by the relativistic propagators ggl), as discussed in Remark 17). In particular, both types of trees
are associated only with endpoints of type Ay, Z,gl), or Z }(12), and the single-scale propagators have exactly the same
form, once the identification between Dirac fields of continuum and discrete models is used.

A minor difference between the contributions to Sg(J) and the dominant contributions to S(J) lies in the fact that
the trees contributing to Sg(J) have endpoints on all scales < M, rather than < 0; moreover, the sequence of running
coupling constants Ay g, Zp g, Z;&, Z;f;e of the reference model, corresponding to the initial data A, Z, Z(D, Z?
is different in general from the corresponding sequence of the dimer model. However, the key observation is the
following.

Proposition 11. The initial data oo, Z, ZV, Z® of the reference model can be properly adjusted, so that

An.Rs Zh.R, Z,(llie, Z}(EZ% are asymptotically the same as the constants of the dimer model, as h — —oo, namely, if
h S 0?

(@)
V4
< Cp|r[22%", h_ 1| < Colr|2%, (6.89)
Z(l)
R.,h

Iy — A |+' Zh
h — Ah,R -5
ZR.h
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uniformly in M, for some 0 <0 < 1 as in Remark 16 and a suitable Cy > 0, provided X\ is sufficiently small. In
particular, the infrared fixed point of A g is the same as the one of Ap: A—oo R = A—oo- ZR.h and Zg?h satisfy the first
two of (6.79) with critical exponents that coincide with those of the dimer model, once all of them are expressed as
Sfunctions of A_c.-

For the proof, see [15], where a similar statement is proven for a quantum spin chain instead of the interacting
dimer model. See in particular [15, Eq. (79)], where Z}(fh) is the same as our Zg j,.

As anticipated above, the reason why it is useful to introduce the reference model at all is that it has more sym-
metries than the dimer model. In particular, its “action” V + B is formally covariant under a “local chiral gauge
transformation” w,ffw > et ®) w,ffw (here, “local” refers to the fact that the phase transformation depends on the
point, “chiral” to the fact that it depends on w, while “formally” means “up to corrections due to the ultraviolet reg-
ularization xps(k)”). The latter induces exact identities (known as Ward Identities) between the correlation functions
of the reference model, which in turn induce asymptotic identities between the correlations of the dimer model. By
playing with these identities one can prove, among other things, Proposition 10, as well as the following equations for
the correlation functions.

Proposition 12. Fix the bare parameters Ao, Z, Z\ as in Proposition 11. Then the correlation functions of the ref-
erence and dimer models are asymptotically the same at large distances; more precisely, denoting by Dx the diameter
of the set X := {X1,...,X,}, n > 2, and by 8 the minimal distance among the points in X, if 6x > max{1, co Dy} for
some co > 0, then

it seeesjn) Ch.o
SR K1y X)) = ST (X1, )| <

Ryl Lo e oo Bn) 7 00y W, (6.90)

for some 0 <6 < 1 as in Remark 16 and a suitable C,, 9 > 0, which may depend on cy.
Moreover, there exist functions K1(-), K2(-), k2(-), analytic in their argument in a neighborhood of zero, such that
K1(0) = K2(0) =x2(0) =1, and for all x £y

S0 K1(Ov—oo)

(1,1) w, 0 1 oo (1)

SD (xy) = : +RD x—y), (6.91)

Rioo Y = G (= y1) o — )2 e T

St (5 Y) = Sy (%) =0, (6.92)
Sv,—w  Ka(A-co)

S (X y) = 22 e+ R (x—y). (6.93)

(@4m)? [x -yl
. @) .
where, if n1,ny > 0, the rest Rw’w, satisfies

ni g p (i) / —2—0—n1—n
|a)(1l aszRw’w,(X)| S Cn1+n2’9|x| 1 2

for 0 € (0, 1) as in Remark 16 and Cr/z,e > 0. Moreover, if ¢ > 2,

5(1,1,.A.,1)q(xl; iXg) =0, (6.94)

R;wy,..., ,

Eq. (6.90) forn =2 and j; = j» = 1, and Eq. (6.91) are proved in [15]: (6.90) for n =2 and j; = j, = 1 is the same
as [15, Eq. (43)], while (6.91) is the same as [15, Eq. (41)], just expressed in real space rather than momentum space.
The rest Ri}l’)w, can be written in closed form (as apparent from [15, Eq. (39)]), but we do not write it here explicitly, in
order to avoid a further digression that would not be needed for our purposes. The proof of (6.90) for general values of
n, ji, ..., jn is a corollary of the proof in [15]. Eq. (6.92) is a trivial consequence of the fact that the propagator (6.81)

is diagonal in @ and the interaction (6.82) contains as many fields with w = + as fields with = —. Eqgs (6.93) and
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(6.94) are proven in [7, Theorem 1.1]7 in the case where v(x — y) is replaced by a local delta-like interaction (in this
case the reference model is called Thirring model). If instead v is as in (6.82), then (6.93) and (6.94) can be proven by
comparing the tree expansions of the Thirring and of the reference model (6.80), in the same spirit as one compares
the expansions of the dimer and reference model, see discussion before Proposition 11.

The exponent k> is related in a simple way to the exponents n and 1, of Zj and Z }(,2): itis equal to 1 41y — n, once
n and 7y are re-expressed as functions of A_, = A_x (1), rather than of A.

Finally, note that Eq. (6.94) is the analogue of the cancellation (3.39) that we already used in the analysis of the
non-interacting dimer model.

The usefulness of the formulas for the correlation functions in Proposition 12 is that they can be used to compute
sharp estimates for the large distance behavior of the dimer correlation functions. These will be exploited in order to
complete the proofs of Theorems 2, 1 and 3.

6.4. The two-point dimer correlation: Proof of Theorem 2

We are finally in the position of proving Theorem 2. We start from

2
S , (6.95)

(1(x,x+éj); ]l(y,y+éj/)>)L
J=0

T 9y, 00y

where S(J) is defined in (6.88) (see also discussion after (7.2) below). Recalling the definition of Jg) (x) in terms of
Jx,j (cf. (6.27)—(6.28)), we can, if desired, re-express (6.95) in terms of the correlation functions for the Dirac fields
(6.88). More explicitly,

52 979 x) 97 (y)
WS(J)‘ = Z S((Ul;/) x,y) aa} ®) awjiy (6.96)
x,jOJy,j’ J=0 X, J Y.J'

w,0' =+
i,i'=1,2

Inserting (6.90) in (6.96) and using (6.92), we rewrite:

<1(x,x+éj); ]l(y,y+éj/)))L

2 Q) 0)
i aJy (x) a0 (y)  ~
=2 D Skew SNt R =), 6.97)
i=1 w,0'==+ X, J y.Jj’
where
- Co

Rjjy(X=Y)| < ——557, (6.98)

| JsJ | |X _ y|2+9

with b e (0, 1) as in Remark 16, for some Cy > 0. Substituting (6.91) and (6.93) into (6.97), and using the definition
of ch,’)(x) in (6.27)—(6.28), we obtain (1.9), with K(A) = K1(A_x0), k(k) = Kr(A_so) and k(L) = k2(A_o). This
concludes the proof of Theorem 2, and, therefore, as discussed in Section 4, of Theorem 1 for n = 2.

7. Height fluctuations in the interacting model: Proof of Theorems 1 and 3 for A # 0

In this section we use the renormalized tree expansion, the dimensional estimates on the renormalized trees, and the
comparison between the dimer and reference models, discussed in the previous section, to complete the proof of our
main results.

7To get (6.93) and (6.94) from [7, Theorem 1.1] one has to put to zero the parameter ¢ there, in which case the Sine-Gordon model appearing in
the Lh.s. of [7, Eq. (1.16)] reduces to the massless Gaussian Free Field. Analyticity of the functions K; (), k—(-) is not stated explicitly there, but
it follows as byproduct from the proofs.
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7.1. Tree expansion for the correlation functions

The multiscale construction described in the previous section induces a representation of the multipoint dimer corre-
lation functions in terms of a renormalized tree expansion. We limit ourselves to the discussion of the correlations at
distinct bonds, the general case being treatable in a similar manner. Using (2.53) and the discussion in Section 2.4, we
find:

(Tpy5 .3 1p,), o= WlliLnOAli/rr%Z (Loyi e Lbg) osm (7.1)
: o (11
= lim lim —————1logZ, "(A,m,A)
m—0A 772 0Ap, -+ 0Ap, A=0
04
S ) (7.2)

a anl"'aJ})q J=0

where S(J) is defined in (6.88) and it can be computed via the iterative renormalized expansion described in the
proof of Proposition 7: in particular, it can be written as S(J) = Y, S™(J), where S™(J) is the single-scale
contribution to the generating function, see (6.51). Note that in the last line of (7.2) we exchanged a derivative with
the limits A 7 Z?, m — 0. This is justified by the fact that S(J) can be expressed via an absolutely convergent
expansion, uniformly in A and m, as already discussed in Section 6.2.1 (see below for more details about the bounds
on the tree values contributing to the correlation functions). For what follows, recall that as long as m > 0 the sum
over h runs from 2* to 0 and that the limit m — 0 corresponds to h* — —o0; therefore, in the following formulas, we
shall always replace h* by —oo.
The single-scale contribution S™ (J) to S(J) can be written in a way similar to (6.7):

q
SOWM=3" 3" > sy [ i (7.3)
i=1

q>1 ji,eesjg Y15¥q

where S;hj) (¥1, .- .,Y¥q) collects the contributions to Wyj) (¥1, - .-, ¥q) involving propagators on scales > & and at least
one propagator on scale 4 + 1. Therefore,
. _ (h)
<1(y1,Y1+éj1)’ R ]l(yq,yq+éjq))k =q! Z Sq,j ¥+, ¥g) (7.4)
h<0
and, as explained in Section 6.2, S;hj) (¥1,-..,¥q) can be expressed by a sum over trees T € TA(,hlz with n < g special

endpoints8 and N > 0 normal end-points:

<1(y1,y1+@j1>; R ]l(yq,ycﬁé.,q))A
q
YYY Y X S, s
h<ON=0n=1 7 PeP;:

N.n
’ —|pJ |=
|Pog|=1PJ) I=q

Here S p(¥1, j1; -5 ¥Ym, Jm) 1s the tree value, which can be bounded in a way similar to Eq. (6.68). To give the bound

we need a few extra definitions. Given 7 € Tl\(,h’)l , let us denote by * the minimal subtree of T connecting all its special

endpoints. For each v € T¥, let s* be the number of vertices immediately following v on t* such that |P}| > 1 (i.e.,
the number of descendants of v in 7). Moreover, let V,,;(t*) be the set of vertices in t* with s; > 1, which are the
branching points of 7*. For future reference, we also define v} to be the leftmost vertex on t* and A its scale. See
Figure 13.

8The reason why n < g rather than n = ¢ is that some special endpoints — those on scale 1 — could be associated with monomials of order two or
more in the J fields, i.e. a monomial of type £(y; R) with |R| > 1, as the one depicted graphically in Figure 8.
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Al
\
|

N
X

h hg 1

Fig. 13. Example of a tree t € TI\(Ihi appearing in the expansion for the m points correlation function, with N = 3 and n = g = 3. The subtree 7*
associated with 7 is highlighted.

Given these definitions, we can write the bound for St p(y1, ji; ... ¥4, jg) as
|Sep(¥1. jii -1 ¥q: Jo)|

v . -
Eq!CN-M(Cm)1/2|Iu0| N 5h(2—) 1—[ 22s3 =Dy y—er/20 5vi|

VeV (T7)
Z;iiuf)l A2|PY172—1721PY = 1P |-2(Py)
xl_[Z— ]‘[z v 12 v =Py o) |, (7.6)
v s.e.p. hy=1 v not
e.p.

which is very similar to the bound Eq. (6.68) for the renormalized kernels of the effective potential. In particular,
z(Py) is given by (6.69). Note that the assumptions (6.66)—(6.67) are verified, thanks to Proposition 10. In comparison

with (6.68), note the presence in (7.6) of the product over the vertices v € Vi, (t*) of 2260~ Dhve=en/2"8s \here
3y is the tree distance of the set [ J reps {X(f)}, i.e. the length of the shortest tree graph on 7?* connecting its points

x(f), f € PU’ , is one of the coordinates y;). In this product, the factors 2265=Dhv take into account the dimensional
gain coming from the fact that we are notr summing over the space labels y; of the external fields (the gain is meant
in comparison with Eq. (6.68) where, on the contrary, we summed over all the field variables). Moreover, the factors
e~¢V2""8 come from the decaying factors e~V 2" IXO=X (O ag50ciated with the propagators géh"’), with w > v and

£ € T (the notation géh"’) is as in Lemma 3; the exponential factor comes from the estimate on the propagator on scale

hy, cf. Lemma 2 and the comment after (6.45)). See [6, Section 2.3] for a few more details.

Remark 20. In the following we will actually need improved bounds on the tree values, as compared to (7.6). The
improvements will be based on a decomposition of the tree values into a dominant part plus a rest, combined with a
crucial cancellation in the dominant part, induced by (6.94). Rather than presenting the improved bounds directly, we
prefer to state (7.6) first, and then explain how to obtain an extra dimensional gain for the different contributions to
(7.5), in order to make the ideas behind the proof of these dimensional gains more transparent.

As in Section 6.3.1, the tree expansion (7.5) is refined by decomposing the single scale propagators as in (6.72). The
“refined tree expansion” brings along an extra set of labels, which distinguishes the fields associated with relativistic
propagators g%h) from those with non-relativistic propagators "), We call “dominant” the contributions from trees
with endpoints on scales < 0 and involving only relativistic propagators, as in Remark 17. In the perspective of
computing the height fluctuations, it is convenient to distinguish two classes of terms among the dominant ones: those
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with all the special endpoints of type Z (lv), and the rest. The final decomposition we shall use takes the following
form:

04
Byryires 5 Lagygrén), = Oy jy - 00y, j, 5 J=0
1 2 3
= S(;’;(ylv LI 7Yq) +S;’J)(YI7 .. »Yq) +8;’J)(YI7 .. ,Yq)v (77)

where: S collects all the dominant contributions from trees whose special endpoints are all of type Z,g”; S
collects all the dominant contributions from trees with at least one special endpoint of type Z 22); S® collects all
the subdominant contributions, i.e., the contributions from trees with at least one endpoint on scale 1, or at least one
propagator of type r®,

7.2. Multipoint dimer correlation and height cumulants

In order to compute the cumulant of order ¢ > 2 of the height difference, we start from (3.2), with n replaced by ¢.
Proceeding as in (3.33), in the g-fold sum over the bonds b; € Céz o by € Cé'ﬁ p We distinguish a contribution
that includes the terms where all the bonds are outside the two balls By, (§), By, (1), from the rest. By construction,
the former contribution involves bond configurations such that the bonds are all mutually disjoint, and is the most
difficult to bound. For simplicity, we limit our discussion to these terms, leaving the analysis of the rest to the reader.
We write them in the form

* *
(1) ) 3)
Z Z (Sq’j(xl,...,xq)—i—Sq’j(xl,...,Xq)—i—Sq’j(xl,...,X,{)), (7.8)
b1€Cé2" bqe(,’éq_))”

where x;, j; are such that b; = (x;, X; +¢€,), and the * on the sums indicate the constraint that all the bonds are outside

B, (§) U B, (). In the following, we analyze the terms coming from S;lj) first, and then we discuss the other two
contributions.

7.2.1. The contributions of type S;lj)

For these terms, we use the cancellation (6.94) for the correlations of the reference model, which implies that the
analog of S;lj) in the reference model, to be called 81(;,)(1 i is identically zero:

0, (7.9)

q (€)]
) ) (1o 1) dJw,” (X1)
SR;q,j(Xl’ coaXg) = Z SR;wl,m,wq (x1, ...,Xq)nijx .
1=1 1. J1

where, for x € Z2, ch)l)(x) = (—1D)*(Jx,1 + iwJx2), as in (6.27). Therefore, we can add and subtract Sl(el~)qj’ thus
finding

1 1 1
S x) =S X1, xg) = SR X1 Xg), (7.10)

which implies

* *
Z Z S;Tj)(xl,...,xq)

(1) (q)
bleCE_),’ bquE_”]

)

* *k
22> X Yoo D SSE 1 i X ) — SEp (1L jis i X )] (T.11)

I . 1
WNSOperh  PePo gD bect),
|Pug =1 P 1=q
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Here, the apex (1) on the sum over the trees recalls that we are summing over the contributions associated with S (1)
We denoted by Sd"Pm the dominant contribution to the value of the tree t (i.e. the contribution obtained by replacmg

each propagator g with g(h) see (6.72)), and by S fP the tree value computed in the relativistic reference model. The
sum over h ranges between —oo and M, where M is the ultraviolet cut-off of the reference model, to be eventually
sent to infinity.

We distinguish three types of contributions, that we treat separately:

(a) Those associated with the trees with endpoints all on scales < 0, each of which comes in the form of a difference
between the dominant contribution of the tree value in the dimer model, and the corresponding tree value in the
reference model. These contributions are the same, modulo the fact that the effective constants associated with
the endpoints of the tree for the dimer model are A, Z, z! P ) while those in the tree for the reference model are

ARy ZR b de )h. Recall that the difference between these effective constants is bounded as in Proposition 11.
Therefore, the contribution associated with each of these trees is bounded in a way similar to (7.6), times an extra
factor 29/ with w the right-most endpoint of the tree.

(b) Those associated with the trees that have root at scale 4 < 0 but have at least one endpoint on scale &, > 1. Since
these terms do not appear (by definition) in S;TJ? , we have |Sff’l§“ — S£P| = |S§P|. These terms will turn out to be
negligible due to the short memory property (Remark 16).

(c) Those associated with trees with root at scale & > 0. Also in this case, Sf(i,m =0.

We claim that the sum in the r.h.s. of (7.11) can be bounded by

+o00
Cy Y 2" min{20h o=V buin} N7 ON N
h=—00 N>0

0 o
“DINED VD SIS o8 By | I s R
T(h) PeP;: by C(l) by eC(q) v s.e.p. ZRh veVu (t%)
“\Pyl=IPhl=g " o
X[ I 2cx2P&”|22—%|PJ”|—|PJ|—z<PU>+91 7.12)
v not e.p.

for some positive small 8/, ¢’ > 0, where we recall that the “pruned tree” 7* was defined after (7.5), see Figure 13.
Here, if as usual b; = (x;,X; +¢j,),

Smin = min min|x; — X;|,
1<i#j<qb;.bj

b;, b; are disjoint for i # j. Let us see why (7.12) holds. First consider the trees of type (a), for which 4 < 0: as we
explained, each of these trees satisfies the estimate (7.6), times an extra factor 29w with w the right-most endpoint of
the tree. We can replace 2% by 29" with some 0 < 6’ <6, provided we add 6’ to the exponent 2 — %|P,}” | — |PUJ | —
z(Py) at each vertex that is not an endpoint. Of course, we will choose 6’ sufficiently small so that the exponents
remain strictly negative at each vertex (recall (6.70)). Also, we have used /, > h and 8, > Spin. Next consider trees of

with the minimum taken over all possible locations of b;, b; appearing in the sum (7.12) and 8yyin > 1 since the bonds

type (c), for which & > 0. In this case, the dimensional gain arises only from the factors e‘cm in the second line
of (7.6), which are smaller than e~/ /25, e~ (€/DV2"uin A for the trees of type (b), the dimensional gain comes
from the short memory property. More precisely, since there is at least a vertex on scale 0, we can extract from the
bound (7.6) a factor 20'h provided we add 6’ to every exponent 2 — —|P¢| — |P]| — z2(Py).

To prove that the ¢ > 2 cumulants of the height differences do not diverge with the distance, it remains to show that
(7.12) is bounded by some constant depending only on g. By Propositions 10 and 11, the critical exponent of Z M Rih is
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equal to the one of Zg.;, and the ratios |Z}(li)71 /Zp,—1] can be bounded from above by a constant, independent of #,,.
Moreover, by proceeding as in the proof of (3.44), we find that, for a suitable C(’] > 0,

* *
Y T eIV <l I1 p—hvy (7.13)

bleCél) by ecs(q) VeV (T%) VEVy (%)
—7 -1

where 7 is the number of special endpoints contained in the cluster v but not in any other cluster v' > v (i.e. the
number of special endpoints immediately following v, on scale 4, + 1). To get (7.13), we used

8y > ¢y Z min(d(xy,&),d(xf,n)) (7.14)
fep!

for some ¢, > 0, see also the comment before (3.42) when |PUJ | =2. In conclusion, (7.11) is bounded by

—+00
cy " 2t min {20k, =<'V min} N7 NN

h=—00 N>0

(1) -
x>y [ I1 2hv<2A‘f52mi>M I1 2‘1v<Pv)], (7.15)
reT® PeP;: ve Vi (T%) v not e.p.

N.q
|Pug|=IPJ 1=g

where d,(P,) =2 — |P1://|(1/2 —c\?) — IPUJI — zy + 0’ which, from (6.70), is negative and actually smaller than
—1+¢, forany & > 0, if A and 6’ are small enough.
By proceeding as in the proof of (3.48), we find

1—[ Sl 255 =21]) _ Hhii(g=2) 1—[ P12, (7.16)
VeV (t%) veV(r*)

where V (7¥) is the set of vertices of T* that are not endpoints and i — 1 is the scale of the root of 7*. Note that the

factor 2/0(@=2), multiplied by the factor 2>~ that appears in (7.15), equals the product of 2972 = 2!P 7 1=2 over all
the vertices on the branch joining the root of ¢ with the root of t*. Therefore, (7.15) is bounded by

)

N i
¢ f min{ze/h,e—c/«/thSmin}ZCN|)L|N D ] 2%, 7.17)

h=—00 N>0 reT® PeP;: v not e.p.
N.a —i1pJ|—
|Pugl=IPd 1=
where
R _p¥ a2y ;o J
dv(Pv)z{_wu (1/2 = ex®) =2y +6" if|P]] >0, (7.18)
dy(Py) otherwise.

Note that dy < —a < 0 for every v and a suitable constant a independent of A, provided A and 6’ are small enough.
From this, it follows that (7.17) is summable over P, T and / (recall din > 1), the result being a finite, g-dependent,
constant, as desired.

7.2.2. The contributions of type S;Zj)

Let us now consider S, which is apriori very dangerous, in that each of the trees contributing to it is bounded as in
(7.6), without any extra obvious gain (i.e., (6.94) is not true if the upper index is not (1, ..., 1)). Nevertheless, as was
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the case also for ¢ = 2 in Section 7.2, the dimensional gain arises from oscillating factors, when summing over the
: o
bonds b; in the paths C§—>n’ j<gq.
The contribution to the gth cumulant of the height difference from terms of type Sq(zj) is of the form

2

o> Z © D oy, SEFXL 11 Xg ), (7.19)

h0 e PePri pieed - pyec
N20T N ipt =g o

where the notation is analogous to the one used above for the contributions of type S;g . An important difference is
that here we do not take absolute values, since we want to take advantage of the signs oy.

Note in fact that every dominant tree is naturally associated with an oscillatory factor, which is equal to the product
of the oscillatory factors (—1)* or (—1)% associated with the special endpoints of these trees (see Eqs (6.23) through
(6.25)). The value of a dominant tree equals this oscillatory factor times a “non-oscillatory” value (see below for more
details), obtained by contracting via relativistic propagators (which by definition have no oscillatory factors attached)
the contributions that are left attached to all the endpoints. Now, it is apparent from (6.24) that all the trees contributing
to S[;fj) (X1, ...,Xq) have the same oscillatory factor, equal to (—1)X1+*+X¢_ This compensates exactly with the factor
(—=1D)X1++X from the product of o, see (3.12).

The situation is different for S;Zj) (X1,...,X4): we recall that the trees involved in this expression have at least

one special endpoint of type Zflz). If we denote by {(x;, ji)}ic1, the set of points and directions associated with the
endpoints of type Z}(lz) (here I, C {1,...,q} is a suitable nonempty index set), then Sdom(xl, Jii ... Xg, jg) comes
with the oscillatory factor [Hielz(_l)(x')” ][]_[ielzc(—l)xl], where I5 = {1, ..., ¢} \ I>. This means that

SIP(x1, ]1,--~;Xq»jq)=[n(_l)(x[)'/f][l—[( l)X’}Sd"m(x] 15 Xgs Jg)s (7.20)

iely i€l

where S’f‘i,m is a “non-oscillatory” function, in the sense that it satisfies the following natural scaling properties: if
n=(ny,ny) and 9y = 8,'?11 3,’322 with 0y, the discrete derivative in the ith coordinate direction,

q
[]‘[a“l}sd (X1, 13 -3 %g, Jg)

i=1

< C]!CN+q|)L|N2h(27q)

(iv)
[ 1_[ Cn 2]1 My Zhv*1 }[ 1_[ 22(5‘:—1)hve—0«/ 2h”3u:|

v s.e.p. hL 1 veVy (%)
X[ I1 zcxzm‘”22—1/2|Pv”|—|PJ—z<PU>] (721)
v not e.p.

where, if v is the special endpoint with label x, = x;, withi € {1, ..., g}, then n, = (n;)1 + (n;)2. This bound differs
from (7.6) just by the dimensional factors 2*"*, which arise from the action of the derivatives 8,2." on a relativistic
propagator g%l"), cf.(6.73).

Now, using (3.12) and (7.20), we rewrite (7.19) as

2

3D D SIS S Z @y (=)t tp, (= 1)

h=<0 (h) PeP;: (1) (q)
=Y 1€T, T beCy_ eC.”
N>0 N.g |Pu0|=|PvJ I=¢ 3ad ] 3d ]
0
x []‘[(_1)@»3f,}sf?gl(xl,jl; i Xgs o) (7.22)

ieh
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Using the fact that the paths C;Z,, consist of straight portions, each of which is formed by an even number of bonds,
we find that

* * q
Z Z [Habi(_l)jf]l:n(_l)(xi)aji]SSf’ILT‘(xl,jl;...;xq,jq)

e, byec, Li=] ieh
* *
Z Z []’[3(,(,)z ]i|Sd°m(x1 i Xgs Jo) |- (7.23)
bec,  bec?, Cich

Finally, we recognize that the summand in the r.h.s. of this equation can be bounded by the r.h.s. of (7.21), with the
factor

(lu)

[T G2 ]

v s.e.p.
replaced in this specific case by

&) 2

Z Zz
hy hy hy hy(14+n2—1)
T 2= || ] e 2 |<ce| T 2temn |, (7.24)

v s.e.p.: hy v s.e.p.:

iy=1 iy=2 iy=2

where we used the fact that, thanks to Proposition 10, Z }(,1) /Zy < (const.) and Z,(f) /Zy < (const.)2(m=M" _Since the
number of special endpoints of type Z,(lz) is at least 1, the product in the r.h.s. of this equation is smaller than ZM,
where 6 is a suitable constant between zero and one, and £ is the largest among the scales of the special endpoints of
type Z }(12). As we did for the terms of type (a) of S;;.) , the dimensional gain 2% can be “transferred to the root,” i.e
transformed into 29 provided 6’ is added to the exponent 2 — |Pl}[/ [(1/2 — ck2) — |Puj | — z(Py) of each node. At that
point, one proceeds like after (7.12).

7.2.3. The contributions of type 8(53;

We are finally left with Scfj) , which can be treated in a way similar to (and actually simpler than) the previous cases:
the trees contributing to it either contain a non-relativistic propagator r =), which produce an extra factor 2» (which
can be “transferred to the root” by using the short memory property, as for the terms of type (a) of S;Tj) ); or contain
endpoints on scale 1, in which case the short memory property produces an extra factor 2. In addition to these
gains, one should take into account that all the special endpoints of type 2, possibly appearing in a tree contributing to
Sfj) , whose presence produces a dimensional factor 2h(n2—n) (which may be > 1, if np — n < 0), are associated with
an oscillatory factor that effectively acts as a derivative operator, thus improving the factor 2/~ into 2/(I+m=m

precisely as discussed for S ) Details are left to the reader. Summarizing, also the contributions of type S @) glve
rise to a finite (g-dependent) constant, which concludes the proof of Theorem 1.

7.3. Proof of Theorem 3
Since convergence of the moments of a random variable &, to those of a Gaussian random variable £ implies conver-

gence in law (and therefore in the sense of the characteristic function) of &, to £ [16, Section 26 and 30], we need
only to prove that

€1i_1>1})<h€(¢))x =0, (7.25)

eli_r)%<h€(¢); he(9)), = / ¢(xX)P(y)Gi(x —y)dxdy (7.26)
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and

lin})(hé(qﬁ); . hS(@), =0. g>2. (7.27)
€0 ———
q times

Note that (7.25) is trivial (and does not need the limit € — 0) since the height is fixed to zero at the central face (“the
origin” 0) and height gradients have zero expectation by construction, recall (1.4).

Proof of (7.26). Choose a face p at a distance of order 1/€ from the support of ¢ (e-) and rewrite

(h€(@): he(9)), = €* > dlen)ens)((hy, — hp): hy,), (7.28)
1,12
+et Y plen)den) p: )i (7.29)
n1,M2

Let us show first of all that (7.29) is o(1). Indeed, since ¢ is smooth and of zero average,

2> plen) = 0(e). (7.30)
n

Also, from (1.7) of Theorem 1 and Cauchy—Schwarz it follows that |{hp; iy, )] = O(log(1/€)) (write hy, = hy, — ho
and observe that all 5, in the sum are at distance O(1/€) from 0; same reasoning for hp). In conclusion, the sum
in (7.29) is O(elog(1/€)) = o(1). Remark also that in (7.28) one can restrict the sum to 5, # 1,. Indeed, again just
observe that [{(hy, — hp); hy, )2l = O(log(1/€)) so the sum (7.28) restricted to 5, =7, is 0(6210g(1/6)) =o0(1).

Let CI(,ILU , (resp. C(()i) -

) be a path from p to n; (resp. from 0 to 1,) of length at most a|p — 5| (resp. a|n,|), chosen
such that the distance between Cl(,l_)ﬂ71 and C(()2—)>nz is larger than (1/a)|n; — 55| for some positive a > 0, uniformly in

N1, N, in the support of ¢ (e-). From the definition (1.4) of height function,

((hy, = hp); o), = > 01,01, (L, 5 Ly ) - (7.31)

1 2
bl ECI()—)Wl ,bzeCél”Z

The r.h.s. of (7.31) is given by the r.h.s. of (4.2), except that one should read CI(,L),,I, C((li)nz instead of Cgl_)m, Céz_)m.

The error term R}, j, gives a contribution O(|n; — n2|_9), and recall that 6 > 0. The term proportional to K, due
to the oscillations, gives a contribution O (|5, — 172|_2" *1) and recall that « is close to 1. The one proportional to K
instead, looking at (4.3), gives K times the integral

! R md ﬂzd —1 7.32
53 e/p Zfo w(z—w)2 (7.32)

plus an error O (|n; —,|~") coming from replacing the Riemann sum with the integral. Altogether, all the error terms
are of the form O(|n; — nzl’cl) for some positive ¢’. Once the sum over 5; # 1, in (7.28) is performed, the overall
contribution of the error terms is O (ec/).

It remains to compute the integral, that gives (cf. (3.28))

1 In2 —pl |m|>
—1 ——x — ). 7.33
212 Og(mz—:m Il 7339
Note that
¢t Y plem)g(eny)[log(elny — pl) +log(elny]) —log(elpl)] = o(D). (7.34)

ni.m2
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Indeed, in all of the logarithms one of the two summed variables is absent, the logarithms are O (log(1/¢)) and

2y, dlem) = 0(e).

It remains to look at

K
—53€ D dlenpenylog(elny —m) (7.35)
ni-M2
that converges to the r.h.s. of (7.26). O
Proof of (7.27). In analogy with the case g = 2, choose faces py, ..., pq such that all their mutual distances, as well

as their distance from the support of ¢ (¢-), are in [c4 /€, 1/(cy€)] for some suitably small ¢, > 0, and rewrite

(€ (@):...:h (@),
q times

=2 3 plen) - dlen)(hy, —hp))i .. (hy, —hp,)), +o(1), (7.36)
LARRRY

with sum restricted to configurations such that |n; — ;| > 1/c,. The proof of (7.36) is like for ¢ = 2: use that
[{hy,s . s hnqm is bounded by some power of log(1/¢), as it follows from (1.8) and from a repeated application

of Cauchy-Schwarz. Let also CI(,I;.L,,I., i < q be paths from p; to n; of length at most (1/c,)|p; — 5;|, with mutual
distances at least ¢, min;; [n; — ;.
We will show that, uniformly in y, ..., Up in the support of ¢ (),

(g, Iy < Ghg, — gD}, | = O (minia; —n;177) (7.37)
for some 6 > 0. Given this, it is obvious that (7.36) is o(1).

To get (7.37) replace each (hy, — hp,) by > picc®  Oblp and recall the decomposition (7.7). We will consider
1 Pi =i

only the terms of type S;lj) , the two others requiring a very similar argument. The sum over by, ..., b, of S;lj) is

bounded like in (7.12), except of course that now b; € ng,,r Repeating exactly the steps (7.13)—(7.16), one gets
again the upper bound (7.17).

Recall that the sum over N in (7.17) is finite because c;'v < —a < 0. While after (7.17) we used that dyin > 1, here
we will take advantage of Smin > ¢g min;j [§; — 3 ;| because of the way the paths Cl(,'l.)_ﬂ,i were chosen. It is then
immediate to see that the sum over 4 in (7.17) is not only finite, but actually decays like

—g"
€, (minm; — ;1) (7.38)

for some positive 8”. Eq. (7.37) and therefore also (7.27) are proven. (]

Appendix A: The free propagator

Here we compute the free propagator with (6, ) boundary conditions, proving Lemma 1. To this purpose, we need to
diagonalize the Grassmann quadratic form S = S(y) = —% Zx’yeA Wx(ngf)))x,yl//y Fork € Dfr), we let

Y=Y xe™ (A1)

XeA
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so that

1 N .
Ux=15 > e ™ (A2)

©,7)
keD)

Note that (A.2) holds also when one of the two coordinates of x equals L/2 + 1, in which case it gives the correct
boundary condition ¥z /2+41,y) = (=D W r241,y) and Yx,£j241) = (=D WY (x,—L/241)

Plugging (A.2) into the definition of S and using the anticommutation relation V¥ = —Yie ¥k one finds with
standard computations

1 A A . . AA
SW)=—5 D {ddk(=isinki +sinky) + miriicin0 cosk}. (A3)
ke’Dfr)

where it is understood that, if —k does not belong to Dfr), one should interpret —k as —k + 2w (n1,n2) € fo) for
the suitable choice of n; € Z (similarly forA—k + (7}', 0)).
We have rewritten S as —(1/2) Zk,k, Yk Ak k¥ where the matrix A connects k only with —k and with —k +

(7, 0). To apply (2.7) it remains only to invert A. It is easy to check that the only non-zero elements of A~ are

1 i sinky + sink;

A =L ———
2D(k, m)

1 _ 2 m cos ki
k,—k+(7,0) — 2D(k, m) .

, (A4)

A (AS)

Then, formula (2.16) is obtained simply from (A.2), (2.7) and
| P = gk
(G2

A.1l. Large-distance behavior of G(X)
Here we prove Proposition 2. Take x % 0, m = 0, and let wa(k) = 1/[2(—isink] + wsinky)] and o (k) =
1/[2(—ik1 4+ wk>)] be the Fourier transforms of the diagonal elements of G and g, respectively. We have

dk —ikx ~
wa(x) = / B X(k)e gwa)(k) + Rw,l (x). (A6)
T2 (27)

The function wa (K) — §oww(K) is C* on the support of x (-), except at the origin. At k = 0, one can easily check that
it has bounded first derivatives and that the second derivatives are bounded by O (1/|k]). As a consequence (given that
x (K) is C*), an integration by parts argument shows that the remainder R, 1(x) decays at least as fast as |x]| —2. Next,
we rewrite the first term in the r.h.s. of (A.6) as

dk —ikx ~

—_— k) + R , A7
 ay® 9+ Roa( (A7)
where R, 2(X) = Qn)~2 fRZ dk(1 — x(K))dww(K). Since (1 — x(K)) is C*° and vanishes in a neighborhood of 0,
where g, is singular, again (via integrations by parts) it is easy to see that R, »(x) decays faster than any inverse
power of |x|. The sum R, 1 + R, » produces the diagonal elements of the remainder R in (2.27). Finally, the integral
in (A.7) is evaluated explicitly by using the residue theorem, and we obtain (2.28).

A.2. Finite-size corrections for the non-interacting system

Here we prove that, as long as m > 0, the finite-L corrections to the free propagator gf\e’r)

and that the ratio of Pfaffians (2.61) tends to 1 exponentially fast.

are exponentially small,
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Let us start with the Poisson summation formula, that in our notations we can write as follows: if F is a smooth
function on the torus T2 and L is an even integer, then

% Y. F= ) F(L, L))", (A.8)

kE'Df’T) 01,02€Z

where 0, t € {0, 1} and
F(x) = 1 / F(K)e ™** gk (A.9)
Qm)? ' '

If £ (k) = e &Y N (K, m, y1)/(2D(k, m)) then the Lh.s. is exactly g\, cf. (2.17). The term (€1, £2) = (0, 0) in
the r.h.s. is g(x,y) (cf. (2.18)), while the terms (€1, £2) # (0, 0) give a contribution exponentially small in L, since the
Fourier transform of the analytic function F'(k) decays exponentially.

As for (2.61), from the definition of Pfaffian and the explicit form (A.3) of K 1((91)’
1 0 1
5 logPf K| D= o O log[4D(k m)]. (A.10)
keDE\er)

Using again the Poisson summation formula and the smoothness of D(k, m) on the torus, the r.h.s. gives

10 /11‘2 dklog[4D(k, m)] + O(exp(—c(m)L)) (A.11)

for some c(m) > 0 and the claim on the ratios of Pfaffians follows.

Appendix B: Symmetry properties

In this Appendix we list the symmetry properties of the Grassmann action required for proving the properties of the

coefficients a}(,h), b](/h), a)fh))/,, Ip and Zj.(y.,1, ; listed after (6.20), after (6.33) and after (6.35). It is straightforward to

check that the Gaussian integration P (dv), the interaction Vlio) and the source term BS?) are separately invariant
under the following symmetry transformations, irrespective of the Grassmann boundary conditions.

(1) Parity: ¥rxy = iYy_x, m — —m and Jx j — Jox—¢;.j-
(2) Reflections around the horizontal axis: First change k — k™, where « is a generic coefficient in the polynomials
Vlio), BE?), and in the quadratic action entering the definition of Pp (dv/); then

(Ux,15 ¥x,2, ¥x,3, ¥xa) = (Y1, —Vx2, — Vs 3, Yra),  WithX=(x1, —x2), (B.1)

and Jx,l — J,},l, Jx,2 —> Ji—62,2~
(3) Quasi-particle interchange #1:

(wx,l’ %,2, 1,/f)|(,3’ 1%{,4) = (_wxﬁ’ _wx,47 wx,la wx,Z) (BZ)

while Jy ; is left unchanged.
(4) Quasi-particle interchange #2:

(Ux,1, ¥x,2, ¥x.3, ¥xa) = (=Vz2, Y1, — V¥4, ¥3),  WithXx= (x1, —x2), (B.3)

and Jx,l — ngl, ngz e Jg,gz’z.
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(5) If in addition m = 0, invariance under reflections in a diagonal line: First change « — «*, then transform the
Grassmann fields as:

(s 15 Ux 2, Vi 3s Yxa) > Vi(Ws 1, —iVsa, =V, —ivea), with &= (x2,x1), (B4

and the external fields as Jx 1 — Jz 2, Jx2 — Jx.1-

It is easy to check that the symmetries above are preserved by the multiscale integration. This is based on the obser-
vation that if

VW) / P(dp)e’ W+ (B.5)

and if both V and P are invariant under the above symmetries, then V'’ is also invariant. Therefore, the effective
potentials and effective source terms on scales & = —1, —2, etc., are also invariant under the same symmetries. We
can then use these symmetries in order to infer suitable symmetry properties of the kernels of V" and B™, which in
particular imply the desired properties listed after (6.20), (6.33) and (6.35).

As an illustration of the general method used to infer properties on the renormalization constants from the sym-
metries above, let us discuss the consequences of symmetry (5) on the structure of the diagonal terms in EVz(h). The

diagonal terms in Py Vz(h)(l//) have the form
N o (h)
Z/ (2 )2¢ kyKs y)(k_’_p)/)wky (B.6)

and they are left invariant by symmetry (5), which is applicable since in Py Vz(h)(l//) the mass m is set to zero. That is,
(B.6) is equal to

: dk -~ m) .
Zl(—])V‘H/ o Vi [REG  Gc R ] (B.7)

YV
where 1 =1,2=4,3=3,4=2 and k = (ka, k). Therefore,

(h) (h) i
Ky oy &+ py) =i(=D[Ky},  (k+pp)], (B.8)

which implies that a( ) =i (=107 [b;h)]*. To give another example, symmetry (2) implies a( ) = [a(h) 1* and b(h)

[b)(,h)]*. The remaining reality and symmetry properties of the renormalization constants can be derived similarly.
More precisely (details are left to the reader):

h _ agh), ) = bgh)
h) _ (h) a® = g
a3 =dy

) (h) 3 (h) (h) (h) (h),
=a, ,b, =b, andcr(1 2) =034

as well as b = —p{", b = —p{";

e symmetry (3) implies a} as well as aéh

e symmetry (4) implies a(

symmetry (2) implies (U ( 2))* —a((lh )2) and [, e R;

symmetry (3) implies Zh (1,2),j = Zn;3,4),j and Zp.(1,4),j = Zp;2,3),j» ] = 1, 2 (recall (6.33));

symmetry (4) for j =1 gives Z,.(1,3),1 = Zn:2,4),1 and Zp.(1,.4),1 = Zp:2,3),1 =0;

symmetries (1) and (4) for j = 2 give Zh;(l,3),2 = —Zh;(2,4),2 and Zh;(l,Z),Z = Zh;(3,4),2 = 0 (symmetry (1) is

applicable since in the computation of £3 one puts the mass m to zero);

symmetry (2) for j =1 gives Z,.(1,2).1, Zn.(1,3),1> Zh:(2.4).1> Zh:(3,4),1 are purely imaginary;

o symmetries (1) and (2) for j =2 give Zj,(1,3),2 and Z,.(2 4,2 are real, while Zj.(1 4)2 and Zj. (23,2 are purely
imaginarys;

o symmetry (5) gives Zp.(1,2),1 = —Zp:(1,4),2 and Zj,.(1.3),2 =i Zp.(1,3),1-

It is important to observe that, to prove the desired properties of a(h;,, which depend on the mass m, one needs
neither symmetry (5), that holds only for m = 0, nor symmetry (1) which requires m — —m.
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Appendix C: Gevrey class cut-off functions

We assume that the cut-off functions x (-), x (-) are in the Gevrey class of order 2. We recall that a C °°(]Rd) function
f is said to be in the Gevrey class of order s if on every compact K C R? there are two constants A = A(K, f) and
= u(K, f) so that for any non-negative integers ni, ..., ng

oy 05 £l < AR -l m L ng)) €D

For s = 1 we have a common characterization of real-analytic functions; the class of order 2 includes the function
e~/ 1,,>0. A useful feature of Gevrey functions is the fact that the Fourier transform f(x) of a compactly supported
—(const.)|x|1/$

—(1-k*/e%)~

Gevrey function f (K) of order s decays at large distances like a stretched exponential e

The example of a function x (k) to keep in mind is the following. Given & > 0, let f. (k) :=e¢ I1|k| <¢
and Fg(k) = ffoo fe(@®)dt/ fj;o fe(t)dt. Note that F, is a smoothed version of the Heaviside step function. It is
Gevrey of order 2, and such that F, (k) + F.(—k) = 1. For e < /2 we let 6, (k) = Fe(k + 7w /2)Fs(—k + 1 /2). We
also define x (k) := ), .7 0 (k + 27rn), which we can naturally think as a function on the circle T : =R\ (27Z). It is
straightforward to check that

x (k) == x (ki) x (k2) (C2)

satisfies all the properties required, in particular it is positive, symmetric under k — —Kk, Z?:l x (k—pj) =1 and the
support of x (k) does not include (0, ), (=, 0), (;r, ), provided ¢ is chosen small enough.
We also introduce

X := Y 0:(k+27n]), (C.3)

neZ?

which is (as a function on the torus) a rotationally invariant version of y (k).

To prove Lemma 2 one should start from the definition of GM, given as in (2.24) with x (-) replaced by fj,(-) and
make a change of variables k — k2" (the prefactor 2"1+71+12) jn (2.39) comes from the change of variables plus the
following facts: (i) D(k, m) ~ |k|? on the support of f;, (ii) every discrete derivative 9 ; corresponds to multiplication
by e~'%i — 1 in Fourier space, and le~iki — 1] < (const.)2" on the support of f;,). At that point, one can see GM (x)
as the Fourier transform of a Gevrey function of order 2 computed at 2x, whence the decay factor exp(—c«/%) in
(2.39). The argument is similar for the off-diagonal elements and for 7 = &* (thanks to the presence of the infrared
cut-off induced by the mass m ~ 2""), as well as for the propagators g and R
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