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Abstract. This paper provides a large deviation principle for non-Markovian, Brownian motion driven stochastic differential
equations with random coefficients. Similar to Gao and Liu (Stoch. Dyn. 6 (2006) 487-520), this extends the corresponding results
collected in Freidlin and Wentzell (Random Perturbations of Dynamical Systems (1984) Springer). However, we use a different
line of argument, adapting the PDE method of Fleming (Appl. Math. Optim. 4 (1978) 329-346) and Evans and Ishii (Ann. Inst.
H. Poincaré Anal. Non Linéaire 2 (1985) 1-20) to the path-dependent case, by using backward stochastic differential techniques.
Similar to the Markovian case, we obtain a characterization of the action function as the unique bounded solution of a path-
dependent version of the Eikonal equation. Finally, we provide an application to the short maturity asymptotics of the implied
volatility surface in financial mathematics.

Résumé. Nous montrons un principe de grandes déviations pour les équations différentielles stochastiques non-markoviennes,
dirigées par un mouvement brownien, et a coefficients aléatoires dépendant de 1’ensemble du passé. Comme dans Gao et Liu
(Stoch. Dyn. 6 (2006) 487-520), ceci étend les résultats correspondants dans Freidlin et Wentzell (Random Perturbations of Dyna-
mical Systems (1984) Springer). Cependant, nous utilisons un argument différent, adaptant la méthode d’EDP de Fleming (Appl.
Math. Optim. 4 (1978) 329-346) et Evans et Ishii (Ann. Inst. H. Poincaré Anal. Non Linéaire 2 (1985) 1-20) au cas des équations
dépendant des trajectoires, en utilisant des techniques d’équations différentielles stochastiques rétrogrades. Comme dans le cas
markovien, nous obtenons une caractérisation de la fonction d’action comme 1’unique solution bornée d’une version non marko-
vienne de 1’équation eikonale. Enfin, nous proposons une application a I’analyse asymptotique, en maturité courte, de la surface de
volatilité implicite en mathématiques financiéres.
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1. Introduction

The theory of large deviations is concerned with the rate of convergence of a vanishing sequence of probabilities
(P[A;Dn>1, where (Ap)n>1 is a sequence of rare events. After convenient scaling and normalization, the limit is
called rate function, and is typically represented in terms of a control problem.

The pioneering work of Freidlin and Wentzell [17] considers rare events induced by Markov diffusions. The tech-
niques are based on the Girsanov theorem for equivalent change of measure, and classical convex duality. An important
contribution by Fleming [13] is to use the powerful stability property of viscosity solutions in order to obtain a sig-
nificant simplified approach. We refer to Feng and Kurtz [12] for a systematic application of this methodology with
relevant extensions.

The main objective of this paper is to extend the viscosity solutions approach to some problems of large deviations
with rare events induced by non-Markov diffusions

t

1
Xt=Xo+/ bS(W,X)ds—i—/ os(W,X)dW,, t>0, (1.1)
0 0

where W is a Brownian motion, and b, o are non-anticipative functions of the paths of (W, X) satisfying convenient
conditions for existence and uniqueness of the solution of the last stochastic differential equation (SDE).

We should note that the Large Deviation Principle (LDP) for non-Markovian diffusions of type (1.1) is not new.
For example, Gao and Liu [18] studied such a problem via the sample path LDP method by Freidlin—Wentzell,
using various norms in infinite dimensional spaces. While the techniques there are quite deep and sophisticated,
the methodology is more or less “classical.” Our main focus in this work is to extend the PDE approach of Fleming
[13] in the present path-dependent framework, with a different set of tools. These include the theories of backward
SDEs, stochastic control, and the viscosity solution for path-dependent PDEs (PPDEs), among them the last one
has been developed only very recently. Specifically, the theory of backward SDEs, pioneered by Pardoux and Peng
[25], can be effectively used as a substitute to the partial differential equations in the Markovian setting. Indeed, the
log-transformation of the vanishing probability solves a semilinear PDE in the Markovian case. However, due to the
“functional” nature of the coefficients in (1.1), both backward SDE and PDE involved will become non-Markovian
and/or path-dependent.

Several technical points are worth mentioning. First, since the PDE involved in our problem naturally has the
nonlinearity in the gradient term (quadratic to be specific), we therefore need the extension by Kobylanski [23] on
backward SDEs to this context. Second, in order to obtain the rate function, we exploit the stochastic control repre-
sentation of the log-transformation, and proceed to the asymptotic analysis with crucial use of the BMO properties
of the solution of the BSDE. Finally, we use the notion of viscosity solutions of path-dependent Hamilton—Jacobi
equations introduced by Lukoyanov [24] in order to characterize the rate function as the unique viscosity solution of
a path dependent Eikonal equation.

Another main purpose, in fact the original motivation, of this work is an application in financial mathematics. It has
been known that an important problem in the valuation and hedging of exotic options is to characterize the short time
asymptotics of the implied volatility surface, given the prices of European options for all maturities and strikes. The
need to resort to asymptotics is due to the fact that only a discrete set of maturities and strikes are available. This diffi-
culty is bypassed by practitioners by using the asymptotics in order to extend the volatility surface to the un-observed
regimes, for which we refer to Henry-Labordere [22]. The results available in this literature have been restricted to the
Markovian case, and our results in a sense open the door to a general non-Markovian, path-dependent paradigm.

We finally observe that the sequence of vanishing probabilities induced by non-Markov diffusions can be re-
formulated in the Markov case by using the Gyongy’s [20] result which produces a Markov diffusion with the same
marginals. However, the regularity of the coefficients of the resulting Markov diffusion X (¢, x) := E[o;|X; = x] are
in general not suitable for the application of the classical large deviation results.

The paper is organized as follows. Section 2 contains the general setting, and provides our main results. First,
we solve the small noise large deviation problem for the Laplace transform induced by a non-Markov diffusion.
Next, we state the small noise large deviation result for the probability of exiting from some bounded open domain
before some given maturity. We then state the characterization of the rate function as a unique viscosity solution
of the corresponding path-dependent Eikonal equation. Section 3 is devoted to the application to the short maturity
asymptotics of the implied volatility surface. Sections 4, 5 and 6 contain the proofs of our large deviation results, and
the viscosity characterization. Finally the Appendix completes the proof of a lemma.
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2. Problem formulation and main results

Let 24 :={weC 0([0, T1,RY) : wy = 0} be the canonical space of continuous paths starting from the origin, B the
canonical process defined by B;(w) := wy, t € [0, 1], and F := {F;, 1 € [0, T} the corresponding filtration. We shall
use the following notation for the supremum norm:

lwll; == sup |wg| and |lo| :=|lw|r forallte[0,T], we 2.
s€[0.1]

Let Py be the Wiener measure on §24. For all ¢ > 0, we denote by P? :=Py o (/¢ B)~! the probability measure such
that

1
{Wf =—B;,0<t< T} is a P*-Brownian motion.

JE
Our main interest in this paper is on the solution of the path-dependent stochastic differential equation:
dX; =b,(B,X)dt +0:(B,X)dB;, Xo=xo,P°-as., (2.1)

where the process X takes values in R” for some integer n > 1, and its paths are in £2,, := CO([O, T1,R").

The supremum norm on £2,, is also denoted || - ||;, without reference to the dimension of the underlying space. The
coefficients b : [0, T] x 24 x 2, — R" and o : [0, T] x £24 X 2, — R"*4 are agsumed to satisfy the following
conditions which guarantee existence and uniqueness of a strong solution for all ¢ > 0.

Assumption 2.1. The coefficients f € {b,c} are:

e non-anticipative, i.e. f;(w,x) = fi((ws)s<t, (Xs)s<t)»
e L-Lipschitz-continuous in (w, x), uniformly in t, for some L > O:

|ft(a),x) — f,(w’,x/)| < L(Hw—w’”t + Hx —x’Ht); 1€[0,T], (w,x), (o, x") € 24 x 2y.

Under PP?, the stochastic differential equation (2.1) is driven by a small noise, and our objective is to provide some
large deviation asymptotics in the present path-dependent case, which extend the corresponding results of Freidlin and
Wentzell [17] in the Markovian case. We shall adapt to our path-dependent case the PDE approach to large deviations
of stochastic differential equation as initiated by Fleming [13] and Evans and Ishii [9], see also Fleming and Soner
[14], Chapter VIIL.

2.1. Laplace transform near infinity

As a first example, we consider the Laplace transform of some path-dependent random variable & ((ws)s<7, (X5)s<T)
for some final horizon 7' > 0:

LE = —eInEX [~ (/9B (2.2)

In the following statement ]Li denotes the collection of measurable functions « : [0, 7] —> R? such that fOT oty |2 dt <
00. Our first main result is:

Theorem 2.2. Let & be a bounded uniformly continuous F-measurable rv. Then, under Assumption 2.1, we have:

1 T
Ly —> Lo:= inf £ ase— 0, where {g := E(wo‘,x“) + —/ ;| dt,
wel? 2 Jo

and (0%, x%) are defined by the controlled ordinary differential equations:
t t t
o} =/ agds, xf =Xo ~|—/ bs(wo‘,x“)ds —l—/ os(a)“,x“)dw_‘;‘, tel[0,T].
0 0 0

The proof of this result is reported in Section 4.
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Remark 2.3. Theorem 2.2 is still valid in the context where the coefficient b depends also on the parameter €, so that
the process X is replaced by X*¢ defined by:

dX; =b{(B,X")dt +o,(B,X°)dB;, X{=x0,P"-as.

Since this extension will be needed for our application in Section 3, we provide a precise formulation. Let Assump-
tion 2.1 hold uniformly in ¢ € [0, 1), and assume further that ¢ —> b® is uniformly Lipschitz on [0, 1). Then the
statement of Theorem 2.2 holds with x“ defined by:

t t
xf‘:XO—}—/O bg(a)‘)‘,x“)ds—i—/o os(a)“,x“)dw?, te[0,T].

This slight extension does not induce any additional technical difficulty in the proof. We shall therefore provide the
proof in the context of Theorem 2.2.

2.2. Exiting from a given domain before some maturity

As a second example, we consider the asymptotic behavior of the probability of exiting from some given subset of R”
before the maturity 7'

Qo :=—¢InP’[H <T], where H:=inf{t>0:X, ¢ O}, (2.3)
and O is a bounded open set in R”. We also introduce the corresponding subset of paths in §2),:

O={we2,:w;€0forallt <T}. 2.4
The analysis of this problem requires additional conditions.

T

Assumption 2.4. The coefficients b and o are uniformly bounded, and o is uniformly elliptic,i.e. a := oo is invert-

ible with bounded inverse a=".

The present example exhibits a singularity on the boundary d O because Qg vanishes whenever the path o is started
on the boundary 9 O. Our second main result is the following.

Theorem 2.5. Let O be a bounded open set in R" with C3 boundary. Then, under Assumptions 2.1 and 2.4, we have:
1 T
05— Qo= inf{qg ‘a € Li,x%A, ¢ (9}, where g§ == E/ |as|2ds,
0
and x* is defined as in Theorem 2.2.

The proof of this result is reported in Section 5.

Remark 2.6.

(i) A similar result of Theorem 2.5 can be found in Gao-Liu [18]. However, our proof has a completely different
flavor, and follows the lines of the simpler and more direct PDE argument.

(ii) The condition on the boundary 30 can be slightly weakened. Examining the proof of Lemma 5.2, where this
condition is used, we see that it is sufficient to assume that O can be approximated from outside by open bounded
sets with C3 boundary.

Remark 2.7. The result of Theorem 2.5 is still valid in the context of Remark 2.3. This can be immediately verified by
examining the proof of Theorem 2.5.
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2.3. Path-dependent Eikonal equation

We next provide a characterization of our asymptotics in terms of partial differential equations. We refer to Evans
and Ishii [9], Fleming and Souganidis [15], Evans—Souganidis [10], Evans, Souganidis, Fournier and Willem [11],
Fleming and Soner [14], for the corresponding PDE literature with a derivation by means of the powerful theory of
viscosity solutions.

Due to the path dependence in the dynamics of our state process X, and the corresponding limiting system x?,
our framework is clearly not covered by any of these existing works. Therefore, we shall adapt the notion of viscosity
solutions introduced in Lukoyanov [24].

Denote 2 := 24 x 2, and ® = (w, x) a generic element of .Q, ®:=[0,T] x S?, and ©Y:=[0, T) x 2. Consider
the truncated Eikonal equation:

{=8u — Fi, (-, dou, dxu) } (t,&) =0 for (1,») € O, (2.5)

where K is a fixed parameter, and the nonlinearity Fk, is given by:

R A . 1 )
Fio(t,®, P, pr) :=bi (&) - px + _inf {Eml2 +a-(po+ m(w)Tpx)}, (2.6)

aeRd, |a|<Ky
for all (t, ®) € O, p, € R and p, € R". Notice that
|2

R R 1 R
Fiy(t, &, o, ) — bi(@) - px = 5|+ o1 (@) px|” as Ko — oo,

the equation (2.5) thus leads to a path-dependent Eikonal equation. We note that the truncated feature of the equation
(2.5) is induced by the fact that the corresponding solution will be shown to be Lipschitz under our assumptions.

2.3.1. Classical derivatives
The set ® is endowed with the pseudo-distance

d©.0"):=t—1'|+ |&n—a

| forall6 =(1,0),6' = (1',&) € O.

/
A

For any integer k > 0, we denote by C%(®, R¥) the collection of all continuous functions u : @ — R¥. Notice, in
particular, that any u € C%(®, R¥) is non-anticipative, i.e. u(f, ®) = u(t, (s)s<,) for all (t,d) € ©.
We denote 2 as the set of all K -Lipschitz paths. For 6 = (t, ®) € ©°, we denote O (0) := UKZO Ok (), where:

Ok 0)={(t',a') e O :t' =1, d;, =dn, and &'|;, 7y is K -Lipschitz}.

Definition 2.8. A function ¢ : @ —> R is said to be C11(O) if ¢ € C%(O,R), and we may find 3¢ € C°(O,R),
dpp € COUO, RIT™), such that for all 6 = (t, &) € O:

9(0) = 0) + 9pO)(t — 1) + 0,00) (@) — &) + oy (t' —1) foralld' € O®),

where oy (h)/h —> 0 as h \( 0. The derivatives 0, and 0y are defined by the natural decomposition dy¢ =
(B, 3x9)".

The last collection of smooth functions will be used for our subsequent definition of viscosity solutions.

2.3.2. Viscosity solutions of the path-dependent Eikonal equation
Let (H)IO( :=1[0, T) x 2k . The set of test functions is defined for all K > 0 and 6 € @10< by:

AXu®) = [ e C1(©) 1 (p ~w)(®) = min (v —u)(©")], @7
0'eOk

Au®) =g e @)1 (p —w)(®) = max (v —w)(©") . 2.8)
0'eOk
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Definition 2.9. Let u : ® —> R be a continuous function.

() u is a K -viscosity subsolution of (2.5), if for all 6 € %, we have
{—8ip — Fiy (-, 850)}(0) <0 forall g € AXu(6).
(i) u is a K -viscosity supersolution of (2.5), if for all 6 € ©%, we have
{80 — Fxy -, 9,00} 0) 2 0 forall g € A" u(0).
(iii) u is a K-viscosity solution of (2.5) if it is both K -viscosity subsolution and supersolution.
2.3.3. Wellposedness of the path-dependent Eikonal equation
We only focus on the asymptotics of Laplace transform. For simplicity, we adopt the following strengthened version
of Assumption 2.1.

Assumption 2.10. The coefficients b and o are both bounded and satisfy Assumption 2.1.

A natural candidate solution of equation (2.5), with the terminal condition u = &, is the dynamic version of the
limit L? introduced in Theorem 2.2:

. R 1 rT
u(t,»):= inf {E”“’(d)a’t"") + —/ Iots|2ds}, (t,0) e B, (2.9)
wel2([1,TT) 2

where G%? := (@@, x%1®) is defined by:
N N n s n N N N
a)g’l’w = / o7 EWS dr, )Cg’t’w = f bt+r ((:(\) ®t d\)a,t,w) dr + / Of4r ((:(\) ®t d\)a,l,w) da)g’l’w,
0 0 0
with the notation (& ®; &)y := lis<)&s + (s> (& + &} _,), and
£0(0) =¢((0® @), ) foralld,d €S2

Theorem 2.11. Let Assumption 2.10 hold true, and let & be a bounded Lipschitz function on 2. Then, for Ko suf-
ficiently large and K > (||b]lco V |0 llcc)(1 + Ko), the function u defined in (2.9) is the unique bounded K -viscosity
solution of the path-dependent PDE (2.5).

The proof of this result is reported in Section 6.

3. Application to implied volatility asymptotics
3.1. Implied volatility surface

The Black—Scholes formula BS(K, o>T) expresses the price of a European call option with time to maturity 7 and
strike K in the context of a geometric Brownian motion model for the underlying stock, with volatility parameter
o >0:

BS(K,v) __{(1 — et forv=0,

BS(k,v) := TSy |NWdy(k,v)) — eN(d_(k,v)), forv=>0,

where So denotes the spot price of the underlying asset, v := o7 is the total variance, k := In(K /Sp) is the log-

moneyness of the call option, N(x) := (27)~1/2 [*__ e 2 gy,

Tk W
di(k, U) — ﬁ :I: 7,
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and the interest rate is reduced to zero.
We assume that the underlying asset price process is defined by the following dynamics under the risk-neutral
measure Py:

dSt = StO't(B, S) dBt, ]P)()-a.S.

so that the price of the T-maturity European call option with strike K is given by EFo[(S; — K)T]. The implied
volatility surface (7', k) — X (T, k) is then defined as the unique non-negative solution of the equation

N(d (k, Z°T)) — &*N(d_(k, 2°T)) = C(T, k) := E®[ (X7 — )],

where X; :=1In(S;/Sp), t = 0.

Our interest in this section is on the short maturity asymptotics T\ O of the implied volatility surface X (T, k) for
k > 0. This is a relevant practical problem which is widely used by derivatives traders, and has induced an extensive
literature initiated by Berestycki, Busca and Florent [1,2]. See e.g. Henry-Labordere [22], Hagan, Lesniewski and
Woodward [21], Ford and Jacquier [16], Gatheral, Hsu, Laurence, Ouyang and Wang [19], Deuschel, Friz, Jacquier
and Violante [5,6], and De Marco and Friz [4].

Our starting point is the following limiting result which follows from standard calculus:

— k2
lim vInBS(k,v) = ——, forall k > 0.
v—0 2

We also compute directly that, for k£ > 0, we have C’(T, k) — 0as T (0. Then T X (T, b:—0asT N\ 0, and it
follows from the previous limiting result that

R k2
lim TZ‘(T,k)zlnC(T,k)z——, for all k > 0. 3.1
T—0 2

Consequently, in order to study the asymptotic behavior of the implied volatility surface X' (T, k) for small maturity
T, we are reduced to the asymptotics of T In é‘( T, k) for small T, which will be shown in the next subsection to be
closely related to the large deviation problem of Section 2.2. Hence, our path-dependent large deviation results enable
us to obtain the short maturity asymptotics of the implied volatility surface in the context where the underlying asset
is a non-Markovian martingale under the risk-neutral measure.

3.2. Short maturity asymptotics

Recall the process X, :=1n(S;/Sp). By Itd’s formula, we deduce the dynamic for the process X:
1 x 2 X
dX, = —50 (B, X)“d{B); + 0/ (B, X)dB, (3.2)

where o (v, x) 1= o (w, Spe™). For the purpose of the application in this section, we need to convert the short matu-
rity asymptotics into a small noise problem, so as to apply the main results from the previous section. In the present
path-dependent case, this requires to impose a special structure on the coefficients of the stochastic differential equa-
tion (3.2).

For a random variable ¥ and a probability measure P, we denote by £F(Y) the P-distribution of Y.

In this section, we shall adopt the simplest

Assumption 3.1. The diffusion coefficient 6% : [0, T] x 24 x £, —> R is non-anticipative, Lipschitz-continuous,
takes values in [o, 0| for some & > o > 0, and satisfies the following small-maturity small-noise correspondence:

£hx,) =LY (X)) foralle €]0,1).
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Remark 3.2.

(1) Assumption 3.1 is the simplest sufficient condition which turns the small maturity problem into a small noise
one. Clearly, one could weaken it substantially by allowing for some small perturbations. For simplicity, we refrain
from any further refinement in this direction.

(ii) Assume that o is independent of w and satisfies the following time-indifference property:

oc)f x) = UtX (xc) forall ¢ >0, where x; :==x¢5,5 €[0,T]. (3.3)

Then, EPO((XS)SSS) =¥ ((X5)s<1) for all € € [0, 1), which implies that the small-maturity small-noise correspon-
dence holds true.

Notice that Condition (3.3) holds for a large class of path-dependent examples. For instance, given a pair (t, x) €
[0, T] x £2,,, define the trace of x as the image X; :={y € R4 . y = x5 for some s € [0, t]}, and let

oX(x):=¢(X), (t,x)€[0,T]x 2y,

for some function ¢. Then o* satisfies Condition (3.3). In particular, this example covers the following three cases:

e the homogeneous Markovian case U,X (x) =0%(x),
e the running maximum dependence otX x)=0%(x;, maxg<; |Xsl),
e the running max/min dependence G,X @) =0%(x, maXs<;{a - xg}, ming<{a - x,}), for some a € R".

In view of (3.1) and the small-maturity small-noise correspondence of Assumption 3.1, we are reduced to the
asymptotics of

eInEX [(eX1 — ek)+] ase — 0.
Under P? the dynamics of X is given by the stochastic differential equation:
dX, = —%o,X(B, X)%dt +0X(B,X)dB,, P*-as.
whose coefficients satisfy the conditions given in Remarks 2.3 and 2.7. Consider the stopping time
H,p:= inf{t 1 Xy ¢ (a, b)} for —oo <a < b < +o0.
Then, it follows from Theorem 2.5 and Remark 2.7 that
Qo :=—eInP*[H,p < 11— Qo(a,b) ase\ 0,

where Qq(a, b) is defined as in Theorem 2.5 in terms of the controlled function x* of Theorem 2.2:

1 1
Qo(a,b) = inf{i/(; las|®ds o € ]Li,x‘f‘A. ¢ Oa,b},
where O, p :={x : x; € (a, b) for all ¢ € [0, 1]}. The rest of this section is devoted to the following result.
Proposition 3.3. lim,_,o —e InEF [(eX! — X)T] = Q¢ (k) := limy— —oo Qo(a, k).

Proof.
1. We first show that

lim 8lnEPE[(eX‘ - ek)+] < —0o(k). (3.4)

e—0

Fix some p > 1 and the corresponding conjugate ¢ > 1 defined by % + ql = 1. By the Holder inequality, we estimate
that

EF[(eX — )] < BF [ 1x,20] < EX [¢7]) 9P [H, x < 1]V/7, foralla <k.
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By standard estimates, we may find a constant C,, such that EF [e?X1]1<C p forall € € (0, 1). Then,

eInEF [(eX1 — ek)+] < flnCp + iln]P’s[Ha,k <1],
q p

which provides (3.4) by sending ¢ — 0 and then p — 1.
2. We next prove the following inequality:

&

lim ¢ InEF [(eX‘ - ek)+] > —Qo(k). (3.5)

For n € N, denote f,(x) := (¢ ™" —x)T + (x — )T for x € R. Since f, is convex and eX is P? -martingale, the process
f(eX) is a non-negative P*-submartingale. For a sufficiently small § > 0, set ans:=In(e™ —4) and ks := In(e* +8).
Then, it follows from the Doob inequality that

P*[He, sy < 11=PF [malx fale®) = 3] < é]EPS [fn(e*)]- (3.6)
=

We shall prove in Step 3 below that

i EF [(e™ — eX1)*+]
1m
e—0 EF[(eX1 — k)]

=0 for large n. 3.7

Then, it follows from (3.6), by sending ¢ — 0, that

—Q0(ans, ks) < lim eI EF (X1 — )],
e—0

Further, function Qg(a, b) is clearly decreasing in a, and thus

—Qo(ks) < —Qolan,s, ks) < lim SIHEPS[(EX‘ - ek)+].

e—0

It remains to prove that
(SIL_H}) Qo(ks) = Q(k). (3.8)

It is easy to show that

e
Qo(b) = inf {5/(; |as|2ds +oo- 1{maXt<1X?<b}}

2
aely

L
inf {5/(; Ias|2ds—|—00'1{max,<1x;"§b}}'

2
aecly

Consequently, Qg is upper semicontinuous, as the infimum of upper semicontinuous functions. This implies (3.8) and
thus (3.5).

3. It remains to prove (3.7). By the assumption ¢ < ¢ < & and the convexity of s —> (¢™" — s)* and s —>
(s — €M, it follows from [7] that

EIP’E[(e—n . ex1)+] < EPS[(e—n . e—(1/2)552+531)+]’ and
EIP’S[(eXl _ ek)+] > EPE[(e—(l/z)sg%gBl _ ek)+]_
Thus

EIP’E[(e_n _ eX] )+] ]EIPE [(e_n _ e-(]/2)832+531 )+]

EF [(eX1 — ek)t] = EP[(e~(1/2ea?+aB1 _ ok)+] ’
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Further, we have

Per( —n _ —(1/2)ea2+5 B\t —n l— o n
E [(e e )]Ee N<20 € E\/E>’

and, by the Chebyshev inequality,
k
EP [(e—(l/Z)ng-‘rU_Bl _ ek)"r] - APS[E—(1/2)£0_2+0_B| > ok _'_)\] = AN _laﬁ_ M .
- - 2= ag/€

. . 2
Using the estimate N(—x) ~ \/Lz_nx’le’x /2

— EP[(e™" — eX1)H] 1 /n?  (In(ek +21))?
I <Cexpl—1lim — (L - "R TPV ) g
b EF[(eX1 — eyt eXp{ 620 26 <32 o2 )}

, we obtain that

whenever n? > f—z(ln(ek + )2 O

4. Asymptotics of Laplace transforms

Our starting point is a characterization of Y in terms of a quadratic backward stochastic differential equation. Let
Yf = —enEF [em /BT 1 g0, 7], .1

where ]EEPS denotes expectation operator under P?, conditional to F;.

Proposition 4.1. The processes Y¢ is bounded by ||& ||, and there exists a process Z* such that the pair (Y, Z?) is
the unique solution of the following “quadratic backward stochastic differential equation”:

1 T 2 T
Yf:E—E/ |Z¢| ds+/ Zt-dBy, P-as.
t t

Moreover, the process Z¢ satisfies the “BMO estimate”:

EPE/T 82
t |Zs| ds
t

<4¢lco- 4.2)

1Zllg2  (pey:= sup
Bumo (P°) Loo (e

te[0,7]

Proof. Since & is bounded, we see immediately that ¥ < —e In(e~(1/®lElloy = ||£]| o and, similarly Y/ > =]l co-
Consequently, the process

P = 1/AY" E,Pg [ef(l/s)S(B,X)]
is a bounded martingale. By martingale representation, there exists a process ¢°, with EF [ fOT lg; |2dt] < oo, such that

P; =pgy+ f(; qf -dBy,forall t € [0, T]. Then, Y? solves the quadratic backward SDE by It6’s formula. The estimate
1z ||HzB o () follows immediately by taking expectations in the quadratic backward SDE, and using the boundedness
of Y* by [1§]lcc- U

We note that the norm || - ||HzB o (P%) defined in (4.2) is known as the “BMO” norm (we refer to [3] for more details

on the BMO theory). We next provide a stochastic control representation for the process Y. For all « € H%MO, we
introduce

ME® = VYOI e dBr=(1/20)) g e dr.
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Then EF' [M5*] = 1, and we may introduce an equivalent probability measure P** by the density dP** := M5 dP*.
Define:

1 [T
Yoo =EF [s+E / chxlzds], Pt-as.
t

Lemma 4.2. We have

&
Yg=Yg% = inf Y5
ol o (%)

Proof. By the martingale representation theorem, there is a process Z** such that the pair (Y*%, Z%%) solves the
linear backward SDE

1
dYtE’a = —Ztg’a . dB[ — (Zt&a Oy — §|Olf|2> df, P?-a.s.

Since — %zz =inf, ga{—a-z+ %az}, it follows from the comparison of BSDEs (see for example Section 2.2 of [8])

that Y5 > Y. The required result follows from the observation that the last supremum is attained by a* = z, and that
yeZ =vye. O

Proof of Theorem 2.2. First, it is clear that Lg C Moo M2, (P?). Let o € ]Lfl and any ¢ > 0 be fixed. Since « is
deterministic, it follows from the Girsanov theorem that

Blo EWoel, . and X[, E x5 4.3)

Pe.a 0

where, under Py, for t € [0, T'],

!

W,S’a =./eB; —{—/ ogds,
0

'

Xf'a=X0+f

t
bs(Wg’“,Xﬁ’“)dst/ o (WO, X5 ) dWe.
0 0

Therefore, we have the following representation:

1 T
Yg’a = EPO |:€(W8’a, Xg,a) + 5/ |Olt|2 dt] 4.4)
0

&

By the given regularities, it is clear that lim,_.¢ ¥, = £3. Then it follows from Lemma 4.2 that

lim ¥§ < lim Y% = £§.
e—0 e—>0

By the arbitrariness of « € L2, this shows that lim,_ ¢ Y(‘f < Ly.
To prove the reverse inequality, we use the minimizer from Lemma 4.2. Note that IP? is equivalent to P2 and for
Pt-ae. w, a®? = Z%(w) € Ls. Then we compute that

e 8,ZE_E]P’£‘ZS 1 [T gzd
;=Y = §(B,X) + 7 A |z¢|" ar

£

> Lo +]EIP’5~Z [E(B’ X) — %-(wzg(w)’xZg(w)(w))]

= Lo—E"" [p(|B = @, + X =" )] ,)].



Large deviations for non-Markovian diffusions and a path-dependent Eikonal equation 1207

where p is the modulus of continuity of &. By definition of w®, notice that W¢ := ¢ 1/2(B — w?%") defines a Brownian
motion under P&Z° . Then it is clear that

T 5 [18 - o] = T B [VE|w*].;] =0,

e—0

Furtherm_ore, recall that_ o and b are Lipschitz-continuous, it follows from the comparison of SDEs that §, <
X —x?%" <8, where 8, =38y =0, and

a8, =0y (B, X)W/ dW; = L& | W* |, +1811) (| 75| + 1) dr.
d8, =01(B, X)\/edW} + L(Ve|W*|, + I181l:) (| Z{| + 1) dt.

We now estimate 8. The estimation of § follows the same line of argument. Denote K; := f(; os(B, X)dW;. By
Gronwall’s inequality, we obtain

_ T T & r T 3
8_1/2”8’]"” =L‘}W£’|TA eLj; (|Zé|+1)d9(‘zf|+l)dt+/(; eLff (|Zél+l)dvd||K||t
T e
< H D EEDE (W7 + 1K 7).
Then,
_ _ WAL — WAL T &
e 2 LTER T [157)] < EF” [ N0 11| we | + 1K 1I7]]
e, Z€ T\ 7e 1/2 VA 2 1/2
< (B [ 1) EETT w1k 17)
Recall that o, (0, x) is bounded. One may easily check that, for some constant C independent of ¢,
VAL 2

E°C [Iwel; +1k1F] < c.

Moreover, note that
1 T 2 T
Yi=£+ 5/ |Z2|"ds — JE/ ZEdWE.
t t

. ]P)S,Z‘9 T]fT|Z€‘2dS

Then, it follows that “Z”H%MO(PS’ZS) <4||£|l0o, and E [e")o 14s1 451 < C for all € > 0, for some n >0 and C >0
VAL T e

independent of ¢, see for example Lemma 9.6.5 on p. 175 of [3]. This implies EF ? [ Jo 1Z51ds ] < C and thus

EF [I5ll7] < Cve, foralle > 0.
Similarly, B [I8]l7] < C+/e, and we may conclude that

5 p(|8 - o

r+ HX—xZE

T)]—)O, as £ \ 0,

completing the proof. (]

5. Asymptotics of the exiting probability

This section is dedicated to the proof of Theorem 2.5. As before, we introduce the processes:

YS:=—¢lnpy, pi =P/[H <T] forallt<T.
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Unlike the previous problem, the present example features an additional difficulty due to the singularity of the terminal
condition:

lim ¥ =00 on{H>T}.
t—T

We shall first show that Es 10 Y(f < Qo. In light of the arguments in Fleming and Soner [14], Lemma 10.1, p. 283,
we define

8(x,A):=inf |[x —y|, forasetACR".
yeA

We first need the following regularity result on the distance function §. We believe that this should be a standard result,
but we could not find a reference. Thus we shall provide a proof in the Appendix for completeness.

Lemma 5.1. Let O be a bounded open set in R" with C3 boundary. Then the function 8(-,90) € C* on {x :
8(x,00) < n} for some n > 0.

The following lemma is crucial.

Lemma 5.2. There exists a constant K such that for any & > 0 we have

ye - K3(X,.90)

;< T, forallt <T andt < H,P*-a.e.

Proof. First, fix 7] < T.Forx € R4, we denote by x ! its first component. Since O is bounded, there exists a constant
w such that x' 4+ & > 0 for all x € O. Define a function:

Al )

git,x):= exp(— ST =D

), fort < Ty, x € cl(0),

where A is some constant to be chosen later and cl(O) denotes the closure of O. Recall that a = (a’/ )i j = ool . By
1t6’s formula, we have P¢-a.s.,

gs(tv XI)

dgé(t, X)) = 2—"—=
g ( 1) e(T) —1)2

1 1 2 1 1
a4 (B, X)2 —MX, +u) = (T — AL (B, X) | dt +d M,

for some P¢-martingale M. Since a'! is uniformly bounded away from zero and b' is uniformly bounded, the dz-term

of the above expression is positive for a sufficiently large A = A*. Hence, g°(¢, X;) is a submartingale on [0, 77 A H].
Also, note that g°(T1, X1,) =0 < png and g°(H, Xg)<1= pf{. Since p? is a martingale, we conclude that

g°(t, X;) < p’ forallt <Ty A H,P*-as.

Denote §(x) := 8(x,d0). Since 90 is C3, it follows from Lemma 5.1 that there exists a constant 7 such that on
{x € 0 :8(x) < n}, the function d is C2. Now, define

Ké(x)

gg(t,x) = exp(—m

), fort < T1,x € cl(0),

for some K > w Clearly, fort < T1 A H and §(X;) > n, we have
g5, X)) <g"(t,X,) <p;, P-as.
In the remaining case t < T1 A H and §(X;) < n, we will now verify that

{8°(s, X) 1 (s(x,)<ny. s €[t, HyAH AT]}  is a P*-submartingale,
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where H), :=inf{s : §(X) > n}. By Itd’s formula, together with the fact that |[D§(x)| =1,

dgt (s, X,) = tr(a; D28(Xy))

K34(s, Xy) |:K T —s
2

Ty Za;D8(Xy) - D§(X) — ¢

—(Ty —s)bs - D6 (X;) — 8(XS):| ds +dM;

Kg(s. X,) (K
_ K& s)<_8_8

h-s, | D26(X0)| = (T = $) 1Byl ) ds +dM
= 8(T1 —S)2 ) ) s K} 1 s s

Hence, for sufficiently large K = K™, the dt-term is positive, and g°(s, X)1(s(x,)<y) is @ submartingale for s €
[t, H; A H A T]. We also verify directly that

8 (Hy NH AT, X anar)Vsx<n) < Py auars  P-as.

Since p? is a P°-martingale, we deduce that g°(¢, X;) < p; for t < T1 A H and 6(X;) < n. Thus, we may conclude
that

g, Xy) < p; forallt <T\ A H,P°-as.

Let 71 — T, we finally get

K§(X
YE < (X1) forallt <7 and t < H,P®-as. 0
! T —t

Proposition 5.3. lim, 1w0Y5 < Qo.
Proof. As in Proposition 4.1, we may show that there exists a process Z¢ such that for any 71 < T':

T T
vi—vs — [z Pas+ [ zt.aB,. Pas
t — T 2 ] s ] s R .

Define a sequence of BSDE:s:

_ Ks(X7,,09 1 [T h
yohi o KoXn. 09 —/ |zeT s +f z7™ .dB,, P-as.
T — Tl 2 t ' t

K§(X1)AH,0°) K8(Xt,,0°)
Note that Y7, . py < ——1— 7 — < —7—F,
Theorem 2.6 of [23]), we deduce that

. By Lemma 5.2 and the comparison result of quadratic BSDE (see

Y5 < YS’TI forall T} <T.
K&(xy,,0°¢ —e, e _ . . . .
Denote £(x) := (Tx_;lr,), and note that Yf) T —eInEP [e~(1/9EX)] Since & is bounded and uniformly continu-
ous, it follows from Theorem 2.2 that

— T K§(x% , 0
. T T . 1 ! 2 Ty
limY, ' =y !:= inf —/ dt + ———" 1.
sl—>0 0 Y0 ozlsz{Z 0 o * -1

Thus, we have

— 1 h Ks(x7,, 0%) 1 (T
lim Y§ < inf{—/ atzdt—i—#}g inf {—/ a,zdt}.
0 ael2 2 Jo r-T ael?,xg ¢0 12 Jo
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Finally, observe that

17 17
inf {—/ a,zdt}: inf {—f a?dt} — Qo, asTy—>T.
ote]Lz,x%l ¢0 2 Jo otE]LZ,x%lAﬁO 2 Jo O

To complete the proof of Theorem 2.5, we next complement the result of Proposition 5.3 by the opposite inequality.
Proposition 5.4. lim, , Y§ > Qo.

Proof. We organize the proof in three steps.
1. Define another sequence of BSDEs:

: 1 rh h
Yo" = ms(Xg,, 0°) A Y — 5/ |Zf’T1””|2ds +/ zETm gBs,  Poas.
t t

By the comparison result of quadratic BSDEs, we have that Y’ f’Tl’m < Y/ for all + < Tj. Then, by the stability of
BSDEs, we know that Y& 71" converges to the solution of the following BSDE as Ty — T

1 T T
Y™ =mé(Xr, 0°) — 3 / |z5™|* ds +/ zZ;"-dBy, P-as.
t t
Note that Zf)’m = —gInEP [¢~(1/6Im8(XT.0)] We may apply Theorem 2.2 and get that

1T .
th(}Yg > lgi?(}zg’m =y ;:aiélﬂfz{—/o asz ds —i—m(S(x%, 0‘)}. 5.1
I3

2. We now prove that the sequence (y;'), is bounded. Take o; = C - 1. Then

T
x%:xo—i—/ (b; +Coy - 1) dt.
0

Since b is bounded and o is positive, when C = Cy is sufficiently large, we will have x7 ¢ O. Hence, y' < %Cé Td.
3. In view of (5.1), we now conclude the proof of the proposition by verifying that y;' — Qo, as m — oo. Let
p > 0. By the definition of y(', there is a p-optimal a”:

m 1t P2 P e
Yo +p > 3 |ot,| dt+m8(xT,O )
0

where we denoted x? := x*”. By the boundedness of (y(’)”)m in Step 2, we have S(xg, 0°) < % So, there exists a
point xo € dO such that |x — xo| < &. Define:

m

P
5 —-1%0 — X7
o .:a,p + o, 7
- P
Then, x% =x0 ¢ O. Also, note that 0[1 w = o(%) when m — o0. Hence,
1 (7 1 [T xo — x2|? 1 (7 1
—/ ’af|2dt=—/ 6(,—0;1 R dr > inf {—/ |a,|2dt}+0(—).
2 Jo 2 Jo T acl? x§¢0 2 Jo m

Finally, sending m — oo, we see that lim;, o0 ;' + 0 > Qo. Since p is arbitrary, the proof is complete. ]
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6. Viscosity property of the candidate solution
We first cite the result by Lukoyanov (Theorem 2 in [24]).

Theorem 6.1 (Lukoyanov [24]). Assume that

e the generator F and the terminal condition & is continuous in all components;
e it holds the estimates:

/

|F(1,6,0)| < p(t. @),  |F(t,6, pe) — F(t.6, p,)| < pt.d)(|ps — Pl

),

where p(t,®) ;= C(1 + ||@|;), C is a constant, and pg := (pw, Px);
e for any compact set D C §24.4n, there is a constant A(D) such that

|F(1,8, po) — F (1.8, po)| < AD)Y(1+ | pal)y/ m(t. &, &),

A A A ~ A ~
where ju(t, &, @) ==& — &> + [y |&s — @1* ds.

Then the Dirichlet problem of the path-dependent PDE:
—oiu— F(t,w, py) =0 withur =§,
has a unique continuous viscosity solution.

Clearly our equation (2.5) satisfies the conditions in the above theorem, so uniqueness holds for (2.5) within the
class of continuous functions and, in order to prove Theorem 2.11 it remains to verify that u satisfies the viscosity
properties.

Lemma 6.2. Fix K > 0. There exists a constant C such that for any t € [0, T] and oL, % e Q,

~at, @2

Al
HOHLOT A~

sup ||a)
a:ftT |a\% ds<K

| <cla! -al,.

Proof. By the definition of ®*’ @ (i =1,2), we know that the components @*’ @ are equal. The difference comes

Al ~1 ~2 .. ~i . .
from the component x*®". Denote 8x; := [[x®"® — x*!®" |2, Then, by the definition of x*"*" and the Lipschitz

continuity of b and o, we obtain that

2

N N
ersS/ C(||c?)]—c?)2||t2+8xr)dr+c</ (|}c?)l—c?)2||l+8x,)|a,|dr>
0 0

N N
< [ C(||c?>1—5)2\}f+8xr)dr+2l<c</ (||c?)1—(?)2Ht2—|—8xr)dr>.
0 0

Finally, the claim follows from the Gronwall’s inequality. (I

Lemlpa 6.3 (Dynamic programming). Let u be the value function defined in (2.9). Then, for all0 <t <s <T and
€ 2, we have

t

u(t,») = inf {

2
aely

1 [s . .
5/ |ocr|2dr+u”“’(s—t,é)“”’“’)}, (6.1)

where u®(t', &) == u(t +1,6 Q; &).
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Proof.
1. By the definition of infimum and that of u, it holds for all o, &’ € ]Lf,:

] N R .
rhs. < Ef lote |2 dr +u"® (s — 1, &%"?)
t

L 1 (T o o
< 5/ |ar|2dr+ 5/ |a;|2dr +§s,w(wa ,s,w)’ with @ 1= & ®, HYL®
4 K

Denote &, := o, 1 5)(r) + o 1[5, 71(r), and then & € ]Lfl. Also note that & ®; & @ = & ® @*!**. Further, since a, o’
are arbitrary, we obtain that

rh.s. < inf {

2
aely

T
% / lay |2 dr + s”@(@“”@)} =u(t,d). 6.2)

t

2. Again by the definition of infimum and that of u, for any & > 0 there exists o, @’ € Lfl such that

1 ) -
r.h.s. > 5/ |o{r|2dy- + u”“’(s -1, wa,t,w) _e
t

1 [ 1 T ) o
> Ef |ar|2dr+§/ |(¥;|2dr+§‘v’w(d\)a ’S’w)—28, with @ 1= & ®, HU1
4 K
It follows that
! ! ~ 12 1,0 (ALt ~
vhs.> > [ 1@ dr +§29(0%") =2 2 u(t, &) - 2.
t

Since ¢ > 0 is arbitrary, we obtain that r.h.s. > u(f, ®). Combing with (6.2), we have (6.1). O
Lemma 6.4. The function u defined in (2.9) is bounded and Lipschitz-continuous.

Proof. Clearly, u inherits the bound of &. For ¢ € [0, T], o, 0% e [}, since &£ is bounded, there exists a constant K
such that

T N y
u(r, ') = inf {%f Jorg 2 ds + £ (a)w!w)}

2
aely t

1 T IR A
= inf {— / log |2 ds + E5¢ (&% )}
a:frT le2ds<K 2
It follows from Lemma 6.2 that:
~2

ey —u(nad)| = swp {6 (@) — 6 @)} < Clal, — R |. 63)
oz:ftT \al% ds<K

On the other hand, fixing &, it follows from the dynamic programming principle that

1 t+h . .
u(t +h,on) —u(t,®) = sup{——/ afds—u"“’(h,d)“”"")—i—u(t—i—h,é)m.)} >0, (6.4)
t

ael?

where the last inequality is induced by the constant control « = 0. Moreover, since b and o are bounded, note that

(& ®; c?)""t":’)(,+h)A. —n | <C ftt+h (1 + |as|) ds. Then, using again the dynamic programming principle together

with (6.3), we obtain

t+h 1 C2
u(t +h,p) —u(t,®) < sup {/ (——ozsz+C|ozs|+C)ds}§<7+C>h. (6.5)
t

ael? 2
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Combining this with (6.3), we see that
lu(t+n,0") —u(t,&%)| < |u(t+h,0") —u(t+h.a},.)
+lu(t+h, o) —u(t, &) + |u(t, &) —u(r, &%)
= (o' ||’+h +ht [y =)
<3C'( — a7 ])- 0

Now, consider a functional u g :

X T
ug(t,®):= inf |:§(c?) = é)"‘"’“’) + —/ |oes|2ds:|.
t

lallo<kK

Notice that ug > ug_1 > u.
Proposition 6.5. For K sufficiently large, we have u = ug.

Proof. Similar to Lemma 6.4, for each K, one may easily see that u g (¢, -) is uniformly Lipschitz in w with the same
Lipschitz constant denoted as L. We first claim that there exists «X such that

g (0,0) =£(0%") + %/0 K| at. (6.6)
Then for any ¢ and A, one can easily show that

uK(t, L?)“K) = uK(t +h, c?)aK) + % /tt+h|af‘2ds.
On the other hand, by the dynamic programming,

uK(t,cD“ ) <u/<(t+h a)M)
Then

t+h
%f X P ds <ui(t +h, &%) —ux (t +h,*")
t

<L

oK t+h X
% —afy. ||t+h =CL (1 + |O‘s |)ds

where C is a common bound for the coefficients b and . Since  and h are arbitrary, we get ||aX ||, < C’ for some
constant C’ independent of K. Then ux = uc forany K > C’, and thus u = uc.
We now prove the existence claim (6.6). Let « %" be a minimum sequence of controls for u g (0, 0), namely

I
ug(0,0) = lim [g (") + = / al" |2dt]. (6.7)
n—00 2 0
By compactness of 2k, the sequence {w"‘K'", n > 1} has a limit X € 2, after possibly passing to a subsequence:

lim [Jo*"" =X, =0. (6.8)

n—oo
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By (6.7) and since & is bounded, it is clear that sup, fOT |atK "|2dt < co. Then without loss of generality we may
assume that {OtK ' 'n > 1} converges to certain ak weakly in }Lz([O, T1). Then for any ¢ and £,

K K Ko Kn a K a K
o, —wr = lim 0%, —o¥  |= lim ads = s ds.
t+h t n—>oo[ t+h t ] n—o0 J, K ] K

This implies that X = " Further, by Gronwall’s inequality, we obtain that

K
lim Hx —x“ ||T =0. (6.9)
n— 00
Now by Mazur s lemma, there exist convex combinations &% = c”ocK M where m} > n, such that @k n>

1} converges to X strongly in L?([0, T']). Then by Jensen’s 1nequahty we see that

7 K n
[} = g, [t i e [

On the other hand, by (6.8), (6.9) and since & is Lipschitz continuous, we have

n

K . R K.mi
£(a” ):nlggoz:cfg(wa )
1
Then
E(&)O‘K) / |a | dt < 11m Z ?)+1/T|aKm
i 2 ), 1%

where the last equality follows from (6.7). This proves the claim. ]

zdt] —ug (0,0),

Proof of Theorem 2.11. Fix K¢ such that u = ug,. Recall that b and o are bounded by C. Then, define K :=
C(1 + Ko), so that for all ||a|ls < Ko and & € 2k, we have &%"® € Q.

We first prove the viscosity subsolution property. Let (7, ®) € @, and ¢ € AXu(r, ). By the dynamic program-
ming principle, we have:

1 t+h R R
u(t, &) = inf {5/ afdr+u””’(h,d)“”’“’)} for 1 > 0. (6.10)
1

ael?

Since ¢ € AXu(t, ®), we have for all ||a|lso < Ko:

1 [it+h N N 1 t+h
055/ |a|%dr+ut"”(h,c?)°"t"”)—u(t,c?))f5/ a2 dr + ¢"? (h, &™) — (1, &).
t t

By the smoothness of ¢, this provides:

t,o

1 [h 1
Osﬁf <3t<p+b8xgo+§|a|2+a~(aw(p-i-oTang)) (r, &%) dr. (6.11)
0

By sending 4 — 0, we obtain
_ e (Lo T .
0t + b.0xp + inf loe]” + o - (3w<p+0 8x(p) (t,w) <0.
la|<Ko \ 2
We next prove the viscosity supersubsolution property. Assume not, then there exists ¢ € ZKu(t, @) such that

1 ~
—(E)t(p +b.9yp+ inf <—|oz|2 +o- (ngp + UT3x§0)>>(I, @) > 0.
la|<Ko\ 2
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Without loss of generality, we may assume that ¢ (¢, ®) = u(z, ®). Recall that u = ug,. Now for any i > 0, by the
dynamic programming,

. . 1 [tth
o, &) =u(t,d)= inf [u;‘”(@“~’w)+§/ |06s|2dsi|
t

el =Ko

. N 1 t+h
|:<p;l’w(c?)“”’w) + 5/ Ias|2ds].
'

> inf
leello <Ko

Then,

" llellso=Ko

. 1o ~o,t,d A 1 o 2
0> inf o (w ) —@(t,0) + 3 loeg|“ ds
t

to

h
1 .
= inf / [at¢+b-3x<ﬂ+ §|a|2+a-(3w¢—l—aT8x<p)i| (s, &%) ds
0

lelloo=Ko

h A A A A
> inf / [c — C(|0:9"“ (5. ") = dp(t, ®)| + |00 (5. V") — Dp(t, &)|)] ds
lelloe <Ko Jo

> [c— p((1+ K)h)]h,

which leads to a contradiction by choosing / sufficiently small. O

Appendix

Proof of Lemma 5.1. Since O is of C3 boundary, we may consider a ball Vy covering a part of the boundary, on
which there are a local coordinate and a function f] € C3(R"! R) such that 30 N Vy = {f(2):=(z, f1(2))}. Let

=—, where Co:= sup |V2fi(2)
2Cy f@eVy ” |

n:

9

where || - || denotes the spectral norm. We may find an open subset V; C Vo N {x : §(x, d0) < n} such that

8(x,00)= min_|x— f(2)| =|x— f(z*(x))], forallx eV,
f@eV

where z* satisfies the first order condition:
xi—zf + (xn - fi (z*))aziﬁ (z*) =0, forl<i<n-—1. (A.])

Since f1 € C2, we obtain by direct differentiation that

T -1

V¥ = (Li1 + VA VA = (o — A () VEAEY))
where the matrix on the right hand side is invertible because (x, — fi (7)) V2 f1(z*) < %In,l . Finally, by a standard
compactness argument, we may prove that may choose 7 independent of V. This shows that z* € C! on a small

neighborhood of the boundary.
Since f] € C3, we may also prove similarly that z* € C? on a small neighborhood of the boundary. ([
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