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Abstract. A recent publication (Electron. Commun. Probab. 19 (2014) 1-12) introduced a growth procedure for planar maps,
whose almost sure limit is “the uniform infinite 3-connected planar map.” A classical construction of Brooks, Smith, Stone and
Tutte (Duke Math. J. 7 (1940) 312-340) associates a squaring of a rectangle (i.e. a tiling of a rectangle by squares) to any finite,
edge-rooted planar map with non-separating root edge. We use this construction together with the map growth procedure to define
a growing sequence of squarings of rectangles. We prove that the sequence of squarings converges to an almost sure limit: a random
infinite squaring of a finite rectangle. This provides a canonical planar embedding of the uniform infinite 3-connected planar map.
We also show that the limiting random squaring almost surely has a unique point of accumulation.

Résumé. Un papier récément publié (Electron. Commun. Probab. 19 (2014) 1-12) introduit une procédure pour générer une suite
de cartes aléatoires qui a presque sirement comme limite la « carte 3-connexe infinie uniforme » . La construction classique de
Brooks, Smith, Stone et Tutte (Duke Math. J. 7 (1940) 312-340) associe a chaque carte finie, avec une aréte racine qui n’est pas
un isthme, un rectangle pavé par des carrés. Nous utilisons ces deux procédures afin de générer une suite aléatoire de rectangles
pavé par des carrés. Nous démontrons que cette suite a presque surement une limite qui est un rectangle aléatoire infiniment pavés
par des carrés, et que cet objet a presque surement un seul point d’accumulation. Ceci fournit un plongement canonique de la carte
3-connexe infinie uniforme dans le plan.
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1. Introduction

In the proceedings of the 2006 ICM, Oded Schramm [28] suggested the problem of determining the Gromov—
Hausdorff (GH) distributional limit of uniform triangulations of the sphere and noted the connection, predicted in
the physics literature, between such a limit and what he called “the enigmatic KPZ formula . .. relating exponents in
quantum gravity to the corresponding exponents in plane geometry.” Since that time, research in the area has exploded.
Le Gall’s [19] proof that uniform triangulations have the metric space called the Brownian map as their GH limit?,
and Duplantier and Sheffield’s [12] rigorous formulation and proof of the KPZ scaling relation for “Liouville quantum
gravity” (LQG) are two recent highlights within the subject.

IL. Addario-Berry was supported by an NSERC Discovery Grant and an FQRNT Nouveau Chercheur Grant during this research.
2Independently and roughly simultaneously, Miermont [23] proved a similar result for uniform quadrangulations.
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Fig. 1. (a) A random squaring of a rectangle with 6345 squares. (b) A magnification of a small region within the same squaring.

It has proved challenging to establish a direct connection between the Brownian map and LQG.?> A major obstacle
is that although the Brownian map is known to have the topology of the 2-sphere S? [18,24], GH convergence alone
is not strong enough to yield a canonical random metric (distance function) d on S? so that (SZ, d) has the law of the
Brownian map. In seeking such a metric d, it is natural to consider discrete models of maps that at least have natural
canonical embeddings in S?. Such considerations led Le Gall [19,20] to suggest the study of uniform 3-connected
triangulations, for which one may use the associated circle packings to define canonical embeddings. (The circle-
packing theorem states that such an embedding is unique up to conformal automorphisms.)

In this paper, we instead study uniform 3-connected planar maps (or equivalently, by Whitney’s theorem, planar
graphs) without constraints on face degrees.* A classic result of Brooks’, Smith, Stone and Tutte [7] canonically
associates a squaring of a rectangle to any finite edge-rooted planar map G = (G, st) whose root edge is not a cut-
edge; furthermore, any squaring of a rectangle may be so obtained. We write S(G) for this squaring, which is the
union of a collection of line segments in R2. Here is the main result of the current paper.

Theorem 1.1. There exists an explicitly defined sequence (S,,n > 1) of random squarings of rectangles with the
following properties.

(1) S, =S(G,), where G, is an (n + 4)-edge random planar map whose law is described in Section 2.5, below.

(2) Sy, converges almost surely for the Hausdorff distance to a compact limit S, which a.s. has exactly one point of
accumulation.

(3) Soo has the law of S(Geo), where G the uniform infinite 3-connected planar map.

In the above theorem and for the remainder of the paper, we say that x € R? is a point of accumulation of a squaring
S if every neighbourhood of x intersects infinitely many squares of S. (Though this is not the standard definition of
an accumulation point, it is natural in the context of squarings.)

3We should note that the very recent preprint of Miller and Sheffield [25] announces a new project, whose “ultimate aim ... is to rigorously construct
the metric space structure of the corresponding [¥2 = 8/3] LQG surface and to show that the random metric space obtained this way agrees in law
with a form of the Brownian map.”

4A graph G is 3-connected if the removal of any two vertices v, v’ leaves G connected. Similarly, a graph G is 2-connected if it has no cut-vertex,
i.e., no vertex v whose removal disconnects G.
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For a given graph G = (G, st), the calculation of S(G) is accomplished by viewing G as an electrical network with
potential difference one between the ends of the root edge, finding the potentials at the vertices of G, then applying
a simple geometric construction which we shortly describe. This is all accomplished by solving the equations given
by Kirchoff’s laws. Furthermore, the resulting geometric representation is closely linked to the properties of simple
random walk on G. The simplicity and explicit nature of the construction, the connection with electrical networks,
and the definition of S, as an almost sure (rather than distributional) limit together lead us to view Theorem 1.1
as a promising tool for connecting random maps with LQG. Several precise questions, some in this vein, appear in
Section 6.

We conclude the introduction with a brief sketch of what follows. Section 2 primarily introduces the objects of
study and describes existing results of which we make use. In particular, in Section 2.3 we describe the Brooks—
Smith—Stone—Tutte construction of squarings from planar maps. In Section 2.4, we construct the sequence (S,, 1 <
n <o00)=(5(Gy), 1 <n <o0) from an a.s. convergent sequence (G,, 1 <n < oo) of random maps introduced in
a recent preprint of the first author [1]; we then establish the Hausdorff convergence of S, to S in Section 3. In
Section 4 we analyze the contacts graph of the limit S, showing that it is a.s. vertex-parabolic and one-ended.
Theorem 1.1 is then easily deduced in Section 5. Finally, Section 6 contains questions and conjectures.

2. Preliminaries: Graph limits, squarings, bijections, and recurrence
2.1. Terminology

For the remainder of the paper, all graphs are assumed to be simple and have finite degrees unless otherwise indicated.
For any graph G, write v(G) and e(G) for the vertices and edges of G, respectively, so G = (v(G), e(G)). We write
degg (v) for the degree of v € v(G). For r > 0, write Bg (v, r) for the subgraph of G induced by vertices at graph
distance at most  from v. Given A C e(G) we write G — A for the graph (v(G), e(G) \ A), and given U C v(G) we
write G — U for the subgraph of G induced by v(G) \ U. Finally, a rooted graph is a pair (G, v) where G is a graph
and v € v(G).

2.2. Distributional limits of graphs

Given rooted graphs G = (G, p) and G’ = (G, p’), we say the distance between G and G’ is 1/(r + 1), where r is the
greatest value for which (Bg(p, r), p) and (Bg/(0’,r), p") are isomorphic (as rooted graphs). The distance between
two rooted graphs is zero precisely if they are isomorphic, so it is straightforward to show this distance defines a metric
on the set of isomorphism classes of locally finite rooted graphs. Convergence for this metric is often called local weak
or Benjamini—Schramm convergence of graphs [2,6]. A sequence ((G,, pn), n > 1) converges in the local weak sense
precisely if there exists a graph (Goo, poo) such that for any r > 0 and all n sufficiently large, (Bg, (0x, "), pn) and
(BG o, (Poos ), poo) are isomorphic. A sequence ((Gy, pn), n > 1) of random rooted graphs converges in distribution
in the local weak sense if there exists a random graph (G, poo) such that for every positive integer  and every finite
rooted graph (G, p), P(Bg, (on, 1) = (G, p)) = P(BG (poo, 1) = (G, p)) as n — 0.

The simple random walk on a locally finite graph G is the Markov chain (X,,n > 0) on v(G) with transition
probabilities p,, = 1/deg(u) for {u, v} € e(G), and p,, = 0 otherwise (recall that G is assumed simple throughout).
If G is finite, then the simple random walk has stationary measure 7 given by 7 (v) = degs;(v)/2|e(G)| for all
v € v(G). The graph G is recurrent if for all v € v(G), P(In > 0: X,, = v|Xo = v) = 1. Equivalently, G is recurrent
if and only if when edges are viewed as unit resistors, the electrical resistance from any node to infinity is infinite.

We next state a beautiful theorem of Gurel-Gurevich and Nachmias [15], which we use below. A random infinite
graph (G, p) is a distributional limit of finite planar graphs if there exists a sequence (G, p,) of random finite planar
graphs such that (a) for each n, conditional on G,, the root p, is distributed according to the stationary measure on
v(G,),> and (b) (G, pp) converges in distribution in the local weak sense to (G, p). Finally, say a random variable
X has exponential tail if there exists ¢ > 0 such that P(X > 1) < e~ for all sufficiently large ¢.

Theorem 2.1 ([15], Theorem 1.1). Let (U, p) be a distributional limit of finite planar graphs such that the degree of
p has exponential tail. Then U is almost surely recurrent.

5See [6] for a more detailed discussion of this condition.
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2.3. Squarings of rectangles

An edge-rooted map is a pair (G, st), where G is a connected planar graph, properly embedded in R? such that the
distinguished directed edge s lies in the unique unbounded face of G — {s, t}. We write (G*, s*t*) for the planar dual
of (G, st), with the convention that the tail s* of s*¢* is in the face lying to the right of st. For e € e(G) write e*
for the dual edge to e in (G*, s*t*). A map is locally finite if all vertices and faces have bounded degree. Throughout
this section, G = (G, st) denotes a fixed, locally finite edge-rooted map such that G — {s, ¢} is connected (in this case
G* — {s*, t*} is also connected).

A squaring of a rectangle is a closed set S C R? such that all bounded components of R? \ § are (open) squares,
and the closure of the union of all such bounded components is a compact rectangle. The squares of S are the closures
of the connected components of R? \ S (note that here we include the unbounded component). It is easily seen that S
is recoverable from its set of squares.

We now define the squaring S(G) associated to an edge-rooted map G = (G, st); this construction was discovered
by Brooks, Smith, Stone and Tutte [7]. (Another, rather different way to define squarings using maps was later de-
scribed by Schramm [27].) The definition is illustrated in Figure 2. First associate an electrical network with G as
follows. Cut s¢, connect a 1 volt power supply to s, ground at ¢, and let edges act as unit resistors. Write A(G) for the
total current flowing from s to ¢. For v € v(G), write P (v) for the potential at v (equivalently, P (v) is the probability
a simple random walk starting from v first visits s before first visiting 7). We note the following identity, which is an
immediate consequence of conservation of current flow and Ohm’s law, for later reference:

MG = Y (1= P@)=degs(s) =1 - P). (1)

Vs, vFEL v~s

Next, to each edge e € e(G) \ {s, t}, associate a square s, whose side length is equal to the current flowing through e.
The position of s, is determined as follows. With e = {u, v}, let y(e) = max(P (u), P(v)). Finally, view (G*, s*t*) as
an electrical network with potential A(G) at s* and grounded at t*. Then for e € e(G) \ {s, t}, with e* = {u*, v*}, let
x(e*) = min(P (u*), P(v*)). The top left corner of s, then has position (x(e*), y(e)).

Let S(G, st) be the union of the boundaries of the squares {s., e € e(G) \ {s, t}}. It is straightforward to show that
S(G*, s*t*) may be obtained by rotating S(G, st) counterclockwise by 90°, then translating and rescaling so that the
squaring has height one and bottom left corner at the origin; this will be useful later.

(0,43) (21,43)
(21,33) |
(21,23)
(0,22) AT
(22,23)
[(22,14)

Fig. 2. A squaring S with ten squares, and the associated edge-rooted map G. The coordinates of the squares’ top left corners, rescaled to be
integers, are displayed. Horizontal lines connect vertices v of G with the associated line segments £(v) C S; vertical lines connect faces (dual
vertices) with the associated line segments.
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Theorem 2.2 ([5,7]). Let G = (G, st) be a finite, edge rooted, finite planar map such that G — {s, t} is connected. Then
the squares {s., e € e(G) \ {s, t}} have disjoint interiors, and S(G) is a squaring of the rectangle [0, L(G)] x [0, 1].
Furthermore, S is invertible up to zero current edges.

Figure 2 contains an edge-rooted map (G, st) with ten edges, and its associated squaring. There is interesting recent
work on Poisson boundaries for square tilings associated to transient planar maps, by Georgakopoulous [14], which
also builds on the preceding theorem.

Theorem 2.2 applies to finite graphs, but S(G) is defined whenever G and G* are locally finite (and G — {s, t} is
connected). In this case, there is no guarantee that S(G) is a squaring of a rectangle, but this is known to hold in some
cases (see, e.g., [5]). Proposition 3.3, below, implies that S(G) is a squaring whenever G is recurrent, a fact which we
require and were unable to find in the literature.

For the remainder of the section, we assume (G, st) is such that the squares {s., e € e(G) \ {s, ¢}} have disjoint
interiors and such that S(G, st) is a squaring of a rectangle (by Theorem 2.2, this is the case if G is finite, but we
do not assume finiteness). For v € v(G), define a horizontal line segment £(v) contained in S(G, st) as follows (see
Figure 2). The y-coordinate of £(v) is P(v). Next, the leftmost (resp. rightmost) point of £(v) is the minimal (resp.
maximal) x-coordinate contained in any square s, for which e is incident to v. (If no current flows through v then £(v)
consists of a single point; in this case we call £(v) degenerate, and otherwise we call £(v) non-degenerate.) Likewise,
to each face f of G we associate a vertical line segment £( ), which may either be defined directly or using the above
observation that the squaring of a graph and of its facial dual are related by a rotation; we omit details. We call £(v)
and £(f) primal and facial lines of S(G, st), respectively.

Observe that if e is incident to vertex v (resp. face f) then s, N £(v) is a horizontal border of s, (resp. s, N£(f) isa
vertical border of s, ). Similarly, if vertex v is incident to face f in G then there is an edge e incident to both v and f,
from which it follows that £(v) N £(f) # &. The disjointness of the interiors of the squares {s., e € e(G) \ {s, t}}
implies that any distinct lines ¢, £’, whether primal or facial, are either disjoint or intersect in a single point. It follows
that if {u, v} € e(G) then the top and bottom borders of s, are both contained in £(v) U £(w).

Given a squaring of a rectangle S (with lower left corner at the origin), one may define an edge-rooted map
(G’,s't") with S(G', s't") = S as follows. The vertices of G’ are the maximal horizontal line segments of S. For each
square s of S, there is an edge connecting the vertices £, £’ of G’ that border the top and bottom of s, respectively.
The graph (G’, s’t’) need not be even locally finite. However, when (G’, s't’) is finite then S(G’, s't’) = S (see [7],
Theorem 4.31).

Despite the construction of the preceding paragraph, the function S(-) is not invertible: if the current through
e €e(G)\ {s,t} is zero, and G is obtained from G by either deleting or contracting e, then S(é, st) = S(G, st); see
Figure 3. However, it is not hard to see that zero-current edges are the only way injectivity can fail. In particular, if S
is such that no four squares have a common point of intersection, then there is a unique 2-connected edge-rooted map
(G’, s't") with squaring S.

We conclude the section with a lemma.

Fig. 3. An example of the non-invertibility of S. Removing or contracting any of the dotted edges leaves the squaring unchanged.
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Fig. 4. Closure edges are drawn with two styles: solid grey and black if internal, dashed grey and black if incident to the hexagonal face. (a) A binary
tree T. (b) The partial closure Q. (c) The map Q(T).

Lemma 2.3. If (G, st) is a finite 3-connected edge-rooted planar map, then for all vertices v (resp. faces f) of G,
L(v) (resp. £(f)) is non-degenerate.

Proof. Let (G, st) be 3-connected. Suppose there exists w € v(G) such that £(w) is a single point, say £(w) =z € R2.
Then any edge e incident to w has s, = z. Since for any neighbour v of w, £(w) is a border of s{y, ), for such v we
have z € £(v). Letting U = {u € v(G): z € £(u), u is non-degenerate}, it follows that U is a cutset in G separating w
(and any other vertices w’ with £(w’) = z) from s and ¢. But since distinct lines are either disjoint or intersect in a
single point, U has size at most two, which contradicts that G is 3-connected. O

2.4. Bijections for random trees and maps

Let T = (T, uv) be a finite edge-rooted map which is a binary tree: that is, each non-leaf node of T has degree
three. Fusy, Poulalhon and Schaeffer [13] described an invertible “closure” operation which transforms 7' into an
edge-rooted irreducible quadrangulation of a hexagon, which we denote Q(T).% The construction of Q(T) from T,
which we now explain, is illustrated in Figure 4. Perform a clockwise contour exploration of 7. Each time a leaf w
is followed by four internal vertices x, y, z, a, identify w with a so that the unbounded face lies to the left of the
oriented edge wa; the face to the right will necessarily have degree four. In the modified map, the vertex formed from
merging w and a is considered to be internal. Continue exploring the modified map in clockwise fashion, making
identifications according to the preceding rule, until no identifications are possible; call the result the partial closure
of T, and denote it Q¢ (see Figure 4(b)). A counting argument shows that in Qy, at least 3 leaves remain. Write £ for
the first such leaf encountered by the contour process of the tree (in clockwise order starting from uv).

Draw a hexagon in the unbounded face of Q. It can be shown that there is a unique (up to isomorphism of planar
maps) way to identify the leaves of Q¢ with vertices of the hexagon so that in the resulting graph, all bounded faces
have degree four. The result is the graph Q(T), which we view as rooted at uv (the vertex v may have been identified
with another vertex during the closure operation, as in Figure 4(c); we abuse notation and continue to use the same
name). Write 7, for the set of edge-rooted binary trees with n internal vertices, and Q,, for the set of edge-rooted
quadrangulations of a hexagon with n + 6 vertices, such that the root edge is not incident to the hexagonal face.

Theorem 2.4 ([13]). For each n > 1, the closure operation is a bijection between T, and Q,,.

Given Q € Q,, number the vertices of the hexagonal face in clockwise order as 0, ..., 5, where 0 is the vertex
identified with £¢ by the closure operation. Then, fori € {0, ..., 5}, let Q(i) be obtained from Q by adding the oriented
edge fromi to (i +3) mod6. The result is a doubly edge-rooted quadrangulation (every face has degree four) which
may no longer be irreducible. However, we do have the following. Let Q7 be the set of triples (Q, uv, u'v’), where
Q is an irreducible quadrangulation with n + 6 vertices and uv, u’v’ are oriented edges of Q not lying on a common
face, and let T = {(T,i) € T, x {0, ..., 5}): QM® e Q*}.

5An edge-rooted map is an irreducible quadrangulation of a hexagon if the unbounded face has degree six, all other faces have degree four, and
every cycle of length four bounds a face.
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Fig. 5. An edge-rooted map (grey vertices; thicker, dashed grey edges), and its image under Tutte’s bijection (grey and white vertices; thinner,
black edges).

Theorem 2.5 ([13], Fusy Theorem 4.8). The function sending (T, i) to Q(T)) restricts to a bijection between Tr
and Q.

To conclude the section, we recall Tutte’s classical bijection between maps and quadrangulations, which associates
to a rooted map (G, uv) a quadrangulation (Q, uv’) as follows (see Figure 5 for an illustration). Draw a node v £ in
each face f of G. Then for each u € v(G) and each face f incident to u, add an edge {u, vs}. Erase all edges in
E(G). Finally, let v" = vy where f is the face lying to the right of uv. It is well-known (see, e.g., [13], Theorem 3.1)
that Tutte’s bijection restricts to a bijection between 3-connected, edge-rooted simple planar maps with n edges and
edge-rooted, irreducible quadrangulations with n faces. Thus, combining the closure operation with Tutte’s bijection
yields a bijection between 7, and a collection of edge-rooted maps which includes all 3-connected maps with n + 4
edges. It turns out that the 3-connected maps comprise an asymptotically constant proportion of the collection; we
return to this point in the next section.

2.5. Growth procedures

In this section, we describe the growth procedures, introduced in [1], for random irreducible quadrangulations of a
hexagon and to the maps associated to such quadrangulations by Tutte’s bijection. We restrict our discussion to the
features of the procedures required in the current work, and refer the reader to [1] for further details.

Luczak and Winkler [21] showed that there is a growth procedure for uniformly random binary plane trees. More
precisely, there exists a stochastic process (Tn)gio, with the following properties. First, for each n, T, is uniformly
distributed over edge-rooted binary trees with n internal nodes. Second, for all n, T, is a subtree of T 1.

The sequence (T,, n > 1) converges almost surely in the local weak sense to a limit T, which is a critical Galton—
Watson tree whose offspring law pu satisfies 1 ({0}) = n({2}) = 1/2, conditioned to be infinite. It is shown in [1] that
the closure operation, when applied to T, yields an infinite, locally finite edge-rooted quadrangulation Q. and that
Q(T,) — Qoo almost surely, in the local weak sense.’

Now let i be uniformin {0, ..., 5}, let (Q,, st’) be the (singly) edge-rooted quadrangulation obtained from Q(Tn)(i )
by unrooting at the second root edge (but not deleting the edge), and let G,, = (G, st) be the pre-image of (Q,, st’)
under Tutte’s bijection. Then (Q,, st’) is irreducible if and only if G, is 3-connected (recall that we are only dealing
with simple graphs). Fusy, Poulalhon and Schaeffer [13] show that P(G,, is 3-connected) — 28/3% as n — 00.® They
further deduce from the bijective results described in Section 2.4 that the conditional law of G,, given that G, is
3-connected, is uniform over 3-connected, edge-rooted maps with n + 4 edges.

It is an easy consequence of the convergence of Q(T,) to Qo that G, has an a.s. local weak limit Goo = (G o, 5t),
and G is obtained from Q« via Tutte’s bijection. We also have the following result.

Theorem 2.§ ([1], Theorem 7). Let én be uniformly distributed on the set of 3-connected rooted maps with n + 4
edges; then G, converges in distribution to G, in the local weak sense.

"In the partial closure of T, almost surely no leaves remain, so the addition of the “external hexagon” does not occur. Thus, Q is perhaps more
accurately described as the partial closure of Too.
8Note that this is a statement about large-n asymptotics of marginal probabilities, and says nothing about the dynamics of (G,,n > 1).
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In brief, Theorem 2.6 holds because the failure of G, to be 3-connected is caused by the failure of Q(T,) to
be irreducible. This is a “local defect,” occurring near the hexagon, and the local structure near the root of Q(T,)
is asymptotically independent of the local structure near the hexagon (the latter is essentially because the hexagon
disappears to infinity in the limit).

Theorem 2.6 implies that G is a.s. 3-connected, so up to reflection has a unique planar embedding. The embed-
ding is unique if we further specify that B, (G, s) and B,(G,, s) are isomorphic as rooted maps (rooted at st) for
all r > 1 and all n sufficiently large. (This is essentially saying that since G, is an almost sure limit of a sequence of
finite maps, it is uniquely defined as a planar map; formalizing this requires defining the local topology for embedded
graphs, and we omit details.) We thus henceforth view G, as a planar map.

We conclude the section with a quick application of Theorem 2.1.

Theorem 2.7. G and its planar dual G}, are both a.s. recurrent.
In proving Theorem 2.7, we use the following fact.

Fact 2.8. The random variable degg_ (s) has exponential tail.

Proof. Let G, = (G, $pfy) be as in Theorem 2.6. Then for d € N, P(degg, (s) =d) =lim, IP’(deg(;n ($p) =d).
By [4], Theorem 2.1(a), for all &€ > 0O there exists B > 0 such that for all n € N,

A N
P(degé” (Sn)=d) <B- (5 + 8) )
The fact follows. |

Proof of Theorem 2.7. By Theorem 2.6, (G, s) is a distributional limit of finite planar graphs; by Fact 2.8 its root
degree has exponential tail. The a.s. recurrence of G, then follows from Theorem 2.1.

Next, let G, be as in Theorem 2.6. For each n, planar duality induces a bijection on the set of finite, simple 3-
connegted rooted maps with n edges (see e.g. [9], Exercise 4.37). It follows that G,, has the same law as its planar
dual G}. The latter converges in distribution to G, so G and G}, have the same law. In particular, G% is a.s.
recurrent. O

Now for 1 <n < o0, let S, = S(G,,) be the squaring associated to G,,. In the following section, we prove the first
part of Theorem 1.1 by showing that S,, — Soc almost surely, for the Hausdorff distance, as n — oo.

3. Convergence of the squarings

Given a graph G, recall that a function ¢ :v(G) — R is called harmonic with boundary D C v(G) if for all v €
v(G)\ D,

1
p(v) = 520 u;w(w).

Let X = (X, n > 0) be a simple random walk on G. For any set A C v(G), let
Ta=1t4a(X)=inf{n e N: X,, € A}

be the first hitting time of A by the walk. We recall the following standard theorem relating harmonic functions and
simple random walks; see, e.g., [26], Section 4.2.

Theorem 3.1. Let G be a recurrent graph and ¢ :v(G) — R be harmonic with finite boundary D. Then for all
vev(G)\ D, ¢(v) =E(p(X7,)[Xo = ).
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In order to prove convergence of the squarings S, to S, we naturally require the potential at each vertex of G, to
converge to its limiting value in Go,. We prove a slightly more general theorem from which such a convergence will
follow.

Theorem 3.2. Let (H,, 1 <n <00) = ((Hy, pn), | <n <00) be a sequence of rooted graphs such that H, — Hy in
the local weak sense, and such that Hy, is recurrent. Fix D C v(Hyo) finite, and for each n < oo large enough that
D C v(H,), let ¢, :v(H,) — R be a harmonic function on H, with boundary D. Suppose further that the functions
on all agree on D. Then for all v € V(G o), @ (V) = Yo (V) as n — 00.

Proof. Fix v € v(Hy), and let ng be large enough that D U {v} C v(H,) for all for n > ng. For ng < n < oo write
XM = (x; "k > 0) for simple random walk on H, started from X(()") = v. In view of Theorem 3.1 and finiteness

of D, it is enough to show that for each b € D, ]P’(X(" =b) —> IP(X(OO) =b) as n — o¢. In what follows we

p(X™) p(X()
write, e.g., Tp instead of 7p (X(")) for readability; the omitted argument should be clear from context.

Let E,(r) = {tBy, (v.r)c < Tp} be the event that X reaches distance r from v before hitting D. Since Hy, is
recurrent, P(Eo(r)) — 0 as r — oo.

Next, fix rg large enough that D C By, (v, ro). For r > rq, by taking N = N (r) large enough that By (v,r + 1) is
constant for n > N, for such n and for all u € D we have

P(Eco(r), X" = u) = P(Eq(r), X2 =u).

Summing over u € D, this also implies that for such n, P(E, (1)) = P(Ex(r)).
Now let ¢ > 0 be arbitrary, fix R > rg large enough that Poo (E(R)) < €, and let N = N(R) be as above. Then for
ueD,forn>N,

P(XW =u) = P(Ecc(r), X&) =u) + P(Eoc (v, 1), X?) =)
< IP’(E )¢, Xi’;) = u) +¢&
=P(En(r)°, X =u) +e
<P(X X% = =u)+e.

A symmetric argument shows that P(X 7, W _ ) > P(X (%O) =u) — &, and thus

P(X% =u) —P(XO) =u)| <e. O

Proposition 3.3. Let (H,, 1 <n <00) = ((Hy, st), 1 <n <00) be a sequence of locally finite, edge-rooted recurrent
planar maps such that H, — {s, t} is connected for all 1 <n < oo and such that H, — Hy, in the local weak sense.
Then S(Hoo) is a squaring of a rectangle, and S(H,)) — S(Huo) as n — oo, for the Hausdorff distance.

Proof. First assume that H, is finite for 1 <n < oo. Let A, be the total current flowing through H,, and let
Yn : v(H,) — R be the potential on H,,. Then let x,, : v(H,") — R be the potential on the dual graph H* when a poten-
tial of A, is applied at ¢* and the graph is grounded at s*. Now fix an edge e = {u, v} of Hy. Then for n sufficiently
large that e € e(H,), the square corresponding to e in S(H,) is bounded by the horizontal lines with y-coordinates
vn(u) and y,(v), and the vertical lines with x-coordinates x, (1#*) and x, (v*). Since y, is harmonic with boundary
yn(s) =1 and y,(t) =0, by Theorem 3.2, y, converges pointwise. Furthermore, recall from (1) that

h =deg, () = 1= ) ya(w)

which in particular implies that A,, converges.
Now let X, : v(H,") — R be harmonic on H," with boundary %, (t*) = 1 and X, (s*) = 0. By uniqueness and linearity
of harmonic functions, x,, = A,,X,,. But X,, converges by Theorem 3.2, so the same is true of x,,. It follows that square
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positions and sizes converge to their limiting values. For all n, the interiors of squares of S(H,,) are pairwise disjoint;
since the position and size of each square converges, the same must hold in S(Hxo).

By its definition, S(H,) is contained within [0, A, ] x [0, 1] for each 1 <n < oco. Since A, — Ao, the squarings
(S(Hy), 1 <n < o0) are uniformly bounded in R2. Furthermore, it is immediate from the energy formulation of
resistance (see [22], Proposition 9.2) that A, is precisely the sum of the areas of the squares {s., e € e(Hx)}. Since
these squares have disjoint interiors, they must therefore tile [0, Aoo] X [0, 1]; in other words, S(Goo) is a squaring of
[0, Axo] X [O, 1]. It is then immediate that S(H,) — S(Hy) in the Hausdorff sense.

We now allow that H,, is infinite for 1 <n < oco. View H,, as a local weak limit of finite graphs; then the preceding
case shows that S(Hj,) is a squaring of a rectangle for each n, and a reprise of the above arguments then shows that
S(H,,) - S(Hy) in the Hausdoff sense. ([l

Corollary 3.4. The squarings S, converge almost surely to a squaring S as n — o0, for the Hausdorff distance,
and Seo = S(G ). Furthermore, S has infinitely many squares of positive area. Finally, for all vertices v (resp.
faces f) of Goo, £L(V) (resp. £(f)) is non-degenerate.

Proof. In view of Proposition 3.3, the convergence is immediate from the a.s convergence of G, to G, described in
Section 2.5, and the a.s. recurrence of G, from Theorem 2.7. Next, Theorem 2.6 implies that G is a.s. 3-connected.
It follows by the same argument as for Lemma 2.3 that the lines £(v), v € v(G ) are all non-degenerate. On the other
hand, a non-degenerate line £(v) must neighbour a non-degenerate square s, (in fact, at least 3 such squares since
G  is 3-connected, but we do not need this). Each square borders only two primal lines, so there must be an infinite
number of non-degenerate squares. ]

4. Only one point of accumulation

To show that S, a.s. has only one point of accumulation, we use a result of He and Schramm [16], which requires
a brief introduction. A packing is a collection {P;,i € I} of measurable subsets of R2 such that for each i € I, the
interior of P; is disjoint from Uje,\{i} P;. Its contacts graph is the graph R = R({P;, i € I}) with vertices {P;,i € I}
and edges {{P;, P;}: P, N P; # J}.

A measurable set A C R? is o-fat if for all x € A and all r > 0 with A \ B(x,r) # &, Leb(A N B(x,r)) >
8Leb(B(x,r)).” To quote from [16], “a set is fat if its area is roughly proportional to the square of its diameter,
and this property also holds locally.”

A packing {P;, i € I} is fat if there is § > O such that P; is é-fat for all i € I. It is well-separated if for each P;, the
set J Pi~P P; \ P; contains a Jordan curve separating P; from U PP, Pi\ P;.

A graph G is one-ended if for any finite set U C v(G), G — U has exactly one infinite connected component. It
is edge-parabolic if there exists a function m :e(G) — [0, oo) with Zeee(G) m(e)? < oo such that for any infinite
path y in G, Zeee(y) m(e) = oo. Likewise, it is vertex-parabolic if there exists a function m’: v(G) — [0, c0) with
> seu(@y™ (v)* < 0o such that for any infinite path y in G, }_,,,,m’(v) = oc. For locally finite graphs, edge-
parabolicity is equivalent to recurrence [10,11,16], and edge-parabolicity implies (but is not equivalent to) vertex-
parabolicity [16].

Theorem 4.1 ([16], Theorem 6.1). If (P;,i € I) is a well-separated fat packing, and its contacts graph R is locally
finite, one-ended and vertex-parabolic, then the packing has a single point of accumulation.

We abuse notation by writing R (Ss) for the contacts graph of the packing given by the squares of S.,. This packing
is a.s. fat since all its bounded components are squares, and the aspect ratio of the rectangle they tile is a.s. finite. Since
it tiles all of space, it is also easily seen to be well-separated. To conclude that Sy, has a single point of accumulation,

it thus suffices to prove the following two propositions.

Proposition 4.2. R(S«) is almost surely vertex-parabolic.

9Leb denotes Lebesgue measure in R2.
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Proposition 4.3. R(S) is almost surely one-ended.

We begin by proving Proposition 4.3, which is a consequence of the following straightforward fact. Slight modifi-
cations of Fact 4.4 have already appeared in the literature [3,17].

Fact 4.4. Q. is almost surely one-ended.

Proof. First, T is a.s. one-ended; this is well-known, but in particular follows from the explicit description of T
given in [21] and reprised in [1]. Next, for any finite set U C v(Q«), if U is the pre-image of U in v(7T) then
T — U has at least as many infinite connected components as Qo — U; this is immediate from the fact that T is
formed from T, by making vertex identifications, since both T, and Qe are a.s. locally finite. Thus, for finite U,
Qoo — U a.s. has at most one infinite connected component; on the other hand, it a.s. has at least one such component
since Qo is infinite. O

Proof of Proposition 4.3. We identify v(Q) with the set v(Goo) U f(Goo), Where f(Goo) denotes the set of faces
of G, so edges of Q4 precisely encode incidences between vertices and faces in G .. With this identification, for
u € v(Qx) we write £(u) for the horizontal or vertical line segment corresponding to u as described at the end of
Section 2.3.

Let {s;,i € I} be a finite set of squares in v(R(Sx)) such that Ul- <1 Si 1s simply connected. Then the set of squares
in v(R(Sx)) \ {si, i € I} incident to some square in {s;, i € I} induces a connected subgraph of R(Ss), from which
it is immediate that R(Sso) — {s;, i € I} is (graph theoretically) connected. This implies that any finite separating set
in R(Ss) contains a cycle in R(Sxo).

Note that by Corollary 3.4 R(Ss) is a.s. an infinite graph. Now suppose R(S~) is not one-ended, let {s;,i € [} C
V(R(Sx)) be such that R(Seo) — {si,i € I} contains at least two infinite connected components, and write /1,5 for
two such infinite components. Note that _J;; ds; contains a simple closed path y in R? such that (relabelling /; and
I if necessary) all squares in /1 (resp. /I2) lie in the interior (resp. exterior) of y; see Figure 6. Let J; (resp. J>) be the
set of vertices u of Qu With £(u) strictly contained in the interior (resp. exterior) of y. Since Qo is locally finite, at
most finitely many vertices of Q. correspond to horizontal or vertical lines that intersect y. On the other hand, each
square of R(S) is incident to horizontal and vertical lines corresponding to vertices of Q. It follows that Qo[ J1]
and Q.o[J2] each contain at least one infinite connected component.

u
- 5

- o
[

NG

L]

0
Fig. 6. The set {s;, i € I} is given by the grey squares. Thicker lines (both grey and black) are the lines £(u) for u € K. The thickest, black, closed
path is one possibility for y.
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(a) (b) (c)

Fig. 7. The derived map. (a) The map from Figure 5. (b) Its derived map. (c) Its planar dual.
The set | J;; 9s; consists of finitely many horizontal and vertical line segments; let

K= {u € v(Quo): L) N[ Josi # @}.

iel
Since Qs is locally finite and Sy, contains no degenerate lines, K is a finite set. Now let P = (u1, us, ..., u,) be any
path in Qg joining J; and J,. Then y N Uf"zl £(u;) # 2, so P must contain a vertex from K. Therefore Qs — K
has at least two infinite connected components, contradicting Fact 4.4. (]

The remainder of the section is devoted to proving Proposition 4.2. It is natural to try a direct appeal to Theorem 2.1
to show that R(Ss) is recurrent. However, our information about the law of the sequence (R(S;,),n > 1) seems too
weak to apply this approach. More precisely, root R(S;,) at its vertex which corresponds to the unbounded component
of Sy. It is not clear how to show that the law of this vertex is (exactly or approximately) stationary conditional on
R(Sn).lo Furthermore, we do not see an obvious choice of root vertex which would improve matters.

Instead of applying Theorem 2.1 to the contact graphs, we first define a sequence of graphs (D,,1 <n < 00)
to which Theorem 2.1 does apply to show that D, is recurrent and so edge-parabolic. We then show that edge-
parabolicity of D, implies vertex-parabolicity for R(S~). We now proceed to details.

Let G be a planar map. The derived map of G, denoted D = D(G) is obtained as follows. First, subdivide each
edge of G once; call the newly created vertices {v., ¢ € e(G)}. Second, add a vertex to the interior of each face, and
join each facial vertex to all the incident subdivision vertices. See Figure 7. Note that if F is the planar dual of G then
D(F) = D(G).

Recall that for a graph G, its square G2 is the graph with vertices v(G) and with an edge between any pair {1, v}
of vertices at graph distance at most 2 in G.

Lemma 4.5. Let G = (G, st) be a planar map with squaring S. Then the contacts graph R(S) is isomorphic to a
subgraph of D(G)?.

Proof. The vertices v(R(S)) correspond to squares of S, and thence to edges of G. This gives a natural map from
v(R(S)) to the set of subdivision vertices {v,, e € e(G)}. We similarly associate primal vertices of D(G) to vertices
of G and thence to primal lines of S, and facial vertices of D(G) to faces of G and thence to facial lines of S. (Primal
and facial lines were defined in Section 2.3.)

Fix squares s, § € v(R(S)) and write e, ¢ for the corresponding edges of G. If s and § border a common primal
line then e and ¢ share a common endpoint, so v, and v; are joined by a path of length two in D(G); see Figure 8(a).
Since the derived graph of G and of the dual of G are identical, the same holds s and § border a common facial line.
To prove the lemma it thus suffices to show that if v and ¢ are adjacent in R(S) then s and § border a common primal
or facial line. This is obvious unless s and s’ meet at a single point x € R

100ne way to overcome this difficulty would be to derive more detailed enumerative information about the number of squarings with n squares;
question (9) of Section 6 relates to this.
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Fig. 8. Vertices of the contacts graph, and the corresponding vertices of the derived map, are drawn as squares. Primal vertices are
white disks, and dual vertices are grey disks. (a) a, b, ¢ are vertices of the contacts graph. (b) The bold vertical line is (part of) a
facial line. (c) The bold horizontal line is (part of) a primal line. (a) If two squares border a common primal (resp. facial) line then
their corresponding vertices in the derived graph are joined by a path of length 2 through a primal (resp. dual) vertex. (b) and (c):
if squares meet at a point then they border a common primal or facial line.

If the latter occurs then there are precisely 4 squares that meet at x. If two primal lines meet at x then the corre-
sponding vertices of G lie on a common face, and the associated facial line passes through x and thus borders both s
and § (see Figure 8(b)). Otherwise, a primal line passes through x and thus borders both s and §. In either case s and
§ border a common primal or facial line (see Figure 8(c)). This completes the proof. (]

For 1 <n < oo, write D,, for the derived map of G,,.
Lemma 4.6. D is almost surely recurrent.

Proof. Let f}n = (Gn, Suty) be as in Theorem 2.6. Let ﬁn be the derived map of é,,, let 9,, be the subdivision vertex
corresponding to {5, ,}, and let p, = §, with probability 1/2 and p, = 9, with probability 1/2. Likewise, let vy; be
the subdivision vertex corresponding to edge {s, 7} in Goo, and let P be either s or vy, each with probability 1/2.
Then since G converges in distribution to G4, it also holds that (Dn, pn) converges in distribution to (Duo, Poo)-
Next, since §,7, is a uniformly random edge of Gn, it is immediate from the definition of p,, that p,, is distributed
according to the stationary law of D,. Tt follows that (Dwo, pso) is a distributional limit of finite planar graphs.
Furthermore, if p = s then the degree deg), (p) =degg_ (s), and otherwise degp, (o) = 4. By Fact 2.8 it follows
that deg, (p’) has exponential tails, and thus by Theorem 2.1, Dy is almost surely recurrent. ]

Proof of Proposition 4.2. By Lemma 4.6, D, is almost surely recurrent and so edge-parabolic. Let m :e(Dso) —
[0, co) be such that Zeee(Doo) m(e)? < oo and such that Zeee(y) m(e) is infinite for any infinite path y in Ds,. Use m
to define a function m’: v(Rso) — [0, 00) as follows. For s, € v(Rwo), let v, be the corresponding subdivision vertex
of the derived graph, and let

m'(sp) = Z m(f).
{fee(Deo): veES}

In other words, m'(s.) is the sum of the m-masses of the four edges incident to v, in the derived graph.
Each subdivision vertex has degree four in the derived graph, and each edge of the derived graph is incident to
exactly one subdivision vertex. It follows by Cauchy—Schwarz that

Y, me)?’= Z( > m(f))2

S€V(R(So0)) ece(Goo) {fee(Doo): veE f}

Y4 > my)?

ece(Go) {fe€e(Doo): ve€ f}

Z 4m(f)? < .

fee(Doo)

IA
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Now suppose that y is an infinite path in the contacts graph. Then Lemma 4.5 implies that Useev(y){ fe
e(Dwo): v, € f} contains an infinite path ¢’ in Doo. It follows that

doomo= ) Yo om(Hz Y me=c,

se€v(y) se€v(y) {fee(Doo): ve€ f} ece(y’)

the last equality by our choice of m. Since y was an arbitrary infinite path, it follows that R(S) is vertex-parabolic. [J

5. Proof of Theorem 1.1

The a.s. Hausdorff convergence of S, to Sooc = S(Goo) Was established in Corollary 3.4; it remains to show that Seo
a.s. has exactly one point of accumulation.

Since S is an infinite squaring and is compact, it clearly has at least one point of accumulation. The fact that S
has at most one point of accumulation follows from Theorem 4.1, once it is verified that the contacts graph R(Sx) is
one-ended and vertex-parabolic; this was accomplished in Propositions 4.2 and 4.3.

6. Further questions and topics

(1) We begin with an analogue of Conjecture 7.1 of [12] and of Conjecture 1(a) of [29], for the random squarings S,,.
There is a unique translation and scaling under which the image S;, of S, is centred at 0 and such that when S, is
stereographically projected to the Riemann sphere C* = C U {00}, the image of the unbounded region of R?\ S,
has area 1/n.'! Apply this transformation, and let i, be the measure on C* obtained by letting each connected
component of C* \ S/ have measure 1/ n.'2 Then p,, should converge weakly to a measure 4 on C* which is
some version of the Liouville quantum gravity measure (possibly the “y-unit area quantum sphere measure with
y = 4/8/3,” introduced in [29]). In particular, u should satisfy a version of the KPZ dimensional scaling relation.

(2) We expect that the box-counting dimension of S is a.s. well-defined and constant. More precisely, write n, for
the number of balls of radius € required to cover So.. We expect that logn./log(1/¢) — ¢ almost surely, where
¢ is non-random. Is this true? If so, what is ¢? Is ¢ > 1? (Note that for the Hausdorff dimension, if (C,,, n € N)
are measurable sets in R? then dimHaus(Un en Cn) = sup,, ¢y dimyaus (C). Since S is a countable union of line
segments, it follows that dimpays(Sec) = 1 almost surely.)

(3) Let Z be the a.s. unique accumulation point of So.. Can the law of Z be explicitly described?

(4) Write G (¢) for the graph induced by those vertices for which all incident squares are disjoint from B(Z, ¢).
How quickly does Goo(¢) grow as ¢ decreases? Relatedly, how does the diameter of G (¢) grow? Existing
results about random maps suggest that if the diameter grows as ¢ then the volume should grow as e =4,

(5) The structure of S, near Z should be independent of its structure near the root; here is one question along
these lines. Reroot G, by taking one step along a random walk path from the root, write Soo for the resulting
squaring and Z for its point of accumulation. Then recenter S, and Swo so that Z and Z sit at the origin. Does

e dy (Ss N B(0, &), S’oo N B(0, €)) — 0 almost surely, as ¢ — 0? Here dy denotes Hausdorff distance.

(6) Let e,(1),...,e,(k) be independent, uniformly random oriented edges of the contacts graph R(S,), and for
1 <i <k let r,(i) be the ratio of the side length of the “tail square” of e, (i) to that of its “head square.” The
vector (r, (i), 1 <i < k) should converge in distribution to a limit (r (i), 1 <i < k), whose entries are i.i.d. This
would be a very small first step towards establishing that the random squaring in some sense “looks like the
exponential of a Gaussian free field.”

(7) Let A, be the adjacency matrix of G,,. The areas of squares may be calculated as determinants of minors of A,,.
However, these determinants grow very quickly, and even finding logarithmic asymptotics seems challenging.

TAn anonymous referee pointed out that one should carefully choose the area of the unbounded region after projection, or one may obtain
convergence toward a Dirac mass. In particular, this area should be “typical” rather than “average.” Nicolas Curien has suggested to us that n=3/2
is a more suitable value than n~!. Curien’s recent work [8] on the conformal structure of random planar maps may have some bearing on this issue.
12The measure iy is uniquely determined if we also specify that its restriction to any component of C* \ S}, is a multiple of the surface measure
of the Riemann sphere.
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A simpler, still challenging project is to study the determinant of any principal minor of A, or, equivalently, to
study the number of spanning trees of G,,.

The height of S is 1 but its width W, is random, and by considering the graph structure near the root of G,
it is not hard to see that W, is an honest random variable (rather than a.s. constant). On the other hand, duality
implies that Wy, and 1/ Wy, have the same law. Can anything explicit be said about this law? In particular, is
P(Woo =1) >0?

Simulations suggest that for n large, S, is unlikely to contain four squares with common intersection. Does
this probability indeed tend to zero as n becomes large? This question looks innocent. However, recall that such
intersections are the reason the function sending a rooted planar graph to its squaring is non-invertible. A positive
answer would constitute substantial progress towards proving an asymptotic formula, conjectured by Tutte [30],
Section 9, for the number of perfect squarings with n squares.

Let S, be uniformly distributed over squarings of a rectangle with n squares. Does Su converge in distribution to
Soo for the Hausdorff distance? This follows if the laws of S, and S',, are close, which would itself follow from
a positive answer to the previous question.

The behaviour of the simple random walk on G is also of interest. How do quantities such as P(X; = Xj),
dc., (X0, X;), and #{X,,0 <s <t} scalein ¢?

It seems likely that R(Sx) is recurrent; is it? Here is one tempting argument for recurrence; its incorrectness was
pointed out to us by Ori Gurel-Gurevich. By Lemma 4.5, R(Sx,) may be viewed as a subgraph of Dgo. Since
D« is recurrent, so is Dgo; then conclude via Rayleigh monotonicity. The problem with the argument is that
the recurrence of D, is not known to imply the recurrence of Dgo (this implication would be true if Dy, had
uniformly bounded degrees [22], Theorem 2.16). Perhaps if G is a recurrent, unimodular random graph whose
root degree has exponential tail, then any finite power of G is also recurrent; this would be an interesting fact in
its own right.

Acknowledgements

Both authors thank Grégory Miermont for useful comments, and Ori Gurel-Gurevich for pointing out an error in an
earlier version of this work. LAB thanks Nicolas Curien and Omer Angel for their insightful remarks subsequent to a
presentation of this work at the McGill Bellairs Research Institute, in April 2014.

References

(1]

(2]

[3]
(4]
[5]
(6]
[7]

(8]
[9]

[10]

[11]
[12]

L. Addario-Berry. Growing random 3-connected maps, or comment s’enfuir de I’hexagone. Electron. Commun. Probab. 19 (54) (2014) 1-12.
Available at http://arxiv.org/abs/1402.2632. MR3254733

D. Aldous and J. M. Steele. The objective method: probabilistic combinatorial optimization and local weak convergence. In Probability on
Discrete Structures 1-72. Encyclopaedia Math. Sci. 110. Springer, Berlin, 2004. Available at http://www.stat.berkeley.edu/~aldous/Papers/
mel01.pdf. MR2023650

0. Angel and O. Schramm. Uniform infinite planar triangulations. Comm. Math. Phys. 241 (2-3) (2003) 191-213. Available at http://arxiv.
org/abs/math/0207153. MR2013797

E. A. Bender and E. R. Canfield. Face sizes of 3-polytopes. J. Combin. Theory Ser. B 46 (1) (1989) 58-65. Available at http://dx.doi.org/10.
1016/0095-8956(89)90007-5. MR0982855

I. Benjamini and O. Schramm. Random walks and harmonic functions on infinite planar graphs using square tilings. Ann. Probab. 24 (3)
(1996) 1219-1238. Available at http://projecteuclid.org/euclid.aop/1065725179. MR1411492

I. Benjamini and O. Schramm. Recurrence of distributional limits of finite planar graphs. Electron. J. Probab. 6 (23) (2001). 1-13. Available
at http://arxiv.org/abs/math/0011019. MR1873300

R. L. Brooks, C. A. B. Smith, A. H. Stone and W. T. Tutte. The dissection of rectangles into squares. Duke Math. J. 7 (1940) 312-340.
MRO0003040

N. Curien. A glimpse of the conformal structure of random planar maps. Comm. Math. Phys. 333 (2015) 1417-1463. MR3302638

R. Diestel. Graph Theory, 4th edition. Graduate Texts in Mathematics 173. Springer, Heidelberg, 2010. Available at http://
diestel-graph-theory.com/index.html. MR2744811

P. G. Doyle and J. L. Snell. Random Walks and Electric Networks. Carus Mathematical Monographs 22. Mathematical Association of
America, Washington, DC, 1984. Available at http://arxiv.org/abs/math/0001057. MR092081 1

R. J. Duffin. The extremal length of a network. J. Math. Anal. Appl. 5 (1962) 200-215. MR0143468

B. Duplantier and S. Sheffield. Liouville quantum gravity and KPZ. Invent. Math. 185 (2011) 333-393. Available at http://arxiv.org/abs/0808.
1560. MR2819163


http://arxiv.org/abs/1402.2632
http://www.ams.org/mathscinet-getitem?mr=3254733
http://www.stat.berkeley.edu/~aldous/Papers/me101.pdf
http://www.ams.org/mathscinet-getitem?mr=2023650
http://arxiv.org/abs/math/0207153
http://www.ams.org/mathscinet-getitem?mr=2013797
http://dx.doi.org/10.1016/0095-8956(89)90007-5
http://www.ams.org/mathscinet-getitem?mr=0982855
http://projecteuclid.org/euclid.aop/1065725179
http://www.ams.org/mathscinet-getitem?mr=1411492
http://arxiv.org/abs/math/0011019
http://www.ams.org/mathscinet-getitem?mr=1873300
http://www.ams.org/mathscinet-getitem?mr=0003040
http://www.ams.org/mathscinet-getitem?mr=3302638
http://diestel-graph-theory.com/index.html
http://www.ams.org/mathscinet-getitem?mr=2744811
http://arxiv.org/abs/math/0001057
http://www.ams.org/mathscinet-getitem?mr=0920811
http://www.ams.org/mathscinet-getitem?mr=0143468
http://arxiv.org/abs/0808.1560
http://www.ams.org/mathscinet-getitem?mr=2819163
http://www.stat.berkeley.edu/~aldous/Papers/me101.pdf
http://arxiv.org/abs/math/0207153
http://dx.doi.org/10.1016/0095-8956(89)90007-5
http://diestel-graph-theory.com/index.html
http://arxiv.org/abs/0808.1560

[13]
[14]
[15]
[16]
[17]
[18]
[19]
(20]
(21]
(22]
(23]

(24]

(25]
[26]

[27]
(28]

(29]

(30]

Random infinite squarings of rectangles 611

E. Fusy, D. Poulalhon and G. Schaeffer. Dissections, orientations, and trees with applications to optimal mesh encoding and random sampling.
ACM Trans. Algorithms 4 (2) (2008) Art. 19, 48. Available at http://arxiv.org/abs/0810.2608. MR2419116

A. Georgakopoulos. The boundary of a square tiling of a graph coincides with the Poisson boundary. Topology Appl. 173 (2014) 188-208.
Available at arXiv:1301.1506 [math.PR]. MR3227215

O. Gurel-Gurevich and A. Nachmias. Recurrence of planar graph limits. Ann. of Math. (2) 177 (2) (2013) 761-781. Available at http:
/larxiv.org/abs/1206.0707. MR3010812

Z.-X. He and O. Schramm. Hyperbolic and parabolic packings. Discrete Comput. Geom. 14 (2) (1995) 123-149. MR1331923

M. Krikun. Local structure of random quadrangulations, 2005. Available at arXiv:math/0512304 [math.PR].

J.-F. Le Gall. The topological structure of scaling limits of large planar maps. Invent. Math. 169 (3) (2007) 621-670. MR2336042

J.-F. Le Gall. Uniqueness and universality of the Brownian map. Ann. Probab. 41 (2013) 2880-2960. Available at http://arxiv.org/abs/1105.
4842. MR3112934

J.-F. Le Gall. Random geometry on the sphere. In The Proceedings of ICM 2014, Seoul 1 421-442, 2015. Available at http://arxiv.org/pdf/
1403.7943v1.pdf.

M. Luczak and P. Winkler. Building uniformly random subtrees. Random Structures Algorithms 24 (4) (2004) 420-443. Available at http:
/Iwww.math.dartmouth.edu/~pw/papers/birds.ps. MR2060629

R. Lyons and Y. Peres. Probability on Trees and Networks. Cambridge Univ. Press, Cambridge, MA, 2016. Available at http://mypage.iu.edu/
~rdlyons/prbtree/prbtree.html.

G. Miermont. The Brownian map is the scaling limit of uniform random plane quadrangulations. Acta Math. 210 (2) (2013) 319-401.
Available at http://arxiv.org/abs/1104.1606. MR3070569

G. Miermont. On the sphericity of scaling limits of random planar quadrangulations. Electron. Commun. Probab. 13 (2008) 248-257.
MR2399286

J. Miller and S. Sheffield. Quantum Loewner evolution, 2014. Available at arXiv:1312.5745 [math.PR].

J. R. Norris. Markov Chains. Cambridge Series in Statistical and Probabilistic Mathematics 2. Cambridge Univ. Press, Cambridge, MA,
1998. MR1600720

O. Schramm. Square tilings with prescribed combinatorics. Israel J. Math. 84 (1-2) (1993) 97-118. MR1244661

O. Schramm. Conformally invariant scaling limits: An overview and a collection of problems. In International Congress of Mathematicians
1 513-543. Eur. Math. Soc., Ziirich, 2007. Available at http://arxiv.org/abs/math/0602151. MR2334202

S. Sheffield. Conformal weldings of random surfaces: SLE and the quantum gravity zipper. Astérisque 304 (2005) 1-175. Available at
arXiv:1012.4797 [math.PR]. MR2251117

W. T. Tutte. A census of planar maps. Canad. J. Math. 15 (1963) 249-271. Available at http://cms.math.ca/10.4153/CIM-1963-029-x.
MRO0146823


http://arxiv.org/abs/0810.2608
http://www.ams.org/mathscinet-getitem?mr=2419116
http://arxiv.org/abs/arXiv:1301.1506
http://www.ams.org/mathscinet-getitem?mr=3227215
http://arxiv.org/abs/1206.0707
http://www.ams.org/mathscinet-getitem?mr=3010812
http://www.ams.org/mathscinet-getitem?mr=1331923
http://arxiv.org/abs/arXiv:math/0512304
http://www.ams.org/mathscinet-getitem?mr=2336042
http://arxiv.org/abs/1105.4842
http://www.ams.org/mathscinet-getitem?mr=3112934
http://arxiv.org/pdf/1403.7943v1.pdf
http://www.math.dartmouth.edu/~pw/papers/birds.ps
http://www.ams.org/mathscinet-getitem?mr=2060629
http://mypage.iu.edu/~rdlyons/prbtree/prbtree.html
http://arxiv.org/abs/1104.1606
http://www.ams.org/mathscinet-getitem?mr=3070569
http://www.ams.org/mathscinet-getitem?mr=2399286
http://arxiv.org/abs/arXiv:1312.5745
http://www.ams.org/mathscinet-getitem?mr=1600720
http://www.ams.org/mathscinet-getitem?mr=1244661
http://arxiv.org/abs/math/0602151
http://www.ams.org/mathscinet-getitem?mr=2334202
http://arxiv.org/abs/arXiv:1012.4797
http://www.ams.org/mathscinet-getitem?mr=2251117
http://cms.math.ca/10.4153/CJM-1963-029-x
http://www.ams.org/mathscinet-getitem?mr=0146823
http://arxiv.org/abs/1206.0707
http://arxiv.org/abs/1105.4842
http://arxiv.org/pdf/1403.7943v1.pdf
http://www.math.dartmouth.edu/~pw/papers/birds.ps
http://mypage.iu.edu/~rdlyons/prbtree/prbtree.html

	Introduction
	Preliminaries: Graph limits, squarings, bijections, and recurrence
	Terminology
	Distributional limits of graphs
	Squarings of rectangles
	Bijections for random trees and maps
	Growth procedures

	Convergence of the squarings
	Only one point of accumulation
	Proof of Theorem 1.1
	Further questions and topics
	Acknowledgements
	References

