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Abstract. We investigate the construction of chaotic probability measures on the Boltzmann’s sphere, which is the state space of
the stochastic process of a many-particle system undergoing a dynamics preserving energy and momentum.

Firstly, based on a version of the local Central Limit Theorem (or Berry—Esseen theorem), we construct a sequence of probabil-
ities that is Kac chaotic and we prove a quantitative rate of convergence. Then, we investigate a stronger notion of chaos, namely
entropic chaos introduced in (Kinet. Relat. Models 3 (2010) 85—122), and we prove, with quantitative rate, that this same sequence
is also entropically chaotic.

Furthermore, we investigate more general class of probability measures on the Boltzmann’s sphere. Using the HWI inequality
we prove that a Kac chaotic probability with bounded Fisher’s information is entropically chaotic and we give a quantitative rate.
We also link different notions of chaos, proving that Fisher’s information chaos, introduced in (On Kac’s chaos and related problems
(2012) Preprint), is stronger than entropic chaos, which is stronger than Kac’s chaos. We give a possible answer to (Kinet. Relat.
Models 3 (2010) 85-122), Open Problem 11, in the Boltzmann’s sphere’s framework.

Finally, applying our previous results to the recent results on propagation of chaos for the Boltzmann equation (/nvent. Math.
193 (2013) 1-147), we prove a quantitative rate for the propagation of entropic chaos for the Boltzmann equation with Maxwellian
molecules.

Résumé. Nous étudions la construction de mesures de probabilité chaotiques sur la sphére de Boltzmann, qui est 1’espace d’état du
processus stochastique d’un systeme de particules subissant une dynamique en préservant 1’énergie et la quantité de mouvement.

Premiérement, basé sur une version du Théoreme Central Limite (ou théoréme de Berry—Esseen) locale, nous construisons une
suite de probabilités qui est chaotique au sens de Kac et nous prouvons un taux quantitatif de convergence. Ensuite, nous étudions
une notion plus forte de chaos, le chaos entropique introduit dans (Kinet. Relat. Models 3 (2010) 85-122), et nous prouvons, avec
un taux quantitatif, que cette méme suite est également entropie chaotique.

Par ailleurs, nous nous intéressons a des classes plus générale de mesures de probabilité sur la sphere de Boltzmann. En utilisant
I’inégalit¢ HWI nous montrons qu’une probabilité chaotique au sens de Kac qui posséde I’information de Fisher bornée est entropie
chaotique et nous donnons un taux quantitatif. Nous relions également les différentes notions de chaos, en montrant que le Fisher
chaos, introduit dans (On Kac’s chaos and related problems (2012) Preprint), est plus fort que le chaos entropique, qui est plus fort
que le chaos au sens de Kac. Nous donnons une réponse possible a (Kinet. Relat. Models 3 (2010) 85-122), Open Problem 11,
dans le cadre de la sphére de Boltzmann.

Finalement, en appliquant nos résultats précédents aux résultats récents sur la propagation du chaos pour I’équation de Boltz-
mann (Invent. Math. 193 (2013) 1-147), nous démontrons un taux quantitatif pour la propagation du chaos entropique pour
I’équation de Boltzmann avec des molécules maxwelliennes.
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1. Introduction
1.1. Motivation

In his celebrated paper [9], Kac introduced the notion of propagation of chaos in order to connect a stochastic process
of a system of N identical particles undergoing binary collisions to its mean field equation.

Our interest in this paper is to investigate chaotic distributions supported by the phase space of the stochastic
process of the N-particle system as we shall explain. We refer to [3] for a detailed introduction on this topic and on
Kac’s paper [9].

Consider a system of N identical particles of mass p > 0 such that its evolution is described by a jump process with
binary collisions that preserves energy and momentum. Let us denote by i, j the particles undergoing the collision,
with pre-collisional velocities v;, v; € R4 and post-collisional velocities vf, v;f € R?. We have then the conservation
of momentum

pY; + pui = pui + puj,
and the conservation of energy
Pl s2 Pl x2_P, 2 P 02
§|vl~| +§|vj| _§|vl| +§|v]| .
If the system has initial energy £ = % Z,N: 1 PlVi |> € Ry and initial momentum M = pm = ZlN: 1 PV; € R, then

both energy and momentum will be unchanged under the dynamics. The phase space of this process is then the
manifold SN (vE, m) C RN defined by

N N
1
SN(«/E,m) = {V:(vl,...,UN) ERdN‘i;pWiF:g’vai :pm},

i=1

which is the intersection of a sphere of radius /2€/p and a hyperplane. This space S (+/E, m) is in fact a sphere in

RN of dimension d(N — 1) — 1 with radius \/2€/p — |m|?/N and center (m, ..., m)/\/ﬁ. We remark that we need
Im|?> <2NE&/p in order to SV (v/E€, m) be non empty.

Now choosing units such that the mass p of each particle is equal to 2, the total value of kinetic energy is d N and,
without loss of generality, choosing m = 0, the state space of this dynamics is

N N
Sy :=SN(dN,0)= {V:(vl,...,v/\/) eRdN‘Z|vi|2=dN,Zvi =0} (1)
i=1 i=1

and we shall call the manifold S 113\/ the Boltzmann’s sphere.

An example of this kind of dynamics is the space homogeneous Boltzmann model that we shall explain. Given
a pre-collisional system of velocities V = (v, ..., vy) € RN and a collision kernel (for more information on the
collision kernel we refer to [13,17])

B(z, cost) = I'(|z|)b(cosb), 2

for some nonnegative functions I” and b, the process is:

e for any i’ # j’, pick a random time 7 (I"(Jv;y — vj/|)) of collision accordingly to an exponential law of parameter
I'(Jvi — vjr|) and choose the minimum time 77 and the colliding pair (v;, v;) such that

= 7( (s = vyl)) = min T (1 (= vy1).

o drawo € S c RY according to the law b(cos6;;), with

(vi —vj)

cosf;j =0 - ,
[vi — v}
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e after collision the new velocities become
Vi’;:(vl,...,v;“,...,v;f,...,vN),
where the post-collisional velocities v} and v;f are given by

vit+vj v —vj Vi +U; Vi — v
U;k: i J |z ]|0’ vt = i ]_|1 ]|0
2 2 J 2 2

3

Iterating this construction we built then the associated Markov process (V;);>0 on RN The equation of the asso-
ciated law is given by, after a rescaling of time (see [13]),

1
#GY =LyG) = — Z/ [GY(Vi5) = GY (V)] B(Ivi —vjl, cosB) do 4)
N ~ Jsda-1
i<j
with initial data G(])V and where Vl’j‘ =p,..., 0, ..., v;f, ..., Un). This equation is known as the master equation.

Associated to this process, we have the (limit) spatially homogeneous Boltzmann equation [13,14,17]

Bff(t,v)=/Rd e B(|v—w|,cos€)(f(w*)f(v*) —f(w)f(v))dwda 5)

with initial data £ (0, -) = fy and where the post-collisional velocities v* and w* are obtained by (3).

We shall highlight here the models we consider in the last part of this work (see Theorem 8 below), and we refer to
[17] for more details concerning the collision kernel. Assuming a collision kernel B derived from inverse-power law
interaction potentials

¢(r)= PRI )

we have that the collision kernel has the form

—(2d -1
B(z,cos) = [z b(cosB), y = % ©6)
¢ —
where the function b is locally smooth and has a nonintegrable singularity
sin? ™2 0b(cos0) ~g~0 Ch0 ™", v €(0,2),Cp > 0. 7

In the particular case of three dimensions d = 3, we have y = (s —5)/(s — 1) and v =2/(s — 1). If we replace the
angular collision kernel b by a locally integrable one, we speak of cutoff collision kernels (or Grad’s cutoft).

We shall consider in this work the case of Maxwellian molecules, in which the collision kernel does not depend on
the relative velocity, i.e. y = 0 in (6). We consider the general assumption

B(|lv — w]|, cosf) = b(cosH), 8
Yo >0, [T b(cosd)(1—cos) 1/ sind=29 do < +oc. ®)

This is the same assumption made in [13], since in Theorem 8 we use their results. Remark that (8) includes the true
Maxwellian molecules (or Maxwellian molecules without cutoff) in dimension d = 3, when y =0, v =1/2 and

B(z, cos0) = b(cosh), b(cosO) ~g~o Cr0 % (d=3). 9)

Also, it includes the Grad’s cutoff Maxwellian molecules, when the singularity is removed,
T
B(z,cos0) = b(cosf), / b(cos0)sin? 26 do < +oo. (10
0

Some results in Theorem 8 will consider the general assumption (8) and others the cutoff Maxwellian molecules (10).
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The program set by Kac in [9] was to investigate the behavior of solutions of the mean field equation (5) in terms
of the behaviour of the solutions of the master equation (4). Moreover, the notion of propagation of chaos introduced
by Kac means that if the initial distribution G(I)v is fp-chaotic (Definition 1 below) then, for all ¢ > 0, the solution va
of (4) is f;-chaotic, where f; is the solution of (5). For more information on this topic we refer to the recent results of
Mischler, Mouhot and Wennberg [13,14].

This paper is inspired by the works of Carlen, Carvalho, Le Roux, Loss and Villani [3] and also of Hauray and
Mischler [8], which investigate chaotic probabilities on the usual sphere in RY with radius /N (also called Kac’s
sphere). This sphere is the phase space of Kac’s model, which is a one-dimensional simplification, introduced in [9],
of the model presented above, with energy conservation only.

The novelty here is that we investigate chaotic probability sequences in the Boltzmann’s sphere Sg c RN and,
furthermore, we prove quantitative rates of chaos convergence. Moreover, we apply our results to the Boltzmann
equation with true Maxwellian molecules to prove quantitative propagation of entropic chaos.

1.2. Definitions and main results

Let E be a Polish space, then we shall denote by P(E) the space of Borel probability measures on E. Furthermore,
through this paper, on the space EV we will only consider symmetric measures, more precisely, we say that GV ¢
P(EV) is symmetric if for all ¢ € C,(E™) we have

EN EN

for any permutation o of {1, ..., N}, and where

o = 9(Vo) =0Ws(1)s -+ +» Vo (N))s

for V.= (vq,...,uy) € EN.
For GY e P(EN) and a integer £ € [1, N] we denote by GQ’ (or ITe(GM)) the £-marginal of GN, defined by

Vo € Cy(EY), /Ez(pdGévszN(p®1®(N_€)dGN.

We shall use through the paper the same notation to represent a probability measure and its density with respect to
the Lebesgue measure.

We can now give the notion of chaos formalized by Kac in [9], we also refer to [16] for an introduction on this
topic with a probabilistic approach and to [12] for a short survey.

Definition 1 (Kac’s chaos). Consider f € P(E). We say that GN e P(EN) is f-chaotic (or f-Kac chaotic), if for
each fixed positive integer £, Gév converges to f® in the sense of measures in P(EY) when N goes to infinity, i.e. if
forall g € Cp(EY),

lim <pdG§V=/ pdf®r. (1)
E* Et

N—o00

In fact, it is well known that we need condition (11) to hold for only one £ > 2 (see for instance [16]).
We also introduce the Monge—Kantorovich—Wasserstein (MKW) distance and for more information about it we
refer to [18]. Consider an integer £ and p € [1, 00), we define then the space

P,(E):= {F’Z eP(E"); M,(F") ;:/ X7 dFY(X) < oo}.
Et
Then, for F*, G* € P,(E"%) we define the MKW distance between F¢ and G* by

1/p
W,(Ft,GY) = inf (/ dpe(X,Y)P dm (X, Y)) , (12)
mell(FC,.GYH \JELxE!
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where IT(F*, GY) is the set of transfer plan between F* and G*, which is the set of probabilty measures on E¢ x E*
with marginals F* and G* respectively, and where we define the distace dy: as

¢
VX =(x1,..., %), Y =1,...,y0) € EY,  dpe(X,Y) I=ZdE(xi,yi)-
i=1

In the paper we will use the Euclidean distance in E = RY ie.dg (xi, yi) = |x; — y;| for all x;, y; € E. More precisely,
we shall use

Vi geP(RY), Wi (f.g)= inf — yldm(x,
f-g €Pi(RY) 1(f.8) ﬂe}p(f’g)/wxwlx yldm(x,y)

and

1/2
V£ gePy(RY), Wo(f,g)= inf — yPPdn(x, )
f.g €P2(RY) 2(f. 8) ﬂ&;l(ﬁg)(/Rded lx — y|*dm(x y))

Moreover, for FV, GV e P(Sljgv ) we shall use in the definition of W, (F N_GN) the Euclidean distance inherited from
R4N | which means that for X, Y € Sév we shall use dsg/ X, Y)=|X-Y]|.

Let y be the Gaussian probability measure on R?, y (v) = (2m) ™4/ 2e=IvF/ 2 and u € P(RY). We define the relative
entropy of u with respect to y by
du

du, 13
ay M (13)

H(uly) :=/ log
Rd

if u is absolutely continuous with respect to y, otherwise H (i|y) := +4o00.
Moreover, for GV € P(SIIS,v ) we define the relative entropy with respect to *, the uniform probability measure
on Sév , by

H(G"yN) -=/ 1ogﬂ dGgV (14)
S AN A
shall now define a stronger notion of chaos, namely the entropic chaos introduced in [3].

Definition 2 (Entropic chaos). We say that the sequence GV € P(S ]BV ) is entropically f-chaotic, for some f € P(RY),
if GV is f-chaotic in Kac’s sense (Definition 1) and

1
lim —H(GYy")=H(fly) 15)

N—o00

with H(f|y) < oo.
Finally, with these definitions at hand we can state the main results of the paper.

Theorem 3. Forany f € Ps(RY) N LP(R?) with 1 < p < o0, there exists a sequence of probability measures FN :=
[F®M] Sy € P(Sg ), contructed by conditioning the N -fold tensorization of f to the Boltzmann’s sphere, such that

() FN is f-chaotic. More precisely, for any £ > 1 fixed there exists a constant C = C(£) > 0 such that for N > £+ 1
we have
C

Wi (FZN’ f®€) < ﬁ;
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(i) FN is entropically f-chaotic. More precisely, there exists a constant C > 0 such that

C
<—.

VN

Lo NNy
‘NH(F YY) —H(fly)

Let us now define the relative Fisher’s information of a probability measure 1 € P(R?) with respect to y by

2
dp, (16)

du
I(uly) ::/ 1v10g—
R4 dy

and, as we did for entropy, we also define for G € P(S IBV ) the relative Fisher’s information with respect to y by

2
dGV, (17)

dGV
1(GN N :=/ ’Vglog—
( ) Sg’ d)/N

where Vs stands for the gradient on the Boltzmann’s sphere, i.e. the component of the usual gradient in R?V that is
tangent to the sphere S g .

We define then another stronger notion of chaos, the Fisher’s information chaos, in an analogous way of Defini-
tion 2.

Definition 4 (Fisher’s information chaos). We say that the sequence GN € P(S g ) is Fisher’s information f-chaotic,
for some f e P(RY), if GV is f-chaotic in Kac’s sense (Definition 1) and

im L1(GN V) =
lim NI(G ™) =1(fly)

N—o0

with I (f|y) < oo.

Remark 5. The Fisher’s information chaos is introduced in [8] in a weaker way, which is in fact equivalent to Defini-
tion 4 thanks to Theorem 6.

Next, we may compare as follows the several notions of chaos:

Theorem 6. Consider GV € P(Slgv ), with kth order moment My (G{V ) bounded, for some k > 6, and suppose that
GY — finP(RY).
Then, each assertion listed below implies the further one:

(i) NG |yN) = I(fly), with I(fy) < oo.

(i) N7! I(GN|)/N) is bounded and GV is f-chaotic in Kac’s sense.
Gil) N“YH(GN|yN) — H(f|y), with H(f]y) < oc.
(iv) GV is f-chaotic in Kac’s sense.

As a consequence, in Definition 2 of the entropic chaos and in Definition 4 of Fisher’s information chaos, we only
need the convergence of the first marginal, i.e. G{V — f, instead of the convergence of all marginals. Hence, this
theorem asserts that Fisher’s information chaos implies entropic chaos, which in turns implies chaos (or Kac’s chaos).
Furthermore, we prove a quantitative rate for the implication (ii) = (iii).

Another main result of the paper is a possible answer to [3], Open Problem 11, in the setting of Boltzmann’s sphere
given in Theorem 7. First of all, let us state the problem. For G¥ € P(S§) and f € Ps(R?) N LP(R?) with p > 1,
consider the following two conditions:

lim B (GN|[f®V]gy) =0, (18)

N—oo N B
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and

veeN, lim H(G)|f®) =0, (19)
N—oo

where [ f®V] sy is the probability measure constructed in Theorem 3. In the Kac’s sphere setting (i.e. SN ~1(+/N)
instead of %), [3] proved that condition (19) holds when G is the conditioned tensor product GV = [ f®V] sy As

discussed in [3], conditions (15), (18) and (19) really mean that G is “strongly” close to f®V, not only in the weak
measure sense for marginals as in Kac’s chaos. In view of this, they formulated the following problem.

Problem 1 ([3], Open Problem 11). Does condition (18) imply condition (19)? More generally, does condition (19)
hold for a larger and easily recognized class of chaotic sequences, larger than those contructed by means of condi-
tioning tensor products?

We give a partial answer to Problem 1 in the following theorem.

Theorem 7. Consider G e P(Sév ) such that GV is f-chaotic, for some f € P(R?), and suppose that
1
M(GY)<C, k>2, NI(GNh/N)sC.

Suppose further that f € L®(R?) and f(vi) > exp(—al|vi|?) for some constant a > 0. Then for any fixed €, there
exists a constant C = C(d, £, || f | Loc, Mk (G, £)) > 0 such that for all N > £ + 1 we have

H(Gév|f®£) <CW, (Gé\/ f®£)0(£,d,k)’

where (£, d, k) is constructive and depends on £, d and k. As a consequence, H(G?’|f®€) — 0as N — oo and
condition (19) holds.

This theorem exhibes a class of chaotic sequences in the Boltzmann’s sphere that satisfy condition (19). At a first
sight, the hypotheses needed on GV and f to (19) be true may seen stronger than the conditioned tensor product, in
which case [3] proved that (19) holds (as said above). However, as remarked in [3,8], the conditioned tensor product
assumption is not propagated along time by the Boltzmann equation but the assumptions needed in Theorem 7 may be.
It is indeed true for the Boltzmann equation with Maxwellian molecules (see point (iv) of Theorem 8 below for a
precise statement), hence, in this setting, the assumptions in Theorem 7 are natural, which gives a satisfying answer
to the second question on Problem 1 in the Maxwellian case.

The interest here is that, as already remarked in [3,8,13], a natural step on Kac’s program would be to study the
propagation of conditions (15) or (18) or (19) (which are stronger than Kac’s chaos) under the master equation (4).
As explained above, as a consequence of Theorem 7, the propagation of (19) holds true for Maxwellian molecules.
We continue the investigation of these issues in Theorem 8 below, proving also the propagation of entropic chaos (15)
and (18).

We can apply our previous results to the Boltzmann equation for Maxwellian molecules. Some of the results
concern assumption (8), i.e. Maxwellian molecules with and without cutoff, others concern only the Grad’s cutoff
Maxwellian molecules (10). Thanks to the work on propagation of chaos of [13], we can establish the following
theorem.

Theorem 8. Let fy € P(RY) and Gév € P(Sg). Consider then, for all t > 0, the solution va of the Boltzmann master
equation (4) with Maxellian molecules ((8) or (10)) associated to the initial condition GY , and the solution f; of the
limiting Boltzmann equation (5) with Maxellian molecules ((8) or (10)) associated to the initial data fy.
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Then we have

(i) Let (10) be in force. Consider fo € Ps N LP(RY) for p > 1. IfG{)V is entropically fo-chaotic, then for all t > 0,
va is entropically f;-chaotic, more precisely

1
lim —H(GN|yN)=H :
Jim S H(GNyN) = H(fily)
(i) Let (8) be in force. Consider fy € Ps(RY) with I (foly) < o0. IfGév = [f0®N]Sg € P(Sg) as in Theorem 3, then,
forallt >0, GZN is entropically f;-chaotic. More precisely, for any

48
€<
(7d + 6)2(5d + 24)

there exists a constant C := C(€) > 0 such that

1 _
sup NH(GMVN)—H(W) <CN~*.

t>0

(iii) Let (10) be in force. Consider fy € PN LOO(R‘Z) and fo(vy) > exp(—a|v; |2 4+ B) fora >0 and g € R. IfG(j)v
satisfies condition (18)

. 1
Jim = H (G 1[5 ]sy) =0,

then, for all t > 0, G,N also satisfies condition (18)

. N[ £®N
wim 5 H G sy) =0
@iv) Let (10) be in force. Consider fy € Pg N L®(RY) and fo(vy) = exp(—a|v; |2 + B) for @ > 0, B € R. Consider
also G(j)V that is fo-chaotic and has My (I} (G/OV)) and N_II(G(])V |)/N)ﬁnite,f0r some k > 2.
Then, for all t > 0, Gﬁv satisfies condition (19)

VeeN,  lim H(,(GN)|£2%) =o0.

Theorem 8 improves the results of [13] where Kac’s chaos is established with a rate but entropic chaos is proved
without any rate. Indeed, point (i) here is proved in [13] and point (ii) gives a quantitative propagation of entropic
chaos. Moreover, point (iii) answers a question of [13], Remark 7.11, and point (iv) is a consequence of Theorem 7 as
said above.

It is worth mentioning that point (i) was proved in [13] for both the Maxwellian molecules with cutoff (10) and
the hard spheres case (which corresponds to the collision kernel B(z, cos ) = |z|). The proof of point (iii) also shows
that (iii) is valid for hard spheres, indeed the proof is based on the fact that (15) and (18) are equivalent under some
hypotheses on f (see Theorem 25) and these properties are also propagated along time in the hard spheres case
(propagation of L, moments and lower Maxwellian bounds, see e.g. [17] and the references therein). However, the
results (ii) and (iv) are valid only for the Maxwellian case, the reason behind this is that a key ingredient of the proof is
the propagation of the Fisher’s information bound, and such property is only know to hold for Maxwellian molecules.

1.3. Strategy

We construct a probability on Sg’ based on tensorization and conditioning of some probabilty measure on RY. To
this purpose, we use an explicit formula for the marginals of the uniform probablity on & g and a version of the local
Central Limit Theorem (also known as Berry—Esseen), which is the cornerstone of the proof.

In order to study more general probabilities on the Boltzmann’s sphere, we use an interpolation-type inequality,
relating entropy, Fisher’s information and the 2-MKW distance, called HWI inequality from [10,15,18], to show that
Kac chaotic probabilities with finite Fisher’s information are entropically chaotic.
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Finally, the application of our results to the Boltzmann equation is based on recent results of propagation of chaos
from [13] and on the relations of different notions of measuring chaos from the work [8].

1.4. Previous works

In [9] it is proved that the N-fold tensorization of a smooth probability on R conditioned to the Kac’s sphere, i.e. the
usual sphere S¥ ~!(v/N), is Kac chaotic. Then, the work [3] extends this result to a more general class of probabilities
on R, introduces the notion of entropic chaos and also proves that the N-fold tensorization conditioned to the Kac’s
sphere is entropically chaotic. Furthermore, the recent work [8] gives quantitative rates of the results before, introduces
the notion of Fisher’s information chaos and links these three notions of chaos.

1.5. Organization of the paper

In Section 2 we shall study the uniform probability measure on S g . In Section 3 we construct a chaotic distribution on

Boltzmann’s sphere based on a probability measure on R?. Furthermore we prove a quantitative chaos convergence
rate and we prove point (i) of Theorem 3. Then, in Section 4 we investigate the entropic and Fisher’s information chaos.
First, we study the entropic chaos for the probability distribution built before in Section 3 and we prove point (ii) of
Theorem 3. Then, we link these three notions of chaos and investigate a more general class of probability measures
onS g , proving Theorem 6 and Theorem 7. Finally, in Section 5 we use our previous results to prove Theorem 8.

2. Uniform probability measure

Consider V = (vq,...,oy) e Ry e Ryandz € R4, We define the sphere
N N
SN(r,z) = {V:(vl,...,vN)eRdN‘Zvizzrz,Zvi =2Zq.
i=1 i=1

We denote by yr{\; the uniform probability measure on S (r,z). We recall that Sg = SN(VdN,0) is the

Boltzmann sphere and we denote by y" := j/vam 0 its uniform probability measure. Moreover, we also denote by
S"=1(r) c R" the usual sphere of dimension n — 1 and radius r, S*~! :=S"~!(1) and by |S"*~!| its measure. We can

easily compute the measure of SV (r, z) by

|Z|2 d(N-1)—1)/2
|SN(r,2)| = |Sd<N”‘|(r2 — —) . (20)
N J,
For V = (vy,...,vyN) € RN we shall use through the paper the notation V, = (vy,...,vy) € R, Ven =
(Vot1,-.-,UN) € RIWN=0 and Vg = Zle V; € R4,
We begin with the following result of a change of variables, proved in Appendix A.1.
Lemma 9. Consider V € SN (r, 7). We can make a change of coordinates (vi, ...,vy) —> (U1, ..., uy) in the follow-
ing way
: (w14 +vN)
Uuy=——=Wwy +:--1TUN),
N
f] (21)
Uy =———(w; + ---+uvr — kv , 1<k<N-1,
k T 1)( 1 k k+1)
such that the Jacobian is equal to one, lu1|* + - + luny|> = [v1|> + - - - + |vy|? and
2 2_ 2 2 2_ 2 [z
il +-+lonl=rs )l +';'+|”N—l| =r’— 5, 22)
Vgt -+ UNo=2Z2a uN,a:T%a l<a<d.
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With these definitions and notations at hand we can study some properties of the uniform probability measure y
onS g . We remark that these estimates can also be obtained using correlation operators on the Boltzmann’s sphere as
in Carlen, Carvalho and Loss [4].

Lemma 10. We have the following properties
(i) forany £ < N — 1 the £-marginal of y" is given by yZN dVy) = yZN(Vg) dV, with

[SINED-T N2 @N — VP — VeV — )T
ISIN=D=T| (N — ¢)d/2 (dN)dN-1D=2)/2 ’

v (Vo) = (23)

where dVy = dvy - - - dvy is the Lebesgue measure on RA¢,
(i1) the moments of V[N are uniformly bounded in N, more precisely, for k > 1 we have Mk(ygN ) < Ca..e, where
Cy k¢ dependsond, k and L.

Before the proof, we refer to [7] where a Fubini-like theorem on & N, 7) is proved, which yields a generalization
of (23) for the £-marginal of yr”\é.

Proof of Lemma 10. Let us split the proof.
(i) We can define y,{\; by

N
1 1
N . N dAN
= ——Ilim - (1 -1 , BYX(r)={VeR*;|V|<r, vVi=2¢,
Vr.z Z;Yz h—>0h( BN (r+h) B;N(V)) 2 () { Vi< ,'§=1: i
where Z[ is the normalization constant so that the integral of ¥, is one.

Consider ¢ € C (R, for £ < N — 1, then

(g 0 @177

- /I‘Qd}v 1|V£|2+\VLN|2§r21V4+vg+1+-~+v1v=z(p(ve) dVedVe,n

= A‘gd“ (p(VZ)(/Rd(Na lle,N\ZSVZ—IVz|21vz+1+---+v1v=z—\7/g dVg,N> dvy

o Iz — ‘;”2 d(N—£—1)/2
=/ w(Ve) BV ”l(rz—wuz—— dv,
Rdt N—¢ +

where |Bd G _Z_l)| is the measure of the unit ball in dimension d(N — ¢ — 1). We deduce then that the £-marginal of
¥, denoted by IT¢(y,), is given by

1 d o |Z—V£|2 d(N—t—1)/2
N d(N—£—1 2 2
Me(vz) = 75 d—r[llﬁ%( >|<r gl ey
rz

BIN—L=1) — Y, 2\ @N=t=1)=2)/2
L v 1)r<r2— v = B Vel )
zN. N—¢ ),
g1y L 2= V2@V —t=D-2)2
==V
zN. N—¢ ),
and in the particular case r2=dN,z=0
SN —L=D~1| IV, 2 (d(N—t—1)-2)/2
m(yN) =y} = ———@N)'"? dN—|Vg|2—N ; ) (24)
-t/

VdN,0
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Now we shall compute ZV := ZV, with
P VdN,0’

7,12 \ @N—t=D=-2)/2
[Vel ) av,.

Rd¢ - +

We start by the integral

V2 \ @N—t-D-2)/2
A=/ (dN—|Vg|2——> dvy,
RAC N-¢),

with the changement of variable (21)-(22) (replacing N by £), with the notation U = U;—| = (uy, ...,

x = uy to simplify, we obtain

N d(N—t—-1)-2)/2
A=/ dN — U = ——|x|? dU dx.
Rdl N —_ Z +

Changing U to spherical coordinates in dimension d(¢ — 1), we have

o0 N
A :/ / |Sd(l—1)—1| dN _ ,02 _
R4 JO N —¢ n

00 N d(N—t—-1)-2)/2
— |Sd(l—1)—1|/ ([ <dN _ ,02 _ |x|2> dx>pd(i—1)—l d,O.
0 ]Rd N—E +

Looking first to the integral over R? we obtain, changing x to spherical coordinates in dimension d,

N (d(N—t—1)=2)/2
B:/ dN — p? — Ix|? dx
R4 N—¢ +

., N (d(N—t—-1)-2)/2 4
= |s¢-! dN — p* — ——? ~ldy,
S [ (av -t - ) v ay

d(N—t—1)=2)/2
|x|2> pd(Z—l)—l dpdx

and after some computations we get

87 (N =\ aN-0-22 [ VIR B
= - - (dN—PZ)Sr( )=2)/ i (1_y)(d(N 1) 2)/2y(d 2)/2dy

2 N
I (N —e>d/2(dN _ Ay W —L =) =22+ DI(@ =2)/2+ 1)
-2 N £ )+ T(@N—(—1)—2)2+d—2)/2+2)

Plugging this expression in (26) we get

_ [sd-- 1||S - |<N E)d/zr«d(N (—1)=2)/2+ DI ((d—2)/2+1)
N F''(d\N—¢—1)—2)/24+(d—-2)/24+2)

o
d(IN=0-2)/2 d(e—1)—
X/O (dN—pz)i( )—2)/ pd(l D ldp,
and we can compute the last integral
o0
d(N=0=2)/2 d(t—1)—
C::/ (dN—PZ)Sr( )=2)/ pd(e 1) ldp
0

(dN)(d(N H-2y2 T(@dWN -0 -2)24+ DI'(@dE-1)-2)/24+1)
T(@N—0—2/2+@dE—1)—2)/2+2)

1003

(25)

ug—1) and

(26)
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Finally, plugging this in (25), we obtain

d—1 dj2
7N _ |Sd(N7€71)71||Sd(€71)71| IS (N -2 l(dN)(d(Nfl)fl)/Z
2 N 2
IF'd(N—¢—1)/2I'd/2) T(d(N —¢)/2)"(d( —1)/2)
rd(N—-12¢)/2) I'd(N-1)/2)
and using the fact that
2 n/2
|Sn—1‘ _ T 27)
I'(n/2)
we have
N —¢\4/2
ZN — ‘Sd(N_l)_l‘(dN)(d(N_l)_l)/2< ~ ) , (28)
then we conclude by plugging (28) in (24).
(ii) Let k > 1 be a even integer. We have then to compute Mk(yZN )
|Sd(N—€—l)—1| (N (N _E))d/Z
/ Vel“v (Vi) dVe = = / dN-1)-2)/2
R |SIN=D=1 (g N)dN-D=2)/
VAL (d(N—t-1)-2)/2
x / |Vg|k<dN —|Ve? = —) dv,. (29)
Rd¢ N —E +

As in the proof of (i), we use the change of coordinates (21)—(22), then to simplify we denote U = Uy,_| =
(u1,...,u¢—1) and x = u,. Hence we can compute the integral

|“/£|2 (d(N—t—1)-2)/2
A =/ IVz|k<dN— |Vel* — —) v
Rt N-¢),
N (d(N—¢—-1)-2)/2
=/ (UPR+1xP)*(dN = UP — ——|x dU dx.
RA¢ N —¢ 4

With another change of coordinates, U to spherical coordinates in dimension d (£ — 1), x also to spherical coordinates
in dimension d we have

oo oo
Ay = |Sd(2—1)—1HSd—1|f f (,02+y2)k/2(dN—,o2— N 3
0 Jo

(d(N—E—1)=2)/2
d(t=—1,d—1 44
N7 > o ¥y dpdy

+

—1)—1 eI 2 N 5 @V==D=272 1 —1)—1

< C|s=D= s |/ p {f (dN—p ——y> ¥4 dy}pd(‘ ldp
0 0 N —¢ +
d(l—1)—1 d—1 © *© k 2 N 2 @N=t=D=2/2 d—1 die—1)—1
+C|S<7)7||Sf|/ {/ y<dN—p ——y) ydy}p()dp
0 0 N —/¢ +

=11+ D,

For the first term we have (already computed in (i))

I = %|Sd<e1)1||gd1|<1v —£>‘“2F<d<N — (= 1)/2)I'd/2)

N I'(d(N - 0)/2)

o0
d(N—£)—2)/2 -
X/O (dN—,oz)(( )=2)/ pd(E 1) 1+kdp
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de—1)—1{jcd—t1 (N =P T@WN -t = 1)/2)I(d/2)
S ||S |< N ) I'd(N —1¢)/2)

YN =1)=2+0)/2 N —-6/2)I'(@d—1) +k)/2)
F((d(N—1)+k)/2)

In the same way, we can compute the second term to get

_1|
T2

1
X —(dN
2

L= l|Sd(e1)1||Sd1|<N —Z)“”")/zl*(d(N —0—1)/2)I((d +k)/2)
2 N T ((d(N -0 +k)/2)

o0
d(N—£)—2+k)/2 -
X/O (dN—,oz)(( ) )/ pd(z 1) ldp

_ Lygaen 1) ga-1] (N - Z)“’*")”F(dw — - 1)/DT(d+K)/2)
2 N F(@d(N =0 +k)/2)
< l(dN)(d(Nfl)fszk)/z I'((d(N—=0)+k)/2)I"((d(€ - 1))/2)'
2 T (d(N —1)+k)/2)

Plugging these two estimates in (29) we obtain after some simplifications
STV W/ (N — )7
vi') = ISIV-D=1| (dN)@dN-D-2)2 (I + D)
I'dIN-1/2) I'((d—-1)+k)/2)
I'(d(N-1)+k)/2) TI'(dl—-1)/2)
I'd(N-1)/2)  I'((d+k)/2)
F(@dWN-1+k/2) @2

Mk(

< (dN)}?

+ (dN)¥/?

Using the fact that for k even we have

n k _(n+k—2)(n+k—4) n n
F<E+E> - 2 2 "'§F<2>

1 n
= W(n+k—2)(n+k—4)---n1“<§),
k/2 terms

we conclude that

(dN)k/Z
[dN — D)+ k—2ld(N — D)+ k—4]---[d(N — D]

x([die—1D+k=2][dt—1)+k—4]---[dt—1)]
+d+k—=2)d+k—4)---d)

- (dN)k/2
T [d(N = D]K2

+d+k=2)d+k—4)--d)
<2%2([d(e — 1) +k—=2][d(t — 1) +k—4]---[de— D]
+d+k—2)d+k—4)--d)
< Cak.e, (30)

Mj (V(N) =

([dee =D +k=2][d(t—1)+k—4]---[dt - D]

where Cy x ¢ depends only on d, k and .
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We proved then a uniform bound in N for k even. If k is odd we use [v[F < |v/*=1 + |v|**+! with the last estimate
to conclude. O

Now, using this explicit formula for )/ZN computed above, we prove that % is y-chaotic, where y is the Gaussian

probability measure in R?, i.e. y (v) = 2m) "%/ 2e—Ivi/ 2 for v € R?. The proof presented here is an adaptation of [6],
where it is proved that the uniform probability measure on the sphere S"~!(\/n) C R" is y;-chaotic, with y;(x) =
@2n)~Y 2e_)‘z/ 2 the one-dimensional Gaussian measure.

Lemma 11. The sequence of probability measures y" e P(Sg ) is y-chaotic, more precisely, for any integer € such
that d¢ <d(N — 2) — 3 we have

st <2 d(t+2)+2

N —_—
e L T
Proof. Let £ be an even integer. Then we have

SV—=D-1 rd(N-1)/2)
ISIN=D=1| — gdt/2 " (d(N — £ — 1)/2)

_@NyP A2\ (A4 et
C2m)dt? dN dN dN )

By the explicit formula of yeN in Lemma 10 we obtain

N _ (N/(N = )2 (1 B d+2) N (1 _de+ 1)) (1 P 17,2 ><d<Nz1>z>/z

Yo = T amydin AN dN AN dN(N-0)),

Since )/(N and y®* are probability densities, the L! norm of their difference can be computed in the following way

N
N _ ., &t _ VL_ Y4
= da=2 [, (J 1)+V e oy

and we shall denote

N dj2
Yoo N
T <—_£> h(Vp)A

N
with
2 7 12 d(N—t—-1)-2)/2
hve) =Vl Vel 1Vl
dN dN(N-0/,
and
A (1odE2Y (4D
T dN dN )’
We obtain that
Vel>  d(N—€—1)-2 |Vel? |Vel?
logh(Vy) = log( 1 — -
oghtVe) = ==+ 2 °8 AN _dN(N —0)

Vi2 dIN—-2—-1)=2 V|2
S|e|+( ) lOgl_lel ,
2 2 dN
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and since the function «(z) = z/2 + [(d(N — € — 1) —2)/2]log(1 — z/d N) has a maximum for z =d(£ + 1) 4+ 2, we
deduce

logh(Ve) < (32)

de+1)+2 dN—t—1)—2 dit+1)+2
+ log(1—- —— 277
2 2 dN

ford¢ <d(N —1)—3.
On the other hand, for the quantity A, we have

g (1= 402y ]S 2
£ dN - ST an

j=1

@(t+1)+2)/2 o
< / log<1 — —) dx
0 dN

dN—t=D=2 [ dC+D+2) dE+D+2
=—— o — —
2 & AN 2

(33)

again ford¢ <d(N — 1) — 3.
Combining (32) and (33) we obtain

dt+1)+2
m4}u@<1——ﬁéﬁ%i—>A}go

and then

. dt+1)+2 ﬁv<(N—£ﬂﬂ
4N y® = N2

which implies

vl __de+D+2
y® T AN —d{+1) -2

Plugging this expression in (31) we deduce

2d(¢+1) +4
N et
I =v*l = F —aev =2

which is valid if £ is even.
Finally, if £ is odd, then £ 4 1 is even and we shall write

sttt | g dUHD+2

||VZN_)/®£”L1§”VEIX-1_V “TdAN —d(+2) -2

for d¢ <d(N — 2) — 3, which concludes the proof. U

3. Chaotic sequences in Kac’s sense

In this section, inpired by the work [3], we shall construct a chaotic sequence of probability measures on the Boltz-
mann’s sphere based on the tensorization of some suitable probability f on R¢ and conditioning to S g . We shall give
a quantitative rate of the chaos convergence, proving a precise version of point (i) in Theorem 3.

First of all, we define

f®N

&N 4y N d Ziy(fir2)= —dy 34
f ZAE N(fin2) /:SN(r,z) BN Vr.zo (34)

Zn(fir2) =/

SN(r.2)
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for r € Ry and z € RY, and we shall investigate their asymptotic behaviour. We remark that, since y®" is constant on
SN(r, 7), we have

Zn(f;,
Zﬁv(f;r,z)=%

and we shall study in the sequel only the behaviour of Z} (f;r, z).
Define the space Px(R?) := {f € P(RY); My(f) := f|v|kfdv < oo}, for some k > 1. Let us consider f €
Ps(R?) N LP(R?), for some p > 1, a probability measure that verifies

/ of (v) dv =0, / v ® vf (v) dv = £1,
R4 R4
35)

/ > f(v)dv=dE =E, f (|v|2—E)2f(v)dv=Z‘2,
R4 R4

where I is the d-dimensional identity matrix.

3.1. Preliminary results

Before study the asymptotic behaviour of Z/, we shall state some preliminary results that will be useful in the sequel.

Consider (V) jen+ a sequence of random variables i.i.d. in R? with same law £, then the law of the couple (Vy, Vlz)
is

h(v,u) = f(V)8,—,p € P(RY x Ry). (36)
Moreover, we have the following lemma.

Lemma 12. The random variable Sy := Zyzl(v-, V; 1) has law sN (z, u) dz du with

SN (Vu, 2)]

N c—
N el N

Zn(f;Vu, 2),

where z e R andu e Ry.

Proof. Let ¢ € C;(R? x R..), with the change of coordinates (21)—(22) v — u, we have
N N N N N
E|:¢(ZV-, Z|vj|2>} = /dN<p<Zvj, Z|uj|2>f®N av =/1N¢(\/NMN, Z|uj|2)f®NdU.
=1 =1 k =1 j=1 R j=1
Denoting r% = ZNfl |u ;| and splitting the integral, the last tion i 1t
=2 j=1 luj p g the integral, the last equation is equal to

o0
/ / (p(x/NuN,rz—i—IuNIZ){|Sd(N_1)_1(r)|/ f®Nda,d(N_l)_l}duNdr,
0 R4 Sd(N—l)—l(r)

where 01';_1 is the uniform probability measure on S"~!(R). Making the change of coordinates w = r2 + |uy|? and
z=+/Nuy, we obtain

> SIN=D=(Jw — |22/ N) ON 4 d(N-D-1
@(z, w) [ do dzdw
0 Jrd 2w — |zl/NHVENAZ - Jsav-n-1( fo—z7/N) N w=lz*/N

_ [~ 1SV (Jw, 2) |
_/o /R v w){ 2w NN AN z)} dz dw,

from which we conclude. O
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Since Sy is the summation of independent random variables, its law’s density is also given by
sV (@) =N (2, w), 37)

and we deduce from the lemma above

20u — |z /NHV2NA2REN) (7 )

ZN(fiNu,z) = (38)
ISN (Vu, )]
Lemma 13. If f € Py (R?) then h € P (RI*1).
Proof. Let y = (v, u) € R?*! with v € R? and u € R. Then we have
/ y[Fh(y)dy =/ (1P + 1) £ )8, dvdu < Ct (/ ol* £ (v) dv +/ 1% £ (v) dv>,
Rd+1 Rd+1 R4 R4
from which we conclude. O
Lemma 14. Suppose f € LP(RY) for some p > 1. Then h** € L1(R4+1) if
() ford=1:1<g < pandq < %
(i) ford=2:q<p
(i) ford =3:if f € Ls(Rd) (s > 0),forq < p and
= d=2)(p—1+sp
d=2)(p—1+s
Proof. We compute first 2*2(v, u) with v, v’ € R? and u, u’ € R.
W2 (v, u) = / / hv—v',u—u)Yh@',u')du’ dv’
R4 JR
= ‘/Rd f(l) - U/)f(v/){ASMu’:lvv’25u’=|v’|2 du/} dU/
= / f(l) - v/)f(v/)sld:lv—v/\z—\qu dU/.
R4
Moreover, we have
Suzlv—v’\2—\v’|2 = 8u:2|v/2—v’\2+\v|2/2'
Then we can compute the L4 norm of h*2,
/ / |h*2 (v, w)|? dvdu
R4 JR
I / / 1
= Ad [;@ i f(v —v )f(v )8u22|v/2—v’\2+\v|2/2 dv dvdu
) (g—D/q
< Oy /21 Peyy /2 — |12 /4 AV )
/Rd /R (/Rd /2= P=u /2= v /4
) ) ) 1/q)q
X (Ad f(v — v )qf(v )q(s‘v/z_v/|2:u/2_‘v|2/4 dv ) dv du, (39)

where we used Holder’s inequality.
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We look to the integral over 8, using w = 5 — v’

d—1 d—1
/Rd 8|w|2:u/2—\v|2/4 dw = |S |AS,2:M/2_|U‘2/4r dr,

where we changed to polar coordinates and then, with z = r2

i d-2)/2
Ad5|w|2=u/2f\v|2/4dwz 2 R8z=u/2f|v|2/4z( 2 dz

. |Sd71| u |U|2 (d—2)/2
T2 2 4 '

(40)

Therefore we obtain, plugging (40) in (39) and using Fubbini,

/ /|h*2(v,u)|qdvdu
R4 JR
, , |Sd—l| u |U|2 (d—2)/2q9—1
< _ q q -
_/W/Rdf(v v)f(v){/R[ > 573
|Sd—1|‘1_1 d=2)(g—1)
- 29—1 /ﬂéd /Rd

fw =) f)dvdv =: A.
Now we have the casesd =1,d =2 and d > 3:
(1) d = 1. Splitting the expression, we have

/ wd” dv’ +f / f =) f) dvdy’
2—vi<t  v/2—=0v'| R JRrd

=2}

u=2|v/2—v'|2+v|?/2 du} dvdv’

v
2

A

IA

=T+ 7.

For the last estimate we have T» < || f ||iqq <|f ||iqp (because ¢ < p and f is a probability measure), and for the first
term we use Holder’s inequality

1 (p—q)/p q/p
T < (/ s dv dv’) </ flw—=v)PFQ)Pdv dv’) .
/2—v|<1 [v/2 —v'|@=Dp/(P=a) lv/2—v'|<1

Then, the first integral converges if (¢ — 1)p/(p — g) < 1, which give us 71 < C||f||i(§, if

2p
< —0.
i p+1

(i1) d = 2. In this case we have

st st st
<

S 2 IS
’ / ’_ q
A== /Rdedf(v—v)qf(v)qdvdv— a1 e = =

2
(B

(iii) d > 3. We have, using w =v — v’ and u = v’

|Sd—”q—1
L
Zq_l R4 JRA

s @-2q-1)
- _ @2 (- q q
= T 3@ /]Rd /Rd|w u| S f(w)? dwdu

d=2(g—1)

% v Fo =) F) dvdv’
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54197 (d=2)(g—1) q q
= 2(d_1)(q__1) {2C </Rd |w| f(w) dw) (/Rd f(u) du>}

< CIFIL 1.

where we have used |w — u|“=2W~D < C(Jw|“@=2G=D 4 |y|@=2G=D) and m = (d — 2)(q — 1).
Finally, we have || £, < || fI4, and with the hypothesis f € L? N Ly, we have || f|l,¢ < oo for m = s(p —
L4 L P L,
q)/(p — 1) and g < p (see Lemma 34 in Appendix A.2), more precisely for

_@=2(p=D+sp _
= a—p-n+s 0

3.2. Asymptotic behaviour of Z'

In this section we shall study the behaviour of Z, when N goes to infinity. First of all, let us state a version of the
Central Limit Theorem, also known as Berry—Esseen type theorem, which is the main ingredient of the proof of the
asymptotic of Z, in Theorem 17. The proof of the CLT presented here is a slightly adaptation of [8], Theorem 4.6
(see also [3], Theorem 27).

Theorem 15 (Central Limit Theorem). Let g € P3(R?) such that, for some integer k > 1, we have g** € L (RP)
for some p > 1. Moreover, assume that

/ xg(x)dx =0, / (x®x)gx)dx =Ip, / |x|3g(x)dx§C3. 1)
RDP RD RD
Then there exists a constant C = C(D, p, ||g**||L») > 0 and N (k, p) such that for all N > N (k, p) we have

C
lign — ¥ llze = sup [gn(x) —y (x)| < T

xeRDP

where gy (x) = NP/2g*N (/Nx) is the normalized N -convolution power of g.

In the sequel we will need the following lemma, and we refer again to [3], Proposition 26, and [8], Lemma 4.8, for
its proof.

Lemma 16. (i) Consider g € P3(RP) satisfying (41). Then, there exists § € (0, 1) such that
VE € B(0,5) [g&)|<e P/,

(i1) Consider g € PR?YN LP(RD)for 1 < p <oo. Forany § > 0 there exists k(8) = k (M3(g), llgllLr, ) € (0, 1)
such that

sup |g(&)| <k (8).
|&]=6

Proof of Theorem 15. We remark that

~ [ e\ - NN
gN(§)=g<\/—N> ; J/N(é):)’(\/—ﬁ) .

We have g** € L' N L?, for p e (1, oc], and then by the Hausdorff-Young inequality we deduce that (g**) = (8)*
lies in L?' N L™ with p’ € (1, oo]. Furthermore, gy (§) € L! for any N > kp’. Hence we shall use the inverse Fourier
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transform to write

len) —y )| = @o)P| | 5 (Gn©) — 7)) de
RD

<en? [ [av® - 76|, @)

Spliting the last integral in low and high frequencies, we obtain

/ len©) — 7 (&)|de < / |gw (&)|de +/ |7 (&) ds
RP HEYRE €)=/ N
+ / lgn (&) —7(&)|de
|E|<~/N§

=T +1T+Ts,

for some 6 € (0, 1).
For the first term, we write

~ S )’N D/z/ ~
T) < — dé=N d
= /I;*IZ«/NS g(vN : \n|25|g(n)| §

N N/k=p' _ :
SND/Z(sup}g(n)kD p/ lgm*|” dn
n>3 n|>8

< ND/ZK(S)N/k—p'CD’p Hg*k ||Z1’

where § € (0, 1) is given by Lemma 16(i) and «(8) is given by Lemma 16(ii) applied to g*k (because we have
supposed only g*f € LP). We get the same estimate for the second term, then we obtain that there exists a constant

C=C((D,p, |lg**|lLr) such that
T+ 1T < ¢
1 2= =
VN

Finally, for the third term we have

T3=/ |gzv(§)—3l/(§)||s|3dg
€] <v/N§ (3]

and we can estimate

Ev@ —7@&1 _ 1 [gE/VNY —7E/VN)Y]

EF N &/VN]?
L BENN) -7ENN) R . Nt
=N & /N x gg(s/«/ﬁ) PE/NN) .

Moreover, point (i) in Lemma 16 implies

N—-1
<y e KIER/(GN) o= (N=k=DIEP/4N) < po—IE1%/8

N—-1
Y BE/NNPEV NN
k=0

k=0
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Hence, we obtain

1 lg(m) =y ()l —IE12/8 53
T3 =< N3/2 <51)17P |77|3 RD Ne |$| dé:

1
= —=(M3(g) + M3(y))Cp,
N )
and we finish the proof gathering the estimates of 77, 7> and 73 togheter with (42). (I
With these results we are able to state the following theorem about the asymptotic behaviour of Z/,,.

Theorem 17. Consider f € Ps(R?) N LP(RY), with p > 1, satisfying (35). Then we have

m (dN)(d(N—l)—Z)/2 e—dN/Z
Egd/Z (,,2 _ |Z|2/N)(d(N_l)_2)/2 e_r2/2

lzI> (= NE)?
x[exp(—ng— 53N >+O(1/\/N)}

Zy(fir2) =

and in the particular case r2=dN and 7 =0, we have

2d N(d — E)?
Zy(f;VdN,0) = %[W’(_%) +O(1/\/ﬁ)].

Proof. Let us introduce
g(v,u) = DEPn(EV?, E + Zu) e P(RT),

with v € R? and u € R. Since A lies in P3(Rt!) by Lemma 13 and h*? e L1(R4) for some g € (1, p) thanks to
Lemma 14, we have g € P3(R4*!) and g*? € L9 (R4,
Moreover g verifies (by construction)

/ yg(y)dy =0, / Oy dy=Ilit1,
Rd+l Rd+l

where 15 is the identity matrix in dimension d + 1.
We can now apply Theorem 15 to g, which implies that there exists C > 0 and Ny such that for all N > Ny,

C
sup |gn(vou) —y (v u)| < —,
(v,u)eR4 xR \/N

where gy (v, u) = N(d“)/zg*N(\/ﬁv, \/ﬁu) is the normalized N-convolution power of g, with
¢ N Nv,VNu) = Eé’d/zh*N(El/z\/Nv, NE + E«/ﬁu),
and

P2 g—u?/2

V(U’ u) = (Zn)d/Z (2].[)1/2

is the Gaussian measure in dimension d + 1 (recall that we have v € R? and u € R). It follows that

sup [N (v, u) —
(v,u)eR4 xR

—1e—d/2 —le—d/2
y-lg=d/ (81/2N]/2vu—NE>‘ c ylg-d “3)

N@+nz V " JN S«/—ﬁ N@+D/2
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Gathering (43) and (38) we obtain

ZN(fir,2)
2Nd/2(r2_|Z|/N2)l/2 E—IE—d/Z 1 |Z|2 (r2—NE)2 +O(1/\/ﬁ)
= exp| — - .
ISV (r, 2)| N@+D/2 (Q)d+D)/2 P\ 2en 2X2N
Using (20) we have

T TR Lt V1) M S P I
N(f;r2)= SIN=DT| r N N@+D/2 (2)d+D)/2

2>  ?—NE)?
x[exp(—zm— T >+0(1/\/N)}.

+

Thanks to the formula

2]‘["/2
r'(n)2)

51| =

and to Stirling’s formula,

I(an +b) = v2n(an) @ T=D/2e=an (1 1 0(1/n)),

we have
LN_ D) Wi (d(N=1)=1)/25—(d(N=1)=1)/2 ,—dN/2
and then
Zn(fing) = V2d (e (@N)dN=D=/2  =dN)2
NUSR D ="gean\ om)ydN2 ) (72 — 122/ NYdN=D=2/2 =2 /2

lzI> (= NE)?
X [exp (— e~ ariN > +0(1/\/N)},

which implies for the case 7> =dN and z =0

2d N(d — E)?
Z\(f; VdN,0) = %[exp G%) + 0(1/«/ﬁ)]. O

3.3. Conditioned tensor product

Consider now
f®N

53T Zy(fi VAN, 0)"

FN =[] N

the restriction of the N-fold tensor of f to the Boltzmann’s sphere SN where f verifies (35) with E = d, more
precisely with

E=f|v|2f=d,

i.e. f has the same second order moment that y .
We have then the following theorem, which is a precise version of point (i) in Theorem 3.
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Theorem 18. Consider f € Pg(R?) N LP(R?), with p > 1. Then, the sequence of probability measure FN e P(Sg)
defined by FN = [f®N]S§/ is f-chaotic.
More precisely, for any fixed £ there exists a constant C := C(£) > 0 such that for N > £ 4+ 1 we have

C
W, FN_ 90 < | FN — fot <.
( ¢ f ) ” ¢ f “L{ \/ﬁ
Proof. With the notation V = (vq,...,vy) e RV, V, = (i)1<i<e> Ve.n = (Vi)e+1<i<ny and V= Zle v;, we have
from the definition of FV
ON(v)yyN@dv
PV ayy < 2N rtay)
Zn(f;VdN,0)
Y4 ®(N—£)
J 1 f

= a0 g, gy e e @,

We recall that yV =y \I/Vm , and we have

@) =y @y @Vew).

where 7 = —Zle v = —‘_/g. We fix £ >1and N > £ + 1, then we have

N
Y Jan .0

FN (Vo) = f FN(V)aVe

RA(N—0)
1o v (Vo) Fev -

= =7 Vo)t —— W(Vew))fyh (dVe,n)
Y Z\(f; VdN,0) JSN—t(JaN= Vi ]2,2) ¥ —IVel .z

_ %y Pt VAN = T =T
y®* Z}y(f: /AN, 0)

ve (Vo).

Let us first compute the ratio betwenn Z), _, and Z/, by Theorem 17 we have

Zy_((f1VdAN = [Ve[2. V) (d(N — £))@N=t-D-22 e~ dN-0/2
Z;V(f; /AN, 0) (AN — |V|> = [Vg|2/(N — £))dN=£=1)=2)/2 o—(@N~|V¢|*)/2

7 @dt — V> “1p
X [e"p <_25(N —¢) 25(N-0) ) +oW )]'

Using the later expression with Lemma 10 one obtains

N f®l (d(N _ K))(d(N*Z*l)*Z)/Z ed[/Z
Fy (Vo) =~ (Vo) 2 _ (.2 d(N—t—1)-2)/2 2
14 (dN — |V|> = |Ve|?/(N — £))dN V=212 elVel/2

|Ve|? de—|Ve|*)? ~12
x [e"p <_ 26(N—¢) 2Z2(N—¢0) ) +OW )}

——1)— = d(N—£—1)=2)/2
|SIN—E=D=1| (@N — |V, 2 = |V |2/ (N — £)){ NP7/

|SIN=D~1] (@N)AN=D=2/2((N — £)/N)4/?
> 12 272
et Vel (dl—|Vel) ~1/2 a
=/ [eXp (_25(N—Z) “azrw—g ) TN [lav-wp-rieson-o-o

SAN—L=D=11 (7(N — p))dN—t=1)=2)/2 N dj2
| | (d( ) (N g) Q2me)dt/2.

|SIN=D—T| (dN)dN-D=2)/2
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Since
N d/2
— ) =0(),
(N _g) W
we have
EN (V) = £EE(V0N (V)oY (Vo) (44)
with

TY) 2,2
N [Vl (dl—1Vel%) —172 _
o) = I:exp (_ZS(N — 0 - 252(N — 1) +O(N ) 1dN—\w\2—\ve\2/(N—z)>0’

(45)
oN |SIN=E=D=1| (g(N — £))dN—=t=1=2)/2 (2me)dt2
2 7 |SdN-D-1 (dN)d(N-1)=2)/2 )
Thanks to Stirling’s formula again, we obtain
|SIN—E=D 1| dN\4/? . N »
~siv = on (1+o(N7h)., 6 =1+0(N7").
Moreover we can easily see by (45) that ||6?1N ;o < C uniformly in N, and
07 (Vo) = 1] = [0 (Vo) = 1 Lwi<k + 60" (Vo) = 112k
Vel (de—Vel»)? Vel®
< O(1/vN)|1 C——1
= ‘(25(1\/—5) T —o ) TO NN L=z + RoIVil=R
R2 R4 |V(|b
< C(ﬁ-i-W‘FO(]/\/N))lIVeIfR‘i‘C—Rb Liy,=r, (46)
for some R > 0 and b > 0.
Finally, choosing R = N''/3 and b = 4 one has
[EY = %4, = ooy 1) 7],
N N (®¢ N ®¢
< (6 )18 £y + 16— 1) 721,
C C C
®t ®¢ &t
R R e RS T
ce Cce ct
= 3 e+ Z2 Iy + =y 0

4. Entropic and Fisher’s information chaos

We recall that in the Section 1.2 we defined the relative entropy and relative Fisher’s information of a probability
measure. Moreover, we defined stronger notions of chaos, namely the entropic chaos in Definition 2 and the Fisher’s
information chaos in Definition 4. We prove in this section precise versions of point (ii) in Theorem 3, Theorem 6 and
Theorem 7.

4.1. Entropic chaos for the conditioned tensor product

We shall study now the entropic chaoticity of the probability measure FV = [ f®N] sy with quantitative rate in the
following theorem, which is a precise version of point (ii) of Theorem 3.
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Theorem 19. Ler f € Pg(RY) N LP(RY) for some p > 1 verifies [vf=0and [ |v|2 f = d. Then, the sequence of

probabilities FN := [f®N]Sg € P(Sg) is entropically f-chaotic. More precisely, there exists C > 0 such that we

have

S HEY YY) —H(fly)‘ <75

Proof. We write

1 dFVN
H(FN|yN)=— log dFN
N Sy dynN

1 f®N
= —/ <1og p )dFN
N Jsy Z\(f;vdN,0)y®N
1
=/ <log i) dFN — —log Z)\y(f; VdN,0).
R4 Y N
Thanks to the assumptions on f, we can use Theorem 17 to obtain
1 N, Ny _ f N
—H(F ly )— log = |dF;" +O(1/N).
N Rd Y

Using (44)—(45) we have FlN(v) = QIN (v)QzN(v)f(v) or more precisely
FN@) = f) (e PP/@M=ICN) L o(1/3/N)) (1 +0(1/N)) =: 6" (v) £ (v),

and then
47

- N,,Ny __ _ N _ i
NH(F ly™) H(f|y)_/Rd(9 l)f(logy>+0(l/N).

We estime now the first term of the right-hand side, denoted by T,

IT| gf |9N—1|f|10gy|dv+/ 6N — 1| fllog f|dv
R4 R4

/ |9N—1|fC(1+|v|2)dv+/ |oY — 1] fllog f|dv
R4 R4

=T+ T>.

A

We recall that (already computed in equation (46))

R4 | |k

R2
|6 _1‘<C< +— N \/—)1|v|<R+C

for some k > 0 and R > 0. Then, for the first term we have

|Ti| 5/3 |9N—1|f(1+|v|2)+/BC|9N—1|f(1+|v|2)

R

Ly, =r

R? R* 1 1
(N + 5 f)||f||L1 + — (Mi(f) + My12(f))
S

=y

where we have chosen R = N1/8 and k = 4.
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For the last term T3, define A > 1 and Bgp = {v € R4, |v] < R}, then we have

7l = [ 6% 1] fitog fi+ [ _|6¥ = 1| 1iog £112
R

R

+ [ 0¥ =1l itog fitizpea+ [
B

N —_—
. B,g'Q U fllog fI1 oy

N
+/BC\9 —1]f110g fy_ -2

R

Now we compute each one of this five terms. First, we deduce that

7 |<<R2+R4+ =) [ sioes <R2+ - =)e
2=\ =+ =+—= 0 =|—=+——+—= .
NN TN e TN TN TN
For the second term, we use that f|log f| < f(H"’)/2 < f”/A(p_l)/2 over {f > A, |v| > R}, and then

17,

|T22] < =

Using f|log f| < f|log A| over {1 < f < A, |v| > R} for the third one, we obtain

A ).

T <
|T2,3] < R

Thanks to f|log | < flv]> < flv/™*2/R™ over {e~1** < f < 1, |v| > R}, we get

1
T2.4l = o Mins2 ().

Finally, by f|log f| <4/ <4e "’/ over {0 < f <e M’ |v] > R}
|T2.4| < Ce X,

Putting togheter all this terms, we have

R* R* 1 P, logA M,
|Tz|§<—+—+—>cf+7“f”” 1 loeA (4 M2l | o or

N N JN A2 T TRk R
<
VN
choosing AP~D/2 = Rk R = N/3 k=6 and m = 4.
We have then |T| < CN~'/2 and we conclude plugging it in (47). (]

4.2. Relations between the different notions of chaos
First of all, we start with the following lemma and we refer to [3,8,11] and the references therein for a proof.

Lemma 20. For all probabilities jv, v € P(Z) on a locally compact metric space, we have

H(ulv) = sup {/ (pdu—log</ e“’dv)}: sup /(pdy,.
peCp(2H)\WWVZ z 9eCp(2), [,e9dv=1YZ

The following theorem is an adaptation of [3], Theorem 17, where the same result is proved for probability mea-
sures on the usual sphere sh-1 («/N ) in RV,
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Theorem 21. Consider g € Pg(R?) N LP?(RY), for some p € (1, 00], where g satisfies fvg=0and [ lv]%g =
Consider GV a probability measure on Sg such that for some positive integer £, we have Gév — ¢ in P(RYY) when

N goes to infinity.
Then, we have
1
(7'rg|g® ) < hmlnfﬁ (GN|[g®N]Sg).

N—oo

Proof. Let fix a function ¢ := ¢(vy,...,v¢) € Cp (R4 such that
(43)

/ e?g®t =1, H(T[dg@Z)f/ pdmy+e
R4t Rdt
for some & > 0, which is possible thanks to Lemma 20. We introduce the function

@(Ul,...,UN) 3=(P(U1, ""UE)+'“+¢(U(”1—1)Z+17 "'1vml)’

where m is the integer part of N/¢,i.e. N =m{ + r with 0 <r < ¢ — 1. Thanks again to Lemma 20 we have

1 1
2 N[ ,®N 2 N . @ 4[,®ON
H(G"|[g ]sg)iN/qu’G (dv) Nlog(/sge d[g ]sg)
For the first term of the right-hand side, using the symmetry of GV and the convergence of its £-marginal, we have

oGN@v dmy.
N/ ()N/ oog L, Pame

We note that the second term of the right-hand side can be written in the following way

1 g N
D QN D N
= [ ()
Lﬁ % sy Ziy(g: VAN, 0) Jsy~ \¥

since
N
8 ® N

oNT
sy = 2@ var 0"

Applying Theorem 17 and thanks to [ lv]?g =d we get

Z(g;VdN,0) = “/(_“;(1+0(1/«/_))

where X' (g) is given by (35) applied to g, and then
1
(ﬁ log Z) (g: VdN, 0)) = (49)

For the other term, denoting u = (vy,

lim

N—o0
vy) and W = Vo1 + - - - + vy, We write

yUme)s W= Vnetl,---,

g QN
/ e (—) dy N
SN (VAN ,0) 14
|Sa’(N—r—l)—1| (dN _ |w|2 _ |1I)|2/(N _ ’,.))(d(N—r—l)—Z)/2 N d/2 5 ®r
(dN)(d(N—l)—Z)/Z N—r Y

= [I‘Qd’ |SAN=D)|

X
{/gS'e”’(«/dN—le,—i))(

dw,

e(pg®£ ®m
®°L ) dyN/ 2 —}
Y dN—|w|*,—w
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where the integral in dw have to be taken over the region
{weR|dN — |w|* — |w[*/(¢m) > 0}.

We recognize that the last integral is equal to Z), (e? g%t JdN — |w|?, —w) (where Z;, is a multi-dimensional
version of Z,, obtained replacing N by m{) and by Theorem 17 we have

Z,,(e?8®%\/dN — |w|?, —w)
(dem)dEm=1=2)/2 e—dtm/2

=0
DX N e = [w[2/m)@dEm=1)=2)/2 —(@N—[w?)/2

and using (27), we get

QN ®r
/ e? <§) dy™ = C/ e_w2/2<§) dw
SN (J/dN,0) 14 Rdr 14

=0(1) x (27:)””/2/ ¢® dw =0(1).
Rdr

With these estimates at hand, we can deduce

1 g RN
liminf(——log/ e? (—) dyN) >0
N—o0 N SN (VdN,0) %

and together with (49) we obtain

.1 1 1
l,brilfofﬁH(Gng@N]Sg) = 7 /Rdi pdmg > ZH(TFH(?@E) -

Since ¢ is arbitrary, we can conclude letting ¢ — O. ]

Our aim now is to give an analogous result of Theorem 21 for the Fisher’s information. However the strategy here
is different, it is not based on the asymptotic behaviour of Z), like before, but on a geometric approach following [8],
where this analogous result is proved in the Kac’s sphere setting. To this purpose, firstly we shall present some results
to conclude with the Theorem 23.

Consider W = (wy, ..., wy) € RIN and V = (vi,...,VN) € SN where we recall that v; = (Via)l<a<ds Wi =
(W) 1<a<a €RY forall 1 <i <N.

Let Py, be the projection on the hyperplane {X € R4V ; Z,NZI x; = 0}, then it can be computed in the following way

N €N
Pl =W= Z( eN|>|eN|

where e = (eqs ..., eq) € RIN with ¢, = (Bap)1<p<d € R?. Since |eN| = /N we obtain
1 &
P;,W:W—NZ(W-egV)egV. (50)
a=1
Moreover, the projection P on the sphere {X € R4V, vaz 1% |> = dN} is given by
PiW =+/dN — (51)

IWI
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Hence the projection Ps on the Boltzmann’s sphere Sg can be computed as the composition of the others, i.e.
Ps = P o Py, more precisely

PsW = (Pso Pp)W
PW
= JdN ="

|PpW|

_ N S (W - ef)elf 52)
W= (1/N) Y4 (W - eeld|

or in coordinates, for | < j <N and 1 <8 <d,

(PsW)jp=

VAN (

N
g —(1/N . 53
WS W el wjp—(1/ )wa> (53)

k=1

Consider V € Sév and a smooth function F defined on Sg . Then the gradient V;, on {X € R4V, ZlN: 1 X =0} is

(recall that V stands for the usual gradient on R*V)

N d
VW)= VEW) = 30D FVel.

i=1a=1
Moreover, the gradient V; on the sphere {X € RV, ZlN: 1 1xi |> =dN} is given by

14

v
ViF(V)=VF(V)—|— VF(V .
sEV) V) <|V| ( )>|VI

Combining them we can compute the gradient on S¥ , which is given by

VsF(V)=V F(V)—(L-V F(V)>L
SEATIT= T vy Vi

1 N d
=VFV) =53 F(V)e)

i=1a=l

(A v
- [V VEV) -+ DO o F(V)(el) - V):| Ve

i=1a=1

| N4 . v
=VF(V) -~ DO 0y F(Vyel —[V-VF(V)]

Ve o4

i=1a=1

since e - V =Y | vj o =0 because V € S

Let @ be a smooth vector field on RN, which written in composants is @ (V) = (P1(V), ..., Pn(V)) with
;i (V)= (D;1(V),...,P; 4(V)) for | <i < N. We denote by divs the divergence on SY then it can be computed
in the following way

N d
dive @ (V) = ZZVSCDj,;;(V) IN'E
j=1p=1
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where e g = (8jk8p,) (1 <k<N)(1<y <a) € RN Using (54) and after some simplifications we obtain

N d N

d1vsq§(V)—d1vq>(V)——ZZZE)U”S @ p(V)— ZZV v¢>,,g(V)|V|2. (55)

j=18=1i=1 j=18=1

Lemma 22. Consider a function F and a vector field @, smooth enough, defined on Sév . Then the following integra-
tion by parts formula on Sév holds

. d(IN-1)—1
/ {VSF(V) - OV)+ F(V)divg®(V) — ———

N —
sy e vl =0

Proof. The proof presented here is an adaptation of [8], Lemma 4.16. Let x be a smooth function with compact
support on R and define for V € RV

(V) = x(I1PaVI)(F o Ps)(V)(®P o Ps)(V).

We can compute div¢ (V) and after some simplifications using the formula for the projections (50) and (52), the
gradient (54) and the divergence (55) on & g we get

X' PV D

divg (V) = N

F(PsV)PsV -®(PsV)

VvdN
+ x(I1PaVI)VsF(PsV) - (D(PSV)W

VAN
+ x(I1PnVI)F(PsV)divs qb(PSV)W. (56)

Integrating (56) we get

"(|PyV
/ F(PsV)PsV - o (Psv) X UEVD 4y
RdN

Jan
JaN

+/RdN[v3F(PSV)-q)(PSV)+F(PSV)diqub(PSV)] (|PhV|)WdV 0.

Using the change of coordinates V = (vy,...,vy) = U = (uy,...,uy) given by Lemma 9 and then the variables
w= ZZN=1 lu;|> and z = ~/Nuy, we obtain that the last expression is equal to

/ / { Sd(N H— 1|<w_ﬁ)(d(1\7—1)—2)/2/ F(V)V ¢(V)d N }X (m)d dw
Rd SN (w,z)

2N4/2 N

|Sd(N DH— 1| |Z|2 (d(N—-1)=2)/2
o[ LA S ()

x/N [VSF(PSV)-q)(PSV)+F(PgV)dng@(PgV)]dy,sz}
SN(w,z)

X X( w— ﬁ)idzdw
\ N ) Jw—|z22/N ’
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and then we get

o IN@N-D-D2 10 [
/ /(u)—'z—|> xw = Il /N)dzdw</ F(V)V~®(V)dyN>
0 Jr? N dN SN

B

L) e

x (/ [VsSF(V)-®(V)+ F(V)divs cD(V)]dyN)
SN

B

=0.

Since we have

22\ @N-D-272 e
[ Le-5) (e e
R4 N
2\ d(N=-1)=3)/2 2
[d(N—l)—l/ /( |Z|> x( w—ﬂ>dzdw,
Rd VYT N

we obtain the result

d(N—-1)—1

/ {VSF(V) - @(V)+ F(V)dive @(V) —
SN dN

B

F(V)®(V)- V}dyN(V) =0 -

With these results at hand we are able to state the following theorem, which is the Fisher’s information version of
Theorem 21 and the proof is an adaptation of [8], Theorem 4.15.

Theorem 23. Consider GV a probability measure on Sg such that for some positive integer £, we have Gfév — 7y in

P(R?) when N goes to infinity.
Then, we have

1 1
®¢ P N, N
Zl(rmy )fljlvnl)lélofNI(G ly )
Proof. Let us denote GV =: gV Using [8] we have the following representation formula

1(GYy™) =[SN|VsloggN|2gNdyN

B

N CIR W
= sup . Vslogg ~(l>—T g dy
®eC) (RIN;RIN) I Sp

and we obtain by Lemma 22

d(N—-1)—1 . @ (V)
1(GNyN) = sup / (Tcp(\/)-v—de d(V) — T)gNdyN. (57)
(pecl!(RdN;RdN) S

Furthermore for 7ty we have, also from [8],

lo|?
I(mely®") = sup /Rd{(rp-Ve dlvw—T e

‘Peczl (Rdl;Rdl)
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Let us fix ¢ > 0 and choose ¢ such that

1 1 lp|?
.y &0 _ o< — LV —dive — 22—
i (mely®") S_E/RM((,O ¢ —dive — = |e.

Denote N =gl +r,0<r < {,anddefine Vy = (V 1, ..., Vo 4, V). Choosing @ (Vy) := (@(Vi,1),...,9(Veg),0) €
C}(RIN; RN we obtain from (57) and the symmetry of GV

1 1 d(N—-1)—1 (V)2
S1(E ) = & (%@(Vm -V —divs (V) — %)G%vm
q dIN -1 -1 . lo(Vo)|? R(N)
N Rﬂ<T¢(V6) Ve —dive(Vy) — T)@ @dve) + —— N

with
1
RN = | ZZZ( By 5 Pk + N(av,-_,jwk,mvi,,gvk,ﬁ)G?(dvz).
k=1i=1 =1

The last expression is bounded if V¢ decreases rapidly enough at infinity. Hence, passing to the limit we obtain

1iminfil(GN|yN)>1f ¢~Vg—divw—@ e
N ~ 4 Jpat 4

N—o0

v

1

—I(nglyw) —¢,

l

and we conclude letting ¢ — 0. ]
We can prove now precise versions of implications (i) = (ii) and (iii) = (iv) of Theorem 6 as follows.

Theorem 24. Consider GV € P(Sév ) such that Giv — f in P(RY). We have the following properties:

() If H(fly) < o0 and limy_.oc % H(GN|yN) = H(fly), then G¥ is f-Kac’s chaotic.
G1) IfI(fly) < oo andlimy_ o0 NI(GN|J/N) =I(f|y), then GN is f-Kac’s chaotic.

Proof. Let us fix £ € N*. Since GIIV — f in P(R?%) we know by [16], Proposition 2.2, that GV is tight. Then there
exists a subsequence GV and T € P(Rdz) such that Gév N ¢ in P(RY), when N’ goes to infinity (and in particular

= f).
(i) By Theorem 21 we have
1 ! !
H(mly®) <liminf — H (G |y™) = H(fly).
N'—oco N’

Since we also have the reverse inequality by superadditivity of the entropy functional, we obtain

H(nm@‘)—6H<f|y>=/mlog%—6/flog§

— [ m0g 7~ [ mptog Lo
= ) TR e Te08 et

T T
/f®€<f®‘ e )
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which implies 7, = f®¢ a.e. on { f®¢ > 0}, since the function z — zlogz — z + 1 is equal to 0 in z = 1. Thanks to
e, f® e P(R?), we obtain

/ T = / Fe=1.
{fO>0) {fO>0)

It follows that 7, = f®¢ a.e. on R4, so the whole sequence G?/ converges to f®¢ and thus GV is f-chaotic.
(i1) The proof of point (ii) being similar, thanks to Theorem 23 and the superadditivity of the Fisher’s information [2],
we skip it. O

Recall another notion of entropic chaos stated in (18), as proposed in [3], Theorem 9 and Open Problem 11, and
[13], Remark 7.11, for GV e P(Sg) and f € Ps N LP(R?) with p > 1, we consider the following property

.1
J?MNH(GMU@N]S,BV) =0. (58)

Let us now investigate the relation between condition (58) and the entropic chaos (Definition 2) in the following result,
which shows that, under some assumptions on f, they are equivalent.

Theorem 25. Let f € Pg(RY) N L®°RY) and GV € P(Sg) such that G%V — f. Suppose further that f(vy) >
exp(—a|vi|> + B) for some o > 0 and B € R. Then the following asserstions are equivalent:
ST 1 N N .
(i) limy oo v H(GN|[f® lsy) =0
(i) limy oo 5 H(GN |[yN)=H(fy).

Remark 26. We remark that both conditions (i) and (ii) imply that GV is f-chaotic. Indeed, in [3], Theorem 19 is
proved that (i) implies the f-chaoticity of GV in the Kac’s sphere framework, the generalization to the Boltzmann’s
sphere case is straightforward. Finally, the fact that condition (ii) implies that GV is f-chaotic follows from Theo-
rem 24.

Proof. Denote GV =: gVNy¥ and FVN = [f®N]Sg =: fN¥yN. Then we write

N
8 N 3., N N\ _N 5. N
HGN|)/N =/ <log—>g dy —i—/ log f7)g" dy
(@) = [, (e 55 (o)
= H(GN|[f®N]Sg)+flogf®N dGV —/logy®NdGN —log Zy (f; vdN,0)
N RN N dN l
=H(G"|[f ]Sg)+N dlogfdGl +T(10g2n+1)—logZN(f; VdN,0) (59)
R

using the symmetry of GV, the explicit formula for y®V and the fact that M>(G") = dN. Since M>(f) =d, we
obtain

1 1 1
—H(GNyN) = H(fly)=—-H(G"([r*]sn) +/ (GY — f)log f — —log Zy(f; VdN,0).
N N B Rd N
The third term of the right-hand side goes to 0 as N — oo thanks to Theorem 17. Hence we only need to prove that
the second term of the right-hand side vanishes as N — oo, which implies that (i) is equivalent to (ii).

With the assumptions on f we obtain |log f| < log| f |z~ + a|v|> + B < Ci1(1 + |v|?). Consider R > 1 and we
have

1 1
1+ [v]? f<—/ |v|4f+—/ [°f <CaR™™.
/|U>R( ) R* Jiyi=r R* Jiy=r
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Let xr be a smooth function such that 0 < xg <1, xg(v) =1 for |[v] < R and xg(v) =0 for |[v]| > R + 1. We can
split the integral to be estimated in the following way

/ (GY — f)log f = / xr(GY — f)log f + f (1—xr)(GY — f)log f. (60)
R4 R4 R4

Let us show first that H(Gf/) = f GllV log Gllv is bounded. If we assume condition (ii) then N_lH(GN|yN) is
bounded. On the other hand, if we assume (i), from (59) we have

1 1 dN 1
S HG ) = S H(GNI[®N ] sy) +logll fllio + =~ (log2m + 1) — —log Zyy (f; VdN, 0),
and again N~ H(GV|y") is bounded. Moreover, we obtain thanks to [1] that
H GN N
H(GY ) = T

for some C > 0 and we can write
yN
H(GYly)=H(GYIyN) +/log iGN,

which is bounded thanks to the explicit computation of le in Lemma 10 and to Lemma 11. We deduce, since
H(GY|y)=H(G") +d(log2m + 1)/2, that H(GY) is bounded either if we assume (i) or (ii).

Then, for the first term of (60), since xglog f is a bounded function, Gf/ converges weakly to f in P(R?) and
H (GiV ) is bounded, we obtain that f X R(Gjlv — f)log f — 0as N — oo. For the second term of (60) we write (recall
that (14 [v|))GY =1+d= [(1+ v f)

‘/ (1—xr)(GY — f)log f sa/ (1= xp)(1+ ) (GY + f)

R4 R4

5ClCzR_4+C1(1+d)—ledXR(l+|v|2)G{V.
R

The function xg(1 + [v|?) being bounded and continuous, we know that [ xg(1 + [v|*)(GY — f) = 0 as N — oc.
Thus passing to the limit in the last expression we obtain

limsup/ (1= xp)(GY = f)log f| < CLCR™* + C1(1 + d) —c1/ ) (1 + ) f
N—oo [JRE R4
<2C1CR™*
which concludes the proof letting R — oo. ([

Remark 27. In the setting of the Kac’s sphere (usual sphere SN ~1(v/N)), we find in [3], Theorem 21, a proof of (i)
implies (ii) without the assumption f(vy) > exp(—a/|vi|> + B). We can adapt it to our case in the following way.

Proof of (i) = (ii). We write from (59) and for § > 0

1 1 d 1
NH(GNWN) < NH(GN|[f®N]3g) +/log(f +8GY + z(loan +1) — Nlogz;\,(f; vdN,O0).
Since log(f + 8) is a bounded function thanks to f € L*°, H(G’lv) is bounded and Gjlv — fin P(R?) we have

flog(f + S)GjlV — [log(f +8)f as N — oo. We can pass to the limit N — oo to obtain

. 1 d
hmsupﬁH(GNh/N) < /log(f +8)f + 7 (og2m + 1.

N—o0
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Now letting § — 0, by dominated convergence we obtain

1 d
limsupﬁH(GNh/N) g/flogf+ E(10g2n+ D=H(fly),

N—o0

and we conclude with this estimate togheter with
1
H <liminf — H(G" |y"
(fly) < liminf = (G"y")
from Theorem 21. ]

4.3. On a more general class of chaotic probabilities

In the Section 4.1 we have constructed a particular probability measure on S g that is entropically chaotic. Hence, a
natural question is whether it is true for a more general class of probabilities on the Boltzmann’s sphere. Theorem 31,
which is a precise version of (ii) = (iii) in Theorem 6, gives an answer with a quantitative rate.

First of all, let us present some results concerning different forms of measuring chaos that will be useful in the
sequel.

Lemma 28. Consider f, g € P(RY) and FN,GN € P(RN). Let us define My (F, G) := My (F) + Mi(G).
For any k > 2 we have

Wa(f, g) <22 Mi(f, )/ e w, (f, g)*k—2/@k=1) (61)
and

WZ(FNv GN) 32 Mk(FN, GN) 1/Q2(k=1)) Wl(FN, GN) (k=2)/(2(k=1))
—_— <2 — N _ . (62)

JN N

The proof of Lemma 28 come from [13], Lemma 4.1, for (61) and (62) is a simple generalization of (61) to the
case of N variables.

We denote by W the MKW distance (12) defined with a bounded distance in R4, more precisely, for all f, g €
Pi(RY),

Wi(f,¢)= inf / min{|x — y|, 1}z (dx, dy).
1(f.8) . {Ix = yl, 1}7(dx, dy

Consider GV € P(R*V) and f € P(RY). We define then GV, §; € P(P(R?)) by, for all @ € Cj,(P(R?)),

~ 1 N
N — N N N_ o d
/;)(Rd)é(p)G (dp) _/RdN ¢(Mv)G dav), Wy = N Eavi EP(R )’
(63)
/ D (p)8(dp) = B(f).
P(RY)

Furthermore, W stands for the Wasserstein distance on P(P(R%)). More precisely, for some distance D on P(Rd) we
define

Vu,veP(P(RY)), Wp(u,v):= inf

/ D(f, ) dn(f, g).
mell(1,v) JPRA)xP(RY)

In the particular case of GV and 8 ; we have IT(GV,87) = {GV ® 8} and then

Wi (G, 87) =/W DY, £)GN @v). (64)

We have the following result from [8].
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Lemma 29. Consider f,g € P(RY) and FN,GN € P(S}). Let us define My(F, G) := My(F) + Mi(G).

(i) Forany k > 2 we have

Walf, g) < 232 Mi(f, &)V *W i (f, 9)'/2~Vk (65)
and
N AN N ~N\\ Uk /57 (N ANy 1/2—1/k

(i) ForanyO0 <oy <1/(d+1)and k > d(ozl_1 —d — )7L there exists a constant C := C(d, a1, k) > 0 such that

~ 1k (w5 1\
Wiy, (G 87) < cM(GY, 1) (WI(GQV,f@) + N) . (67)
(iii) Forany0 <ap < 1/d" and k > d’(oz2_1 —d)7L, withd' := max(d, 2), there exists a constant C ;= C(d, az, k) >
0 such that
— ~ Mi(f)V*
N N N
[Wi(GY, 127) =W, (7 87) | = C—— (68)

The equations (65) and (66) come from [8], Lemmas 2.1 and 2.2, and (67)—(68) are proved in [8], Theorem 1.2.
As a consequence of Lemma 29 we have the following result.

Lemma 30. Consider GV € P(Sg) and f € P(R?) such that Mk(GllV) and My (f) are finite, for k > 2. Let us denote
My := My (GY) + My (f).

Then for any 0 <y < 1/(d+ 1) and a1 < k(dk +d + k)", 0 <z < 1/d' and ar < k(d'k +d)~, with d’ :=
max(d, 2), there exists a constant C := C(d, k, o1, o) such that

Wo(GV, fON) 1/k

1/2-1/k
<CM .
VN k

(W1(G, £22) 4+ N 4N e2)

Proof. First of all, we remark that N~ My (G") is equivalent to Mk(G{V ) since GV is symmetric. Then, using
Lemma 29 we have

WZ(GN,f®N) - 22/3M1/k(W1(GN7f®N)>l/2_l/k
VN T ¢ N

1/k 1/2—1/k
273 1 17k Mk (f) ~N

< 22/3CMli/k(N—a2 + (Wl (GQ’, f®2) + N_l)ou)l/Z—l/k’
where we have used successively (66), (68) and (67), with o1 and o defined as above. O

We can now state a precise version of (ii) = (iii) in Theorem 6.

Theorem 31. Consider GV € P(S]BV ). Moreover we suppose that GV is f-chaotic, for some f € P(R?), and also
that

m(@Y)scr, kze  LHG M=o L1(GPY) =0
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Then GV is entropically f-chaotic. More precisely, there exists C = C(Cy, C2, C3) > 0 and for any B < (k —
2)[4(dk +d +k)1~! a constant C' := C'(B) such that

Wy (GN, &Ny _,3)
Cl——+CN .
8 ( N

Proof. First of all, thanks to Theorem 21 (with g =y and £ = 1) we have

1 N. N
ﬁH(G ly™) = H(fly)

1
H <liminf —H(GV|yN)<C
(fly) <liminf = (GM YY) =,
and thanks to Theorem 23
1
I <liminf —1(G"N|yN) < C3,
(fly) <liminf = (GYy") =G5

which implies that 1 (f) < oco. Indeed, I (f|y) =I1(f) + M>(f) — 2d, from which we conclude.

Furthermore, since I (f) < C, f lies in L?(R?) for some p > 1 by Sobolev embeddings. Moreover My (f) < oo
for some k > 6 since Mk(GilV ) is bounded and Gllv — f weakly in P(R%). We have then all the conditions on f to
construct FV = [f®N]Sg satisfying Theorems 18 and 19.

Let us denote

f®N

T Zn(fiJan,0)

N

N _. fNJ/N

and we compute the relative Fisher’s information with respect to y v
1 1 Vs N
—I(FVlyN)=— [ ———dy",
N N Sy f
where we recall that Vg is the tangent component to the sphere S g of the usual gradient V in R4 Since |Vs fV|? <

|V £N|2, let us compute the usual gradient of fV

N
IVINE K VR f NP
N - N
R =2
N

_ 1 3 Vi fil®
Zy(fiVdN.0) i f

i=1

S ficrfivr-- fn,

where f; = f(v;).

We can return to the Fisher’s information to obtain

\v/ N |2
LM
NJsy fN

i N, N N
NI(F ly ) dy

N

-5 L S AR e ey
N Jsy Zn(f; VAN,00 = fi S

/ Vo fil? Zn-1(f3 VAN — 01 P, =)y
= yl .
R 1 ZN(f;~/dN,0)
In the proof of Theorem 18 we computed the quantity
Zy_1(fi/dN —|vi|?, —vy)
Zy(f;~/dN,0)

vV (v1) = 6N (v1)y (v1)
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with |6‘1N (v1)| < C’. Now, we use the fact that

Zn(fiydN —|vi]2,—v) 1 Zy_(f;VdN — lvi %, —v1)

Zn(f;~dN,0) oy @) Zl,(f; VAN, 0)
to obtain
1 Vo, fil?
NI(FNI)/N) szd %va(vl)dvl <C. (69)

Since Sg has positive Ricci curvature (because it has positive curvature), by [18], Theorem 30.22, and [10] the
following HWI inequalities hold

H(FN|yN) —H(GMy")
(70)

H(GY|yN) - H(F
Remark 32. In the original HWI inequality, the 2-MKW distance is defined with the geodesic distance on S 113V , however
here we use on Sév the Euclidean distance inherited from R4V, Fortunately, these distance are equivalent, hence the

HWI inequality holds in our case adding a factor w/2 on the right-hand side.

Multiplying both sides by 1/N we obtain

1 1 n [L(FNyN) wa(FN, GV)
—H(F¥yY) - —H(G|yN) = = :
N N 2 N VN
1 1 n [1(GNyN) Wo(FN, G")
—H(GN YY) = —H(FN|yN) <= )
N H(G YY) - SH(F YY) = 3 ¥ ~

Since N_II(FN|)/N) and N_ll(GN|yN) are bounded, we deduce

1 Wao(FN, GN)

—H(FNyM - H( GV |yN)| <c 2=~ 71

‘N (FY ™) = H(G IyY)| = ~ (71)
Finally, we write

LN Ny 1o nveny LN

‘NH(G ¥") H(G"Iy™) = G H(FT YY)

1
+‘NH(FN|VN)—H(f|V)‘

and thanks to the later estimate (71) with the triangle inequality for the first term of the right-hand side and Theorem 19
for the second one, we obtain

VN VN VN

Now we have to estimate the second term of the right-hand side. Hence, thanks to Lemma 30 we have

—H(GYIyN) - H(fly)| <

N (@N N (@N
]:, <C(W2(G LSO WaET, O 1). 72)

Wao(FN, fON)

VN

< O MY (FN, £22) 4 N 4 j—oa) 21k,
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and from Theorem 18 we have W (F}, f®2) < Wi (FY, £®%) < CN~'/2, which yields

Wa(FN, f&N)

< CMVE(N /2 4 o) 2
VN o T

< /N~ (/D0/2=1/k)
with a; < k(dk +d + k)~'. We conclude putting this last estimate in (72). O

We give a possible answer to [3], Open problem 11, in the Boltzmann’s sphere framework, which is a precise
version of Theorem 7.

Theorem 33. Consider GV P(Sg ) such that GV is f-chaotic, for some f € P(R?), and suppose that

M (GY)<C, k>2, %I(GNWN)SC. (73)
Suppose further that
feL®RY) and f(v1)=>exp(—alvi|?) (74)

for some constant a > 0.
Then for any fixed £, there exists a constant C = C(d, ¢, || || Lo, Mk(G{V), NGV |yN)) > 0 such that for all
N > €+ 1 we have
H(GY %) = cwi(GY, £ Y,

where 0(€,d, k) = k[dl(k + 3) + 2k + 4]~ As a consequence, H(GQ’|f®£) — 0 when N — oo and condition (19)
holds.

As discussed in the introduction just after Theorem 7, assumptions (73)—(74) of Theorem 33 are natural in the
case of Maxwellian molecules since they are propagated in time. However, the conditioned tensor product assumption
can be made at initial time for the Boltzmann model but it is not propagated. As a consequence of this theorem, we
shall obtain that condition (19) is propagated under the master equation for Maxwellian molecules (see point (iv) of
Theorem 8 below).

Proof of Theorem 33. We write
H(GY17%) = [H(GY ™) = H(r )]+ [ (G = 1) ogy®

+ /(f@f _ Gé\/) 10gf®£
=TT +T+T;.

Let us split the proof in several steps.
Step 1. For the first term we use the HWI inequality on R4¢ [15],

T =H(G} ly®") — H(f®'|y®") </ 1(G) ly®)Wa(G}', r®).

Let us first show that the Fisher’s information I(Gévlyw) is bounded thanks to N~'7 (G |yN) < C. Thanks to [1],
Example 2 (see also [5] for related inequalities) there exists some constant C’ > 0 such that

16 _ 16V )
14 - N )
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We write then
1(GY 1Y) =/|v1ogG,§’ —Viogy|*GY
= 1(GY) + /[ZAlogygN +|ViegyY|*]GY, (75)
and then we deduce that
1(GY) < 1(GYIv) +/[2A10gyZN +|Viegy [F]_G¥ (76)

is bounded thanks to explicit computation of yZN in Lemma 10. We conclude that 7 (Gév ly®%) is bounded since
M2(G2V) = d/{ and writing

1(GYy®) = 1(GY) + /[ZA logy® + [Viogy®*]GY
=1(G)) + My(G}) —2de = 1(G}') — d. (77)
Moreover, we have thanks to Lemma 28 applied for GY, f®¢ € P(R?)
WZ(GQ[’ f®€) <CM; (GQ/’ f®€)1/(2(k—1)) W, (Gé\/’ f®€)(k—2)/(2(k—1))’
where Mi(GY, %) := My(GY) + My (f®*). We conclude then
T) < CM; (GéV’ f®€)1/(2(k—1)) W, (Gév’ f®6)(k—2)/(2(k—1))’ (78)

Step 2. Let us denote by By the ball centered at origin with radius R > 0 on R, by By, its complementary and let
v=(v1,...,ve) € R Since logy®t = —(d/2)log2m — |v|?/2, we can write
1 1
T, = _f (f& = GY)v*+ —/ (f& -G} )P
2 Jg 2 /B
The function ¢ (v) = |v|? lies in Lip(Bg) with || Vé|l L~ (Bg) = 2R. We obtain then

/BR(fW — Gy <2R  sup {/¢(f®‘Z - Gév)}

llollLipsg) =1

<2R sup l{fci)(f@’z—Gév)}

”‘P”Lip(Rdl) =
=2RWi(GY, £®Y), (79)
where the last equality comes from the duality form for the Wy distance (see for instance [18]). Next we write

1 M (GY, f®9
/BC (/% = GNP = /B (& + Gl = ——5—. (80)
R R

Choosing R such that (79) is equal to (80) we get

T 5Z(k_z)/(k_l)Mk(GéV,f®’z)1/(k_1)W] (Gév,f@’[)(k_z)/(k_l). 81)
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Step 3. Finally, let us investigate the third term 73. We write

T3=/ (f®£—G£/)logf®e+/ (f® —GV)log f®". (82)
Br B

¢
R

For the first integral in (82) we have, since f € L™ and f®¢(v) > e‘“'”'z,
/B (£ = GY)log £ < (Clog | f L2 +aR?) | £2° = G [ 11 -
R

Let g = f® — GI' and consider a mollifier p;, i.e. ps(v) = e 4 p(e71v), p € CXRI) with p >0, [p=1 and
supp p C Bj. Then we have

gLty = 8 * PellLi(r) + 118 * Pe — &llL1(By)-

For the first term we obtain

Ig * Pell L1 (5r) =/B {[|ps(w —)[| %) - G?<v>|dv}dw

IA

IV e ll oo 8y Wi (G, £E°) / dw
Bpg

= L RUWI(GY, £27).

Moreover, for the second one we have
g % pe — gl 1 gy < eIVEllr <e(| VA 0 + VG | 1)-

By Theorem 23, we have I (f®¢|y®¢) < C and then we deduce that ||V f®¢|| 1 1s finite. Moreover, the boundness of
I(Gév) (see (76)) implies that ||VG2V Iz1 is also finite. We have then

c
1725 = Gl oy = g ROW(GE, £21) + Ce

= C R4t/(dt+2) Wi (Gé\/7 f®f) 1/(‘”"‘2)7

where we have optimized ¢.
For the second integral in (82) we have

Mi(GY, f®5

[ (5= G tog £ < tlog 1=

R
We conclude then, optimizing in R,
M (Gy', %)
Rk
<cw (Gé\/’f®g)k/(d£(k+3)+2k+4). 83)
Finally, gathering (78), (81) and (83), we obtain
H(Gév|f®[) < C(W1 (G?/, f®e)(k72)/(2(k71)) W (Gév, f®£)(k72)/(k71) W (G?/, f®e)k/(d€(k+3)+2k+4))

k/(de(k+3)+2k+4)

T3 < C(E log ||f||L°O(BR) +aR2)RdZ/(dE+2)W1 (G?]’ f®£)l/(d@+2) +E10g “f”LOO

= Cwi(GY f*)

where C = C(d, £, || fllz, Mk (GY), N~' (G [yN)). 0
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5. Application to the Boltzmann equation

We can apply our results to the spatially homogeneous Boltzmann equation (equations (5) and (4) in Section 1) with
true Maxwellian molecules (8).
We prove now Theorem 8.

Proof of Theorem 8(i). We found the proof in [13], Theorem 7.10. O

Proof of Theorem 8(ii). First of all, from [13], Theorem 5.1, for all r > 0, Gﬁv is f;-chaotic. Now, we split the proof
in several steps.
Step 1. Let G be built as in Theorem 18, i.e. G = [fO®N]ng, which is possible since fy € Ps(R?) and I(foly)

is finite. We know from [13], Lemma 7.4, that for all # > O the normalized Fisher’s information N -1 (va |yN ) is
bounded since N~'71 (va |yN y< NI (G(j)V |yN ) and the later one is bounded by construction (see equation (69)).
Moreover, Mg (I1; (G(I)V)) is bounded by construction, thus for all ¢t > 0, M (I1; (G?’)) is also bounded thanks to [13],
Lemma 5.3.

We can then apply Theorem 31 to Gf’ (taking GN = Gﬁv and f = f; in the notation of that theorem) and we obtain
that for any B < (k — 2)[4(dk 4+ d + k)]~ there exists C’ = C’(8) such that

1
—H(GNyN) - H(fi1y)

N QN
5 WG, 1) )+N—ﬂ). (84)

VN
We have then to estimate the first term of the right-hand side and we shall use the result of propagation of chaos

proved in [13].
Step 2. Thanks to the result of propagation of chaos in [13], Theorems 5.1 and 5.2, we have, for s > 2 + d /4,

< CC’(

sup|1T2(G7') = £%] - = CWmn (GF 1), (85)
1>
where we recall that @3’ .01 € P(P(R?)) are defined in (63) and Ww, (Gév , 8 f,) in (64), more precisely

Wi (G 8) = A; L, Wa v, o)GG@v).

We recall that we want to estimate the first term of the right-hand side of (84) and we shall explain how we can
obtain it from (85). On the one hand, for the right-hand side of (85) we shall obtain a estimate of the type

~ _9,10

Wi, (Gy' . 81) = C[W1(ITa(GY). %) + N 2]
since we can estimate W (1'12(G6V ), f0®2) from Theorem 18. On the other hand, for the left-hand side of (85), we shall
deduce an estimate like

1

VN
to be able to conclude.
Step 3. First of all, we deduce from (65) in Lemma 29,

WG £2V) = | m(GY) — £

Ww, (56\’, 85) < ZZ/SMI]c/kWW, ((A;(I)V’ 8f0)1/2—1/k.

Then, thanks to (67) in Lemma 29 we obtain

Ww, (6(1)\17 6fo) = 22/3M/i/k(ca1Mli/k(Wl (Hz(G(j)V), 0®2) + N_l)al)l/z_l/k,
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and using Theorem 18, which tell us W, (Hz(Gf)V), f0®2) < CN~ Y2, we deduce
W, (a(/)V, ‘Sfo) < CalN—(Dtl/Z)(l/Z—]/k), (86)

where we recall that o] < k(dk +d + k)~ L.
Step 4. Thanks to [8], Lemma 2.1, applied to IT,(GV) and f®* € P(R??), for any s > d/2 (with d > 2) there exists
C :=C(d, s) such that

Wi (HZ(GtN)’ t®2) = CMy (H2 (G;V)’ z®2)2d/(2d+2kS) ”H2 (Giv) - ft®2 ||§§K§2d+2kx)'
Furthermore, from Lemma 30 we obtain that there exists a constant C := C(d, k, a1, @) such that

Wa(GN, fEN)
VN

Finally, gathering these two estimates with (85) and (86) we obtain that there exists C := C(d, s, o1, @2, My ( fo),
M (IT; (G})))) such that

<MW (T(GY), fB2)™ + N~ 4 N—e2) /2K

Wa(GY, £2V)

VN

< C(N—alz(k/(d+ks))(1/2—1/k) + N +N—a2)1/2—1/k

<CN"¢, &7

o2k 11
e )2 Tk

k—2 2k
<
2dk+d+k)) d+ks

k—2 2 4k
<
2(dk+d+k)) dk+4d+ 8k
using oy < k(dk +d + k)~" and s > 2 4+ d /4 from (85). We conclude taking k = 6 and gathering (87) with (84). [

Proof of Theorem 8(iii). The proof is a consequence of points (i) and Theorem 25. Since we have fy € PN L>(R?),
fo() = exp(—alvi|* + ) and

: 1 N[ f®N
Jim S H (G I[fo™ ]sy) =0
Theorem 25 implies that G(I)V is entropically fy-chaotic. Moreover, for all ¢ > 0 the solution f; is bounded by below
by a Maxwellian, i.e. f;(vi) > exp(—a|v; |2 + ,3_) for @ > 0 and ,3 € R, and also lies in P N L% (R?) (see for example

[17] and the references therein). By point (i), for all ¢ > O the solution va is entropically f;-chaotic, then applying
once more Theorem 25 we deduce that

Jim = H(GYI[£2Y]sy) =0. O

Proof of Theorem 8(iv). The proof is a consequence of Theorem 33. From the assumptions on fp and GY, we
conclude by Theorem 33 that G{)V satisfies condition (19)

VeeN,  lim H((G() & =0.
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As already said in Step 1 of the proof of point (ii) of Theorem 8, for all r > 0, the normalized Fisher’ information
1I(GNl)/N) is bounded, as well as M} (11, (GN)) Furthermore, for all ¢ > 0, we have f; € € L®(RY) and fi(vy) =
exp(—a|vg |>+ B) for some & > 0 and B € R (see point (iii) above). Hence, using once more Theorem 33, we conclude
that for all r > 0, Gz satisfies condition (19)

VeeN, lim H(IT,(GY)| 84 =0. 0

Appendix: Auxiliary results

We prove here some auxiliary results used in Section 2 and Section 3.
A.1. Change of variables

We present the proof of Lemma 9 in Section 2.

Proof of Lemma 9. Thanks to (21) we have

N-1 N
luy|* = <Z|vl|2+222v, v])

i=1 j>i

and,for1 <k <N —1,

k-1 k
|uk|2:k(k+])(2|v, +2) ) v + K v —%Zvl vk+1>

i=1 j>i

We deduce from these estimates that |u| |2 + -+ |un |2 : Iy + I, with

N—-1 1 k k 1 N
I = 2, * 2 - 2
| ;(k(kﬂ);wu +k+1|vk+1|)+N;|vl|

=) A+ Ay

and

N—1 1 k—1 k 1 k 1N—l N
12:2[ (ngvf-w—mZUf-w)—ﬁ va-vj]

k=1 1 j=i+1 i=1 i=1 j=i+l
N-1
= 2|: B + BNj|.
k=1
First of all, looking to I; we easily see that |vy|? appears only in Ay_1 and Ay, so its coefficient is (N — 1)/N +
1/N =1. For m suchthat 2 <m < N — 1, |vm|2 appears in A, _1, Ap, ..., Any—1 and Ay, hence its coefficient is
given by
N-1

—1 1 1
—+ ) et =1
].X:;,,J(Hl) N
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The coefficient of |v;|? is the same of |v;|? since there is no Ag. We conclude then
2 2
=lvi|"+ -+ |vn|"

We can compute /> in the same way. For | <m < N — 1, v,, - vy appears only in By_1 and By, so its coefficient
is =1/N +1/N = 0. Moreover, for 1 <m < p <N — 1, v, - v appears in B,_1, Bp, ..., By_1 and By, hence its
coefficient is given by

N—-1

1 1 1
-+ -+ —=0.
p ;p(erl) N

Finally, we conclude that |u1|> 4+ luy|?> = [vi|> + - - -+ |vn|? =r? and uy = z/+/N follows easily from (21).
The last point to prove is that the Jacobian is equal to one. To simplify we consider d = 1, the general case being the

same. Consider the matrix My that represents the linear application in (21), i.e. Myu = v, where u = (uy,...,uy) €
RN andv=(vq,...,vxy) € RV,
We claim that det(My) = 1. Indeed we have
1 _ 1 e
NG no Y 0
1 1 2
NG NG NG
My = .
N : " . 0
1 .. 1 __(N-D
J(N=DN JIN=-DN JIN=-DN
1 1

and it can be written in the form My = Dy Ay with a diagonal matrix Dy,

N 1 -1 0 0
V6 1 1 -2
My = : 0
aoe A | R
N

Let us prove the claim by recurrence. For N = 2 is clear that det(D;) = 1/2 and det(A,) = 2, which implies
det(M>) = 1. Then, supposing that det(My_1) = 1 we have

1
det(My_1) = (]‘[ Ty \/(N — 1)) det(Ay_1) =1 (A.1)

since det(Dy_1) is easily computed. Moreover, we have the following relation det(Ay) = N det(Ax—_1). Hence we
deduce that

det(My) = (]—[ \/k(T f) det(Ay)
1
=<l_[ JkEtD  JIN-DN f)Ndet(AN D

1

thanks to (A.1), which concludes the proof of the claim. U
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Regularity lemma

Lemma 34. Let f € P(RY). Suppose f € LP N Ly(RY) for p > 1 and s > 0. Then f € L%, (R?) with g < p and
m=s(p—-q)(p—1.

Proof. Let us compute the Ly, norm of f,

m/2
1719, =/(1+|v|2) F) do

5C(/f(v)qdv—i-/Ivlmf(v)qdv).

For the first term we have || f ||‘£,, <|f ||‘£ » and for the second one we obtain

r=1)/r 1/r
/ [o]™ f (v) dv < ( / Ivl’”’/(’”f(v)("“)’/(’”> ( / f(v)‘”)

by Holder’s inequality for some r > 1 and 0 < o < g. Now choosing r = p/« and choosing « such that (¢ —a)r/(r —
I)=1,ie.a=p(g—1)/(p — 1) we obtain

(p—q)/(p—1) (=1 /(p=1)
/ oI £ () dv < ( f Ivlm(”‘”/(”‘q)f(v)) ( / f(v)”> .

Finally, choosing m = s(p — ¢q)/(p — 1) we conclude with

- -1 —1/(p—1
Pt el (N A A A VA e 0
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