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Abstract. In this work we study the smoothing effect of rough differential equations driven by a fractional Brownian motion
with parameter H > 1/4. The regularization estimates we obtain generalize to the fractional Brownian motion previous results by
Kusuoka and Stroock.

Résumé. Dans ce travail nous étudions I’effet de régularisation pour des équations différentielles stochastiques conduites par un
mouvement brownien fractionnaire de parametre H > 1/2. Les estimées obtenues généralisent des estimées obtenues précédem-
ment par Kusuoka et Stroock.
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1. Introduction

In this paper, we study stochastic differential equations driven by a fractional Brownian motion with Hurst parameter
H € (1/4,1). More precisely, let us consider the equation

d ot
Xf=x+2/ Vi (X¥)dB, (1.1)
0

i=1

where the vector fields Vi, ..., V; are C®°-bounded vector fields on R” and where B is a continuous R9-valued
centered Gaussian process with covariance

1
E(B; ® B;) = E(tzﬁ’ + 52— | —s52H).

The parameter H is the so-called Hurst parameter of the fractional Brownian motion. It quantifies the sample path
regularity of B since a straightforward application of the Kolmogorov continuity theorem implies that the paths of B
are almost surely locally Holder of index H — ¢ for 0 < ¢ < H. When H = 1/2, B is a Brownian motion. Fractional
Brownian and equations driven by it appear as a natural model in biology and physics (see for instance [10,21,22]).
If H > 1/2, then the paths of B are regular enough and the equation (1.1) is understood in the sense of Young.
Existence and uniqueness of solutions are well-known in that case (see [16,19,23]). When 1/4 < H < 1/2, it can be
shown (see [7]) that B can canonically be lifted as a geometric p-rough path with p > 1/H. As a consequence, rough
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paths theory (see [8,17]) can be used to give a sense to what is solution of equation (1.1). In the case H = 1/2, this
notion of solution coincides with the solution of the corresponding Stratonovitch stochastic differential equation.

In the past few years, the study of the regularity of the law of X7 has generated a great amount of work. In [2],
the authors prove, in the regular case H > 1/2, that if the vector fields V1, ..., V; satisfy the classical Hérmander’s
bracket generating condition, then for ¢ > 0, the random variable X; admits a smooth density with respect to the
Lebesgue measure. In [4], the authors prove, in the case H > 1/4, and under the same assumption on the vector
fields, the existence of the density. The smoothness of this density is proved in [9] for H > 1/3, conditioned on the
integrability of the Jacobian of such systems which is established in [6]. Finally, smoothness of the density function
in the case H > 1/4 is proved in [5].

The regularity of the law of X7 is intimately related to the regularization properties of the operator:

P f(x) =E(f(X7)),

that is defined for a Borel and bounded function f. It should be noted that when H # 1/2, (P);>0 is not a semi-
group and that there is no direct connection with the theory of partial differential equations unless the vector fields
Vi, ..., V4 commute (see [1] for further discussion on that aspect). By regularization property of P,, we mean that
Py has a “smoothing” effect on the function f in the sense that all the V;’s directional derivatives of P; f, for every
t > 0, can be controlled in terms of the sup-norm of f only. In the Brownian motion case, that is if H = 1/2, the
regularization property of P; has been extensively studied and explicitly quantified by Kusuoka and Stroock [12—14]
and Kusuoka [11]. In particular, in his work [11], Kusuoka introduces the UFG condition on the vector fields (this is
our Assumption 3.1) and proves that if this condition is satisfied, then the following theorem holds:

Theorem 1.1 (Brownian motion case, Kusuoka [11]). Assume that the vector fields V1, ..., Vy satisfy Kusuoka’s
UFG condition (see Assumption 3.1). Let x € R". For any integer k > 1 and 0 <1y, ..., iy <d, there exists a constant
C > 0 (depending on x) such that for every C* bounded function f andt € (0, 1],

Vi Vi PF O] < CEF2) flloe.

The main purpose of the present paper is to generalize this statement to any H € (1/4, 1). More precisely, we prove
the following theorem:

Theorem 1.2 (Fractional Brownian motion case). Assume H € (1/4, 1) and that the vector fields V1, . .., Vg satisfy
Kusuoka’s UFG condition. Let x € R". For any integer k > 1 and 0 <1iy,...,ir <d, there exists a constant C > 0
(depending on x) such that for every C* bounded function f andt € (0, 1],

Vi Vi PF )] < Co P4 f oo

Our result is obviously an extension of Kusuoka’s result, since it encompasses the case H = 1/2. It is interesting
to observe that the framework given by the most recent developments in rough paths theory (see in particular [5,6,9])
actually simplifies Kusuoka’s approach and, in our opinion, provides an overall simpler and clearer proof of his result
which originally built on delicate estimates proved in [12—-14].

We should also mention that Theorem 1.2 was already proved by two of the authors in the regular case H > 1/2
and under a strong ellipticity assumption on the vector fields, see [3]. The rough setting and the more general UFG
assumption on the vector fields make the proof of Theorem 1.2 much more difficult.

The paper is organized as follows. In Section 2, we give the necessary background on Malliavin calculus that will be
needed throughout the paper. In Section 3, we show how the integration by part technique of Kusuoka—Stroock [14]
and Kusuoka [11] can essentially be adapted to the fractional Brownian motion case after suitable changes. Let us
however observe that we obtain the correct order in ¢ by using a rescaling argument on the vector fields V;’s instead
of analyzing the small time behavior of the estimates of Section 2.

Section 4 is devoted to the proof of the main technical estimates that are needed to justify the integration by parts
performed in Section 3. In a sense, it is the heart of our contribution. In the Brownian motion case, similar estimates
are obtained in [11,13,14], but the proof of those heavily relies on Markov and martingale methods. We prove here
that such estimates may be obtained in a more general setting by using quantitative rough paths versions of Norris’
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type lemma (see [2] and [9]) which are based on interpolation inequalities and small ball probability estimates for
fractional Brownian motions (see [15]).

2. Stochastic differential driven by fractional Brownian motions

In this preliminary section, we present the tools about the stochastic analysis of the fractional Brownian motion that
are needed for the remainder of the paper.

2.1. Fractional Brownian motion

A fractional Brownian motion B = (Bl, ....B4 ) is a d-dimensional centered Gaussian process, whose covariance is
given by

1
(2 427 —jr—s?"), fors,ref0,1]and j=1,...,d

R(t,s):= IE(BSJBIJ) = >

In particular it can be shown, by a standard application of Kolmogorov’s criterion, that B admits a continuous version
whose paths are y-Holder continuous for any y < H.
Let £ be the space of R?-valued step functions on [0, 1], and  the closure of & for the scalar product:

d
(Mo.n1s -+ LoD (Mosy1s - -5 Lo.sg)) )y = Z R, 5i)-
i=1
When H > % it can be shown that L'/# ([0, 1], R?) ¢ H, and that for ¢, ¥ € L'/¥ ([0, 1], R?), we have

1 1
(b, Yy = HQH — 1)/0 /O |5 — 1 PH=2 (3 (5), Y (1)) s .

The following interpolation inequality that was proved in [2], will be an essential tool in our analysis. For every
y>H— %, there exists a constant C such that for every continuous function f € H,

AP .
HnzC—"7 2.1
11y
where
ILf @) — fl
Iflly = sup ———————+1flloos
v O<s<t<1 [t —s]¥ *

is the usual Holder norm.
When 3—1 < H < % one has

H c L2([0, 11)
and the following interpolation inequality classically holds for every f € H,

£l = Cllfllg2-

Let us also mention the following inequality that will be useful to bound from below the L? norm by the supremum
norm and the Holder norm

2y /Qy+1
1 lloo < 2max{| £ll 2. I £175 @2 £1/ @+,

We point out that such inequality was already used in connection with the space  in [9].
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2.2. Malliavin calculus

Let us remind the basic framework of Malliavin calculus (see [18] for further details). A real valued random variable
F is then said to be cylindrical if it can be written, for a given n > 1, as

F= f(f()l(hi,st), . ..,/Ol(hg',st)),

where h' € H and f:R"” — R is a C*°-bounded function. The set of cylindrical random variables is denoted S. The
Malliavin derivative is then defined as follows: for F € S, the derivative of F is the R¢-valued stochastic process
Dy F)o<t<1 given by

"3 1 1
D;F:Zhl(t)—a)]; (/0 (hg,de),...,fO (hf;,st)>.
i=1

More generally, we can introduce iterated derivatives. If F € S, we set

D} F=Dy---DyF.

..... k

For any p > 1, it can be checked that the operator DX is closable from S into L”(£2). We will denote by D7 the
domain of this closure, that is closure of the class of cylindrical random variables with respect to the norm

k

1/p
IFll,p = (E(|F|P) +ZE(||DfF||%®_/)>

j=1

and

D® = (D"

p=lk>1

For p > 1 we can consider the divergence operator § which is defined as the adjoint of D defined on L?(£2). It is
characterized by the duality formula:

E(FSu) =E((DF,u)y), FeD"?.
It is proved in [18], Proposition 1.5.7 that 8 is continuous from D7 into L” (£2).
2.3. Stochastic differential equations driven by fractional Brownian motions

In this paper, we will consider the following kind of equation:

d t
Xf:x+2/ Vi(X¥)dB, (2.2)
: 0
i=1
where the vector fields Vi, ..., V; are C* bounded vector fields on R” and where B is a fractional Brownian motion

with parameter H € (1/4, 1).

If H > 1/2. The equation (2.2) is understood in Young’s sense, but if H € (1/3, 1/2], we need to understand the
equation in the sense of rough paths theory (see, e.g., [7,8]). In both cases, the C* boundedness of the vector fields is
more than enough to ensure the existence and uniqueness of solutions.

Once equation (2.2) is solved, the vector X7 is a typical example of random variable which can be differentiated
in the sense of Malliavin. It is classical that one can express this Malliavin derivative in terms of the first variation



416 F. Baudoin, C. Ouyang and X. Zhang

process J of the equation, which is defined by the relation Jéj_)t =0y l.Xf’i. Setting dV; for the Jacobian of V; seen
as a function from R” to R", it is well known that J is the unique solution to the linear equation

Jost _1+Z/ AV, (X¥)Joos dBY 2.3)

and that the following results hold true (see [4] and [20] for further details):

Proposition 2.1. Let X* be the solution to equation (2.2). Then for everyi =1, ..., nandt > 0, and x € R", we have
X;' e D™ and

DIXS=J_,Vj(Xy), j=1,....d,0<s<t,

where D! X; " is the jth component of Dy X U XX and Jy_y = Josi Jy !

0—s"

We finally mention the recent result [6], which gives a useful estimate for moments of the Jacobian of rough
differential equations driven by Gaussian processes.

Proposition 2.2. Let p > 1/H. For any n > 0,

E(IJI1-yar.0.17) < +00 (2.4)

where || - || p-var;[0,1] denotes the p-variation norm on the interval [0, 1].

3. Integration by parts formula and regularization

Let us consider vector fields Vi, ..., Vg on R". Let A= {2} U |J;2,{1,2,..., dYf and A; = A\ {@}. We say that
I € Ais aword of length k if I = (i, ..., i) and we write |I| = k. If I = &, then we denote |/| = 0. For any integer
[ > 1, we denote by A(l) the set {I € A; |I| <1} and by A; () the set {I € Ay; |I| <1}. We also define an operation
xon Aby I «J=C(,...,i, j1,..., ji) for I = (iy,...,ix) and J = (ji, ..., ji) in A. We define vector fields V|
inductively by

Vin=Vi.  Visp=in, Vil j=1....d
Throughout this paper, we will make the following assumptions on the vector fields.

Assumption 3.1.

1. The V;’s are bounded smooth vector fields on R" with bounded derivatives at any order.
2. There exists an integer | > 1 and a){ € C;°(R", R) such that for any x € R"

Vin@w = Y of Vi), IeA. 3.1
JeA(l)

The second condition was introduced by S. Kusuoka in [11]. It holds for a system of vector fields that satisfy a
uniform strong Hormander’s bracket generating condition, but observe that in order that Assumption 3.1, (3.1), holds,
it is not even necessary that the bracket generating condition holds. As a consequence X<* below may be degenerate
in the sense of Malliavin, and this is actually one of the main difficulties we have to overcome in our analysis.
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3.1. Integration by parts formula

Let us consider the following rescaled differential equations, which depend on the parameter € > 0:
d o
xit=x+ Y [ vi(xer) s
— Jo
i=1

Y’
:x—i—Z/ v (X&) dB. (3.2)
— J0
Clearly, the rescaled vector fields V are defined as V£ (x) = €MV, (x). More generally, for any I € A (l), we denote

Vf[](x) = €|I|HV[1](X). Note that:

VG0 =M v
> MMl ) Vi)

JeA ()
Z cUI=1JDH J(X)V[J](x)
JeA ()
J,
= ) o WV,
JeA ()

where wlj"(x) = 6(|1|*\J|)lel(x).
It is known that for any € € (0, 1] and any ¢ > 0, the map <P€(x) X{*:R" — R" is a flow of C* diffeomorphism
a

(see [8]). We denote the Jacobian of @5 (x) by J, 0—>z . As we mentloned it earlier, JS-n and (J, _)[) 1 satisfy
the following linear equations:
d
dJs,, =Y aVE(X[™) I, dBl, with J§ =1, (3.3)
i=1
and
d
d(J5,,)” Z Js_) lave(xe)dBl,  with (J§) T =1 (3.4)
Let us introduce a linear system ,BIJ’e(t, x) that satisfies the following linear equations:
! B “(1,0) = 51 ke a) —@rs (X1 OBE (1)) B 45)
B €(0,x) =357

Our first result concerns the representation of the pullback of the vector fields Vf” (X f’x ) in terms of the ,BIJ’E (t,x)’s.

Lemma 3.2. Fix e € (0, 1]. For any I € A;(l), we have:

(T " (Vi (XE)) = Y B0V .
JeAl(l)

Proof. To simplify the notation, let us denote

as(t,x) = (J5_,) " (Vg (XE)),
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and

bit,x)= Y BtV ).
JeA ()

By definition, we have a5 (0, x) = b5 (0,x) = V[GI (x). Next, we show that a$ (¢, x) and b5 (¢, x) satisfy the same differ-
ential equation, from which we can deduce that aj (t,x)= bj (¢, x). Indeed, by the change of variable formula, which
can be used since the driving noise is described by a geometric rough path, we have:

da§ (. 0) = d(J5_,,) ~ (V5 (X))

= > =D{) T [V V(X 0 dB]

=1
d

:Z Z _wIJ:j(Xte’x)(Jgat) Vin(x %) dB/
j=1JeA[ D)
d J.e €,X Jj

=Y Y —op5(Xi)a5 @, x) dB].
j=1JeA )

On the other hand, by the definition of ,BIJ“(I, x), we have:

db;(z,x)=d< > ,BIK’e(t,x)V[eK](x)>

KeA ()
K,
Y dB 1)V ()
KeA ()
d
J,
=D 2 —en(XE) D0 B0V dB/
j=lJeA () KeA ()
d
J. ’ .
— Y ol (XN)b5 (e, x) dB] .
j=1JeA()
The result then follows by the uniqueness of solutions for rough linear equations. ([

We now turn to the integration by parts formula and introduce the following notations: for any J € 4, ([),
DY F(XE) = (D.f(X79), B0 0. ()

n. Forany I, J € A;(l), we define

.....

where we denote by ,BJ'G(., x) the column vector (,Bij’e(-, Xx))i=1

M @t x) = (B¢ 01000, B C 0 110.0())y,

In the following, we will only consider the case ¢ = 1 and we write M} 1.7 (x) instead of M} 1.7 (1, x).
The following theorem is the main technical difficulty of our work, its proof is rather long and intricate, so we
postpone it to a later section, for the readability of the paper.

Theorem 3.3. For every x € R", the matrix (M; ;(x));,jeA,q) is almost surely invertible. Moreover, for any p €
(1, 00),

-p
eE(O,SH,E))ceR" E(| (M;,J(x))I,JeA|(l) I77) < oo
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With the theorem in hands, we can now state the basic integration by parts formula. In the sequel the notation
Vilf (X £%)] should be understood as the differential operator V(g acting on the function x — £ (X; 7). So, by the

chain rule we have

Vinlf (XE) ] = (VA (XE)s Tom i Vi)

This should not be confused with the notation V%, f (X £*) which means that the function V{7, f is evaluated at X ot

Proposition 3.4. Forany f € leo (R",R), € € (0, 1] and x € R", we have

Vs (xs9]= > (M5 ;) DD f(X5).
JeA ()

Proof. First note that by the chain rule together with Lemma 3.2 we have:
D/ f(X}") = (V£ (X]™). D/ X} g,

=(VA(XT"), Joo1 (J60) ™ lee(Xi’x»Rn

<Vf 10%( > B x)v[,](x))>
TIe A ()
=<Vf LY B x)JO_)lV[”(x)>
16.,41(1)
= 2 B envilr(x)]

IeA ()
Now for J € Aj(l), by definition, we have:

DY F(XT) = (D.f(XT). B/ )y
< Y. B ovylr(x ”)]’ﬁ]’e("x)>7{

Ie A (D)

= > Vil (X180, B0y,

Ie A ()
Yo M, VR[r(xT)]
Te A (D)
Hence we conclude
ValF(X59]= > (M5 ,0)7 DD r(x).
JeA(l) |

Following Kusuoka [11], we set the following definition.

Definition 3.5. We denote by K the set of mappings @ (€, x) : (0, 1] x R" — D that satisfy the following conditions:

1. @ (e, x) is smooth in x and 3;)1\? (€, x) is continuous in (€, x) € (0, 1] x R*with probability one for any muti-index v;
2. Foranyk, p > 1 and multi-index v we have:

e

(€, x)
X

< Q.

sup

€€(0,1] Dk-p
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Lemma 3.6. For every x € R", we have:

1. ﬁlj’e(l,x) eKforany I,J € A1 ();
2. (M§ ,x)"' €K forany 1,J € Ai(1);
3.6, 1,x) = e a0 B )M, (x) 7! e K.

Proof. This is a direct consequence of Theorem 3.3 and of the fact that 8€ solves a linear system of equations (see
also the Lemma 4.2 below). O

As a consequence of the integration by parts formula, we get then the following key result, which intuitively says
that the adjoint of the vector field Vf,] seen as an operator on the path space of the fractional Brownian motion maps
KC into itself.

Proposition 3.7. Let @ (¢, x) € KC, then for any I € A((l), there exists T*[EI]QD(E, x) € K such that
(0 (e, Vo [£ (X)) = E(F (X5 )Ty, @)
Proof. We have

M@@wwdf@?ﬂ%ﬂi®&w)2:(MRQD4Dmf@?U

JeA ()

JeA ()

= E(@(e, X))y (M5, 0)) ' (D.f (X5, B4 x))H)

<D-f(XT’x), > ﬂ“(-,x)(M;,(x))‘lqs(e,x)> )
JeA () H

= B(f (X{") Ty ®(e,0),

where

Tj. ®(e.x) = 5( 3 B (M 0) 7 e, x))
Je A ()

= 8(11/1 (e,1,x)P (e, x)).
Then, by using the continuity of the divergence & : D¥*! — DX and Holder’s inequality we have:

||T*[3]<p(e,x)||w,p < Crp||Wile. 1. )P (€, )| pys1.p

S Ck,p H w[ (67 ta -x) ||Dk+l.r ¢(€’ -x) ’|Dk+l,q 5

here L +1 =1, O
Weer—i-q »

3.2. Regularization bounds

Now we are ready to state our main theorem. Consider, as before, the equation:

Y’
Xf=x+2/ Vi(X¥)dB, (3.6)
— J0
i=1
where the vector fields Vi, ..., V; are C*™ bounded vector fields on R” that satisfy the UFG condition of Assump-

tion 3.1, and where B is a fractional Brownian motion with parameter H € (1/4, 1).
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Theorem 3.8. Let x € R" and p > 1. For any integer k > 1 and Iy, ..., I; € Ai(l), there exists a constant C > 0
(depending on x) such that for every C* bounded function f,

IVin - Vi Pof )| < ComUni=+DH (p, pp o) VP e (0, 11,
Proof. Let € =t. By the fact that X} has the same distribution as X f’x, we have:
Vin - Vira P f ) = Vi - Vi [E(F(X7))]
= Vi - Vi [E(f (X7))]
= ety ve [B(F(XE)].
To prove the theorem, it is sufficient to show that there exists @ (€, x) € K such that:
Vi Vi [E(F (X)) =E(f (X]7) @ (e, ). 3.7

And the result will follow by a simple application of Holder’s inequality. We prove the equation (3.7) by induction.
When k = 1, by Proposition 3.7, there exists T}y 1(€, x) € K. Now suppose the statement is true for k = m, then
A

there exists @ (¢, x) € K and we have:

Vit Vi Vi [E( (X)) = Vi, o [E(F (XT7) @ (e, )]
=E(® (e, )V, [F(XT)]+ £ (X)), @€ 0)
=E(f(x1)T5; | @E0+ f(XTT)V, 1P )
=B (T 20+, 2 ).
Since by induction hypothesis we know @ (e, x) € K. Now by Proposition 3.7, we have that (Ty,  (€.x) +
Vi, (€. x)) € K and this completes the proof. O

As a straightforward corollary of the previous result, we in particular deduce the following regularization result:

Theorem 3.9. For any integer k > 1 and I, ..., Iy € A((l), there exists a constant C > 0 such that for every C*
bounded function f,

\Vir -+ Viga Prf (0)| < Com D g

foranyt e (0, 1].

4. Proof of Theorem 3.3
Our goal in this section is to prove Theorem 3.3 that we rewrite below for convenience:

Theorem 4.1. For any p € (1, 00),

-p
o B ) e, |7) < oo

The proof of the Theorem 4.1 is splitted in several steps and we will have to distinguish the cases H > 1/2 and
H < 1/2.1In the case H = 1/2, the result was proved by Kusuoka in [11]. The proof relies on delicate estimates that
were obtained in [12-14]. The methods heavily use martingale techniques and the Markov property, and therefore
cannot be adapted to our framework. Instead, we are going to use rough paths techniques that were developed in the
past few years.

The following first lemma, which comes from a stochastic Taylor type expansion, gives the order of ,BIJ’6 (t, x).
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Lemma 4.2, Let I, J € A|(l) such that |I| <|J|, then

BlCt.x)=>" 8], (—DHBF+y (. x),
LeA

where

P
sup IE[( sup t—(l+1—|”)H|)/;’J(f,X)|> ] <00
xeRr L \e(0,1],6€(0,1]

holds for any p > 1.
Proof. Let us consider the Taylor expansion obtained by iterating the equation (3.5). Note that since

Vi) = Z ol (X)Vi(x),
JeA ()

then we know that for any € € (0, 1] and when || </, w{’e =a)Ij = SIJ. For any I, J € A;(l) with |I| < |J|, we have:

d t '
,3;’*6(:,x)=3,’+2[0( > —wﬁ;(x§)5{f(s,x)>d35
j=1

KeA ()
d t .
=8 + Z/ (—l)ﬁlj;j(s,x)dB{.
j=1"°
Now let us iterate this equation / — |I| + 1 times and we have:

d
ﬂ{’é(t,x)=5{+2/0 (DB (s1.x)dBL!

=1

d d t 51
1 2 nJ, I l
=8/ + Y _(=DB"s], + > /0/0 (—=1)?BY5 41, (52, x) dBL2 dB!!

=1 I1,h=1

- Za{*L(—l)lLlB,L

LeA
t Sk .
K, J, .
YT // (—DEH ke (XS, )y (k1. X)dBL, - --dB
LjKeA D70 0

=Y 8l DHBE 4y @ x),
LeA

where y;’J(t, x) denotes the remainder term. Now, as an application of Theorem 10.41 in [8] (see also [1]), there
exists a random variable C € L? such that:

||7/1€’J(f,x)“ < Cf(l_lllH)HZ Z ||wﬁ2*] ”LipV_l’
L,j KeA ()

where y > 1/H and || - ||Lipy—] is the y — 1-Lipschitz norm. The result follows then easily. O
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Remark 4.3. Note that

—DIKIBK i J =1 % K for some K € A,
Z‘SIJ*L(—DLB:L:{(() B 4

Lea , otherwise.

Therefore, when t — 0, the dominating term ofﬂ;’l (¢, x) is of order O(tH(1=11Dy

The second main ingredient is the following small-ball probability for iterated integrals of the fractional Brownian
motion.

Lemma 4.4. For m >0 and p > 1, there exists a constant Cy g4 p > 0 such that for any small € > 0
sup ]P’( Z arB!
Za%:]

1€ A(m)
Proof. We first prove the statement when H > 1/2. Note that when m =0, A(m) = {@} and |lag || = 1. The statement
is true for any € < 1. When m = 1, A(m) = {2, 1,2,...,d}. Let f(t) =az + Zf la{l}Bi We first assume that

ag =0, then f(t) = Z _,agyB! has the same law as one dimensional fractional Brownian motion B;. Then by
Theorem 4.6 in [15] we have:

P([| f®)] o101 <€) =PI Blloc, 017 <€) < Crr pe?

Now if ag # 0, since f(0) = ag, we have:

P(| f(t)” 101 = €) < IP>(||f(t)||o<>,[0,1] <€ lagl =€) +P(] f(t)” o <6€lazl < €)

ZP(Hf(t)”oq[o,]] <€ lag| <e)

d .
( > a B
i=l1

< 6) < CHn,pe’.
00,[0,1]

IA
=

—lag| <é€, lagl < 6)
00,[0,1]

< 26)
00,[0,1]

S ay 2€
P> ——= <—).
izt Xafy e Xaf

IA
=

d
( > ap B
i=1

IA

Note that when |ag| < €, we have Zf‘l:l a{zi} > 1 — €2, Therefore when € < 4, we have
d an
P(”f(t)Hoo,[O,l] < 6) = P( {1_}2 B, < 46)
i=1y/2a5 oo,

= Cn,pép,

where the last inequality follow by the earlier case when ag = 0. Now we assume that the statement is true for every
k=0,1,...,m. As in the case when m = 1, we may assume that agz = 0. Let f(t) = ZleAl(m-s-l)“IB with the

restriction Z TeA; (m+1) a7 = 1. Note that B/ s are iterated integrals and we have B fo B! dB{ . Therefore,

fo= Y aBl= Z/(Z aj.;B )dB,f,

Ie Ay (m+1) JeA(m)
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where Z‘;zl > TeAm) ag*j = 1. Now by Propostion 3.4 in [2], we have:

Z ajx«jB < eq> }
JeA(m) 00,[0,1]
Note that since Z?:l > TeAm) a%*j = 1, there exists 1 <k <d such that }_ ;. 4 @3, = 5- Therefore,
P Ogoy <) =G +8(| T arat?| <er)
JeA@m) 00,[0,1]

e
e (D [
JeA(m) 4/ Zaﬁ*k °0,[0.1] v Za%*k
< ﬁ€q>

< Cpe? +P( Y A/

t
/ 2
JeA(m) Z aJ*k

B £0)] 0, <€) < Cpe” + min {(

.....

00,[0,1]
S CH,d,pepa

where the last inequality follows by the induction hypothesis. When ag # 0, we repeat the argument in case m = 1.
Now we turn to the irregular case when 1/4 < H < 1/2. For the base case m = 0 or m = 1, the same argument as

in the regular case H > 1/2 works. We just need the irregular version of the Norris lemma (see Theorem 5.6 in [5])

to run the induction. Assume that the statement is true for k =0, 1,...,m. Let f(t) = 3 A, (ms1) 41 B/ with the

restriction Y ;¢ A, (m+1) a?=1.
We have:

t
f(t) :/ Ag dBSv
0

where B, = (B!,...,Bf) and A; = (X jeaum)@ix1 B+ .Y jea(m @ixaB). We pick 1 < k < d such that
ZJE.A(m) ag*k > %. Then by Theorem 5.6 in [5], we have:

J
Z aJ*kBt

JeA(m)

<MR‘7||f(t)||oo[0 R

00,[0,1]
Therefore we have:

IED(||f||c>o,[0,l] < 6) = ]P)(”f”;o 0,11 < Er)

l Z]GA(m) a5k B! oo 10.1] )
R4

P

IA

IA

Z llj*kB

i
JeA(m)
| & 2w
2
JeA(m) Zaj*k

< Cp.a,pe”.

e ) +P(MR? > e"/?)
,[0,1]

< «/c_le’ﬂ) + Cpe?

00,[0,1]

The last inequality follows from the induction hypothesis and the fact that R has finite moment of all orders. (|
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Corollary 4.5. For any m >0 and p > 1, we have
1 2 —p
E[inf{/ ( > aIBf) dt; Y aj= 1} } =CH.dm.p < 0.
0 IeA(m) IeA(m)
Proof. By Lemma 2.3.1 in [18], we only need to show that for any € > 0, there exists C}, > 0 such that
1 2
sup IE”(/ < Z aIBZI) dr <e) <Cpe’.
ZIGA(m) a%=1 0 IeA(m)
Let us denote that (1) =3¢ ayom) @1 B!. Then we have:
1 2
IP’</ < Z a,B}> dr < e) =P(If1I3, <€) =P(I fll > < Ve).
0 Ie A(m)
By using the interpolation inequality
2r/2r+1 1/Q2r+1
1 oo < 2max{ || £l 2. 1A @V 1r1/ @0,

we obtain:

)(Zr-H)/(Zr)

N Rt G {(% < VE N1z <111

Therfore we have:

Pl £l z2.10.1) < V€)
< ]P)(”f”oo,[o,l] < zﬁ) +P(”f”(2r+l)/(2r) 1/4) +I[J;((ZHfH1/(2r+1))(2r+1)/(2r) —1/4)

<P(If o011 < 2v/€) +P(Il flloo,0.17 < € /D) + (I £l > 277 e™"72).
Hence the result follows by Lemma 4.4 and the fact that || f ||, has finite moments of all orders. O
We can observe that thanks to Corollary 4.5, we have forand m >0, p > 1 and T, s > 0,
T 2 -p
E[inf{/ < > a B,’) de; Yo TR > s} } =Cramps "
0 IeA(m) IeA(m)
Lemma 4.6. Letm > 0and I € A(m), ifg; (0, 112 x 2 = R is a continuous process such that:

2 [lora) )]

I e
1€ A(m)

Te(0,1],e€(0,1]

then

T 2\ 12
[P’(inf{ </ < Z a;(B’ +g1(t) > ) Z T2\1\H+1 2 1} < Z_l) < (4PCH,d,m,p + AZp)Z_p
0

I A(m) I A(m)

forany T € (0, 1] and z > l,r:m.
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Proof. Forany T € (0, 1] and y > 1, we have

</°T< 2 aI(Bf1+g;(f))>2dt>l/2

IeA(m)

T/y 2\ 12
z(/o ( > a,(B,’+g5(z))> dt)

IeA(m)

(3 ) )

1€ A(m)

12 T/y 1/2

IeA(m) IeA(m)

Now let us pick z = y"T1/2H+1/2 \e have

P(inf{(/oT< Z aI(Btl—i—g;(t)))zdt)l/z; Z T21|H+]a%:1} SZ])

IeA(m) TeA(m)
2\ 172
. Ty I / . ATNH+1, 2 _ -1
<P(inf > aBl)d) YT a?=1y<2z
0 IeA(m) IeA(m)
T/y 5 1/2
+P<T—(2mH+1)/2( 3 f (g51)) dt) zz“)
I A(m)
T/y 2
§P<inf{/ ( > a,B{) ey (T/y)z“'H“a%zy—(z”’f”“}541—2>
0 TeA@m) TeA@m)
—(m+1)H-1/2 T/ € 2 12 (m+1)H+1/2_—1
+P((T/y) > (7)) 7dr) =y z
IeA(m)

(42_2y2’nH+1)pcm,n,p + (y—(m+l)H—l/2Z)2pA2p
= (4pCH,d,m,p + AZp)y_HP
(4P Cr.am,p+ Azp)z™"?. 0

IA

A

Now, by applying the above lemma with m =1 — 1 and Lemma 4.2, we obtain the following corollary:

Corollary 4.7. For any p > 1 and § > 0, there exists a constant C, such that

t
P(inf{ > /t_(ll‘+|J|_2)H+1a1a1<,31’5(s,x),,BJ’E(s,x)>Rdds; > |a,|2:1}55>5c,,5p,
L1eA 70 1eA ()

forany € € (0, 1] and any x € R".

We are finally in position to finish the proof of Theorem 4.1. First, let us recall that Mf, J(x) = (BLE(-, x),
B7€(-, x))2;. We separate the case 1/4 < H < 1/2 and H > 1/2, since we are using different interpolation inequalities
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for each case. When 1/4 < H < 1/2, for any a € RA1D we have:

d

> waMi )=y

1,JeA(l) j=1

2
Y aBreex) y

IeAi(D)

wz/ (¥
Ie.A )

—cu Y fam (B1(1, ), (1,0 dr.
1,JeA( ()

2
a1ﬂ;’€(t,x)> dt

Therefore we conclude that:

P(inf{ Z arajM§ ;(x); Z |a,|2=1}55>5cp,,,5f’,

1,Je A () IeA(l)

by applying the Corollary 4.7 above when ¢ = 1. Now we turn to the case when H > 1/2. To simpify the notation, let

us denote f; = Z,eAl(l) aI,B/I.’E(t, x). Applying the interpolation inequality (2.1) and note that || f;[loc = || fjll .2 On
the interval [0, 1], we have:

d

> aiaM; 0=

IJeA (D j=1

2
> @B x) .

Ie A ()
3+1
Z(nf,n ”)
H 241
LIt

642
CHZ] IS

.....

cHd*H/V(Z o If7117)3 Y

12y
max;—1,. .4l filly

Catt (X1 s Jo arar (B, x), B1€(t, x))ga d)>+1/7

442
maxj—1.__allfjly "

Then we have:

P(inf{ Z arag M ;(x); Z |a1|2=1}§8)

1,JeA () TIe A ()
1 . §1/2 \ /G+1/y)
( { > /azaf “x), B ))gadts Y lagl? —1} (C ) )
I,JeA () TeA () 4.0
+]P’<1nf{ max ||f||4+2/” Z |a1|2=1}28_1/2>.
=l IeA((D)

The result then follows by chosing # = 1 in Corollary 4.7 and by the fact that || f;||,, has finite moment of all orders.



428

F. Baudoin, C. Ouyang and X. Zhang

References

(1]
[2]
[3]
[4]
[5]
(6]
[7]

[8]
[9]

[10]

[11]
(12]

(13]
[14]

[15]
[16]
[17]
(18]
[19]
(20]
(21]
(22]

(23]

F. Baudoin and L. Coutin. Operators associated with a stochastic differential equation driven by fractional Brownian motions. Stochastic
Process. Appl. 117 (5) (2007) 550-574. MR2320949

F. Baudoin and M. Hairer. A version of Hérmander’s theorem for the fractional Brownian motion. Probab. Theory Related Fields 139 (3—4)
(2007) 373-395. MR2322701

F. Baudoin and C. Ouyang. Gradient bounds for solutions of stochastic differential equations driven by fractional Brownian motions. In
Malliavin Calculus and Stochastic Analysis: A Festschrift in Honor of David Nualart 413—426. Springer, New York, 2012. MR3070454

T. Cass and P. Friz. Densities for rough differential equations under Hérmander condition. Ann. of Math. (2) 171 (3) (2010) 2115-2141.
MR2680405

T. Cass, M. Hairer, C. Litterer and S. Tindel. Smoothness of the density for solutions to Gaussian rough differential equations. Ann. Probab.
43 (1) (2015) 188-239. MR3298472

T. Cass, C. Litterer and T. Lyons. Integrability estimates for Gaussian rough differential equations. Ann. Probab. 41 (4) (2013) 3026-3050.
MR3112937

L. Coutin and Z. Qian. Stochastic analysis, rough path analysis and fractional Brownian motions. Probab. Theory Related Fields 122 (1)
(2002) 108-140. MR1883719

P. Friz and N. Victoir. Multidimensional Stochastic Processes Seen as Rough Paths. Cambridge Univ. Press, Cambridge, 2010. MR2604669
M. Hairer and N. S. Pillai. Regularity of laws and ergodicity of hypoelliptic SDEs driven by rough paths. Ann. Probab. 41 (4) (2013) 2544—
2598. MR3112925

S. Kou and X. Sunney-Xie. Generalized Langevin equation with fractional Gaussian noise: Subdiffusion within a single protein molecule.
Phys. Rev. Lett. 93 (18) (2004) 180603(1)-180603(4).

S. Kusuoka. Malliavin calculus revisited. J. Math. Sci. Univ. Tokyo 10 (2003) 261-277. MR1987133

S. Kusuoka and D. Stroock. Applications of the Malliavin calculus. I. In Stochastic Analysis (Katata/Kyoto, 1982) 271-306. North-Holland
Math. Library 32. North-Holland, Amsterdam, 1984. MR0780762

S. Kusuoka and D. Stroock. Applications of the Malliavin calculus. II. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 32 (1) (1985) 1-76. MR0783181
S. Kusuoka and D. Stroock. Applications of the Malliavin calculus. III. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 34 (2) (1987) 391-442.
MR0914028

W. Li and Q. Shao. Gaussian processes: Inequalities, small ball probabilities and applications. In Stochastic Processes: Theory and Methods
533-598. C. R. Rao and D. Shanbhag (Eds). Handbook of Statistics 19. Elsevier, New York, 2001. MR1861734

T. Lyons. Differential equations driven by rough signals (I): An extension of an inequality of L. C. Young. Math. Res. Lett. 1 (4) (1994)
451-464. MR1302388

T. Lyons and Z. Qian. System Control and Rough Paths. Oxford Univ. Press, Oxford, 2002. MR2036784

D. Nualart. The Malliavin Calculus and Related Topics. Probability and Its Applications, 2nd edition. Springer, Berlin, 2006. MR2200233
D. Nualart and A. Réascanu. Differential equations driven by fractional Brownian motion. Collect. Math. 53 (1) (2002) 55-81. MR1893308
D. Nualart and B. Saussereau. Malliavin calculus for stochastic differential equations driven by a fractional Brownian motion. Stochastic
Process. Appl. 119 (2) (2009) 391-409. MR2493996

J. Szymanski and M. Weiss. Elucidating the origin of anomalous diffusion in crowded fluids. Phys. Rev. Lett. 103 (3) (2009) 038102(1)-
038102(4).

V. Tejedor, O. Benichou, R. Voituriez, R. Jungmann, F. Simmel, C. Selhuber-Unkel, L. Oddershede and R. Metzle. Quantitative analysis of
single particle trajectories: Mean maximal excursion method. Biophysical J. 98 (7) (2010) 1364-1372.

M. Zihle. Integration with respect to fractal functions and stochastic calculus 1. Probab. Theory Related Fields 111 (1998) 333-374.
MR1640795


http://www.ams.org/mathscinet-getitem?mr=2320949
http://www.ams.org/mathscinet-getitem?mr=2322701
http://www.ams.org/mathscinet-getitem?mr=3070454
http://www.ams.org/mathscinet-getitem?mr=2680405
http://www.ams.org/mathscinet-getitem?mr=3298472
http://www.ams.org/mathscinet-getitem?mr=3112937
http://www.ams.org/mathscinet-getitem?mr=1883719
http://www.ams.org/mathscinet-getitem?mr=2604669
http://www.ams.org/mathscinet-getitem?mr=3112925
http://www.ams.org/mathscinet-getitem?mr=1987133
http://www.ams.org/mathscinet-getitem?mr=0780762
http://www.ams.org/mathscinet-getitem?mr=0783181
http://www.ams.org/mathscinet-getitem?mr=0914028
http://www.ams.org/mathscinet-getitem?mr=1861734
http://www.ams.org/mathscinet-getitem?mr=1302388
http://www.ams.org/mathscinet-getitem?mr=2036784
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=1893308
http://www.ams.org/mathscinet-getitem?mr=2493996
http://www.ams.org/mathscinet-getitem?mr=1640795

	Introduction
	Stochastic differential driven by fractional Brownian motions
	Fractional Brownian motion
	Malliavin calculus
	Stochastic differential equations driven by fractional Brownian motions

	Integration by parts formula and regularization
	Integration by parts formula
	Regularization bounds

	Proof of Theorem 3.3
	References

