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Abstract. The theorem of Furstenberg and Kesten provides a strong law of large numbers for the norm of a product of random
matrices. This can be extended under various assumptions, covering nonnegative as well as invertible matrices, to a law of large
numbers for the norm of a vector on which the matrices act. We prove corresponding precise large deviation results, generalizing
the Bahadur—Rao theorem to this situation. Therefore, we obtain a third-order Edgeworth expansion for the cumulative distribution
function of the vector norm. This result in turn relies on an application of the Nagaev—Guivarch method. Our result is then used to
study matrix recursions, arising e.g. in financial time series, and to provide precise large deviation estimates there.

Résumé. Le théoreme de Furstenberg et Kesten établit une loi forte des grands nombres pour la norme d’un produit de matrices
aléatoires. Cela peut étre étendu sous des hypotheses variées, dans le cas des matrices positives ou inversibles, a une loi des
grand nombres pour la norme d’un vecteur sur lequel les matrices agissent. Dans ce cadre, nous prouvons des résultats de grandes
déviations précis, en généralisant le théoréme de Bahadur—Rao a cette situation. Ainsi, nous obtenons une expansion de Edgeworth
au troisieme ordre pour la fonction de répartition de la norme du vecteur. Ce résultat se base sur une application de la méthode de
Nagaev—Guivarch. Notre résultat est utilisé ensuite pour étudier des récurrences matricielles, qui apparaissent par exemple dans les
séries temporelles en finance, et pour donner des estimations précises de grandes déviations.
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1. Introduction

Letd > 1, |- | be any norm on R? and | - || be the corresponding operator norm. Let (A,) ey be a sequence of
independent identically distributed d x d-matrices such that Elog™ ||A;|| < co. The Furstenberg—Kesten theorem [15,
Theorem 2] provides us with a strong law of large numbers for the norm of the products IT,, := A, - - - A1, namely

1
lim —log|II,|| =y P-as.,
n—-oon

with y = infeym ™ 'E log |1 ,, || being called the (top) Lyapunov exponent of (A, ),cN. Under different sets of addi-
tional assumptions (to be detailed below) on the law © of A1, the convergence result has been strengthened towards a
SLLN for the norm of a vector under the action of the random matrices: For example, following [12,19,23,24], assume
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that the support of u consists of nonnegative matrices and contains a matrix with all entries positive. Then it holds for
all nonnegative vectors x that

1
lim —§; =
n—oon n

1
lim —log|H,x|=y P-as. (L.1)
—oon

Under a second moment assumption, Hennion [19] proved a CLT, namely that

(s —ny)
Jn
converges to a normal law. For related limit theorems for invertible matrices, see [4,27].

Observe that in both cases, the SLLN and the CLT, the limit does not depend on the starting vector x. In contrast
therewith is the result of Kesten [23] about the behavior of the maximum of S} : Assuming in essence that the action
of Ay is both expanding and contracting with positive probability, that is y < 0 but P(S] > 0) > 0, Kesten showed
that there is @ > 0 and a continuous function r on the unit sphere S, which is strictly positive on nonnegative vectors,
such that

lim eO”IP’(max SF > r) —r(x). (1.2)
t—0o0 n
Here the behavior in the limit depends on the initial value.

We are going to provide a third-order Edgeworth expansion, which gives a rate of convergence for the CLT. We also
provide a formula for the asymptotic variance o> and show that it is positive under a natural nonlattice assumption.
The Edgeworth expansion will as well be the main tool in describing the convergence in the law of large numbers,
i.e. the Furstenberg—Kesten theorem, in more details. In particular, we will discover how fluctuations depend on the
starting vector x as well as on the action of (A;),en on the unit sphere, which is given by the Markov chain

X I, x
" x|

What we will prove is a large deviation result similar to the Bahadur—Rao theorem, i.e. for (suitable) g > y, there is
an explicitly given sequence J,(q) tending to infinity at an exponential rate, such that

nll)r{.lo Jn(‘l)E(rq(Xfl)l{Sﬁznq}) =r4(x) (1.3)

for a positive continuous function r, which depends on g, and generalizes the function r(x) of Kesten’s result. This
result is in the scope of large deviation principles for Markov additive processes, see [22,26,31] for related results,
where stronger conditions on X, have to be imposed than those who are satisfied for the chain generated by matrices.
The very recent paper of Guivarc’h [16] provides a local limit theorem, which is proved along similar lines as our
Edgeworth expansion.

As an application of our result, we will shed new light on the classical result of Kesten about random difference
equations: Let M be a random d x d-matrix and B a random vector in R¢. Under weak assumptions on (M, B), there
is a unique solution (in law) to the equation

RLMR + B, (1.4)

where 4 means same law. In the case of nonnegative M, B, R, Kesten [23] proved, assuming that M is both contracting
and expanding with positive probability, that for the same o > 0 and r as in (1.2),

lim tO‘IP’((R,x) > t) =Kr(x), (1.5)

t—0o0

for some K > 0. This result has been extended to the case of invertible matrices in [1,8,17,25,28], where it has always
been an involved question to prove that K is actually positive. In both cases (nonnegative resp. invertible matrices), our
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result will be applied to give an rather elementary proof of the fact that K > 0. Here, the law of the matrix A :=M"
will be relevant.
This approach can also be extended to the study of branching equations, i.e.

N
RLS" MR +B, (1.6)

i=1

where now N > 2 is a fixed integer, (M, ..., My) are random matrices and B a random vector, independent of R;,
which are i.i.d. copies of R. For random variables R satisfying such an equation, the heavy tail property (1.5) has been
shown to hold in [9,10,30], but the positivity of K remained a partially open question in the latter two articles. Due to
the branching structure of equation (1.6), the combinatorial part of the approach becomes more involved (it has been
worked out in the one-dimensional case in [11]), this is why we decided to postpone it to the separate work [6] and
focus on the application of the large deviations result here, which can be seen more directly in the case of equation
(1.4).

Having thus described the scope of the paper, we are now going to introduce some notations and concepts in order
to state the main results in full detail. Since we want to solve questions concerned with nonnegative matrices as well as
with invertible matrices, we are led to introduce several sets of assumptions (namely those of Kesten [23], Guivarc’h
and Le Page [17] and Alsmeyer and Mentemeier [1]) on the law p of the random matrix A, with all of them being
sufficient for the announced results to hold. The main focus will be on nonnegative matrices, for which we will provide
details of proofs, while for invertible matrices, we will mainly highlight the differences and refer to the works cited
above.

2. Notations and preliminaries

We start by introducing three sets of assumptions for random matrices. Let d > 1. Given a probability law p on
the set of d x d-matrices M(d x d,R), let (A,)neN be a sequence of i.i.d. random matrices with law p and write
I, :=A,---A; for the n-fold product. Equip R? with any norm | - |, write ||a|| := sup, g |ax| for the operator norm
of a matrix a and denote the unit sphere in R¢ by S. We write

ax
=——, x€S
lax|

for the action of a matrix a on S (as soon as this is well defined). If S is invariant under the action of A, we introduce
a Markov chain on S by

X;=H,-x, xeS.

2.1. Nonnegative matrices: Condition (C)

Denote the cone of vectors with nonnegative entries by R‘é and write
Szz{xeR‘é:pﬂ:l}

for its intersection with unit sphere. The set of d x d-matrices with nonnegative entries is denoted by M and we
write

intM4)={aeM(d xd,R):a;;>0V1<i,j<d}

for its interior, which consists of matrices that have all entries positive. A matrix a € M is called allowable (see
[19]), if every row and every column has a positive entry.
If a is an allowable matrix, then its action on S is well defined, and moreover, the quantity

t(a) ;= min |ax| > 0.
XESz
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Consider now a probability distribution x on M. Write [supp p] for the subsemigroup generated by its support.
We say that u satisfies condition (C), if:

(1) Every a € [supp u] is allowable.
(2) [supp ul Nint(M.) # 2.

In the following, I := [supp ]. Observe that condition (C) holds for I if and only if it holds for I"T. Refering to the
Perron—Frobenius theorem, every a € int(M_) possesses a unique dominant eigenvalue A, (i.e. |Aa] > [A;] for any
other eigenvalue A; of a) which is positive and algebraically simple, and a corresponding eigenvector v, € int(Ss).
For a subsemigroup I" of allowable matrices, we define the collection of all such (normalized) dominant eigenvectors
by

V()= {va ael’ ﬂint(/\/l+)}.

It can be shown (see [9, Lemma 4.3]) that V (I”) is the unique minimal I”-invariant subset of S-, i.e. every closed
I'-invariant subset of S> contains V (I7). It is worth mentioning already now, that the Markov chain X; possesses a
unique stationary probability measure, the support of which is given by V (I").

2.2. Invertible matrices: Condition (i—p)

In order to highlight connections, we decided to use the same symbols for objects which play the same role in the
context of invertible matrices as they did for nonnegative matrices. The condition (i—p) (irreducible and proximal),
described below, is due to Guivarc’h, Le Page and Raugi and was studied in detail in several articles by these authors,
the most comprehensive one of which is [17].

Let now p be a probability measure on the group GL(d, R) of invertible d x d matrices and I" be the closed
semigroup of GL(d, R) generated by supp . A matrix a with an algebraic simple dominant A, is called proximal.
This replaces the notion of a matrix with strictly positive entries, which is always proximal by the Perron—Frobenius
theorem. Then the measure p is said to satisfy condition (i-p), if

(1) There is no finite union W = |J7_; W; of subspaces 0 # W; C R? which is I"-invariant, i.e. W =W (irre-
ducibility).
(2) I contains a proximal matrix (proximality).

We will consider invertible matrices acting on the projective space P4~! which is obtained from S by identifying x
with —x, i.e.

Pl ~S/ +.

Studying the action of the matrices on P?~! rather than on S has several technical advantages, for example, the
definition

V(I') :={va € P4—1:a e I' is proximal},

becomes unambiguous. Note that the norm |ax| for x € P4~ is well defined, since it does not depend on the choice
of a representant of x in S.
For the case of invertible matrices, we have that

s _ —1-1
t(a) .—xellgdf_] lax|=[a”"'| .

2.3. Invertible matrices: Condition (id)

The third set of assumptions, called (id) for irreducible and density, appears first at the end of Kesten’s work [23]
and was elaborated by Alsmeyer and Mentemeier in [1]. In fact, it can be shown to imply condition (i—p). Due to the
stronger assumption that p is absolutely continuous, it often allows for simpler proofs, this is why we include it as an
extra set of assumptions.
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Let i be a probability measure on GL(d,R) and (A,),en be an i.i.d. sequence with law p and write IT,, :=
A, ---Aj. Then p is said to satisfy condition (id) if

(1) forall open U C S and all x € S, there is n € N such that P(IT,, - x € U) > 0, and
(2) there are a matrix ag € GL(d, R), 8, ¢ > 0 and ng € N such that

P(Hno € da) > clBB(aO)(a)l(da),

where [ denotes the Lebesgue measure on RY ~ M (d x d,R).

The classical example is ¢ having a density about the identity matrix.
It is shown in [1, Lemma 5.5] that X is a Doeblin chain under condition (id). The support of its stationary
probability measure is S by [10, Proposition 4.3], therefore we are led to identify V (I") := S in the case of (id).

2.4. Basic properties for all cases

Below, we identify S = S in the case of nonnegative matrices, S = P?~! in the case of (i-p)-matrices and S =S in
the case of (id)-matrices. Given a measure & on matrices, set

I, := {s >0: f lla]|®w(da) < oo}.
Then, for s € I,,, we define an operator in the set C(S) of continuous functions on S by

P = [t f@e ), .
and the ‘transposed’ operator by

P f(x) :=/‘aTx|sf(aT - x)pu(da). 2.2)

Properties of both operators, which will be given in a moment, will be important in our results. Beforehand, we
introduce a function that will turn out to describe the spectral radius of these operators.
On [, define the log-convex function

— i SV — 1 T AT
k(s) .=nlggo(1€||An...A] 1°) =nll)rro10(E”An A" (2.3)
Here the second identity holds since ||a]| = laT| and the (A;);ey are i.i.d. We have the following result:

Proposition 2.1. Assume that | satisfies (C), (i-p) or (id) and let s € 1.

(1) Then the spectral radii o(P*) and o(P}) both equal k(s).
(2) There is a unique normalized function rs € C(S) and a unique probability measure vg € P(S) satisfying

P'rg =k(s)rgs and P’vg=k(s)vs.

(3) The function ry is strictly positive and s := min{s, 1}-Hdlder continuous and suppvs = V(I").
(4) If v} is a probability measure satisfying PSv} = k(s)v¥, then there is ¢ > 0 such that

rﬂﬂ=C/KLWPﬁMw-
S

(5) The function s — k(s) is log-convex on I, hence continuous on int(1,) with left- and right derivatives.
(6) The function s — k(s) is analytic on int(1,).
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Source. Claims (1)-(5) were proved in [9, Proposition 3.1] for nonnegative matrices, in [17, Theorems 2.6 and 2.17]
for invertible matrices under condition (i—p) and in [29, Theorem 17.1] under condition (id). The analycity of k(s) in
assertion (6) is proved by using perturbation theory, and was proved first under condition (i—p) in [17, Corollary 3.20],
and subsequently, using the same methods, in [10, Corollary 4.12] under condition (id) and is proved below in Corol-
lary 7.3 for nonnegative matrices. O

Remark 2.2. Given only finiteness of
E((1+ A1) ([log IAll] + |logc(A)])),

the mapping s — k(s) is still differentiable on the closed interval [0, so], this has been proved in [17, Theorem 3.10]
under condition (i—-p) and in [9, Theorem 6.1] for nonnegative matrices.

Proposition 2.1 is crucial in order to define an exponential change of the measure ju: Let £2 = M(d x d, R)N and
(Ap)neN : £2 — £2 the fibered identity. Now introducing for each n the kernel

Jaxlf ry@-x)

ghna) = o= 2.4)
we see that foreachx e Sandn € N,

/qj(x,an-ual)u@”(da],...,da,,):l
and the relation

qp(x,a)g, (a-x,b) =gq, ., (x,ba). (2.5)

Moreover, for each x € S the sequence g2 (x, -)u®" of probability measures is projective, hence by the Kolmogorov
extension theorem, it gives rise to a probability measure Q5 on £2, which we call the s-shifted measure. The corre-
sponding expectation symbol is denoted by Eqs . Note that (A, ),en are i.i.d. with law w for s = 0. We use the symbol

Q, for Qg.
With the conventions Q3 ({Xo = x}) = 1, we have the Markov chain X, and the Markov additive process S,:
Aanfl
|Aan—1| '
Sp:=1log|A, - A1 Xo| =log|A, Xp—1] + Su—1.

Xn:=Ap - Xp1=

The second identity shows that (X,,, S,) carries the structure of a Markov Random Walk, i.e. the law of the increments
Sn, — Sp—1 depends on the past only via X,,_1.

Writing as before IT,, := A,, - - - A1, we have the following fundamental identities, valid for any bounded measurable
function f and n € N:

1 )

WE(f(X,Al, A (X)) 1T x 1) =Eqs (f (X0, AbL ... Ap)), (2.6)
1 n X K n

(7SI (L) = By (K 00) e

The transition operator of (X,,),eN is given by

s - 1 s .
Q' fx):= 7r5(x)k(s)P (f - rs)(x). (2.8)
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It follows from Proposition 2.1 that Q° has a unique stationary probability measure

N
5. rsV

o V3 (ry)
with support V (I"). We set
Q* :=/Q§Cns(dx).
2.5. On S},

Each of the assumptions introduced above is sufficient for the announced extension of the Furstenberg—Kesten theorem
to hold:

Proposition 2.3. Assume that  satisfies (C) or (i-p) or (id). Let s € {0} Uint(1,,) and assume there is 0 < & < 1 such
that

E|A|FT¢1(A) ¢ < oo. (2.9)

Then it holds that g :=Egs S1 = k'(s)/k(s) € R, and
1 S .
lim —log|M,||= lim —~ =g Q-as.
n—oon n—-oo n
forallx € S.

This is proved in [9, Theorem 6.1] under condition (C), in [17, Theorem 3.10] under condition (i—p) and in [29,
Proposition 20.2] under condition (id). In the last reference, the first identity is not proved, but it follows from the
corresponding result for (i—p).

Remark 2.4. Recall from Proposition 2.1 that k(s) is log-convex. Therefore,
A(s) :=logk(s)

is convex, and

_k’(s)_ , , _w_
=y SOz A0 ==y

The function
A™(q) =59 — A(s)

is the Fenchel-Legendre transform of A and nondecreasing on 1,,, see [13, Lemma 2.2.5]. In particular, it is nonneg-
ative on 1.

When studying random walks, an important distinction is between so-called lattice types, i.e. whether or not the
random walk takes values only in some lattice ¢Z for ¢ > 0 . A similar concept applies for Markov random walks,
which are introduced below. The lattice type of S,, only depends on the support of w, thus we give first a measure-free
definition, which implies the more frequently used subsequent definition, which is relative to the measure Q°.
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Definition 2.5.

(1) We say that I" resp. i is arithmetic, if there is t > 0 together with 0 € [0, 21) and a function ¥ : S — R such
that

Vael\VxeV({l): exp(itlog lax| —if + i(ﬁ(a -X) — 19(x))) =1. (A)
If no such t exists, then I' is said to be non-arithmetic.
(2) The Markov random walk (X, S,,) is said to be arithmetic under Q°, if there is t > 0 together with 0 € [0, 27)
and a function ¥ : S — R such that
Eqs exp(itS) —i0 +i(9(X1) — 9(X0))) =1, (2.10)
and non-arithmetic otherwise.

We have the following implications.

Lemma 2.6. If I = [supp u] is arithmetic, then (X,, Sy) is arithmetic under each Q° with the same t,0,9. Con-
versely, if (X,, Sy) is arithmetic under some Q° and the function ¥ is continuous on S, then I' is arithmetic as well
with the same t, 0, .

Proof. Recalling that suppw® = V (I"), we observe that equation (2.10) is equivalent to
exp(itlogax —if +i(d(a-x) —9¥(x))) =1 forpu-ae. acsuppuandn-ae x e V(I),
i.e. for dense subsets of supp u resp. V(I"), which gives the asserted implications. (]
It is shown in [18, Proposition 4.6] that under condition (i—p), I" = [supp u] is non-arithmetic, while it is shown in
[1, Lemma 5.8], that (X,,, S,;) is non-arithmetic under each QQ* under condition (id).
A simple sufficient condition (due to Kesten [23]) for I” to be non-arithmetic under condition (C) is the following.
Set
S(I') :={logha:ae ' Nint(M4)}.

Lemma 2.7. Assume that the (additive) subgroup of R generated by S(I') is dense. Then  is non-arithmetic.

Proof. Supposing that equation (A) holds for some #, § and ¥, then we have for any a € I" Nint(M_.) that vy € V(I'),
hence

exp(i[t1og [aval — 6 + (9 (a- va) — 0 (va))]] = €' 110870,

Consequently, for any a, h € I" Nint(M.),
2
loghy —logAp € TZ.

But by our assumption, S(I”) is not contained in 27”Z for any ¢ > 0; this gives a contradiction. O

Corollary 2.8. Ifthere are a,b € I' Nint(M_) with }ggiz ¢ Q, then w is non-arithmetic.

Now we have enough notation to state our main results.
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3. Statement of main results

We will prove the following analogue of the Bahadur—Rao theorem for products of random matrices. The role of the
cumulant generating function is played here by A(s) =logk(s).

Theorem 3.1. Assume that ju satisfies (C) and is non-arithmetic, or that ju satisfies (i-p) or (id). If ¢ = Egs S1 = A’ (s)
for some s € int(1,) and there is 0 < & < 1 such that (2.9) holds, then

lim sup|\/ﬁe"A*(q)J(s)IE(rs (Xj)l{sgznq}) — 7y (x)| =0,

n—oo .XES
where

1
J(s) =s02m, witha? = A"(s)= lim —Eqgs(S, —ngq)?> > 0.
n—oon

Since the function ry is strictly positive and continuous on the compact set S, hence bounded, this gives in particular
uniform bounds for the large deviation probabilities:

Corollary 3.2. There are 0 < ¢ < C < 0o such that for all x € S,

¢ <liminf/n(e*)"P(S} > ng) <limsup v/n(e*)"P(Sy = nq) < C.
n—00 n—00

These large deviations results will be used to prove the following result about random difference equations, which
gives an elementary proof that the tail estimates derived e.g. in [1,17,23,25] are precise:

Theorem 3.3. Let M be a random matrix and let B be a random vector in R?. Write A :== M and denote by . the
law of A. Assume that k' (0) < O and that there is o € int(1,,) with k() = 1 and

E|A[*T(A) ¢ <00,  0<E|B* <00 3.1)

for some ¢ > 0. There is a random variable R, unique in distribution, satisfying R L MR + B.
(1) Let A be nonnegative, satisfying condition (C) and being non-arithmetic. Assume that supp R N R‘é is unbounded.
Then there is § > 0 such that for all x € S,

liminfr*P((x, R) > 1) > 8.

1—>0o0

(2) Let A € GL(d, R), satisfying (id). Assume that P(Ar + B =r) < 1 for all r € R%. Then there is § > 0 such that
forall x €8,

liminfr“P((x, R) > 1) > 6.

1—>0o0

(3) Let A € GL(d, R), satisfying (i—p). Assume that I'* does not leave invariant any proper closed convex cone in
Rd, and that P(Ar + B=r) <1 forallr € RY. Then there is 8§ > 0 such that for all x € S,

liminft“]P’((x, R) > t) > 4.

1—>0o0
In this theorems, we impose the assumptions on the law of A =M rather than on the law of M (note nevertheless,

that (C) or (i-p) hold for M as soon as they hold for M). The reason is as follows: Let (My, Bx)ren be a sequence

of i.i.d. copies of (M, B). Then, upon iterating equation (1.4), we obtain R 4 M;---M,R+ stn M ---My_1 By,
which leads to the study of

<x,R>i<x,M1~~MnR+ZM1~~Mk_1Bk>=(M;r.~MIx,R>+~~,

k<n

and we are going to show that the first term dominates in order to use Theorem 3.1 to derive estimates.
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Remark 3.4. Let us stress that in (1) we do not assume that B is nonnegative and that the condition supp R N RZ
being unbounded is obviously also necessary for the heavy tail property. Thereby, we generalize the result of Kesten,
namely [23, Theorem 3). A sufficient condition for supp R N RE being unbounded is B being nonnegative, or M, B
being independent and P(B € ]Ri) > 0.

Remark 3.5. The law of the random variable R is given by ¥ = My - - - Mk_ By, from which we immediately obtain
the estimate (for s > 1)

8

o0
EIRP) < S (EIM; - M, 1) (&1BF) =Y (E[M] - M]|*) ! E18).
k=1 k=1

This shows that if k(s) < 1 and E|B|* < oo, then readily E|R|® < oo, which shows in particular that under the
assumptions of Theorem 3.3,

limsupts]P’((x, R) > t) =0

—0o0

forall0<s <oaandallx €8S.

Remark 3.6. The moment conditions (3.1) are not optimal, precise tail estimates have been obtained under the as-
sumptions

E||A[*(log |A] + [logt(A)]) <oco, 0<E|B|* < o0,
see [17, Remark after Theorem 5.2] in the case of (i—p) resp. [29, Theorem 13.2] for the case of condition (id).

3.1. Structure of the paper and sketch of proofs

The proof of Theorem 3.1 will rest upon a third-order Edgeworth expansion for the c.d.f.

Sy —
F,,‘,x(t):=@i{ U\/:Z_qut},

which is given in Theorem 8.1.

To prove this intermediate result, we will use the Nagaev—Guivarc’h spectral method as in Hennion and Hervé
[20] and Hervé and Pene [21]: The classical Edgeworth expansion for random walks can be proved using the Fourier
transform of S, in particular its behavior at zero. Upon introducing (for suitable z € C) the operator Q(z) in C(S) by

06 ()= s )k( ) / jax["+ f(a- x)ry(a - x)(da)

we have the following fundamental identity for the Fourier transform ¢, , of Q3{S, € -}:
Bnx (1) =gy (¢"51) = Eqy (¢ 15(Xn)) = Qi) 15 (%), (32)
This identity is a consequence of the following lemma.

Lemma 3.7. Let A be a random matrix with law ., and assume that E||A|*T™¢ < 0o for s > 0,z € C. Then the
following identity holds for all f € C(S):

Egs (€% f(X0) = 0(@)" f(x). (3.3)
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Proof. The assumption guarantees that Q(z) is well defined, and all integrals appearing below are finite. We use
induction. For n = 1, this is immediate from the definition of Q(z) and identity (2.7). Suppose (3.2) holds for n € N.
Then, using again (2.7) and the fact that the (A;) are i.i.d with law u under P, we obtain

0" f(x) = 0 (2" f) @)
ry(a- x)lax| e .
= e B e Xt

_/‘ ry(a-x)lax|st2 1
Jr s Ok(s)  rs(a- x)k(s)"

E(|M,@-x)[ 7 r (0, - @-x)f(d, - (a-x))uda)

o o
_rs(x)k(s)"“ /I“]E(Inna)d rs(Hna .X)f(Hna x))M(da)

1
= WEUHonP“rS(HnH <x) f (41 ~x))u(da)

= Eqy (¢ f(Xny1)). O

Observe that Q(0) = Q° and that, given s € int(/,), the mapping z = Q(z) is holomorphic in some domain. We
are going to show that the operator Q° is quasi-compact with a simple dominant eigenvalue 6(0) = 1, and thereupon,
using holomorphic perturbation theory, the decomposition

0"(21)=0()"M(2) + L(2)",

for a rank-one projection M and an operator L(z) with spectral radius o(L(z)) < 0(Q(z)). From this we will finally
deduce that for n — 0o,

Gnx (t//n) = Q" (it //m)1s(x) = 6(ity/n),

i.e. behavior at zero of the Fourier transforms is given by small perturbations of the dominant eigenvalue of Q°.

Therefore, we start our investigations by proving spectral properties of Q° and the family Q(z) (in the case of
nonnegative matrices). In Section 4, we prove, continuing [9] and based on the approach in [17], that Q° is quasi-
compact. This property is needed in order to apply a perturbation theorem which proves the decomposition of the
family Q(z) in Section 6. Then we are ready to prove a third-order Edgeworth expansion for F,; , in Section 8, which
is used to prove Theorem 3.1 in Section 9. Sections 5 and 7 study the implications of the non-arithmeticity condition,
as well as formulas for o2.

Section 10 is concerned with Theorem 3.3. We start by providing an example, namely the ARCH(g)-process, to
which our results apply and continue by giving an outline of the proof of Theorem 3.3, while we postpone the technical
details to the final Section 11.

4. Quasi-compactness of Q°
4.1. Nonnegative matrices

In this section, which is based on the approach of Guivarc’h and Le Page [17] for (i—p), we are going to prove that
for each s € I, the operator Q° is quasi-compact (has a spectral gap) on a subspace of C(S>), namely the space of
functions that are s := min{s, 1}-Holder continuous with respect to a particular metric d on S>. At first, we will recall
the theorem of Ionescu Tulcea and Marinescu, which will be used in order to prove the quasi-compactness. Then we
introduce the particular metric d which will be useful when finally checking the assumptions of this theorem.

We write L(, B) for the set of all bounded linear operators from 5 to B. An operator Q € L(B, B) is said to be
quasi-compact if B can be decomposed into two closed Q-invariant subspaces B = E @ F where the spectral radius
0(Qr) < 0(Q) while dim E < oo and each eigenvalue of Q|g has modulus o(Q).

Subsequently, a convenient way to prove the quasi-compactness of Q° will be to use the following generalization
of the theorem of ITonescu—Tulcea and Marinescu:
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Theorem 4.1 [20, Theorem IL.5]. Letr (B, [[-]]) be a Banach space and let [-] be a continuous semi-norm on B.
Assume that Q is a bounded operator in B such that

(1) O{f : 1IN < 1} is conditionally compact in (B, [-]),
(2) there exists a constant M such that for all f € B, [Qf] < M[f],
(3) there exist k € N and real numbers r and R with r < o(Q) and, forall f € B,

[[Q* £]] < RLAI+FILATL.

Then Q is quasi-compact.

Though we have not yet defined the metric d on S, let us nevertheless state right now, which Banach space and
what norms we are going to consider. For f € C(Ss), set

1= swp el 17l ) = Fl

X€S> X,y€ES> d(x,y)*

) (LA =0 1+ 1fls-

We consider the Banach space

B:={feCS:>):|fls <oo}={fe€CS2):[[f]l <oo}

equipped with the norm [[-]]. Using Theorem 4.1, we are going to prove the following:

Proposition 4.2. Assume that u satisfies (C) and let s € 1,,. Then Q° € L(B, B), and there is an operator N € L(B, B)
with spectral radius o(N) < 1, such that

(0")" =M +nN" @D
foralln € N, where M is a rank-one projection onto Rlg, with M(f)(x) =n°(f) forall f € Band x €Ss.

This will be done by a series of lemmata, which will make use of the particular metric d on S>, which we are going
to introduce next.

4.1.1. A metric on S>

Given x # y € S-, consider the line L trough these points. Then L N dRZ consists of two points which we label by a
and b in such a way that if we write x = u1a + u2b and y = via + v2b ui, uz, vy, va2 > 0 as convex combinations of
a and b, then u; > vy, i.e. x lies between a and y. Then the cross-ratio of @, b and x, y is given as

uzv1
[a,b;x, y] = ——.
ujv2

The formulae
d(x,y) :=¢(la, b; x, y])

for ¢ (s) := %ﬁ , s € [0, 1], defines a bounded distance on the unit sphere. Its properties are summarized in the follow-
ing proposition.
Proposition 4.3. For any norm | - |, d is a metric on Ss with

e sup{d(x,y):x,yeSs}=1.
e Thereis C >0s.t.d(x,y)>Clx —y|.

For a € M, there exists c(a) < 1 such that:

(I) d(a-x,a-y) <c(@yd(x,y),
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(2) c(a) < 1ifand only ifa € int(My),
(3) ifa’ € M, then c(aa’) < c(a)c(a),
@) c@@’) =c(a).

Source. This is [19, Proposition 3.1]. There, the results are stated relative to the 1-norm ||x||; = Y /_, |x;| on R, but
they do in fact hold for any norm on R?, the main reason being that the cross-ratio is a projective invariant and thus
independent of the shape of the unit sphere, and that all norms on R? are comparable. (]

The crucial properties of the metric d are (1) and (2), saying that the action of nonnegative (positive) matrices is a
(strict) contraction with respect to d.

4.1.2. Checking the assumptions of the lonescu—Tulcea—Marinescu theorem
Let us first recall the definition of Q¢ in (2.8), from which we obtain the following formula for its iterates:

(0°)" f(x) =Eqy (£ (Xn) =E(gy(x, M) f (I, - x)). (4.2)

In order to prove assumption (1) of Theorem 4.1, we are going to apply the Arzela—Ascoli theorem. Therefore, we
have to prove equicontinuity of the family {Q° f : [[ f]] < co}. This will follow from the subsequent estimates for the
kernels g;, where it is shown in particular, that the mappings g, (-, a) are s-Holder on S~ for any a € M.

Lemma 4.4. Under the assumptions of Proposition 4.2, there is Cy < 0o such that foralln e N, x,y € Ss,ae My

laf*

k(s)nd(x, Y.

|lg) (x,a) — g (v, a)| < Cq

On the other hand, there is c; such that for all allowable a,

. ) 3 c )
q,(a) IZ/q,i(x,a)ﬂA(dX) > k(sS)" lall*.
Proof. Observe that by Proposition 4.3, any function that is Holder-continuous on (Ss, | - |) is as well Holder-

continuous on (S=, d). Using that thus r, is s-Holder with constant d,, and bounded with 0 < d; <rs(x) <dp < 00
for all x € S>, as well as property (2) of Proposition 4.3, we estimate

rs(a-x) |ax|’  rs(a-y) lay®
re(x) k(s)" rs(y) k()"

1 1 |rg(a-x)ax|’ ) rs(a-x) lay|®
< - + |lax]® — lay]'| ————— + |rs(a-x) —re(a- y)|—————
re(x) ()| k()" | |rs(y>k(s)" s * |k<s)"rs<y)
1 do|lal)® s o R
< — — — —
_d12|rs(x) rs(y)] )" + [Jax]® — Jay| \dlk(s)n L vvys
Cdynd, Cd,\ lla|® : d
< s s d , K s _ s
‘( T )k(s)" "+ o X1~ T

The last term has to be estimated differently for s <1 and s > 1. If s < 1, then
|lax|® — lay|*| < |lax| — [ay]|* < [a]*|x — yI*.
If s > 1, then

3 : s—1 s—1 5ya5—1
|lax|® — Jay|*| < |lax| — |ay|| - s - max{|ax|*"", Jay[* "'} < slalllx — y[*[a]*~".
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For the second part, recall K = inf{r;(x)/rs(y) : x,y € S5} > 0, hence

q,(@) = /IaXIsﬂs(dX)-

k(s)"

It suffices to prove that g(a) := f lax|*m* (dx) > ¢4 for all nonnegative a with ||a|| = 1. On the compact set ||a]| =1,
g attains its infimum. But if there is ag with f lagx|*7¥(dx) =0, then

V(I') C supp vs = supp7® C ker(ap).
But since ag is a nonzero nonnegative matrix, ker(ap) Nint(S>) = &, which gives a contradiction. O

Let us note the following, surprising corollary to Lemma 4.4, which shows that the convergence in (2.3) is expo-
nentially fast.

Corollary 4.5. Under the assumptions of Proposition 4.2, there is cs > 0 (the same as in Lemma 4.4), such that

1
k()" <E|I,|° < —k(s)" forallneN.
Cs

Proof. The first inequality holds since k(s) = lim,,_, oo (B[ I, ||*)"/" = inf,,eny (B[ I, |*)'/™ due to submultiplicativ-
ity of the norm (see [15, Theorem 1] for details). The second inequality holds by Lemma 4.4, since Eg; (x, IT,) = 1
forall x € Ss. O

Now we are ready to prove the following estimate, from which the validity of assumptions (1) and (3) will follow.

Lemma 4.6. Under the assumptions of Proposition 4.2, there is C > 0 and a sequence D (n) with lim,_ . D(n) =0,
such that for alln e N and f € B,

1(Q%)" 1, < CLf1+ DI fls. 4.3)
Proof. Forall f € B, |f|s < oo. For such f, we compute

1(2°)" f(x) = (2")" F )] = |Eqy f (Xn) — Egs £ (X))

[y -x) = f(Ty - y)| + |(Egy —Egy) f T, - y)|
=I+1IL

=Eq

Considering I,
1<|flsEqd(T, - x, I, -y)* <|fld(x,y) Egscl,)".

But due to Proposition 4.3, c(a) <1 for all @ € M, and c(a) < 1 for a € int(M,). By (C), we have that
P(liminf,— 0o {IT, € int(M4)}) =1 (see [19, Lemma 3.1]), thus c(IT,) — 0 @} -a.s. by Proposition 4.3(2) and (3) and
the boundedness of ¢. Moreover, ¢ is continuous on M by [19, Lemma 10.8]. Therefore, we can use the dominated
convergence theorem to infer
lim D(n):= lim Eg:c(I,)" =0.
n—oo 7

n—oo

Turning to II, we have, using Lemma 4.4,

f1Csd(x, y)°

CS 5
1< [ 1]} (x, 1) — g3, )| = SEIBILI <11 () Bl
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Combining these estimates, we arrive at
s\ Cs
(2)" 1, = LA+ 171:D@). .
s

Proof of Proposition 4.2. Now we are ready to show that Theorem 4.1 applies for Q = Q° with B as defined above.

Step 1: Assumption (2) is satisfied for M = 1, since Q° is a Markov operator on (C(Ss), [-]).

Step 2: Assumption (1) holds for Q%, i.e. Q*{f : [[f]] < 1} is conditionally compact in (B, [-]). This is shown as
follows. Since Q° is a Markov operator, and [[ f]] > [ f], we have that K := Q*{f : [[f]1 <1} C{feB:[f]1<1},
thus K is bounded. Using (4.3) with n = 1, we deduce that the family K is equicontinuous. Hence, applying the
Arzela—Ascoli theorem, K is conditionally compact in C(S=) with respect to the topology of uniform convergence,
ie. wrt. [-].

Step 3: Next we show that assumption (3) holds for Q, i.e. there exist kK € N and real numbers r and R with
r <o(Q% and, for all f € B,

[[(2°)* £1] < RLAT+ 1L

In particular, Q° € L(B, B).

Observe, that it suffices to provide the estimate for one k € N, it is not necessary to prove a geometric decay rate.
Since the spectral radius #(Q*) = 1, it is enough to show that the inequality holds for some ' < 1 in the place of r¥,
because then r :=r'"/* < 1 satisfies the assumption. Using (4.3) and the fact that Q° is a Markov operator, we deduce
that for any n € N,

[(2) rll=[(2)" r1+1(2°)" /],
<[f1+CLA1+ D)\ fls <A+ OLf1+ Dm)(Ifls +[f])
=1+ OLf1+ DI 4.4)

But D(n) tends to 0, thus we may choose k such that D (k) < 1, and consequently, assumption (3) is satisfied with
R:=1+C andr:= D(k)'/* < 1. Thus Theorem 4.1 applies and gives the quasi-compactness of Q° ,i.e. B=E@® F
for Q%-invariant closed subspaces E and F with dim E < co and such that QISF has spectral radius strictly smaller
than 1, while each eigenvalue of le P has modulus 1.

Step 4: Next we prove that 1 is a simple eigenvalue, and the only one of modulus one, i.e. dim E = 1. It is shown
in [9, Theorem 4.13], that for every f € C(S>),

lim (Q°)" f=7"(f). (4.5)
n— o0

If now Q° f = Af with |A| = 1, then necessarily lim,,—, oo A" f = 7% (L f), which implies A = 1 and f = const.

Step 5: We infer from equation (4.4) that

limsupo(Q°) " (sup{[[(Q*)" F]]: /N =1}) <1+C.
n—oo
Therefore, Q° is quasi compact of diagonal type in the sense of [20, Proposition III.1]. Consequently, [20, Lemma
II1.3(v)] applies and gives the decomposition (4.1) with M being the projection on E = R1s, with M (f) =7°(f)1s.
forall feB,and N :=Q° — M. O

4.2. Invertible matrices

As said before, the ideas of the proofs above were developed by Guivarc’h and Le Page for condition (i—p), the result
corresponding to Proposition 4.2 is [17, Corollary 3.19]. There, the distance d(x, y) = |x — y| for x, y € P~ is the
minimal euclidean distance between representants in S.

Under assumption (id), a corresponding decomposition, proved in [10, Proposition 4.3 and Lemma 4.11] holds on
the (larger) space C(S), for (X},) is a Doeblin chain under each Q7.
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5. Non-artihmeticity and its consequences

Subsequently, fix s € I,,. We will now study implications of the non-arithmeticity and moment assumptions (A) resp.
(2.9) for the family Q(it). Recall from Lemma 3.7 the identity

Q@it)" f (x) =Eqy (" £ (Xp)) = E(g} (x, M,)e" el (1T, - x)). (5.1)

This section is valid for all types of matrices. Recall that conditions (i—p) and (id) readily imply non-arithmeticity.
Define B, :={f € C(S) : | f|e < oo}. Then we are going to prove the following result:

Theorem 5.1. Assume that (X,,, S,) is non-arithmetic under Q° or that w is non-arithmetic. Assume that (2.9) holds
for some € > 0. Then Q(it) € L(Bg, Be) for all t € R. Moreover, for all t # 0, the spectral radius o(Q(it)) < 1 and
thus 1 — Q(it) is invertible in L(B,, B).

Considering the spectral radius, we have for all n € N and all f € C(S) that

|0Gn" ()| < Egy FX)|=(2°)"1£100). (5.2)

Since B, C C(S), this readily shows that o(Q(it)) < o(Q*) =1 for all r € R. To arrive at o(Q(it)) < 1, the main
burden of the proof will be indeed to show that Q(it) € L(B;, B;). This will be done by proving an estimate similar
to (4.3). The first step in that direction is provided by the following lemma.

eitSn f(Xn)| - EQ;

Lemma 5.2. Let a either be an allowable nonnegative matrix or an invertible matrix. Then forallt e R, x,y € S and
0 < & < 1, the following estimate holds true:

&
|eitloglax\ _ eitlog\ayli < D|t|8d(x, y)é‘(%> (53)
for some D > 0.

Recall that in the case of nonnegative matrices, the distance d on S was defined in Section 4.1.1, while d(x, y)
equals the minimum of the euclidean distance of representants of x, y from S in the case of nonnegative matrices.

Proof of Lemma 5.2. We start by noting the some useful inequalities:

=%|1—ei<s—f>|5min{1,|z—s|}5|t—s|ﬂ (5.4)

is’

e

forallz,s € R, B €[0, 1]. Next, forall a, b > 0,

b1
/ —ds
a S
Finally, if a is allowable or invertible, then for all x € S, ﬁ < % Putting these inequalities together, we conclude,

using Proposition 4.3 as well in the case of invertible matrices,

|loga — logb| =

11
5max{—,—}|a—b|. 5.5
ab

eitloglax\ _ eitlog\ayl} < 2|t|5|10g|ax| —10g|ay|‘6

& 1 1 & e R 1 1 £ . .
<2|t|" max{ —, — t |[lax| — |ay||" <2[¢|° max{ —, —} [la]°|x — y|
|a-x| |a)’| |ax| |ay|
& &
52|flsc_1d(x,y)8<supm) §2|t|8C_1d(x,y)8<M) .
z€8S laz| t(a) O

Now we are going to prove an estimate similar to (4.3):
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Lemma 5.3. There is C > 0 and a sequence D (n) with lim,,_, oo D(n) =0, such that for alln e Nand f € B,
0" f|, < CLf1+ D)\ fle. (5.6)
Proof.
|QGD)" f(x) — QD) f(y)]
= [Egq (¢ £ (Xu)) — Egy (¢ f (Xn))|
<E(gy(x. 0| f(y - x) = fUT, - y)|) + |E(gy (x. ) — g (y, M) et f(IT, - )|

+ LFIE(qS (y, T[S — &S0
=14 11+ III.

Similar to the proof of Lemma 4.6, we obtain the bounds
[<|fled(x,y)*Eqsc(,)* =: D(n)|fled(x, y)*,
< [f1Cd(x,y)*

with lim,, oo D(n) =0.
Using Lemma 5.2, we deduce

o,|\°¢
I < DLf1IrFd(x, ) B (L”(H 'i)

< D'[f1lt1°d(x, y) E(I,|* (T ,)~°)
< D'[f1Itlfd(x, »)* (EIAL I (AN ~F)",

where the last expression is finite due to assumption (2.9). ]

Proof of Theorem 5.1. Lemma 5.3 together with (5.2) proves that Q(it) is a self-map of 5,. Since o(Q(it)) < 1, it
remains to exclude the possibility o(Q(it)) = 1, which we will do by contradiction.

Assuming that the spectral radius o(Q(i?)) = 1, one can proceed as in Section 4 in order to show that the Ionescu—
Tulcea—Marinescu theorem applies for Q = Q(it) with

[f1:= sug!f(x)|, ([ 1e :=[f1+1fle

and the Banach space

Be:={feC(S) :|fls <o} ={fe€CS) :[[fle < oo}

equipped with the norm [[-]].. The theorem yields that there has to be an eigenvalue with modulus equal to the spectral
radius of Q(it), i.e. with modulus equal to 1.

Hence, suppose there is an eigenfunction f such that Q(it) f = Af with [A| = 1. Let xo € S> be such that | f (xg)| =
[f]1. Then (5.2) implies that | f|(x0) < ((Q%)"*| f])(x0) and hence by (4.5), | f|(x0) < 7*(| f|). But the right-hand side
is a convex combination of (| f [(xX)xev(r (see Proposition 2.1(3)). Consequently, | f| has to be constant on V (I").
Thus, we can assume that f(x) = '™ on V (I") for a continuous function ¥ : S — R. Consequently,

Eq PISTHID(X1) _ i0+i? (x)
But this contradicts the non-arithmeticity of (X, S,) under Q°; and, since ¥ is continuous, as well the non-
arithmeticity of u, using Lemma 2.6. |
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Remark. Observe, that we only did prove the estimate

[QGD)" f], < RILAII+ D@ f1e,

with D(n) tending to 0. From this, property (3) of the lonescu—Tulcea—Marinescu theorem can be deduced only if
0(0(it)) = 1, since otherwise, we do not know whether r := D(n)'/" < o(Q(it)) holds for some n, since we do
not know the rate of convergence for D(n) — 0. So we do not know yet whether Q(it) is quasi-compact for t # Q.
Nevertheless, for small t, quasi-compactness will follow from the perturbation theorem below.

6. The perturbation theorem

This section as well is valid for nonnegative and invertible matrices. Recall from Lemma 3.7 the fundamental identity
Pnx (1) =Eqy (") = QUN" 15 (x).

In this section, we are going to apply an holomorphic perturbation theorem for Q¢ in order to show that (for small 7)
QUN" =03n"M(it) + N"(it),

where M (it) is a rank one-projection, which commutes with N"(it), and o(N(it)) < 0(Q(it)). Using this decompo-
sition, we will be — roughly speaking — able to replace

Gn,x (1//n) ~ 0(t/n)

for large n in the proof of the Edgeworth expansion.

Fix the parameter s € int(/,) as well as ¢ such that (2.9) is satisfied. By what has been shown above, Q° €
L(Bg, Be) is quasi-compact with a simple dominant eigenvalue 1. This, and the holomorphicity of the mapping z
Q(z), shown below, will be the main ingredients for the application of a perturbation theorem.

6.1. Perturbation theory for Q°

Lemma 6.1. Choose § > 0 such that (s — 8,5 +68) C I, and s +8 > ¢. Then for all z € Hs := {z € C: Nz € (=6, §)},
the operator Q(z) on B, which is given by

Q@) f(x) = ————— /IaxI”Zf(a xX)rs(@- x)p(da) = Eqs [¢* f(X1)],

rs(x )k (s)
is well defined. The mapping Q : Hs — L(B., Bg), z+— Q(2) is holomorphic.
Proof. Recalling that r, is bounded from below and above, it follows that
[0(2) f] < KEJAI"™" < oo, ©.1)
since s + Nz € I,. Together with Lemma 5.3, this proves that Q(z) € L(B;, Be).
Now we can show that z — Q(z) is weakly holomorphic, i.e. for any f € B, v € B, (the dual space of 5;), z

f Q(z) f dv is holomorphic. This readily implies that z — Q(z) is (strongly) holomorphic, see [33, Theorem V.3.1].
In order to show weak holomorphicity, consider arbitrary f, v and a closed curve y C Bs(0) C C. Then

/(/ (Q(z)f)(x)v(dx)) dz
y \JS
= f@-x)rs(a- x){/ e(”Z)l“a"'dz}u(da))v(dx)zo,
/(rs(X)k(S)/ ¥
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for the innermost function is holomorphic in z. The change of the order of integration is guaranteed by the estimate
(6.1). O

Now we can apply the following perturbation theorem [20, Theorem III.8].

Theorem 6.2. Let Gy := Bs(0) C C and let (Q(2));cq, be a collection of elements of L(B;, Bg) such that

(H1) z+ Q(z) is holomorphic on Gy,
(H2) Q(0) has one dominating simple eigenvalue and o(Q(0)) = 1.

Then there exist G1 := Bs,(0) C C, G| C Go and holomorphic mappings
6:G;— C, r:Gy— B,, v:G — B, N:G— LB, By)
such that foralln > 1,z € G
0"(2)=60(2)"M(z) + L()",

with Q(2)r(2) =0(2)r(z) and v(z2) Q(z) = 0(2)v(z). Moreover, for each |y € N there exist constants n1,n2 > 0,¢c >0
such that for all z € G,

dl
0(2)|=1—n and max{|—L()"
dz!

:lilo} <c(l—n1 —n)".

6.2. The operators R(t)

For the Edgeworth expansion, we will consider a slightly different operator, namely such that S; becomes centered:
Let g :=Eq, S1 denote the stationary drift of S under Q;, and define the family (R(¢));cr of operators by

R() £ (x) =71 Qi) f (x) = Egy (7179 £(X1)). 62)
Upon defining
A1) = e 190 (it), N@):=e " L(it), I1(1) = M (it), (6.3)

we obtain the following corollary of Lemma 6.1 and Theorem 6.2.

Corollary 6.3. There is 61 > O such that forall t € G := (-1, 61),
R®)" =2®)"I1(t) + N@®)",
with IT(t)N(t) = N(@)I1(t) = 0. For each ly € N there is n = n(lp) > 0 and ¢ = c¢(ly) < oo such that
[

dz!

N(@®)"

max{ (< lo} <c(l-n". (6.4)

The mappings A : G — C, I1 : G — L(B;, By) and N : G — L(B;, B,) are C*, the latter ones in the strong operator
sense.

For all purposes below, we can choose /[y = 3, and may therefore consider n = 1n(3), ¢ = c¢(3) fixed.
In order to prove the Edgeworth expansion, we will make as well use of the following result, which is inspired by
[7, Lemma 3.19].

Lemma 6.4. Let K C R\ {0} be compact. Then for each f € By, there is ¢ < 1 such that for all t € K

[R®)" f] <o"Lf]. (6.5)
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Proof. Fix f € B;. For each n € N, the mapping
ex 1
o [RO" 71" = (sup (gt e £ (x)])
xes

is continuous. Hence, ¢ ¢(¢) := limsup,_, . ,[R(#)" f 1'/7 is upper semicontinuous, thus it attains it maximum on the
compact set K, in g # 0, say. But ¢ 7 (1) < 0(R(#p)) = 0(Q(#p)) < 1, hence the assertion follows. O

7. Taylor expansion of A(¢) and positivity of the asymptotic variance
In this section, which is valid for all types of matrices, we are going to relate the first and second order coefficients of
the Taylor expansion of A with the expectation (which equals zero in fact) resp. the asymptotic variance of S, — ng

under Q. Moreover, we are able to prove that the asymptotic variance is positive as soon as j is non-arithmetic.

Lemma 7.1. Assume that p satisfies (C), (i-p) or (id), and that s € int(I1,). Then there is 0 > 0 and m3 € R such

that
At =1 aztz 33 ()
=1——t"—i—t +o(t’),
2 6
and
2 . 2 .1 3
o”= lim —Egs (S, —nq)”, m3z = lim —Egs (S, —nq)”. (7.1)
n—oon n—oon

For each x € S, the value
b(x) = lim Eqs (S, —nq) (7.2)
n—oo

is well defined, and the mapping b € B,. It holds that

b(x) = Eqy ((S1 — ) +b(X1)). (13)
Moreover,

o2 =Egs[((S1 — ) + (X)) = b(X1)?], (7.4)
and

sup |no? — Egs (Sy — ng)?| < oo, (1.5)

To prove Lemma 7.1 we reason as in [21, Lemmas 8.3 and 8.4].

Proof of Lemma 7.1. Step 1. First we prove that A’(0) = 0.
Differentiating the equation R(¢)I1(¢t)1 = A(¢)I1(¢)1 in the operator sense and computing its value at 0, we obtain

R'(0)1+ R(0)IT'(0)1 = A'(0)1 + IT'(0)1. (7.6)

Both sides of the above equation are bounded continuous functions, so computing their integral with respect to the
measure 7 we obtain

7 (R'(0)1) + 7 (IT'(0)1) = A/(0) + 7 (IT'(0)1)
we have

2 (0) = (R (0)1) =iEg:[S1 — ¢l =0.
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Step 2. Now we justify, that the function b(x) is well defined as a function in B;.
Observe first that by Lemma 3.7 with z =0 and (2.5), we have

(0°)" f(x) = Eqy [ f (X)]
= Eq, (x, ) /F g (I, - x, a)(log|a(T,, - x)| — g)u(da)
=E/Fq;§+1(x,aﬂn)(loglaﬂnxl —log [, x| — q)u(da)

= Bgy (Sut1 — Su — @) =Egs [Su11] — By [S,] — g (1.7)

Next by (7.6) for any k£ we have (recall R(0) = QF)

i(0°) Eqs[S1 — g1+ (2°) ' 01(0) = (0°) T 0)1x). (7.8)
Hence summing over k =0, 1,...,n — 1 we obtain
n—1 n—1 n—1
i) (0) Egylsi —ql+ Y (05) M 010 =Y (0°) T 0)1).
k=0 k=0 k=0

Thus by (7.7)
iEqs [Sy — ngl+ (Q°)" I (0)1(x) = IT'(0)1(x).

Since IT'(0)1 € B, C B, the limit (Q*)"IT'(0)1(x) exists by Proposition 4.2 and is equal to 7 (/1'(0)1). Deriving
the equation 17 2(z‘) = I1(¢) and computing the result at 0 we obtain

7(I1'(0)1) =0.

Thus, the limit lim IE@.;( [S,, — ng] exists, equals

1
b(x) = l—.H/(O)l(x), (7.9)

and thus b is well defined and is an element of B,, since I1'(0) maps 1 into B,. The formula (7.3) follows from (7.8)
for k =0.
Step 3. Using the above, we obtain the following Taylor expansions, valid for small #:

2 3
t t
A" =1+ n,\”(O)E + nk<3)g +o(r%),
2 3

7 (I01) =1+d % -I-dz% +o();

as well as the classical expansion for the characteristic function, i.e.

2 3
. t t
EQxelt(S'l_nq) =1- EQA (Sn — nq)zz - lEQA(Sn — nq)3g +0(l3).

From the fundamental identity,
Egse!' =19 = 75 (R(1)"1) = A(t)"* (IT(1)1) + 7* (N (1)"1),
using the bounds (6.4) (with [y = 3) for N as well, we deduce that

ni"(0) +di + O((1 =m)") = —Egs (S» — ng)*
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and
nx30) +dr + 0((1 — ") = —iEgs (Sy — ng)*.
Hence, the identification of o2 and m3 as well as the boundedness assertion follow.
Step 4: Finally, we provide the formula for o2. Differentiating R(¢)I1(t)1 = A(¢#)I1(¢)1 twice and integrating
against 7%, using 7° R(0) = =¥, we obtain
7* (R"(0)1) + 27 (R"(0)IT'(0)1) = 1" (0),
hence recalling from above that ib(x) = IT'(0)1(x),
- f Eqg; (log [ A1 x| — g)°m* (dx) — 2 / Eg; [log(lA1x] = g)b(A1 - x)]7* (dx) = 1"(0),
ie.
o? =Eg[(51 — 9)* +2(S1 — 9)b(X1)]
and the result follows by quadratic extension inside the expectation. (]
Using the above formula for o2, one can show that non-arithmeticity readily implies that o> > 0.

Lemma 7.2. Assume that 02 =0, then
Si=qg—-bX1))+b(Xo) Q-as.,
in particular, (X, S,) is arithmetic under Q° and w is arithmetic.

Proof. If 02 = 0, then it follows from (7.5), that
2
/b(x)27rs(dx) = /[ lim Eqg (S, —nq)] 75 (dx) < /limianElQi(Sn — 1) (dx)
n—00 n—oo

< liminf/ Eqs (Sp — ng)*m* (dx) < sup Egs (Sn — ng)? < oo.

n—oo neN

Then we may rewrite the formula from Lemma 7.1 to read

0% =Eg (51— ¢) + b(X1)* — Egsb(X1)> = Egs (51 — ) + b(X1)” — Egyb(X0)™. (7.10)
Using (7.3), we see that

Eg: (((S1 = @) +b(X1))b(Xo)) = / b()Eqgs (((S1—¢) +b(X1)))7* (dx) = / b(x)*m* (dx),
which we use in (7.10) to obtain (through binomial formula) that

0=02=Eg ((S1 — q) +b(X1) — b(Xp)) =/ 7% (dx) ju(da) (log |ax| — g +b(a - x) — b(x))".
V() supp 1

This gives the assertion; and the arithmeticity of u follows, since the function b is continuous (see Lemma 2.6). [
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Finally, we note some expressions for derivatives of k.

Corollary 7.3. The function k(s) is C* on int(1,,), and

Proof. Recalling the definition of P¥, we see that for ¢ € (—41, 1),
(P fx) = m(x)k(s)"Q(e)ri(x)
= k(S)”@(S)"rs(x)r((?)(x)/S SO /rs(y)v(e)(dy) +rs(X)k(S)”N(8)r£(X)-

By Proposition 2.1, P**¢ has a unique strictly positive eigenfunction, which is then given by r;(x)r (¢)(x) and thus
the corresponding eigenvalue equals

k(s + &) = k(s)0(e). (7.11)

By Theorem 6.2, the function 6 is holomorphic in a neighbourhood of 0, hence C* in 0 and so is k, with k™ (s) =
k(s)60™(0). Recalling that A(r) = e~"90(it), we obtain

K(s) K(s) k@ (s)
2(0) = —iq, 2@0) = —¢> +2¢0'0) — 0P (0) = —g*> +2 -,
©0) lk(s) iq 0 q°+2q6°(0) ©0) q+qk(s) )
Since A/ (0) = 0, the assertions follow. O

8. The Edgeworth expansion

In this section we are going to prove a third-order Edgeworth expansion for S, w.r.t. the measure Q7. valid for all
types of matrices. We fix real s € int(/,), and denote by g := EqsS; the stationary drift of (S,),en. We will use the
operator R(1) f (x) = Eqg [ 179 f(X1)].

Let

no?

Fox (1) :=Qi{S”_—nq§t}

be the cumulative distribution function of the standardized version of S, and write @ for the cumulative distribution
function of the standard normal distribution. Then we have the following result.

Theorem 8.1. Assume that w satisfies (C) and is non-arithmetic, or that (i—-p) or (id) holds. Assume moreover that
(2.9) holds for some € > 0. Then

m3
603 /n

lim sup {ﬁ sup

>0 xeSs uelR

_ _ 2 bx) _
Fox() — @) (1 u)¢(u)+0ﬁ¢(u)”—0,

for quantities b(x) € R, 62>0,m3eRas defined in (7.1) and (7.2).

Proof. We proceed as in [21], i.e. we try to follow the standard proof as in the i.i.d. case. Recall that, since we assume
non-arithmeticity, 2 > 0 due to Corollary 7.2.
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Step 1. We define the function

b(x) "
¢()——¢()—<D(u) ¢>()——¢(u) u€eR.

Here @ denotes the cumulative distribution function, and ¢ the density function of a standard normal distribution.

One can easily see that the derivative of G,

Galw) =P () + 5= b(x)

b(x) ,
G, (u) =) — f - ——¢'(u)
has exponential decay both at 400 and —oo, uniformly in n. Let y,(¢) := f et G; (1) du be the Fourier transform of
G, then
_ 2 . b(x)\ _ 2
Yu(t) = (1 f(zt)3) /e 4 (ltﬁ>e (12
Denote

Yon(t) := <1+ f(lt) )-e_(l/z)tz,
b))\ —aye

x,n t) _( ) 1/2) s

Yan( o

Onx (1) := (R(D))" (D) (x) = Egy [ 5 7D)],

m := sup sup|G,,(u)| < co.
neNueR

By the Berry—Essen inequality (see [14, XVI.(3.13)]) we have that for all T > 0,

24m
T’

T
(Pn,x(t/(axiﬁ)) }/n(t) (8.1)

sup| Fyx (1) — G, ()| < f
ueR -T

Next, fix € > 0, choose a such that 2;—;” < ¢. Then with T = a./n, %f—? < ﬁ We choose § < min{a, 81}, where §; is

given by Corollary 6.3, i.e. for € (=4, §), the perturbation theory for R(¢) holds.
Now we want to estimate the integral in (8.1) by O (ﬁ). For this purpose we divide the integral into two parts

Qon,x(t/(o'\/”_l)) — ¥Yu(®)
t

dt,

An= /
o8 /n<|t|<ca/n
BHZ/ wn,x(t/(aﬁ))_yn(t) d
ltl<ady/n

t
Step 2. We prove that A, < f for appropriately large n. By Lemma 6.4, we have for u such that § < |u| < a and
all x the estimate |¢y x (1)] = [(R())" (1)(x)| < 0", hence

PusHOTID) gy [ 0nnll) gy 0y,
§<lu|<a

/(réﬁflﬂfﬂaﬁ |z |u|
Moreover

[ GI—
o8 /n<|t|<ca/n 2]
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Step 3. Now we estimate the last term B, to be smaller than f By Corollary 6.3 we write for li/‘ﬁ < § (recall

that for such small values, the perturbation theory applies)

O (Gt—ﬁ) — () = A" (;ﬁ)n(ﬁ)lm + N (Of—ﬁ)l(x) — Yo (1) = Ven (D)
= (# (7)) 2 () (17 )1 -1 =22

ONNTER IR <1/2>r2> n(L)
—i—ltgﬁ(k (aﬁ) e + N o 1(x)

=11({t)+ L(t,x)+ I3(t, x) + 14(¢, x).

Thus, we have to estimate four expressions. For this purpose we will use the Taylor expansion

2 3
AMu)y=1- %LLZ — im?bﬁ +0(u3),

given in Lemma 7.1. The function f(u) =logA(u) + "72u2 then satisfies £(0) = f/(0) = f”(0) =0 and f®(0) =
—im3 and hence

nf(aj/ﬁ> - —i6,:;jﬁ +o(3 /).

Moreover, by choosing § small enough (but fixed!), we can achieve that for all u € (-3, §),

1, my 5| 1, t mst Lo
< - and |— < -u“, hence ma —
£l = gu ’6” =" VNV o) eorvm] =4
In particular, with this choice of 8, [A"(1/(c'/n))| < e~ 1/47.
Considering now /1 (¢), we obtain, using the inequality
1 .
e —1-v|< <|u—v|+§|v|2>emdx(|”’|”), (8.2)

which is valid for all u, v € C (see [14, XVI(2.8)]),

folo(5)

22 (3,0 1Y oo (1Y) armr,
Jn n
from which we infer that

/ o), < < /00([3 +t6)e_(1/4)’2 dt> ~o(1/+/n).
[t|<o8y/n 0

t
To estimate the integral of I>(¢) we use the bound on A from above, a second order Taylor expansion for I7(¢) (cf.
Corollary 6.3) and that I7'(0)1(x) = ib(x) (see (7.9)). Then

IGIEa

‘Iz(t, x)‘ < e (/12

IT(0)1(x) ! 7' (0)1(x) 0<t2) 1 ()
RN R T

and consequently

2
t C

/ L(t,x)dr < / e‘(’2/4>0<—) di < =.
[t|<od/n [t|<od/n n n
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Turning to I3(¢, x), we recall from Lemma 7.1, that b € B, hence as a continuous function on S, it is bounded.

Then
t[b t t[b 3
e %e—um,z exp(nf(m» 1l < %e—<1/4),2<66m33_ﬁ+0(t3/ﬁ)>’

where we used again inequality (8.2). Hence f |I3(t,x)|/tdt = O(1/n).
The integral over I4(¢, x) is bounded independently of x and vanishes at an exponential rate in n since || N (¢)| <
c(1 —n)" by Corollary 6.3. O

9. The Bahadur-Rao theorem for products of random matrices

Now we are ready to prove our main result simultaneously for all types of matrices. We extend the approach for the
one-dimensional case in [13, Theorem 3.7.4]. Recall the definition A(s) = logk(s), such that A’(s) = EgsSi=:¢q
and the Fenchel-Legendre transform of A is given by A*(q) = sq — A(s).

Theorem 9.1. Assume that (v satisfies (C) and is non-arithmetic; or that (i-p) or (id) hold. Let ¢ = Eqs S| = 1:((;)) for
some s € int(1,) and assume there is 0 < & < 1 such that (2.9) holds.

(1) Then

sng
limsupsup sup e*¢ Ve Qx(Sp = ng +d) < oo. 9.1)
n—>o0 xeS de[0,00) k(s)"

(2) Consequently, there is C < 00 s.t. for all n € N and thereupon for each u > nq

Ck(s)"
Qx(Sy >u) < \/ﬁe”‘ . 9.2)
(3) For each fixed 0 > 0 it holds that
oSgtd)
lim sup sup |so27n - ed /0 ”)EQX [rs(Xn)l{S,lznq+d}] —rg(x)|=0. (9.3)
n_)ooxeSde[O,Gﬁ) k(s
(4) In particular, forall x € S,
lim sov/2wne™ DEq [ry(Xa)1is,2nq)] = s (). (9.4)

n—oo

Note that, using just the Chebyshev inequality and the definition of k(s), one obtains in (9.2) the weaker upper
bound

Qu(Sy > uy < K

eSu

where the factor 1/./n does not appear.
Proof of Theorem 9.1. All the results will be consequences of a general argument. Fix 6 > 0, but let d > 0 be
arbitrary for the time being. Introduce ¥, := so /n and
e esd .
J& = sov2nnW =@, 2m eV @D esd
s
as well as the normalized quantity
Sp —ng

W, = ,
" Jno
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then Pgs (W, < 1) = F, x(¢). We obtain that

Eq, (s (Xa) L5, 2nq 1)) = Eos ("2 (g 2 a1
rs(x)
_ g_nA*(q)EQ; (e—s(Sn—nq)l{Sn_nqzd})

—nA* -, W,
="V DEqg (e L, = @)/ (o)) -

Using the definition of J¢, we obtain

rs( )E@x (rs (X1, 2nq+a})

o0
= vznwnesd/ e U dF, (1)
d/(o/n)

=V2re @, e nx(t)|yd/q,+\/_e“l/ wZe V' F, (1) dt

d/ ¥,

d o t
=—\/27Tl1/nFn,x<s_) + V27T€Sd/ lIlne_tFn,x<_> dt
¥, sd ¥y

© t d
e [T [ () - (2]
d n n

N

Defining A(t) := (1 — %) (t) and setting as before
b(x) b(x)
G,(t) = 1—1t t)y— —=¢((t)=
(1) = f( *)e(2) o 0= f o

we want to use the Edgeworth expansion from Theorem 8.1 in order to calculate the asymptotics. Therefore,

e )EQX (rs (X N(s,2nq+a})

S 2 AL B ) o o

N

+@esd y We’[ ( ) (lp )]dt (=: 1))

e (ONCY) e

b(););/_ﬂ sd ) lpe [d)(_)_(p(E)}dt (= I{m).

It follows from Theorem 8.1 that

lim sup sup|I1 (n, x)| =
00 xeSd>0

Using mainly that ¢ and & have bounded derivatives, we are going to show that as well

lim sup|7§ (n)| = lim sup|I{(n)| =0. 9.5)
n—o00 d>0 n—o00 d>0
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Finally, considering Izd (n), we are going to obtain two different estimates, namely
1 ()| < =@/ < 9.6)
and the refined estimate

lim  sup [V CTM ) — 1] =o0. ©.7)
%4060/

Using the estimate (9.6) allows to infer the upper bound (9.1), while the convergence result (9.3) follows by using
estimate (9.7). So it remains to prove equations (9.5)—(9.7).

Step 2: We consider Iéi and omit [ f, which can be treated along similar lines. A simple calculation shows that &
has a continuous derivative " with sup,..g |h'(x)| =: M < co. We compute

/2 oo t/ ¥,
m33 T psd e! </ W (W, dr) dt
o \/ﬁ sd K

d/w,
/2 o0 t
= m33 T[eSd e_’</ h/(L)dr>dt
o \/ﬁ sd sd Yy
< MVaT zne“l - W \lerdar < R 2ne“’/oo Me™" dr = M2 27t.
U3ﬁ sd v, O’3ﬁ sd 0’3ﬁ

Step 3: We are going to prove (9.6) and (9.7). Therefore,

00 t/ ¥, ) 00 ) o0
K= eSd/ Y,e ! (/ e /2 dr) dt = eSd/ e /2 (/ e! dt) dr (9.8)
sd sd /¥, sd /¥, W, r
sd OO —r2/2 —W,r sd —W,r—r2/2 00 OO —r2 2= W,r
=e Ype e dr =e""| —e sd/W, — re dr 9.9)
sd/ ¥, sd /Wy

— o~ (@)/Qo%m) _ /OO reS = o112 gy (9.10)
sd /Wy,

o] =

/2 o0 o0
m33 neSd h/<L>/ e tdtdr
o \/E sd L r

For all d > 0, we have
[o)0] o0
0 <f resd—llf,lre—rz/Z dr </ re—r2/2 dr = e—(dz)/(Ztrzn)
= Ssayw,  Jsd/w,

and thus (9.6) follows.

Step 4: In order to prove (9.7), let ¢ > 0 be arbitrary and choose § such that § 4 % + g_zz < ¢. We separate the last
integral in equation (9.10) into

sd/ W +8/o 2 o 2
/ resd—lllnre—r 2 4y +/ resd—llfnre—r /2 dr =: A(n) + B(n)
Sd/lpn Sd/‘l’n +8/G

and see that by the restriction d < 6.4/n, it holds that sd /¥, < 6 /o and thus
Ay < 290 j~@ieatn,
T o o
Finally,

B(n) < S8 OO re—rz/zdr =e—s8ﬁe—(sd/llln+8/(r)2/2 <e—s5\/ﬁe—d2/(202n).
- sd | Wy+8]c -
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Upon choosing ng such that e =5V < § for all n > ng, we obtain that for all n > ng, 0 < A(n) + B(n) < ge—(@)/@o%n)
Thus we have proven that for all ¢ > 0, there is ng such that for all n > no,

/07" () — 1] <. O

Proof of Theorem 3.1. The main result is given above, while the formulas for o2 follow from Lemma 7.1 and
Corollary 7.3. ]

10. Tails of stationary solutions of random difference equations

This section is devoted to Theorem 3.3. We start by giving an example for a matrix recursion from financial time
series.

Example 10.1. Consider the ARCH(2) process Y, defined by
Y, =onén, anzalYnz_l +a2Ynz_2+ 1,

where &, are i.i.d. standard normal distributed random variables and a1, ar > 0 with a; +ap < 1.
(1) Considering the squared process (Y,%)n, we obtain a matrix recursion:

2 2 2
2 = 2 2 + =M,Y,—1 + By, (10.1)
<Yn—1 €1 0 Yn—2 0

where (M,,, By)neN is an i.id. sequence in My x RY. The matrix A := MT satisfies condition (C) (it suffices to
assume that allowable matrices have full measure), and the moment condition (2.9) is readily checked, since

. . 2 . 2

L(A1)2 = min ||A1)c||2 = min (als(%xl + séxz) —l—a%xlz > (mln{alsg, ag}) .
x€Sx x%+x§=1
x1,x2>0

Consequently, 1(A1) > min{a 18%, az}, which has all negative moments up to order 1/2 since €1 is a standard normal
random variable. Kesten [23, Theorem 3] gives the following sufficient condition for the existence of « > 0 such that
k(a) = 1: There is so > 0 such that

E[(mjn Z(Ml)i,j)U] > d%/?,
j

where d is the dimension of the matrix (this is not a misprint, Kesten’s condition is stated in terms of the matrix My).
In our case, we have the estimate

E[(ml_inZ(Ml)i,j> ] :E[(min{alsé +as, sé}f] > af]E(sés).
J

Since €1 is unbounded, the right-hand side tends to infinity as s grows, thus there is a > 0 with k(«) > 0. Finally, the
non-arithmeticity assumption holds since € has a continuous distribution, and eigenvalues depend continuously on
the entries of a matrix.

(2) Kliippelberg and Pergamenchtchikov showed in [25, Lemma 2.7], that the process (Y,), has the same distribu-
tion as the process (Xn), (if started with the same initial value), given by

Xn = alrll,nxn—l + aZnZ,an—Z + 13,0,

where (i n)n are independent sequences of i.i.d standard normal random variables. This leads to the matrix recursion

Xn _(a1mn. anna Xn—1 mn\ _. -
(Xn—l)_( 1 0 X,_» + 0 =M, X,_1+ B,. (10.2)
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It can be shown that these matrices satisfy assumptions (i-p) as well as (id), and it is proved in [25, Lemma 3.2] that
there exists a > 0 with k(a) = 1.

Further instances of the equation R 4 MR + B, with matrices satisfying the assumptions of Theorem 3.3, appear
e.g. in [2] (GARCH-processes, nonnegative matrices), [32] (multitype branching processes with immigration in ran-
dom environment, nonnegative matrices), [3] (stationary solutions of multivariate generalized Ornstein—Uhlenbeck
processes, invertible matrices), to name just a few. An extension of the methods used below applies to provide exact
tail asymptotics for random variables R which are fixed points of multivariate smoothing transforms, i.e. satisfying

N
RL> MR +B, (10.3)

i=1

where N > 2 is a fixed integer, R and R; are i.i.d. and independent of the random matrices A; and the random vector B.
The details are worked out in [6].

Heavy tail properties of such R were studied in [9,10,30] and a result similar to (1.5) was obtained, there o =
max{s > 0: ko(s) = 1/N}. Only in the first reference, which studies matrices satisfying (C), it could be shown that
K > 0, in the latter two references, only partial results were obtained.

10.1. Outlining the proof of Theorem 3.3

Now we explain how the proof of Theorem 3.3 is given by a sequence of lemmata, the proofs of which are quite tech-
nical and therefore postponed to the subsequent section, for a better stream of arguments. First, we have to introduce
some notation.

Notation. Given a random element (M, B) € M(d x d,R) x R¥, let (M,,, B,)nen be a sequence of i.i.d. copies of
(M, B), defined on a probability space (2, F,P). Let Xq : 2 — S be a random variable and (Py)ycs be a family
of probability measures on S2, such that (M,,, B)nen have the same law as under P, while Py (Xo = x) = 1. Write
Tui=M, --M[, X5 =T, - Xo, S :=log | T, Xol.

As mentioned before, we will apply the results obtained in the previous sections to the matrix A := MT. Writing
u for the law of A = MlT under PP, and defining the measures Q, as in Section 2.4, we have the following identities,
valid for all x € S:

Qx (X0, (An)nen) € ) =Py ((Xo. (M), ) € ) (10.4)
Qx((xnvsn)neNe ) ZPX((X:sS:)nGNG')- (10.5)
If not explicitly stated otherwise, all appearing quantities below will be defined in terms of the sequences (A,),eN,
for example k(s). From now on, we fix @ > 0 such that k(o) = 1 and set g := ]Eé; S1. We will assume throughout that

the assumptions of Theorem 3.3 are in force.
Using the identifications from above, the SLLN in Proposition 2.3 yields that

1 ,
lim ~log|| T, =k'(0) <0 P-as.,
n—oon

which allows to infer that there is a unique solution (in distribution) to the equation R 4 MR + B, see e.g. [5,
Theorem 1.1].

The fundamental idea is to compare the behavior of {x, R) with that of |Tx|. Therefore, we use that for R; being
i.i.d. copies of R and independent of (Mg, By), we have that for all n € N,

d d
REM R, + B =M, ---M,R, +ZM1-~-Mk_1Bk.

k<n
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Consequently, for any x € S,
d
(X, R) = (x, M-+ My Ry) + Y (x, My -+ M1 Bi) = (Tux, Ry) — D |(Th1x, Bi)|.
k<n k<n

We are going to consider sets where first term dominates, while the sum is comparably small. In order to estimate the
scalar product (T, x, R,) from below by |7,x|, we will use the following lemma:

Lemma 10.2. Let the assumptions of Theorem 3.3 hold. Then for all D > O there are J < 00, kj > 0 and ¢; > 0,
1 < j < J, and disjoint subsets S; C S, such that

R D
P( - €Sjand|R| > = ) > «; (10.6)
IR cj

and moreover
J
R c | st 10.7)
j=1

where S}“ are the cones

Sii= {yeRd (y,x) = cjlyl for all x € S}}.

If w satisfies (C), then the same statement is valid, but for S; being disjoint subsets of S> and with (10.7) replaced by

The proof of the lemma will be given in Section 11.

The lemma now allows for the following comparison: If R, € S; and T,x € S%, it follows that (T,x, R,) >
¢j1 x| Ral.

As the next step, we use this comparison in more detail. Given constants Cp, § > 0 (which will be chosen later), let
D=e%0Y 2 ek =¢C/(1 —e?). Lett > 0 and define n, = [logt/q].

Vi ={Sk > niq and log | Bit1| + S§ <nig + Co — (n — k)8 Yk < n}, (10.8)
; D
Vil =V 0 {ThXo eS}‘} N {Rn €S;and |R,| > 2—}, (10.9)
: ¢
Ve =V, (10.10)
j

Then we have the following lemma, the short proof of which we give immediately.

Lemma 10.3. Forallt >0,

P((x, R) > Dt) > P, (U Vn,t).

n

Moreover, for alln € N,

Pe(Pn) 2 (mini; )P (Vo) =2 k0P (Vo).
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Proof. Recall that P, (X¢ = x) = 1. Thus for every n on the set an , we have under P,

<M1 <My R, + ZMl "'Mk—lBk»x> > (Ru, Tnx) — Z|(Bk, Te—1x)|

k<n k<n

> cj|RallTux] = ) IBel [ Teix]

k<n

> 2De™d — "4 €0 Z e~ n—h)3

k<n

> Dt.

To prove the second part of the lemma we use the independence of 7, and R, the disjointness of S; and the fact that
RL R, to deduce

IP>)c(‘7n,l) =P, (U an,t> = pr(vnj,z) = Ko Z]Px (Vn,t N {-inx € Sj}) = koPx (Vp,r).
J J J

The final burden will then be to prove the following lemma:

Lemma 10.4. There is n > 0 and Ty > 0 such that for all t > Ty,
P, (U v) > .
n

In fact, in its proof, we will for each fixed ¢ only consider a subset K; C N of integers close to n, := |logt/q],
with ¢ = EgeS1 > 0. We will choose K; C [n; — /n;, n;] and prove that readily PX(UkeK, Vk,t) > nt~%, using the
inclusion—exclusion formula.

Therefore, we will use the following technical result, which finally fixes Cq and 8. It is here where the Bahadur—Rao
theorem enters.

Lemma 10.5. Assume that a € int(1,,) and that
E|A|*T81(A) ¢ < o0, 0 <E|B|*"® < 0. (10.11)
Then there are constants 8, Co, D1, Dy, No > 0 such that for all x € S

k()" k()"
1 W <Py(Vay) <Dz W

forall [logt/q =n; > No and every n; — /n; <n <n; — \/n; /2.
For the assertion of this lemma to hold, k(a) = 1 is not necessary, we only need that k'(«) > 0, then still q :=
Ege Si.

D

Summing up what has been said before, we now are able to prove Theorem 3.3.

Proof of Theorem 3.3. We already mentioned that the assumptions of Theorem 3.3 guarantee the existence and

uniqueness (in distribution) of a solution R to R 4 MR + B, see e.g. [5, Theorem 1.1]. The lower bound for the tail
behavior then follows by combining Lemmas 10.3 and 10.4. ]
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11. Proofs
11.1. On the support of R

As mentioned before, in order to prove Lemma 10.2, we have to show that supp R is unbounded in “enough” di-
rections. To make this statement precise, introduce the asymptotic support of R: Consider the compactification

R4 := R US4 of RY, with

RY 5 X, convergesto y €Soo =S <& lim =y and lim |x,|=o0.
n—00 |Xx,| n— 00

We will study the set

V(R) :={y€S:3(rn)nCsuppR: lim —~ =yand lim |r,,|=oo}.
n—oo |ry n—00

Using diagonal sequences, one obtains that the set V (R) is indeed closed and thus, as a subset of S, even compact.
An important result is that the set V (R) is invariant under the action of I"* = [supp M] on the sphere: Let y € V(R),
with associated sequence r,,. Then mr,, + b € supp R for all (m, b) € supp(M, B), and still [mr, + b| — oo, with the
ratio |mr, + b|/|mr,| tending to one. Hence,

m b m b
m.yzlim< r,,+ ) i In F

= lim ———,
n—00\ |mry| [mr, | n—oo [mry + b|

and thusm -y € V(R).
We have the following result about V (R) for A being nonnegative.

Proposition 11.1. Under the assumptions of Theorem 3.3, let A be nonnegative and satisfy (C).

(1) Assume that B is nonnegative. Then V(R) N Ss # .
(2) If V(R) NS= # @, then readily V(R) Nint(Ss) # .

Proof. Step 1: If B is nonnegative as well, then supp R C R‘é. Moreover, since B # 0, there is nonzero r € supp R.
But then as well R}, :=M; ---M,r + stn M; - - - Mg_1 By € supp R, in particular,

d
R[> My Myr| £ M, - M.

We assumed that A = M satisfies (C); but (C) holds for A if and only if it holds for AT. Hence Proposition 2.3
applies and gives under *Q% (which denotes the measure constructed in the same manner as Q%, but using the law of
AT =M,

lim Sn = lim llog|M,, My =k (a)/ k(@) > 0.
n—»oo n n—-oon
But finite marginal distributions of *Q% and PP are equivalent, and thus we have that the sequence (|M,, ---M;r|), is
unbounded, hence supp R is unbounded as well.
Step 2: As shown above, the set V (R) is invariant under I"*. But by [9, Lemma 4.3], V (I"*) is the unique closed
minimal I"*-invariant subset, hence V(R) contains V(I"*). In particular, there is y € int(S>) with y € V(I'*) C
V(R). |

Proof of Lemma 10.2. We consider separately the three cases of matrices.

Case 1: Assume A is nonnegative and satisfies (C) and that supp RN Ri is unbounded. Then, by Lemma 11.1, there
is yp € int(S>) N V(R). It holds that minyes. (x, yo) > minj<;<q4(yo); > 0.Let § > 0 such that Bs(yo) NSs Cint(Ss).
Then there is ¢ > 0 such that min,es. minyégs(yo) (x,y)>c,and we can set J := 1 and S; := B;s(yp).-
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Case 2: Assume that A € GL(d, R), satisfying (id). Due to the density assumption, which is invariant under taking
the transpose, there is in particular a proximal matrix m € I"* with attracting eigenvector vp,. By [1, Lemma 8.1], the
set V (R) is non-empty, moreover, there are y1, y» € V(R) such that (y;, vym) > 0 and (y2, (—vm)) > 0. Since V(R) is
I'*-invariant, it follows that m” - y; and m” - y, are in V (R) for all n € N, hence vy, and —vpy, are in V (R).

Observe that the operator P, defined in (2.2), leaves C, (V (R)) invariant. Moreover, due to the density assumption,
the measure v := (PZ)"0 % (8, + 8—v,,) has a density with respect to the volume measure on S, and in particular, gives
mass zero to any hyperspace, and is still supported on (a subset of) V(R) and is symmetric, i.e. v(A) = v(—A) for all
A CS. Then one can proceed as in [17, Lemmas 2.7 and 2.8] — these are the counterpart of Lemma 4.4 for invertible
matrices — to show that ((P¥)")v(1y(r)) = ck ()" = ¢ for some ¢ > 0 and all n e N.

Together with the compactness of V (R) this yields that, using Prokhorov’s theorem,

is a weakly compact sequence and therefore has a subsequential limit v}, which is a probability measure on V (R) that
satisfies P2 v} = v}.
By Proposition 2.1(3) and (4), it holds for all x € S that

. o1
Eélg/‘/(R)}(x, y)}sv;“(dy) = ?lelger(X) =e>0.

This shows that for all x € S there is y € V (R) such that (x, y) > 271/5¢1/5 dye to the symmetry of v¥. Hence we can
find a partition of V(R) into a finite number of sets (use compactness), such that the assertions of the lemma hold.
Case 3: Assume that A € GL(d, R) satisfies (i—p), and that there is no proper closed convex cone, which is I"*-
invariant. Then it is shown [17, after Theorem 5.1], that V (R) contains the pre-image of V (I"*) under the projection
S — P4=1 (this is called Case I there). Using that M = AT satisfies (i-p) as well, if it is satisfied by A, we use [17,
Theorem 2.17] to infer the existence of a symmetric probability measure v}, which is supported in (a subset of) V(R).
Then we can conclude as above. [

11.2. Auxiliary lemma

Next we are going to prove Lemma 10.5.

Proof of Lemma 10.5. Step 1: Denoting U,, ; := {S}; > n;q} and
Wini:={S] +log|Bjs1l > ng + Co— (n — j)s},

we have that

]PX(VH,Z) = ]P)x(Un,t) - IP>x <U (Un,t N Wj,n,t)) .

j<n

Using the Bahadur—Rao type result (9.3), we estimate P, (U, ;) from below (withd =g(n; —n), 0 =g+ 1, ¥ =
inf, %), namely, there is Ng € N and 9, > 0, such that for all n > N, the following estimate holds:

V1 k(a)"
Px(Un,t) =Qx (S, > nq) > ra(x)EQX [ra(Xn)l{Snan+d}] > W~ (11.1)

Similarly (9.2) provides an upper estimate for P(U, ;) which in particular proves the upper bound in the lemma.
Therefore it is sufficient to prove that

k(a)"
]Px(U(Un,t N Wj,n,t)) S 19' . W (11.2)

j<n
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for some ¥ < v, /2. In fact, we are going to show that ¥} can be made arbitrarily small by choosing Cy large.

Step 2: Let us denote by 1, p the joint law of (A, B). By decomposing the sets W; , , further, depending on the
overshoot of S;f +log|Bj+1l, we obtain

Px <U (Un,t N Wj,n,t)) =< pr(Un,t N Wj,n,t)

j<n j<n
etq+Cotm g +Cot+m+1
n
_ZZ < (n 73 <|Bj+1||—ljxl<wand|—'n.x|>etq)
j<nm=>0
iz,q+Co+m en,q+Co+m+l T
<ZZ/ ( o =PIl < —— i and [T}l |||‘I,-x|>e"f‘f)uA,B(da,db>
j<nm=>0
e"ta+Cotm |b|e(n—j)5
< - . L
ZZ/ (m 2 e ,)5) (nn,”]n > ||a”eco+m+l)uA,Bua,db).
j<nm=>0

To estimate further, we have to consider separately the cases where |b| is small resp. large, for we can apply the
Bahadur—Rao estimate only in the first case. More precisely, we split the integral into two integrals over the set

O = {|b| < e(nt—j)q+Co—(n—j)8+m} (11.3)

and its complement ©°€, respectively.
Step 3: In this step, we estimate

eMra+Co+m |b|e(n—./')5
I —szlo(bw(mm_ Bt m) (nnn,-ln > W)MA,B(da,db).

j<nm=>0

In this step, we also choose §. Cy will be a free parameter until Step 5, and it is important to notice, that all appearing
constants are independent of Cjp.
On @, ¢ := %Jm > exp(jgq), thus the estimate (9.2) applies to the first probability in I and yields
Ck(a)!  Ck(a)!|b|*e*"=1?
P(ITjx| = ") =Py (S} = u) = Qu(Sy = u) < et = Jrewna o (11.4)

where C is given by Theorem 9.1 and only depends on «.
In order to estimate the second probability in I, we use the Markov inequality with the function x > x?, where we
choose B > 0 such that 8 < « and k(B8) < k(«). This is possible since k'(a) > 0. Then, by Corollary 4.5,

L k)
Ll < —k(py ! = .
BN -1 < k()™ = ke ]<k<a>>

with cg > 0 given by Proposition 4.4. We obtain, applying the Markov inequality as described above,

|ble— E[||T,—,-1]1P]||a]|# P CotmtD
MT,—j—1ll > < !
" [|af|eCotm+l |b|BeP (=3

(11.5)

_ k@) |ja||PeP(CormtD (k(ﬁ))"‘f
T k(B)eplblPebn=Dd A\ k()

Define £ := o — > 0. Using the estimates (11.4) and (11.5) in I and simplifying terms, we obtain

CeP 1 k(@) IblE allPet =0 /k(B)\"—7
<Yy / 10() ke(ﬂ)f (a)elnqugncoim) (kg) jia p(da, db). (11.6)

j<nm=>0
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We estimate further by omitting the indicator 1¢ (b), integrating, setting C’ := Ce® / cpgk(B) and using Fubini’s theo-
rem:

L1 k()" eED8 k(g \" Y -
= Z Z “ 7 Jj eonid g (Cotm) <k(0l)) ]E(”A” B )

j<nm=>0
C'k(a)" tm 1 [k(B)esS\"/
= JECoqund (Ze : )(Zﬁ( @ ) )E(nAnﬂBﬁ). (11.7)
m=0 j<n

Recall that we chose 8 < « such that k(8) < k(«). Thus, we can choose a (small) § > 0, such that
Sk (B) < k(a), (11.8)

and apply Lemma 11.2 (see below) with o = €5%k(8)/k(«) to infer that the sum over j is bounded by a constant times
1//n. OnE(||A||#|B|¢) we can apply Hélder’s inequality with p; = /(¢ — &) = /B and p> = a/£ to infer
C'k(a)" 1 C"k(a)" c” k()"
< @ D pjapgpe = S C K@
eSCOea”t(I 1— *S \/_ \/_ SCOeanlq eéCO \/n_leantq
for a finite constant C””, which does not depend on n or ¢ or Cy. Note that we were allowed to replace n by n; in the

final expression, since n; — /n; <n <n; — \/n;/2 by assumption.
Step 4: Now, to estimate

eMa+Cotm |b|e(”_/')5
I:= Z Z / loc(b)P<|-iJ'x| = W) 'P<||Hnjl | > W)MA’B(da’ db),

j<nm=>0

we start by applying the Markov inequality with x — x® resp. x — x? with 8 as above to both probabilities:

|_[ x| n1(1+Co+m - E[|—Ijx|a]|b|aea(n—j)8 - k(a)j|b|oleot(nfj)8 (11 9)
~ |ble (n—j)é e (niqg+Co+m) - Caea(n,q+Co+m) ’ '
|be=7? E[|[,—j—1[P1]ja]|f ef CotmtD k(pyr=i||a||fef Cotm+D
P — -1l > < < (11.10)
"I a) eCotm |b|F ePn=13 = cpk(B)|b|P PS5 '

were we used as before Corollary 4.5 to obtain the second inequalities. Hence, with £ = « — § as before,

k n,p §8 ) n—j
n=y Y o e‘f’"(g—(m) [ 1 @1l b er atca av) (111

j<nm=0 Cﬁk(ﬁ)esc()e“"tq k(@)
< géCoeanrq <n;) ;( k(a) > /1@((17)”3” |b| I’LA,B(da, db)) (1112)

with D = eﬂ/(ca65k(ﬁ)). Recall from (11.3) that the set @€ is defined in terms of m and j, thus in order to resolve
the sums, we first have to deal with the integral. We will apply the Holder inequality twice. Choose (a small) y > 1
such that

—1
EJA|”" <oo and E[B]" <oco and (still) &5 k(B) < k(a). (11.13)

This is possible due to (11.8) and the moment assumptions (10.11). Then, using Holder first with p; =y, p2 =
y/(y — 1) and subsequently with p| =a/B, p) = a/&, we obtain

Eloc(B)IAIP|BIE < (P(B € ©°))7 "7 (R||A|7#|B1E) "

< (]P)(B e @C))()/—l)/)/ (E”A”ya)ﬁ/(ﬂ”/) (E|B|V0l)§/(ay) (1114)
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Now we apply the Markov inequality with x — x¢ to estimate (P(B € ©°)),
P(|B| > e ia+Co==pbtm) < (g B[§)p=Ean—i)—&(Cotm) y£3n—])
< (E|B|s)e_§q*/’T’~ 1. e880=0), (11.15)
where the last inequality is valid for j <n (only such j appear in the sum) and follows from the condition n <

ny — \/l’l_t
Using (11.15) in (11.14) and this in (11.12), we obtain

Dk(a)" tm Sk ()"
H—efCoeom,q (Z Z( k() )

m=>0 j<n

(11.16)

=D (ay) &/(ay)
 EIBIOYD @A) BB ity
e5a((y=1)/v)/ns

D'k(a)" 1 (Zes’” Z(e“(l*(Vl’/”k(ﬁ))”"' ) (11.17)
m=>0

T ECoeanid Eq((r—D/y) k()

j<n

for a finite constant D’, independent of n, ¢, Co. Recalling (11.13), both sums converge. Finally, up to a constant, the
second quotient can be replaced by 1/,/n;, and thus we arrive at

e D _ke” 11.18
= 0 T (11.18)

Step 5: Recall that our original aim was to prove (11.2) with an arbitrarily small ©#. From the previous steps, we
have the estimate

C/// + D// k(a)n
]Px <U (Un,t N Wj,n,t)) S I + H S egco \/n_teoln,q ’

j<n

where C”’ and D” are finite constants, independent of Cy, which is still a free parameter. Thus, by choosing appro-
priately large Cp, we obtain the assertion. ]

Lemma 11.2. Let 0 < o < 1, then there is D3 < oo such that for alln € N,

n
ZLQWRDQL,
i T Tn

Proof. As the first step, we relabel the sum to Z/ -0 J*Qj Then we split the sum at J,, := 1/2(logn)/log(e) and
use that o/» = 1//n and that n/(n — J,) converges to 1 as n goes to infinity:

]JZOJT . T(JZF )*Qj"<zf " J")

Jj=
<L su " S o R S, ='&
- \/ﬁ<|:neII\\)I n—Jy i|]2=(:)gj> * ﬁ(ggj> . \/’; O

I /\

11.3. Finishing the proof

Proof of Lemma 10.4. Step 1: We have to prove that P, (|, \7,”) > nt ¢ for some 7 > 0 and all large ¢. In order
to do so, we can estimate the probability from below by Py (|, e ‘7,, +), where K; can be any subset of N, and may
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depend on ¢. Applying the inclusion—exclusion formula and Lemma 10.3, we obtain

Px( U ‘7n,t) = Z Px(vn,t) - Z Px(f;n,t N Vn’,t)

nek; nek; n,n'€K;n>n’
>k0 Y PeVad— D PulVisN Vi),
nek; n,n'eK;n>n’

1511

(11.19)

where we also used that (\7,” N Vn/’t) C (Vut NV 1), cf. their definitions in (10.8)—(10.10). In order to make the

second sum small, we will consider the following specific subsets K;,

K; ={kC :nt_\/n—t<kcl <nt_\/”—t/2},

where the parameter C; will be chosen later.
Step 2: In this step, we compute P(V,,,t N V,y ;) forn,n’ € K; withn > n'. Let 71",

Py(Vay NV, ) <P(I x| >t and [T,x| > 1)

P(re" < [Twx| < 1e" and [Ty || [Txl > 1)

Mg ﬁMg

< D P(ITwxl = te™)B(|| T,

n—n’ H > e—m—l)'

m=0

41—

(11.20)

(11.21)

For the first probability, we can apply the estimate (9.2): Rewriting it as Qy (S,» > logt + m), we have since n’ € K;

that n’ <n; = [logt/q7 and thus u :=logt +m > n’q. Hence,

Ck(a)"’ c
\/_toteam \/n_tt"‘e"‘m ’

For the second inequality, we used that n’ € K; is comparable to n;.

P(|Twx| > 1) <

For the second probability, we use the Markov inequality with x — x#, where 8 < « is such that k(8) < k(a) =1

(as above), this is possible since k'(a) > 0. Together with Corollary 4.5, we obtain
P(I Taew Il > e 1) < PRI,y 1|f < Py k()" P,

Using these estimates in (11.21), we infer

C/eﬂ k(ﬂ)n_n, ie—(a—ﬁ)m < C”k(ﬁ)n_nl

Px(vn,t N Vn’,t) =< « = o
cp Nt = Vit

Step 3: Using the previous step and the estimate from Lemma 10.5 (again k(@) = 1) in (11.19), we obtain

P(UT)z0 X =2 X ke

nek; nek; nekK;n'eK;:n’'<n

|K:| 1" n—n'
z\/n_t’ta(xobl—c Y kB )

n'eK;:in’'<n

Now we use that the cardinality | K;| > £ —-1> ‘/7 for all sufficiently large ¢, and that n — n’ > C) for n,n’ € K;,

n>n'

~ 1 1 C'k C
m(U Vi )z F(KoDl C"k(B)C! Zk(ﬁ)J)ta c (K()Dl C B

nek;
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Since k(B) < k() = 1, we can now choose C such that the term in the brackets becomes positive. Then, for all ¢
sufficiently large (in particular, such that K; is nonempty),

Px( U Vn,t) > nt_a,

nek;

with n > 0 being independent of 7. (]
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