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Abstract. We consider a matrix-valued Gaussian sequence model, that is, we observe a sequence of high-dimensional M x N
matrices of heterogeneous Gaussian random variables x; .k fori e{l,...,M},je{l,..., N}, M and N tend to infinity and k € Z.
For large |k|, the standard deviation of our observations is €|k|* for some € > 0, ¢ — 0 and a given s > 0, case that encompasses
mildly ill-posed inverse problems.

We give separation rates for the detection of a sparse submatrix of size m x n (m and n tend to infinity, m/M and n/N tend
0) with active components. A component (i, j) is said active if the sequence {x;; i }x has mean {0;; r}; within a Sobolev ellipsoid
of smoothness 7 > 0 and total energy ) ", 91.2/;1 & larger than some r€2. We construct a test procedure and compute rates that involve
relationships between m,n, M, N and €, such that the asymptotic total error probability tends to 0. We also show how these rates
can be made adaptive to the size (m, n) of the submatrix under some constraints.

We prove corresponding lower bounds under additional assumptions on the relative size of the submatrix in the large matrix of
observations. Our separation rates are sharp under further assumptions. Lower bounds for hypothesis testing problems mean that
no test procedure can distinguish between the null hypothesis (no signal) and the alternative, i.e. the minimax total error probability
for testing tends to 1.

Résumé. Nous considérons un modele de suites de matrices de taille M x N dont les entrées sont des variables aléatoires Gaus-
siennes hétérogenes, x;;, i € {1,..., M}, j € {l,..., N}, avec M et N qui tendent vers I'infini et k € Z. Pour |k| grand, nous
supposons I’écart-type de x;; ; de I’ordre de €|k|® pour € > 0 tel que € — O et avec s > 0 connu; notre modele permet donc
d’inclure le cadre des problemes inverses modérément mal-posés.

Nos résultats sont des vitesses de séparation dans le probleéme de détection d’une sous-matrice significative de taille m x n,
avec m et n qui tendent vers I’infini et parcimonieuse, c-a-d m/M et n/N tendent vers 0. Une composante (i, j) est dite active si la
suite {x;; }x a une espérance {6;; }; qui appartient a une ellipsoide de Sobolev de régularité T > 0 et une énergie totale >k 912] X
supérieure a r€2. Nous construisons une procédure de test pour laquelle nous obtenons des vitesses de séparation impliquant des
relations entre m, n, M, N et €, de sorte que I’erreur totale de test tende vers 0. Nous montrons comment rendre ces vitesses de
tests adaptatives en (m, n), la taille des sous-matrices significatives.

En faisant une hypothése supplémentaire sur la taille relative des sous-matrices a détecter, nous prouvons les bornes inférieures
correspondantes, ce qui assure qu’aucune procédure de test n’est capable de distinguer 1’hypothese nulle de 1’alternative avec des
vitesses « meilleures » que celles obtenues par notre procédure de test. Dans certains cas, nous obtenons des vitesses de séparation
exactes.
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1. Introduction

We study here a collection of signals observed in Gaussian white noise models, doubly indexed by i from 1 to M and
by j from 1 to N. We say that a component (i, j) is active if there is some signal at these coordinates, otherwise we
assume that we observe only noise. We propose a procedure to test whether a smaller submatrix only contains active
components, that is smooth signal with some given smoothness and significant energy (measured by its L,-norm).
This step should be taken as a preliminary step to estimation methods designed for the sparse case.

Our model combines two problems with various applications to real-life data: on the one hand, cluster and bi-
cluster detection in large matrices which are frequently used e.g. in genomics, signal theory, medical statistics and, on
the other hand, sparse additive models which are very popular in machine learning.

Clusters’ detection in spatial data was treated in the Bernoulli model by [25], and in the Gaussian model by [2]
where the authors mention applications in biosurveillance, sensor arrays, digital images. Bi-clustering in large matri-
ces are applied to genomics (DNA microarray data), biology (detecting groups of drugs and proteins that interact),
computer science (detecting malware with similar signatures), marketing (detecting groups of clients with similar
tastes for commercial products). These data can be functional (over time in biosurveillance or medical imaging, for
example) and turned into signals, hence our model.

In other areas, signals are the object of interest and detection of activity in a sparse submatrix can arise naturally
like in video surveillance, environment monitoring (transport of hazardous materials, detection of biological and
chemical species). Sparse additive models are extensively used in learning theory, see [20] and references therein.
These models correspond to the vector case. However, [20] mention that the more general functional ANOVA should
allow interactions of order 2 and higher than 2, but that their computational complexity is too involved to be studied.
Our problem can be used to detect sparse interactions of order 2 in the functional ANOVA model. The submatrix
structure is only natural for the sparsity as the interactions propagate.

This problem can be stated equivalently in the Gaussian sequence model of coefficients of the signals (say Fourier
coefficients), indexed by integer numbers k. We propose to deal with the Gaussian sequence model, as it is easier for
our computations and discuss later on the alternative interpretation as signal detection. We also consider heterogeneous
Gaussian observations in order to include the setup of indirect observations.

More precisely, we consider the following Gaussian sequence model

Xijk =&ij0ijk teoxmijr, ie€l={1,....M},jeJ={1,...,N},keZ, (1.1)

where {n;j«}ier, jeskez is a sequence of independent standard Gaussian random variables, oy > 0 and € > 0 are
known. The M x N-matrix & = [&;;](, j)erxJ, is deterministic (unknown) and has elements in {0, 1}.

In what follows, the standard deviations o} are supposed to be the same for all components of the matrix, that is
they do not depend on (i, j) in I x J. We assume throughout the paper that, for some fixed given s > 0,

or ~ |k|*, for large enough integer values of |k|.

On the one hand, the case s = 0 reduces to the case of direct observations of the signal. In that case, we could
generalize our results to unknown (but constant) variance o. On the other hand, the case s > 0 corresponds to signals
observed in inverse problems like convolution with some independent noise, tomography etc.

The polynomial behaviour of o} as k grows to infinity corresponds to mildly ill-posed inverse problems. We refer
to Cavalier et al. [5] for more discussion on the relation between the sequence model with increasing variance and
inverse problems in the Gaussian white noise model.

The matrix-valued sequence 0= [&ij{0ij k}kez]), jyerx s is the quantity of interest. We want to detect from obser-
vations in the model (1.1) whether there is only noise or whether there are active components in 6, corresponding to
(i, j) where &;; = 1. When a component (i, j) is active, we assume that the corresponding sequence {6;;  }; belongs
to a Sobolev ellipsoid and has significant total energy, i.e., {6;j x}x € X (1,7¢), T > 0,7 > 0, where

X(t,re) = {0 eh(Z): @)™ Y kIFTOF<1:) 6> rf}. 1.2)

keZ keZ
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In this paper, we assume that £ has a specific structure, i.e., it belongs to

Ty,N(m,n) = {& matrix of size M x N : 3A; C I, #A; =m and 3B; C J, #B; =n
such that &; = 1((i, j) € Ae x Be)},

where the non-null elements form a submatrix with m rows and n columns (m and n are known) and with the notation
#C for the cardinality of a set C. From now on, we shall denote by Az and Bg those rows and columns where the
matrix & € Ty y (m, n) has non-null elements.

The testing problem of interest is the following

Hy:0=0,

H](T,re):66@[\/[’]\/(1—,"6,””,”),
where, for 7, r¢ > 0 and for m, n, M and N large, such that m < M and n < N, we define

@M,N(T» e, m, n) = {5: [gij{eij,k}kEZ](i’j)EIX] :g € TM’N(m, n)7

and for all (i, j) € Ag x Be, {01}k € Z(t,re)}.

The alternative hypothesis consists of matrices of size M x N containing mainly noise, except for elements in some
submatrix of size m x n containing sequences of Fourier coefficients of signals with Sobolev smoothness t and energy
(L norm) significantly large (larger than r).

The aim of this paper is to derive asymptotic detection boundaries, that is, asymptotic conditions allowing us to
distinguish the hypotheses and separation rates, as defined later in Section 1.2, for alternatives @y n (7, re, m, n), and
also to determine statistical procedures i which achieve these separation rates; such test procedures are said to be
asymptotically minimax.

Remark 1.1. We may also assume that the matrix & has entries either 0 or 1, such that Z(i,j)e]x] &j=m x n. That
means that we know the number of non-null elements of the matrix & since we know m and n but they can be found
anywhere in the matrix. This case reduces exactly to the vector case previously studied by Gayraud and Ingster [7]
under the sparsity condition that the number of active components mn satisfies mn = (MN)'=?, where b € (0, 1)
corresponds to the sparsity index.

Section 1.1 explains how this model is related to the multivariate Gaussian white noise model and how the inverse
problem reduces to heterogeneous observations in our Gaussian sequence model. In Section 1.2 we give more notation
and definitions.

1.1. Sparse high-dimensional signal detection

Let us see that the previous problem arises in some classical statistical models and hence, it has a different interpreta-
tion. When dealing with high-dimensional data, we model functions of many variables with additive models. For many
situations where additive models are employed see Stone [23] and references therein. Let us consider the multivariate
Gaussian white noise model

dX(t)= f(t)dt +¢-dW(r), te[0,11% deN, (1.3)

€ > (0 and W(t) is the Wiener process. When estimating f in a nonparametric model, the curse of dimensionality
makes the rates exponentially slow for large dimension d. Additive models, where f(¢) = Z?:] fi@p),t; €[0,1]

and fol fj =0for all j from 1 to d, are estimated with much faster rates, but the global estimation risk still grows
in a linear way with d. It is assumed in Gayraud and Ingster [7] that the univariate signal functions f; belong to a

class S(z, re), i.e., they have Sobolev smoothness 7 and total energy fol | fj |? larger than r€2. A function f is Sobolev
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smooth if it belongs to L ([0, 1]) such that f | f )22 |u))* du < 1 (where f is the characteristic function of a
function f) and 7 is called its smoothness parameter.

If we need to cope with very high dimension d, sparsity assumptions help to reduce the dimension. In Gayraud
and Ingster [7], it was assumed that only @'~ for some 0 < b < 1 coordinates are significantly active, i.e., f(f) =
Z?=1 & fi(t;),§; €10, 1} forall j from 1 tod suchthat }_; &; = d'~". They solved the following test problem:

Hy : all &; =0 (no signal is detected in data),
Hi(z, ro) : there exists d'~? values of j where £; =1 and f; € S(t,re).
Different sharp detection rates were obtained along the values of 0 < b < 1, but the setup of heterogeneous variables

was not studied.
In our paper, we assume a sparse matrix structure for our additive model:

M N
F@& =Y & fijtij), 1j€l0,1]and& € Ty, n(m,n), (14)

i=1 j=1

such that fol fij =0forall 7, j. We call the component (i, j) active if §;; =1 and, in that case, we suppose that the
signal in that coordinate belongs to the class S(z, re¢).

Let us reduce the sparse additive model (1.3) such that (1.4) holds for our initial model. Consider {¢y}rcz the
Fourier orthonormal basis of L,[0, 1] and recall that ¢g = 1. Define the multivariate orthonormal family, for ¢ €
[07 1]M xN ,

P =g [T o) =g,
(L.

Then, project the signal in (1.3) on these functions:
wi= [ @unaxe
[O’I]MXN
= / Dij k() f()dt +€ / Dij k() dW (1)
[O,I]MXN [O,I]MXN

1
= &j/o ok (tij) fij (tij) dtij + € - mij k.,

where {7;; 1} are i.i.d. standard Gaussian random variables.
We get our initial model for 6;; ; = fol ¢k fij and o = 1. Indeed, following Tsybakov [24], we know that f;;

belongs to S(t, r¢) if and only if {6;; «}x belongs to X'(t, ¢). Then, our test problem can be written:
Hy : all §;; = 0 (no signal is detected in data),
H(z,re): there exists &£ € Ty n(m,n) and for §;; =1 it holds that f;; € S(z,7r¢),

i.e., there exists a matrix & in Ty n (m, n) such that the signal in active coordinates (i, j) has Sobolev smoothness ©

and total energy larger than r?.

The variance 620](2 of our observations is allowed to increase with &, since oy ~ |k|*, s > 0. Indeed, let us suppose
that our additive model is observed in an inverse problem. That means that we observe
dX(t)=Kf(t)dt +€-dW(t), t=][t;;1;;€l0, 1"V (1.5)

for some linear operator K, with f given as in (1.4) and such that fol Kfij=0.
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Take, for example, the convolution model. In this case, the signal is observed with an additive independent noise
having density g. Then the operator K acts as a convolution operator with the density g and writes K f (1) = [ f(t —
u)g(u)du.

We suppose that K*K is a compact operator having eigenvalues o, 2 decreasing polynomially to O as k tends to
infinity. This corresponds to mildly ill-posed inverse problems. Whereas, in the case of well-posed inverse problems,
ok2 < o2 form a bounded sequence.

Then, we consider a singular value decomposition of K, that is families of orthonormal functions {¢y }x and {1 }x
such that K¢ = o, 'y and K* ¥ = o, ' ¢k Therefore, let Y, = 1 and ¥;; x(r) = Y« (1;;), and project (1.5) on this
family:

M N
Yijk = ZZEM/

Wik (OK fin (i) it + € - f
I=1 h=1 [0, 1]M >N

n i k(@) dW(r)
[0, 174>

1
= %'U/O wk(M)KfU(M)dM‘i‘Gnl],k

Note, moreover, that fol Vi - Kfij = fol K*Yy - fij = ak_] fol @i fij = ok_19,-j,k. Then, let x;j x = okyijk to get the
model (1.1).

Note that Butucea and Ingster [4] studied the particular case where 6;; x = all(k = 0) and the variance of the noise
is a given fixed o. The asymptotic rates for testing were given in terms of n,m, N and M. Here, we replace the
constant elements with arbitrary signals having a given amount of smoothness. Moreover, we add here the case of
heterogeneous variables which include mildly ill-posed inverse problems.

1.2. Notation and definitions

Denote by Py and Pz the distributions under the null and the alternative, respectively. Denote also by Ko, Vary and
Eg, Varg the expected values and variances with respect to Pp and Pg, respectively. Set 8;; = {0;; « }rez; indices of
probabilities, expectations or variances which are expressed in terms of non-overlined subsequences of # mean that
they correspond to active components.

For any test procedure ¥, that is, any measurable function with respect to the observations, taking values in [0, 1],
set w () = Eo(¥) its type I error probability and S(¢, Oy N (T, Fe, m,n)) = SuP?e(—)M.N(r,re,m,n)Eﬁ(l — ) its maxi-
mal type II error probability over the set @y y (7, re, m, n). Let us denote by

Y. Oun(t.re,m.n)) =) + B(¥, Oy N (T, re,m, n))

the total error probability of ¢ and denote by y the minimax total error probability over &y y(t, re, m, n) which is
defined by

y = y(@M,N(tﬂréam’n)) =13fy(1//7 @M,N(Ta rfvmvn))a

where the infimum is taken over all test procedures. We can not distinguish Hy and Hj(t,r¢) if y — 1 and we say
that we can distinguish the hypotheses if there exists ¥ such that y (¢, @y n (T, 7, m,n)) — 0.
By (asymptotic) separation rates or minimax rates of testing, we mean a sequence 7, such that

1 if % -0,
y(, Oy n(t,re,m,n)) — 0 if ;—j — +00.

By (asymptotic) sharp separation rates or sharp minimax rates of testing, we mean a sequence ¢ such that

y — 1 iflimsup%<1,
Yy, Oy N(T, re,m,n)) — 0 ifliminf% > 1.
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The asymptotics for model (1.1) are given when ¢ — 0 and, as we are mainly interested in high-dimensional
settings, when
m n
m,n, M and N — +0o0, p=——0, qg=——0. (1.6)
M N

Here and later asymptotics and symbols o, O, ~ and < are considered under ¢ — 0 and m,n, M and N such
that (1.6) holds. Recall that, given sequences of real numbers u and real positive numbers v, we say that they are
asymptotically equivalent, u ~ v, if limu /v = 1. Moreover, we say that the sequences are asymptotically of the same
order, u =< v, if there exist two constants 0 < ¢ < C < oo such that ¢ <liminfu /v and limsupu/v < C.

Nonparametric tests in the minimax setup were introduced by Ingster [8], [9] and [10] and intensively studied ever
since. In the context of inverse problems, minimax testing was considered by Butucea [3] in the density model, Ingster
et al. [13] in the Gaussian sequence model and [12] for a problem related to the Radon transform. A non-asymptotic
study of minimax rates in inverse problems was given in Laurent et al. [19]. Other minimax testing rates in multivariate
setups were given by Ingster and Stepanova [14,15] and Laurent et al. [18].

Detection of sparse vectors was treated by Ingster [11], Ingster and Suslina [16] and Donoho and Jin [6]. Detection
of sparse matrices was studied by Butucea and Ingster [4]. As we already mentioned, Gayraud and Ingster [7] consider
multivariate functions depending only on a small number of coordinates. In this paper, we assume that the sparse
coordinates have a submatrix structure. Moreover, in this setup we include the setup of inverse problems. Detection
of sparse objects has not been considered before in inverse problems to the best of our knowledge.

The plan of the paper is as follows. In Section 2 we define the test procedure and give sufficient conditions such
that its total error probability tends to 0. The construction of our test procedure involves solving an optimization
problem, which determines the construction of the minimax test procedure. Section 3 presents the lower bounds for
our problem. In Section 4 we give related results: first, particular cases where our separation rates write in a simpler
form, then we make our procedure universal with respect to the separation parameter r. and, finally, in Section 4.3 we
show that the separation rates are still attained uniformly over a set of values (m, n). Proofs are given in Section 5 and
the Appendix.

2. Testing procedures and their asymptotic behaviour

Consider the following family of weighted y2-type statistics: for (i, j) in I x J

o\ 2
() )

keZ

where (wy ) is a sequence of weights such that wy > 0 for all k¥ € Z and ZkeZ w,% =1/2.

In order to define the weights {w}}iez that will appear in the optimal test procedure, we solve the following
extremal problem. Recall that X' (z, r¢) denotes the Sobolev ellipsoid defined in (1.2), with 7 > 0 and r. > 0, and
{ok}rez is a sequence of positive real numbers. We define the sequences {wj}rez and {6} }rcz as solutions to the
following optimization program:

Sui(L) T 22
_— = su m B . .
Y\ cor P ez =\ eor

(WKl (@):we=0; Y wi=1) keZ

Let us denote by a(re) :=) ez wi (0F/ (€0%))?, the value of the optimization problem (2.2) at the optimal point.
Let us discuss heuristically why we need to solve this problem, before giving the solution. Note that under the
null hypothesis our statistic becomes #;; , = ZkeZ wk(n,.zl.’k — 1) and it is a standard random variable (due to the

normalization Y., w? = 1/2). Under the alternative,

0ij k 2
Ea,._,(ti,-,w)=2wk(mk> : 23)

keZ
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In order to distinguish the alternative from the null at best, we need to consider the worst parameter 6;; under the
alternative and then maximize over possible weights wy > 0 verifying the normalization constraints ) _, w,% =1/2.

Proposition 2.1. Let {o}}rez be a sequence of positive real numbers such that oy ~ |k|* as |k| large enough, for a
given s > 0. Then, the optimization problem (2.2) has the following solution:

B |k_| 2T . (9]:)2
( )—v k‘/_<1 (T) >+ and wk_—Zezokza(re)’

where (x)4+ = max(0, x), with

1/@27) (4s+1)/(21)
T~ (5L FolT v — 1 (e P2HESED/T nd a(re) ~ e(t, s)e 22+ s HD/2D)
i € 1 \ Kk € ’ € ’

where the asymptotics are taken as k — oo and as re — 0 and the constants are given by

K —(4s+1)/(27) K3 4\/}[
c(r,s)" =2 — “ K = ’
2 ki 4s+ (s +27 + 1)
427 2m)*" 1 5 |
2= and k3= — n '
(4s+2t 4+ D@s+4r+1) G+l dstoesl T atdrad
Moreover, we have sup, w; < rl/(ZT) 0.

The proof of Proposition 2.1 is postponed to the Appendix. Note that w* = {w}rez and 6* = {6 }xez check the
constraints in (2.2), that is, Zk(wk)2 2, Z,((Qk)2 = r2(1 +o(l)) and ), 2rk)? (9,:‘)2 =1+o0(1), asrc — 0. It
is worthwhile to note that, due to Proposition 2.1 and relation (2.3), we have

[

a2
52 g =@ o), (24)
k Ok
inf  Eg,; (#ij,u*) = alre) (2.5)
0ijeX(t,re)

and note also that the sequences w* and 6* have a finite number 7 of non-null elements, but 7' grows to infinity as
re — 0.
Define the test procedures,

¢X2 = ll(tx2 > H), with 11 = «/— Z tijw*s (2.6)
(i,j)elxJ

PS = ]l(tsca“ > K) with 1" = max Z lijow*s 2.7
§€Tm,n(m,n) »\/

(l J)EAg X B

where K2 = 2(1 +8)log((Y) (™)) for some small 8 > 0 and H is a positive number, depending on s and 7, on
e,m,n, M and N, to be correctly chosen in the following theorem.
Under the assumption (1.6), we can check that

1og<<]n"1’> : (2’)) ~m-log(p~') +n-log(g").

The following theorem gives the upper bounds for the testing rates of the previously defined procedures. We denote
by @ the c.d.f. of a standard Gaussian distribution.
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Theorem 2.1. Assume (1.6). Suppose that re — 0 and recall that

a(re) ~ c(t, s)6_2r€2+(4s+1)/(21).

1. The linear test statistics X ? defined by (2.6) has the following properties.
Type I error probability: if H — o0, then w(wxz) =d(—H)+o(1).
Maximal type II error probability: if

az(re)mnpq — +o00, (2.8)

choose H such that H < c - a(re)\/mnpq, for some 0 < ¢ < 1, then /S(I/IXZ, Ou nN(T,re,m,n)) =o(l).
2. The scan test statistic Y5 defined by (2.7) has the following properties.
Suppose that Kzrel/r/(mn) =o(1).
Type I error probability: o (Y*") = o(1).
Maximal type II error probability: if

az(re)mn -
2(m -log(p~!) +n -log(g~1))

then B(Y*™, Oy N (T, 7e, m,n)) =o(l).

liminf 1, 2.9)

Let us note that the condition K 2re1 /e /(mn) = o(1) is pretty mild on the size of the submatrix. Indeed, as we assume
that r. — 0, it comes down to assume that log( p‘l) /n—+ log(q_l) /m = o(rf). This condition allows us to tune K
at its smallest possible value by Lemma 5.1 so that the type II error probability tends to O under the sharp condition
(2.9).

As a consequence of Theorem 2.1, we have the following result.

Corollary 2.1. Assume (1.6). Suppose that re — 0. Consider  the test procedure which combines I/IX2 and Y5 as
follows

v = max(lﬂxz, Y.
The test procedure v with H and K chosen as in Theorem 2.1 is such that y (Y, Oy n(T,1e,m, n)) = o(l) as soon

as either (2.8) or (2.9) hold.

3. Minimax total error probability

We prove here optimality results for the rates attained by the previous test procedure . However, the optimality is
attained under additional hypothesis requiring an ‘almost’ squared matrix in the sense that the relative sizes of the
submatrix should be of the same order in both directions (rows and columns sizes). More precisely, these additional
hypotheses are that

loglog(p™") loglog(q ")

9 0, 3;1
log(q—1) ogp ) G-

m-log(p~"') =xn-log(qg™") 3.2)
and

1 -1
m-log(p™ ) +n-log(g™) _ o(1)e=2/@rH2s+1).
mn

(3.3)
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Theorem 3.1. Assume (1.6) and (3.1)—(3.3). If re¢ is such that the following conditions are satisfied

az(rg) -mnpg — 0, (3.4

az(re) -mn

lim sup — —= <1
2(m -log(p™") +n-log(g™))

(3.5)

then infy, y (f, Oy n (T, 7e, m,n)) — 1.
The proof of Theorem 3.1 is given in Section 5.3.

Remark 3.1. Theorems 2.1 and 3.1 together say that, under assumptions (1.6), (3.1), (3.2) and (3.3) our test procedure
Y in Corollary 2.1 is asymptotically minimax, it achieves the lower bounds.

Let us insist on the complementarity of the conditions on r¢ such that, on the one hand, the test procedure Y has
total error probability tending to 0 and that, on the other hand, no test procedure can distinguish the two hypotheses.
Our results provide separation rates between these cases and they are defined through a(r¢). Indeed, the detection
boundary a(re) satisfies the following relations

az(fe) -mnpq <1, az(r}) -mn ~ 2(m . log(p_l) +n- log(q_l)).

Therefore, the detection boundary can be written

2(m -log(p~") +n -log(g—1)) } (3.6)

Jmnpq mn

if 2 log(p~H+n-logg™") _

— mn,

a(re) < min{

and they are sharp , that is when the scan statistic detects. By Proposition 2.1, we

mn
have that a(F.) ~ c(t, )€ ~2(F) 2T @+D/QD) g5 € — 0 and 7y — 0 and it implies that €*a(Fy) — 0.

2 . . .
Remark 3.2. Note that for the test procedure X~ we show separation rates, while for {**" we show sharp separation
rates. This is intrinsic to the model. More refined results can be stated in order to get sharp separation rates for the
linear procedure. In particular, following [13], which is based on [17], we have (for one-dimensional signal) that, if

az(rg) =<1 and supwi=o(l),
k
then the minimax total error probability is such that
1
y(@11(1,re,1,1)) =2 —5a(re) ) +o().

Obtaining analogous results for the sparse matrix case is beyond the scope of our paper.

4. Related results

In this section, we discuss various results. We start by giving the rates in some particular cases, some of them are
already known. Then we go back to our testing procedure and show how to make it universal with respect to the rate
re. In the penultimate part, we make the procedure adaptive to the size of the submatrix (m,n) varying in some set
KCum. v, without loss in the separation rate, under some constraints on the set. Finally, we add a comment on how we
could implement our test procedures.
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4.1. Particular cases

In this section we discuss how our results connect with known cases and how they write in particular examples.

One-dimensional signal. We can recover from these results the separation rates for one-dimensional sequences
(i.e. M = N =m =n = 1). In this case (3.6) requires that a(r¢) is asymptotically constant, which means re ~
(¢ (z, 5)€2)27/@Gr+4s+D and that is the minimax rate for testing one-dimensional signal with Sobolev smoothness 7,
see Ingster et al. [13].

Polynomially sparse submatrix. Let us consider the particular case where m = M'~?1 and n = N'~2 with the
sparsity indices by and b, in (0, 1). Suppose that M€ =< N with some positive C, then assumption (3.2) is satisfied
provided that (1 — b1) = C(1 — by). The particular choice of C = 1 is discussed in details later.

For any positive C, note that assumption (1.6) is reduced to M — oo. Moreover, assumption (3.1) is trivially
satisfied and condition (3.3) becomes M?1~! = o(¢=2/27+2s+D) Then, the detection boundary, namely a(r) in
(3.6), satisfies

a?(7e) = min{ M*172 2(by + Cby) log(M)M" ).

Due to Proposition 2.1, we can deduce separation rates which are reported in Table 1; those separation rates are
different according to the values of (b1, by) in the open square ]0, 1[ x 0, 1[. It is worthwhile to note that for 0 < b; <
1/2 and 0 < by < min(l1, (1 — 2b1)/C), the separation rate corresponds to the one obtained in the M?-dimensional
Gaussian white noise model when the sparsity is moderate (see Gayraud and Ingster [7]). This seems reasonable as
the linear statistic detects the submatrix in those cases and its behaviour does not depend on the vector or matrix setup.
Note that our results generalize the previous rates for the more general model including ill-posed inverse problems.

Squared polynomially sparse submatrix. Now, the choice C =1 in the previous case, which leads to by = by :=b
and hence M =< N, corresponds to the case of a sparse squared submatrix in a squared matrix. In this case, the
separation rates, reported in Table 2 are different according to the values of b. Here the cut-off is b = 1/3 and again
the separation rate corresponds to the one obtained in the M?-dimensional Gaussian white noise model when the
sparsity is moderate (see Gayraud and Ingster [7]).

Sparse high-dimensional vector. Let us assume n = N = 1 and m = M'~?, with b € (0, 1) the sparsity index. It is
obvious that conditions (3.1) and (3.2) are not satisfied, but the upper bounds hold and they give the separation rates

Fe < min{(c2(z, )e* M2~ EHIED [0pe=2 (2 5)et log(m)) /AT

Note that the rate is (¢ ~2(z, s)e*M?P~—1)T/Gr+4s+D when b < 1/2 and it is (2bc™2 (1, s)e* log(M))T/@7+45+D when
b > 1/2. Again, in the moderately sparse case we find the separation rates of Gayraud and Ingster [7] in the more
general setup of inverse problems. However, the highly-sparse vector case should be reconsidered in the case of
inverse problems.

Table 1
Separation rates 7¢

by €(0,1/2) by e1/2,1)
0 < by <min(l, 17(/%[” ) (¢ 2(z, s)et M¥1-2)T/(GrHas+]) (72(“6;(5?))64 Mb1=1log(m))T/@rHas+D)
12y oy (2<b162+(iz;2)>e4 Mb1=1log(M))T/GTH4s+1) (2(biz+(fﬁ§)g4 MO log(M))T/GrHds+1)
Table 2
Detection boundary
b e (0,1/3] be(1/3,1)
a?(Fe) M2 4blog(M)MP~!

Fe (672('[, S)€4M4b72)‘[/(4f+45+1) (4bC72(l’, S)€4Mb71 log(M))T/(4‘E+4S+1)
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4.2. Universal test procedure

.. 2 .
Recall that the test statistics X~ and #°°®" depend on #;; ,,~ and hence on r, through the sequence w* (see Proposi-

tion 2.1); it means that 1%° as well as 15" are different for two distinct re (given by the alternative hypotheses). One
may be interested in dealing with test statistics free of r¢ in a range where either (2.8) or (2.9) hold. In this part, we

2
describe such a procedure. Denote by 74 and 7€

. log p~! +nlogg="\ "'
= (mnpq)~'*e’c”!(z,5) and F§°““=~f2<m gp_+nloeq ) 2 (1,9),
mn

where ¢(z, s) is defined in Proposition 2.1. Then define the test procedures v/ X ? and Prsean as follows:

202 ey ~ . 1
X =1(" > H), with7 _—«/W.Z R

G, j)elxJ

1Zscan — ]]_(fscan -~ K), with fscan

Z tij,w*(fgca")»
£t VI i jyeAex Be
where H is a positive constant such that H — oo and recall that K2 =2(1 + 8) log(( )(IZ )) for small positive §.

Lemma 3.1 in Ingster and Suslina [17] implies that i s asymptotically standard Gaussian under Hp and hence
the type I error probability of X ®is asymptotically zero. Acting exactly as for 5", the type I error probability of
¥ can be proved to vanish asymptotically under the condition K (752" !/C%) / /mn = o(1).

To control the maximal type II error probability of /X * and USa over the set @y n (T, re, m, n), when re satisfied
either (2. 8) or (2.9) reduces to bound from below, uniformly over X' (z, r¢), the term Eg (tij,w*(.))» Where Fe stands

for either 7, ré or 7,

2
Note that due to Proposition 2.1, relations (2.8) and (2.9) are respectively equivalent to 7 /fex — +o00 and
liminfr. /75" > 1. Without loss of generality, let us suppose that r. is equal to B7,, with B > 1. Therefore, it suffices
to bound from below Eg,; (¢ w»(7,)) uniformly over X(z, B7¢) under the condition B — oo and B > 1 respectively.

Now fix H = B/2.
Applying Proposition 4.1 in Gayraud and Ingster [7] gives that for any #;; € X' (t, Br) with B > 1, one has

EO (tlj w* (Fe )) > B a(re)

which leads to prove that the type II error vanishes asymptotically since B — H — oo and 2(mlog(p~') +
nlog(g~")) (B2 — (14 8)) — oo for § small enough.

4.3. Adaptation

We shall consider here adaptation of our test procedure to the size of the submatrix (2, m).
Following Butucea and Ingster [4], we introduce a set of indices KCps v C I x J such that the following conditions

hold:

1 1 log M N

sup <—+—+£+£)—>O and sup ( o8 ~+ _1)—>O
mmekyy\m n M N mmeky y \mlog(p~h) ~ nlog(g™")

For each (m, n) € Ky, y, consider the same statistic wxz as defined in (2.6), but a slightly modified version of (2.7),
namely the test

wi,cf}\‘,‘_ ( max f,snc,?n>1),
(m,n) ey n



Sharp detection of smooth signals in a sparse matrix 1575

with the statistic

- 1
£5ean —  max Z tiiw
mn ij,w*s
eT, n) K /mn ’
§€Tm.n (m.m) (i.j)€Ae X Be

and K2 = K2 =2(1+8)[(m-log(p~ ") +n-log(g~")) +1og(MN)]. The following theorem gives necessary condi-

mn
tions and a test procedure which adapts to the size (m, n) of the submatrix unknown within a given subset Cps .

Theorem 4.1. Ifre — 0 and if, for each (m,n) € Ky N, we have amy (re) such that either

2

min  a,,

Fe)mn — 0
o (re)mnpq

or

2
liminf min a’?"(”) — > 1
(mm)eKy,y 2(m -log(p~1) +n -log(g~1))

then the test ¥ = maX{I/fXZ, 1/715‘;‘}‘{,‘}, with H = Hyn — 00 such that Hyn < cming, nyeky y @m.n(Fe) /mnpq for
some 0 < c <1 and Ky, such that max, nyeky x K,%mrel/r/(mn) — 0, then y (¥, U(m,n)elCMN OmunN(T,re,m,

n)) — 0.

Note that the separation rates are the same as in the nonadaptive case. Therefore, adaptive lower bounds are an
immediate consequence of the non-adaptive lower bounds under the same additional conditions (and uniform in
(m, n) over Ky, n).

The test statistics #*° and 154" can be made free of r by following the same procedure as in the previous section.
They still achieve the same separation rates as in the case of known size (m, n).

4.4. Implementation of the test procedures

The linear procedure X ? is rather simple to implement. However, there are difficulties for implementing the scan
procedure 1r5¢". Indeed, computing the scan statistic £5°®" implies computing standardized sums over all submatrices
of size m x n in the large matrix M x N. This is computationally infeasible for large values of M, N, m and n.
However, a heuristic algorithm can be implemented as in Butucea and Ingster [4], following Sun and Nobel [21] and
Shabalin et al. [22], which is a random procedure finding local maxima. It was observed by numerical simulations in
[4] that with a sufficiently large choice of random initial values, the algorithm actually finds the global maximum that
we aim at.

5. Proofs

Let us start with a preliminary result that gives an approximation of the moments generating function of #;; ,,» defined
in (2.1) under Hy.

Lemma 5.1. For any real number X such that )\ sup; w; = o(1),

2
Eo(exp(kt,-j,w*)) = exp(%(l +0(1))>, V@i,j)el x J.

The proof of Lemma 5.1 is postponed in the Appendix.
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5.1. Proof of Theorem 2.1
Observe that under Ho, t;;, are i.i.d. random variables with zero mean and unit variance. Indeed, one gets

Varo (tijw) = D w,% Var(nl.z]:’k)/ak2 =23 w,% = 1. Under the alternative, for all §;; € X (z, re),

2
l]k
EG,,(tljw)—Zwk sljv

k
Varg,, (tij.0) = Y _w (2+4 . s,,)

k
62
k
<1+4supwy- Zwk%&j =1+4supwyg - Eg,; (tij,w)-
k & o€ k

Due to the previous relations, for any 0c Opu N (T, re,m, n)

1
Eg (tX )= — E Eg;; (tij,w*)
(l J)EAg X Bg '

> VMNpq-a(re) =/mnpq -a(re), (5.1

where the penultimate inequality follows from (2.5). Moreover, for the variance we have

2 1
Varg (1X7) = N Z Varg,  (ti,uw*)
(i j)elxJ

Sl Y Y

(i,j)eAsxB: k

<1+4supw} o (7). (5.2)
k

vMN

«—0 ..
Recall that sup;, wy; 0 (see Proposition 2.1).
Type I error probability of WXZ. Since sup, w; = o(1), the asymptotic standard normality of ¢%* under the null
follows from Lemma 3.1 in Ingster and Suslina [17] then, as H large enough,

Po(t*" > H) = & (—H) + o(1),

where @ stands for the c.d.f. of a standardeaussian random variable. )
Maximal type 1l error probability of WX~ uniformly over ©y n (T, re, m,n). We deduce from (5.2) that Varg(tx )=

1 +o(Eg (tX )), uniformly over 0 € Om N (T, Fe,n, m).
For all 6 in Opm n(t,re,m, n), by Markov’s inequality and relation (5.1),

By(* = H) < By(|t —Eg(r"")| = Eg(1) - H)
Varg (tX")
T (BpX*) — H)?

_ L+dsup wiEs (1) /N MN
(Eg(t%*) — H)?
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- 1 n 4 sup wy
T (1= 0)?E5(tx*)? (1 - )2/ MNEz1%%)

=o(1),

provided that a(r¢)/mnpg — +oo and H < ¢ - a(r¢)/mnpq for some 0 < ¢ < 1.
Type I error probability of y5".
Applying Markov’s inequality,

Po(1¥*" > K) < Z (F Z tijow > K)

€Ty, N(m,n) (i,j)€Ag X By

) ()l
= Py Z tijur > K
<m (i,j)€As X Bt
M N 2
< () (3 )ortrm(enl 3 )
" " (i,j)€Ag X Bt
M N 5 K mn
() (et (m(onl o)) o
. N\ (M *
Set A = K//mn with K = \/2(1+8)10g((n)(m)), for some small § > 0 and note that K/./mnsup; wy <
K r!/ @) /+/mn = o(1) by assumption in our theorem; then, applying Lemma 5.1 we obtain that

2

%(1—1—0(1))).

Eo(exp(At11,u+)) = eXP(
Next, by plugging (Eg (exp(d%m,w*)))nm = exp(KTz (1 + o(1))) into (5.3), we obtain

Bo(rn > K) < (M ) (2’ ) exp(—K2/2(1 + o(1)) = o(1), (5.4)

m

due to the choice of K = \/2(1 + 4) log(([:) (%)), for some small § > 0.

Maximal Type II error probability of > uniformly over @y n(T,re,m,n). For any 0 € Oy n(T,7c,m, n),
it exists A C I and B C J such that #A =m, #B =n and &; = 1((i, j) € A x B); using the inequality #*°*" >

l .
WoT Z(l-’j)eAxB tij w*, We obtain

1
P(tsca“<K)<IP’(— > 1 *<K)
0 = =1y ijw* =
VI eAxB

Varg(1/(/mn) 32 heaxp tij,w)
(E (1/(V )Z(, ])eAthlj w*) K)z.

Due to (2.5), we have

1 1
E<— t ',w”) EG, (tij,w) = a(re)v/m
"\ imn (i,jg;xB ! v 2 Y e

(z j)eAxB

By assumption (2.9) we have liminfa(re)y/mn/K > (1 + 8)~ 172 which 1mphes that, asymptotically, K <
a(ro)y/mn(1+8)/(1 4 8) for some § > 0 and then K < ca(re)/mn < CEO(\/’_Z(Z jyeaxp lijw+) for some
0 < c < 11if § is small enough.
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Now, acting as for getting Equation (5.2), we have

1 1
Var—(— E tij *) =— E Varg,; (tij,w*)
0 1, w ij L,w
Vimn (i,j)eAxB mn

(i,j)eAxB

4 sup, wy
= 1 + L Z EG,—,- (tij,w*)

mn .
(i,j)eAxB

4supy, wy ( 1
<1+ Ey >t )
m VI i ))eAxB
Finally,
1 4supy, wy

Fa(r" < K) < (1 —=10)2a%(re)mn + 1 —-0)2a@ro)mn =o(D).

5.2. Proof of Theorem 4.1

As the test procedure X ®in (2.6) does not depend on (m, n) the same upper bounds hold for it. The proof is slightly
different for v ;.
The type I error probability is bounded from above as in (5.4) for the modified value of K in this theorem:

Po< max [t > 1) < Z Py (tsca“ > K)

(m,n)eKp, N (m,n)eky n

< Z (MN)—(1+5) exp<—8log (Z) <IZ> (l +0(1))>,

(m,n)ey n

for 0 <& < 1 small. By hypothesis, §log((¥)) < 8mlog(p~") > Am, for large m, M and some A > 1, as p — 0
uniformly. Therefore,

IP0< max 70 > 1) < 3> @TmMN)TH = o)),
(m,n)ey.N

(m,n)ely N
As for the type II error probability, we first fix (m, n) in Ky n, then fix a matrix € in T)y, y and then the same proof
in Theorem 2.1 holds.

5.3. Proof of Theorem 3.1

The usual steps for proving the lower bounds are the following. First, we bound from below the minimax total error
probability by reducing the set of parameters. Next, we choose a prior on the reduced set of parameters and bound
the testing risk from below with a Bayesian risk. Finally, this Bayesian risk is large if a x2-distance between the
likelihoods under the null and under the mixture of alternatives is small.

We follow closely the proof in Butucea and Ingster [4] with important modifications; indeed, the two-sided alterna-
tive involves a Bayesian prior on the sequences {£6,"}; and for the study of the averaged log-likelihood with respect
to this prior, instead of the Laplace transform of a Gaussian, we give in Lemma A.1 the asymptotic behaviour of the
Laplace transform of a random series. The latter is approximately the same as in the Gaussian case in our restricted
range of parameters.

Recall that {6;}ez is the solution of the optimisation problem (2.2) and let us choose a matrix £ in the set
Ty n@m,n), € =1((, j) € A x B) where A = A¢ is a set of m rows out of M and B = B; a set of n columns
out of N. Denote by

Tun (T re.mn)={0= [Si/{iel:}k](i,j)elxj’g € Ty (m.n)}.

This is the reduced set of parameters, i.e., a subset of the alternative &y y(t, re, m, n) in our test.
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A prior measure on the reduced set will choose & with equal probability in the set Ty y (m, n); given &, the (6;;)’s
associated with non-zero &;; are i.i.d. and for (7, j) such that &; = 1, the prior will choose with equal probability
between 6; and —6, independently for each k. We can write 7;; x = %(8_9]: + 80[:), where § stands for the Dirac
measure, and 77;; = I 7ij k. Let us define

AR CTRITI SR §

€Ty, Nn(m,n) (i,j)€As x Bg

the global prior on #’s in Tu.N(T, re,m, n).
Let us write the likelihood ratio of one active component, i.e., when (i, j) is such that &;; =1,

*2 9]:
Hexp cosh x””‘@ . 5.5)

k

d]P’

Set X = [{x; i.k3k1G, j)- Then the likelihood ratio with respect to the null hypothesis of our observations becomes:

dP= 1 dPs —
LX) = =X ([fxijahe] g 1)) = ——rm el ¥5'%
PO . .7 (}r‘n/]) (}1:]) EGTMZN:(m,n) dPO
where
dP dPy,,
d]P’Z X) = H dPy ({xij.x3)- (5.6)

(i,j)€As x Bt

In order to prove that we cannot distinguish the hypotheses asymptotically, we see that

y= inf (w(¢)+ sup ]Eg[l—gﬁ(f)])

velo.l 0€Oy N (T,re.m,n)

> inf (w)t s Bl -y (X))

Vel 0T .n(T,re,m,n)

Zwé?({l](w“”” > ﬁ@)E,,[l—wY)])

0Ty n(T,re,m,n)
> 1l/él[lof”(]Eo(W(Y)) + Eo[(1 — ¥ (X)) L=(X)]).
This infimum is attained for the likelihood ratio test ¥*(X) = 1(L7(X) > 1). By Fatou lemma, we have
liminfy > Eo(liminf(y*(X) + (1 — ¢* (X)) Lz(X))),

which implies that y — 1 if L=(X) — 1 in Py-probability. In order to prove this sufficient condition, it is enough to
check that

Eo(Lz(X)?) < 1 +o(1). (5.7)

First, let us consider EO(L%(Y)) and let us see that (5.7) can not be obtained; the explanation is that too many
events with small probability are summed up in the expected value of the square likelihood ratio.
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Non-truncated likelihood. Let us denote by X the random matrix uniformly distributed on Tys n (m, n),i.e. P(X =
£)=((*)(M)". Then, using (5.5) and (5.6), one has

Eo(L2(%)) = = )1( - O(sz% dIP’Sz( )>

222150( I nexp< *z)cosh<xi,,ke%)

(( )(n 5 & (i.j)€Ag, x B, k

*2 *

6
X | | | |ex cosh( x,p == | ).
p( ) ( uv’k6202)>

(u, U)GAE X Bg k

Using Laplace transform of standard Gaussian random variable, note that, if Z ~ N (0, 1) and if > > 0
E(cosh(ZA) exp(—Az/Z)) =1 and E(coshz(Z)L) exp(—kz)) = cosh(kz),

that we apply to x;; x/(eoy). We deduce that

Eo(L3(X) = g 20 [1 Hcosh(e

e )
2
(( )(n)) &1 & (i,j)€Ag NAg, xBg NBg, k 2oy

0
=Ex, x, exp(| H(X], X)L(X, X)log Hcosh > ,
k

EO'k

where H (X7, A2) and L(X;, &) are random variables such that H (§1, §&2) = #Ag, N Ag, and L(§1,&2) =#Bg N Bg,
with &1, & realizations of X, AX5.

*2
At this stage, let us evaluate D :=log([ [, Cosh(3‘7)):
k

>> Zlog<l+2<9 )2(1+0(1))>

) 1+o() =a*(re)(1 4+ o(1)), (5.8)

D= Zlog(l—l—Zsmhz(
_Z(

which holds under Elation 2.4).
Back to EO(L%(X)), we can write

Eo(L2(X)) = Ex, (Eﬁ:’xz (exp(H(Xy, X2) L(X), X2)D))).

Note that, given X, H(Xy, X)) ~ HG(M,m,m), L(X), X2) ~ HG(N,n,n) and H(X], Xp) and L(X], X») are in-
dependent random variables. Then, due to Proposition 20.6, page 173 in [1], there exist two Binomial variables Y7 ~
B(m, p) and Y2 ~ B(n, q) such that E'y P L x, (Y11H (&1, A2)) = H (&1, A2) and E L4, (N2 L(X, A7) = L(X), A),

where E /'\’i X denotes that conditional expectation w.r.t. X7.

Now, applying twice Jensen’s Inequality and then using the generating function of Binomial random variables, we
deduce

Eo(L3(X)) = Ex,. 4, (Ex] v, (exp(EX] 1, (V1| H (X1, X2))EY] y, (V2IL(X1, 1) D))

<Ex EY v (exp(NEY 4 (V2IL(X1, X)) D)|H (X, X))
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< E(exp(Yl Y2D))

= EE(exp(YY2D)|Y)

=E([(exp(Y1 D) — 1)g +1]")

= E(exp(nlog(1 + (exp(Y1 D) — 1)q))). (5.9)

Next by applying twice the Mean Value Theorem, using twice the inequality log(1 + x) < x on R™ and again due
to generating functions of Binomial random variables, we obtain that there exist 81 €0, 1[ and 6, €10, 1]

Eo(L2(X)) < E(exp(nlog(1 + Y1g Dexp(6, Y1 D))))
< E(exp(nquD exp(@lmD)))
= [p(exp(ngD exp(0ymD)) — 1) +1]"
= exp(mlog(1 + png D exp(61m D) exp(6rng D exp(6imD))))
< exp(mpan exp(61mD) exp(egan exp(@lmD))),

in which the argument of the exponential can not be made arbitrary small.
Truncated likelihood. That is why we have to modify slightly the likelihood ratio, by truncation, as follows:

o 1 9*2 o*
L#(X) = W Z 1_[ l:IeXp(— 2€§0,3> COSh(xij’k ﬁ)ﬂ(l}),

m/\n/) E€Ty n(m,n) (i,j)€As x Bg k

where the event % is defined later on.

The idea is that the random variable in this event is truncated at the values predicted by large deviations and this is
sufficient to diminish the second-order moment of the likelihood ratio.

Let us denote I" = (N¢er,, \ ny[e and I € its complement. Then, for some fixed § > 0, let us consider the event

E={Lz(X) — 1] > 8}
Po(€) =Po(ENT) +Po(ENTC)
< 5 2B ((Lx(X) — Lx(X) + Lx(X) — 1)*1(I)) + Po(I"€)
< 26 By (L (X) — Lx(X))*1(I") + Eo (£ (X) — 1)°1(I"))} + Bo(I°€)
<267 2Bo((Lx(X) — 1)°) + Po(I"C)
< 287 [(Bo(Lx(X)?) = 1) = 2(Bo(Lx(X)) — 1)] + Bo(IC),

where we used the following equality 1(1")L+(X) = 1(I" )L#z(X). Then, it remains to prove the following lemma to
complete the proof of Theorem 3.1.

Lemma 5.2. Under the assumptions of Theorem 3.1 we have the following:

L. Po(I) — 1.
2. Eo(Lz(X)) — 1.
3. Eo(L#(X)?) < 1 +o(1).

The proof of Lemma 5.2 is postponed in Section A.1.
In order to finish this part, let us define the event I'; for some small §; > 0 as follows

= N (v <Tul (5.10)

dym<h<m, VeTy n(h,l):
Sin<l<n Ay CAg,By CB:s
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where
.. 2 4
Yy = a(&;m D jyeAy x By 2k logcosh(uy - %:) - ”7‘ + '%"), ux =6} /(eox),
T3 =2(10g((5) (7)) (1 + Ae) + log(mn)),
for
A { 1 1 }
= max , — 1.
‘ loglog((M)(V)) " log((a(re) sup; w)~")

Note that 6 is null for k > T' and thus the sum over k in Yy contains a finite number of non-null elements. Due to
(2.4), recall that we have

> up =2d%(ro). (5.11)
k

We want Th21 to be equivalent to 2(log((1‘:) (1;’)) + log(mn)), therefore we should have A, = o(1). Moreover, the
proof of the first item in Lemma 5.2, requires that

A, -10g<<];14> (7)) — o0 and Ae/(a(re)szpw,:) - o0. (5.12)

Let us see that with our choice of A, the relations (5.12) as well as A = o(1) are satisfied for any r. such that
Fe <Fe,

a(re) -supw} < O(Da(Fe)il/ @Y
k

< O(D)a(fe) ! TV @THsD 2/ Artas+1)

(dr+ds+2)/(dr+ds+1)

< 0()(a(Fe) - €"/@TTHED) o(1),

by assumption (3.3). This also implies that Ac = o(1). Moreover,
—1\\ 1 -1
Ae/(a(ré)sip w,ﬁ) > <log(<a(r€)stp w]:) )) . (a(re) szp w,ﬁ) — 00.
Also, Ac -log((3/) (7)) = log((5) (1)) /Toglog((}) (7)) — oo

Appendix

Lemma A.1. Ifre — 0 such that a(r¢) - sup, wi = o(1), then for any X > 0 such that A = O(1),

2 4 2.2
Eo(exp(x Z(Iogcoshwk MK — ”—2" + %")) =exp<MTm)(1 + 0(“(”6)5‘,?’ wi)))'
k

Proof. Let us see that for bounded A > 0, for # — 0 and a standard Gaussian random variable 1, we have:

2 4 2,4
E(exp(k ~ (logcosh(u ) — % + MZ + O(u6)>>> = exp()LTu + O(u6)>.
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This proof can be adapted from Gayraud and Ingster [7] (cf. Lemma A.1). Now, we apply this result for each k and
recall that u,% =a(re) - wy < a(re) - supy wy = o(1) by assumption. Using >k uf =2a%(r), we get

2 2
Eo(exp<)»2<10g005h(uk N1,k) — M— + LZ‘))) = eXP(% Z“i(l + 0("‘%)))
k k
Ara®(re) .
= exp(%(l + O(a(rg) . Sl]:pwk)>). O

A.1. Proof of Lemma 5.2

Take a small § > 0. The detection boundary a(r¢) satisfies (3.5), so the most difficult case is when the limit is close
to 1. Therefore, we shall assume that

a(reymn~ (2 —8)(m - log(p_l) +n- log(q_l)).

This implies

2
a“(re) <

m

-1 -1
log(p™") +log(q ). (A.1)
n

1. We shall prove that Po(I"C) — 0. Let us write more conveniently

rc = U U U {Yy > T}

EeTy y(m,n)Sym=<h<m, VCE:
§1n<l<n AVcAg,BVcBg

= U U =T

Sym<h<m, VeTy,y (1)
§in<l<n

Therefore, we have

Po(r€)y< Y. > Po(YyTu>Ty)

Sym<h<m,VeTy n(h.l)
§in<l<n

= Z Z eXP(_ThZI)E0<€XP< Z Tthv>>

dym=<h<m,VeTy y(h,l) (i,j))€Ay xBy
§in<l<n

= X (f) (7)6@(—%21)

Sym<h<m,
§in<l<n

Thl X11.k u2 u4
x EM <ex <7 <10 cosh(u . J ) _Zk + Zk .
O\ eVl Xk: g\ o ) T2 T a

Using Equation (5.11) and applying Lemma A.1 for A = T,; /(a(re)v/hl) which is O(1), one obtains

2 4
X11,k uy uy _ T
EO( (a(re)d_z(logCOSh(uk k) 7+7))) exP(zhz(l+O("(“)S”pwk>))'
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Recall that T = 210g((1‘,:[) (Ilv))(l + A¢) + 2log(mn) where A, = o(1) by construction. Therefore

i 3 (3) () ontni (s - ofacmpa))))

Sym<h<m,
§in<l<n

T2 T}
= Z exp(—Thl—F%O(a(re)sgpw,:)—l-log((ZZI)(7)))

Sym<h<m,
§in<l<n

< exp(—log((ﬂg) (7)) A (1 - O(a(re)sgpw]:)(l n AL))
— log(mn)(l - O(a(l})Sl],:pwE))) =o(l),

for large enough m, n, M and N, as we have both A, -log((];:l) (1;])) — oo and A¢ - /(a(re) sup; wy) — 0o (see (5.12))
and a(re) sup; wy = 0(A¢) = o(1).
2. We have

— 1 dPs —
Eo(Lz(X)) = Eo(— —(X)Jl(Fs)> =Pe(I%),
G () 2 s

m/\n/) £€Ty n(m,n)

which tends to 1 if and only if Pg (I“EC) — 0. As we can write

Pe(rf) < > Y Py(¥Yv>Tw).
Sym<h<m,VC&
§in<l<n
where Py is such that
dl?l(X)_ 1_[ Hex ——2 cosh| u —k =exp| Yval(r )x/_—lh a(re)
dP, ' p ) k o p\ rvalre )
(t,/)eAvav k
Then, applying Lemma A.1, one obtains for any positive A such that A = O(1),
Py (Yy > Tw) = Py (Yva(ro)Vhl > Ta(re)v'hl)
<Ey [exp()»Yva(re)\/H)] exp(—kThla(re)m)

2
:Eo[exp((k—i—1)Yva(r€)\/H)]exp(—l a (275) )«/H)
2
_exp<(/\+1)21h (26)(1—1—0(1)) a4 (2“) hl). (A2)

The minimum value for the right-hand side of (A.2) is

_ 2
CXP(— (Thl age)m) (1 +0(1))>

which is achieved for A = a(rg’i/m — 1. Due to T = 210g((1;[) (Ilv))(l + Ac) + 2log(mn) and (A.1), note that A

2
satisfies A = O(1) and that asymptotically % > % > 1.
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In conclusion,

IHUSERDY (IZ)<r;)exp<—%(Thz—a(re)x/ﬁ)z(leO(l)))

Sym<h<m,
Sin<l<n

< > (?)(7)“13(—@%( +0(1))>

Sym<h<m,
S1n<l<n

for some ¢(8) > 0 small with § and where (}')(} )exp(—‘(’s) T2 (1 +o(1))) is bounded by

ne c((S) M N
exp<h10g< A >+ll g( 7 > > <2h1 g(;) +2110g<7))(1 +A€)(1 +0(1)) —log(mn)).

We see that
hlog me <mlog h , Vh:épm<h<m
h 31
and
M M .
h log( )(1 + A¢) > c181m10g< ) asymptotically, for some c¢; > 0.

The same occurs for terms in /, N and n. Therefore, it implies that asymptotically for some ¢1(§) > 0 and ¢2(8) > 0

Pe (FSC) <mn exp<—51 (8)m10g<%) — 2 (8)n log<%> - % log(nm)) =o(1).

3. We have, for &1 = 1((7, j) € A1 x By) and & =1((i, j) € A2 X B2),

DN IUGESRICGHS)]
((m)(n & &

Eo(L3(X)) =

where

g(h(€1, &), 1€, &)

- ()

(i1,j1)€A1X By (i2,/2)€A2x By k

0r 0r
-Eo <COSh<x,']jl’k%) COSh(x,'zjz’k%)]l(Fgl N F52)>
€“0 € Uk

9*
= l_[ Hexp( )E()(coshz(xu k= 2>1(F€1 N ng)>
Ok

(i,/)€(A1NA2) x(B1NBy) k
and the function g depends on the sets A, A; and By, B, only through the number A (&, &) of common rows of A
and A, and the number [(€1, &) of common columns of B; and B;. For the sake of simplicity, denote 4 := h(&1, &)
and [ :=1(&1, &). After some combinatorics we can write

Eo(L2(X)) =E(g(H, L)),



1586 C. Butucea and G. Gayraud

where conditionally on &, H and L are independent random variables having hypergeometric distribution
HG(M,m,m) and HG(N, n, n), respectively. Let us see that, forany 0 <h <m and 0 <[ <n,

9*2 o*
oste) < 3 o [Tew (s oo co (s 25 ) )
k k

(i,)€(A1NA2)x (BINBy) k

9*2 1 29*2
= hllo exp( ——=X —| ex k >+1)>
g(lZ[ p( 62013)2< p(eza,f

9*2
=hllo cosh({ =%~} ) =nl-D.
g(E[ (6202>>

k

Therefore, E(g(H, L)) <E(e"LP) for D = a*(rc)(1 + o(1)) (see equation (5.8)).
We shall split E(g(H, L)) into the sum [; + 1>, where

5L =E(g(H,L)-1(HD < 1)),
L =E(g(H,L)-1(HD > 1)).
3.1. For I;, we act exactly as for (5.9); again due to Proposition 20.6 in [1] and given A7, there exist two Binomial

random variables Y| ~ B(m, p) and Y, ~ B(n, ¢g) such that Ei} Xz(yl |H) = H and ]Eﬁ XZ(Y2|L) = L; then applying
twice Jensen Inequality and using the generating function of Binomial random variables, we get

I <E(E(e*"P1(HD < 1)|H))

— (EXIE(E]Ei:"XZ(YzlL)HD|H)]}_(HD < l))

(E(e™"P|H)L(HD < 1))

(1+q(e"P —1))"1(HD < 1))

exp(CngHD(1 +0(1))))

= E(exp(CngE(Y1|H)D(1 4 o(1))))

exp(Cng¥1D(1 +o(1)))) = (1 + p(eCraPUToM) _ 1)),

(exp(Cnq Y1 D( )))=(1+p(

for some constant C > 0. By assumption (3.2) and relations (A.1) and (5.8), Dn < log(p_l), which implies that
Dng =< (q log(p_l)) and this is an o(1) by assumption (3.1). Then, by assumption (3.4), I} < exp(CmnpgD(1 +
o(1))=1+o(1).

3.2. The rest of the section is devoted to the proof of I, = o(1). We shall further split the expected value into the
sum of Ip1 + I»p, where

I =E(g(H,L)-1(HD > 1) - 1(L < néy)),
In=E(g(H,L)-1(HD = 1) - 1(L = ndy)),

for some fixed 8; > 0, small enough such that Dné; <log(p~!)/2 and that Dm&; <log(g~')/2.
3.2.1. On the one hand

Iy < > MPPyG ) (H = WPUGN .y (L =1)
D=l <h<m,0<l<né;
< Z eh(lD—log(p‘l)(Ho(l)))’

D~ <h<m,0<l<nd;
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as Pyg.nm(L =1) <1 and by using Lemma 5.3 in Butucea and Ingster [4] for log(Pxg s ,m,m)(H = h)) <
hlog(p)(1+o0(1)). Note that in our case, we can apply Lemma 5.3 in Butucea and Ingster [4] due to assumption (3.1).
Now, under the constraints in the sum, /D < Dnd; < log(p’l)/Z. This implies that A(ID — log(p’l)(l +0(1))) <
—hlog(p~H(1/240(1)) < =D 'log(p~ 1 (1/2 4 0(1)) < —n. Therefore,

Iy <mne 8", for some fixed B > 0,

and this is an o(1).
3.2.2. We can also split /I into the sum of I3 + I222, where

Iy =E(g(H,L)-1(HD > 1, H <mé;) - 1(L > nésy)),
Iy =E(g(H,L)-1(HD > 1, H > mé;) - 1(L > ndy)).

It is easy to check that 1,1 = o(1) as we previously did for /51, except that Lemma 5.3 in Butucea and Ingster [4] is
used to control the term Py gy j n) (L =1).
On the other hand, we can write

Ly =E(g(H,L)L(H)), where H ={(h,1),m8; <h <m,né <I<n}.
I72> is the only term for which the truncation is really required to prove that I22> = o(1). Note that under the event H

we have T3 = (2 +8)(h/m -mlog(p~™") +1/n -nlog(g~")) = 6 T2,.
We divide again the set H in disjoint sets

hi hi
Hi = {(h,l) eH:TH >2Tn2m%} and Hp= {(h,l) eM: T ngn%n%}.

Let us go back to L=(X) and rewrite it as follows

s T ool 3 Sw(2) )

m/\n) £€Ty, y(m,n) (i,j)eAexB: k
2 2 4
exp(—a“(rc)mn/2) Xijk Up | Uy
= () (%) Z exXp Z Z logcosh o )T )
m/\n £eTy, N(m,n) (i,j)eAexB: k

Now, we give a tighter upper bound for g(#, /) than the one used for /1. Using the same notation as to define Yy in

(5.10) and for any matrix &, we define the random variable Y; = m Z(i,j)eAngg Zk (log Cosh(%uk) - % +
"4—2). Then, we write
g(h,1) = e~ CIME, (VI o)y (1 A 1))
< eI (ACOVIRYE V) 1 (Y, < Ty, Ve, < Toun))
< o=@ mn 2T ) [ (p(aroVmn—) (Ve +¥sy)) (A.3)

for some J > 0 that we will choose later on. In order to deal with 12>, we keep in mind that we consider only
submatrices £ and & having 4 common rows and / common columns, such that (%, /) € . Denote by V the submatrix
of common rows and columns for & and &, that is

V =1(G, j) € (Ag, x Bg) N (Ag, X Bg,)),
and by Vi =& — V (respectively Vo, = &, — V). Therefore,
Jmn(Ye, + Ye,) = /mn — hl(Yy, + Yy,) + 2vhiYy.
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Replace this into the equation (A.3) and get by Lemma A.1

2 hl
Do < Z eXP<—f12(i’e)mn + 2T nJ + (a(re)\/m - J) <1 + %))]P)’HQ(M,m,m)(h)]PHg(N,n,n)(l)

(h,)eH
2 T -1 -1
< Z exp(—a (ro)mn + 2T ppa(ro)/mn — T~ (hlog(p~"') +1log(g~"))(1 +0(1))>
(heH /(mn
T2 hl T2
= Z eXP( a(r€)\/ _Tmn) m:—hl _%(14‘0(1)))7
(h)eH mn

fora(re)a/mn—J = Ty, /(1 4+ hl/(mn)). Note that, for 6 > 0 small enough, there exists 6, > 0 such that (a(r¢)/mn —
Tm,,)2 > 52Tn%n. Moreover, for (h,1) € Hi,

T2, hl T2,k TA(1+o0(1))

_—mn " -1 -1 mn
p———y (hlog(p™") +1l0g(g ™)) (1 +0(1) = — Py 5

hl 1
<72 [ ——— 1) +0(T2),
- m”mn(l—i—hl/(mn) ) 0( m")

which is negative and asymptotically O( mn) This implies that I52> = o(1) over the set H;.
Finally, we give a yet slightly different upper bound for g(%, /) in order to deal with /27> when (k,1) belongs to
H>. Again with the submatrix V =1((, j) € (Ag, X Bg) N (Ag, X Bg,)), one has,

gUh, 1) < = O (VI T (v < 7))
< e—a2(r€)h1]E0(eza(r5)«/HYV]l(YV <Ti))
< efaz(rg)hlJrTh]JEO(e(2u(re)\/mfj)YerJ(vaThg)]l(YV <Ti))

< o=@+ I +Qa(ro)Vhl=T1)?/2

Take J = 2a(r¢)v/hl — Ty which is indeed positive for (f, 1) in 7, and obtain
T2
gh, D)< exp(—az(re)hl +2a(re)vVhiTy — %)

Moreover, denote D,zll =h log(p_l) + llog(q_l) and see that D,znnhl/(mn) < D,zll. We get

T2
byp< Y exp(—a2<re)hl+2a(re>MThz—#)Pmmm,m(h)PHg(N,n,n)(l)
(h,)eH

T2
< Z exp( a(rg)\/_l Thl) +7_Dhl( +0(1))>

(h,h)eH

< Z exp( —Dh, + o(l)Dh,> =o(1),
(h,heH
where the last inequality derived from the following relations
{ Tt = (VR = V2Dy(1 = VT=3872) + 0(Di) = %2 Dy + 0(Di),
2
— Dj;(1+0(1) = Dj;(Ae +o(1)).
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A.2. Proof of Lemma 5.1

For the sake of simplicity, we omit in this part the indices i and j so that #;; ,+ and 5;; x are denoted by #,+ and ny,
respectively.
. iid. .
Under Hp, observe that r,» =Y, w,:(n,% — 1), with ¢ "~ AN (0, 1). Using the fact that E(e’"lz) =

t< %, we obtain for A such that A sup, w; = o(1),

1
RESTIE for

Eo (exp(Aty»)) 1_[ exp( Awy — %log(l - kal’{‘))

keZ

_ exp(kz S (i) (1 + ou))>

k

52
= exp(;(l +0(1))>,

where the last equality holds since ), (wk = %

A.3. Proof of Proposition 2.1

These computations can be found in Ingster and Suslina [17], but we give the sketch of proof for the convenience of
the reader.

Let us change variables in problem (2.2), by defining vy = for all k € Z. We have {6}, belongs to X (z,r¢)

2\/—’
if and only if {v}x belongs to Z~‘(r, re¢), where
~ " St s s Yoz 2
X(t,re) = {{Uk}k eli(Z):ve=0; 2m)=" ) |k ofvi < vof > —}
keZ [ keZ ﬁ
The problem (2.2) is equivalent to
2
\/—2— sup inf Z W Uk
€ whe Y wi=1/2,up =0 (ke X (Tre)
= sup inf Z Wk Vg

2
{(wide: Yo w}<1/2, wk>o{vk}k62(r re) g

2
= £2 inf sup E Wk Vk,
(i €Z(Tre) fup )i S wi<1/2ue=0 g

by the minimax theorem on convex sets. Now, use the Cauchy—Schwarz inequality to see that
1/2
V2 sup Z WiV = <Z k)
wkakwk<1/2 wr>0 k

and the equality holds for wy = v (2}, v,%)’l/z. Since we denoted by €2a(r¢) = (Zk(vk)z)l/2 we get wy =
vi/(v/2€%a(re)), which is equivalent to

(9,:)2
202€2a(re)

*

wy = , forallk eZ.
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It follows that solving the problem (2.2) reduces to solve the optimization program

{ve}k, v >0

1 r2
inf 2+A< 27 |k]) > o2 ——)—A( 2 ——f).
in Xk:vk 1 ;( il |) O} Vk 7 2 ;Ukvk 7

By the Lagrangian multipliers rules, one gets for A; € R and A, € R the following system of equations

20 + MV2Q2m) 7 (k|7 0}) — MN202 =0, forallk € Z,
V202m)% Y wlkTol =1,
V2Y vl =rl.

Put, for all k € Z, v = vo2(1 — (5)27),, where v =22, T = %(Q—f)l/ﬂf) and (x)4 = max(0, x).

/2

We evaluate the solution of the previous system as 7 goes to infinity. Using oy ~ |k|® for |k| large enough and
some s > 0, the last two equations in the previous system become

{szT21:+4s+l ~1,

KT+~ 2,

that gives

1/(27) 1 (4s+1)/(27)

K L 1 K

T ~ (—1> re* and v~ —(—2> r62+(4s+1)/r.
K2 K1 \ K1

Note that T — oo provided that r. — 0. It further gives

dProet = 3 (vf) ~ 20 T4 ey ~ c(z, )2 @D/

|k|<T

Finally, it is straightforward that

LV ) k1)
supwy < —— max op |1 —(—
k a(re)e” 0<|k|<T T

< v . % - r€(4s+2t+l)/r—(4s+4r+l)/(21)—(2s)/‘£ _ rel/(Zr) B;)O
a(re)e
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