Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

ANNALES
2014, Vol. 50, No. 3, 999-1027 DETINUT
DOI: 10.1214/13-AIHP565 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2014 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Cycle structure of percolation on high-dimensional tori

Remco van der Hofstad? and Artém Sapozhnikov®

aDepartment of Mathematics and Computer Science, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, The Netherlands.
E-mail: rhofstad@win.tue.nl
Max-Planck Institute for Mathematics in the Sciences, Inselstrasse 22, 04103 Leipzig, Germany. E-mail: artem.sapozhnikov@mis.mpg.de

Received 5 December 2011; revised 9 October 2012; accepted 1 May 2013

Abstract. In the past years, many properties of the largest connected components of critical percolation on the high-dimensional
torus, such as their sizes and diameter, have been established. The order of magnitude of these quantities equals the one for
percolation on the complete graph or Erd6s—Rényi random graph, raising the question whether the scaling limits of the largest
connected components, as identified by Aldous (1997), are also equal.

In this paper, we investigate the cycle structure of the largest critical components for high-dimensional percolation on the torus
{—1r/2],...,[r/2] — 1}4. While percolation clusters naturally have many short cycles, we show that the long cycles, i.e., cycles
that pass through the boundary of the cube of width /4 centered around each of their vertices, have length of order r4/3 as on
the critical Erd6s—Rényi random graph. On the Erd6s—Rényi random graph, cycles play an essential role in the scaling limit of the
large critical clusters, as identified by Addario-Berry, Broutin and Goldschmidt (2010).

Our proofs crucially rely on various new estimates of probabilities of the existence of open paths in critical Bernoulli percolation
on Z4 with constraints on their lengths. We believe these estimates are interesting in their own right.

Résumé. Plusieurs propriétés du comportement des grandes composantes connexes de la percolation critique sur le tore en dimen-
sions grandes ont été récemment établies, telles la taille et le diamétre. L’ ordre de grandeur de ces quantités est é€gal a celle de la
percolation sur le graphe complet ou sur le graphe aléatoire de Erd6s—Rényi. Ce résultat suggere la question de savoir si les limites
d’échelles des plus grandes composantes connexes, telles qu’identifiées par Aldous (1997), sont aussi égales.

Dans ce travail, nous étudions la structure des cycles des plus grandes composantes connexes pour la percolation critique
en grande dimension sur le tore {—|r/2],..., [r/2] — l}d . Alors que les amas de percolation ont plusieurs cycles courts, nous
montrons que les cycles longs, ¢’est-a-dire ceux qui passent a travers la frontiere de chacun des cubes de largeur /4 centrés aux
sommets du cycle, ont une longueur de 1I’ordre r4/3, comme dans le cas du graphe aléatoire critique d’Erdds—Rényi. Sur ce dernier,
les cycles jouent un rdle essentiel dans la limite d’échelle des grands amas critiques tels qu’identifiés par Addario-Berry, Broutin
and Goldschmidt (2010).

Les preuves sont basées de maniere cruciale sur de nouvelles estimations de la probabilités d’existence de chemins ouverts dans
la percolation critique de type Bernouilli sur 74 avec des contraintes sur leurs longueurs. Ces estimations sont potentiellement
intéressantes en soi.
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1. Introduction and results

In the past years, the investigation of percolation on various high-dimensional tori has attracted tremendous attention.
In [4,5], the phase transition of the largest connected component was investigated for percolation on general high-
dimensional tori, including the complete graph, the hypercube in high dimensions, as well as finite-range percolation
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in sufficiently high dimensions. The phase transition of percolation on high-dimensional tori is mean-field, i.e., it
shares many features with that on the complete graph as identified in [8] (see, e.g., [2,3,16,17,21]).

In [4], the subcritical and critical behavior was investigated under the so-called triangle condition, a general as-
sumption on the underlying graph that ensures that the model is mean-field. The critical behavior of the model was
identified in terms of the blow-up of the expected cluster size, which identifies a window of critical values of the edge
occupation probabilities. For any parameter value in this critical window, the largest connected component was shown
to be of order V2/3, as on the complete graph, where V denotes the number of vertices in the graph. In [5], the triangle
condition was proved to hold for the above-mentioned examples.

The situation of finite-range high-dimensional tori, which in the graph sense converge to the hyper-cubic lattice,
was brought substantially further in [13,14], where, among others, it was shown that the percolation critical value on
the infinite lattice lies inside the scaling window. We now know that the largest connected components are all of order
V2/3 | that the maximal connected component |Cpax| satisfies that |Cmax|V_2/ 3 and v2/3 /|Cmax | are tight sequences of
random variables that are non-concentrated, and that the diameter of large clusters is of order V 1/3 These results (and
more) are also known to hold on the Erd6s—Rényi random graph, see e.g., [2,22], as well as the monographs [3,17].
This raises the question whether the scaling limits agree. We shall expand on this question in Section 1.4 below.

1.1. Percolation in high dimensions

We consider bond percolation on a graph G. For a given parameter p € [0, 1], this is the probability measure P,
on subgraphs of G defined as follows. We delete edges of G with probability (1 — p) and otherwise keep them,
independently for different edges. The edges of the resulting random subgraph of G are called open and the deleted
edges are called closed. Connected components of this random subgraph are called open clusters. The graphs we
investigate in this paper are (a) the d-dimensional torus ’]I‘f ={—1r/2],...,[r/2]1 —1}%; and (b) the hypercubic lattice
74, where the dimension d is supposed to be sufficiently large. How large we need to take d depends on the edge
structure of G. We consider two different settings: (a) In the nearest-neighbor model, two vertices are connected by an
edge if they are nearest-neighbors on G. With our choice of G, every vertex has 2d nearest-neighbors. In this setting
we take the dimension d large enough. (b) In the spread-out model with a parameter L, two vertices are connected
by an edge if there is a hypercube of size L in G that contains these vertices. With our choice of G, every vertex has
(2L + 1)@ — 1 neighbors. Of course, we are only interested in the case when the size of the torus is much larger than
L. In the spread-out setting with large enough L, we take the dimension d > 6.

To justify our choice of dimension, we recall a number of well-known results about percolation on Z¢. For bond
percolation on Z? with d > 1, there exists a critical probability p. € (0, 1) such that, for p < p., all open clusters are
almost surely finite and, for p > p., there is almost surely an infinite open cluster. At p = p,, it is widely believed that
there is almost surely no infinite open cluster. This fact has been shown for d =2 by Kesten [18] and for sufficiently
large d by Hara and Slade [12]. Here, by sufficiently large d, we mean d > 18 for the nearest-neighbor model and
d > 6 for the spread-out model with sufficiently large L. Showing this for all d > 1 remains a challenging open
problem.

The main assumption that we use in the paper concerns an estimate on the probability that, at criticality, two
vertices x and y are in the same open cluster of bond percolation on Z¢, which we denote by x <> y. We assume that
there exist constants D and D; such that, for all x and y in 74,

Di(1+1x—y) ™ <Py (x < y) < Da(1+x — y)* ™% (1.1)

These bounds have been established using so-called lace-expansion techniques, for the nearest-neighbor model with
large enough d by Hara [10], and for the spread-out model with d > 6 by Hara, van der Hofstad and Slade [11]. In
fact, these papers give asymptotic formulas for such probabilities, but for our purposes, the bounds (1.1) suffice.

It is believed that the estimates (1.1) hold for the nearest-neighbor model with d > 6, however the proof of this
fact is beyond the current methods. It has been proved by Chayes and Chayes [7] (assuming the existence of critical
exponents) that the bounds (1.1) are violated for d < 6. The dimension d = d. = 6 is usually referred to as the upper
critical dimension.

A simple computation using the upper bound in (1.1) shows that

V(pe) =) Pp. (0 x)P)y (x < )P, (y < 0) < oo, (1.2)
Xy
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The bound in (1.2) is called the triangle condition, and is believed to be true for d > 6. The triangle condition implies
that the sub- and critical phases of percolation on Z¢ behave similarly to the ones on a tree, for example, many
critical exponents on Z¢ are equal to those on the tree. Intuitively, the geometry of large critical clusters trivializes,
since the space is so vast that far away clusters are close to being independent. In recent years, a related condition
has been proved to hold on the torus, which implies that the critical behavior of large connected components on the
high-dimensional torus is similar to that on the complete graph. Sometimes this is called random graph asymptotics
for percolation on the high-dimensional torus.

In this paper, we study the cycle structure of bond percolation on the d-dimensional torus in the above two settings.
Despite the fact that, for any p € (0, 1), the vertices in open cycles occupy a positive fraction of the torus, which is
not the case for the critical and subcritical Erd6s—Rényi random graph (see [21]), most of such vertices belong only
to short cycles, such as open squares of four bonds. Short cycles vanish in the scaling limit of large critical clusters,
and are thus irrelevant to the scaling limit. Therefore, we focus on the existence of open long cycles, where we say
that a cycle is long when it passes through the boundary of the cube of width r/4 centered around each of its vertices.
Special cases of long cycles are non-contractible cycles, which are cycles that cannot, when considered as continuous
curves, be contracted to a point, and thus wind around the torus at least once.

Our main results show that the mean number of vertices in open long cycles grows like V1/3, and that such cycles
(when they exist) contain order of V!/3 vertices. Moreover, we show that the probability of the existence of at least
one open long cycle in a large cluster is bounded away from 0 and 1, uniformly in the volume of the graph. As we
discuss in more details below, this situation is analogous to the situation on the complete graph, as investigated in
[1,2,21]. We also refer the reader to [21], pp. 722723, for the discussion of more refined results about the structure
of connected components of the critical Erd6s—Rényi random graph.

For simplicity of presentation, we restrict ourselves hereafter to the nearest-neighbor model. The results of this
paper still hold for the spread-out model on the d-dimensional torus with d > 6.

The remainder of this section is organized as follows. In Section 1.2, we describe our main results, in Section 1.3,
we describe some results on critical percolation on Z? and the torus that are used in the proofs of our main results
and are interesting in their own right, and in Section 1.4, we discuss the results and their relation to the work on the
Erd6s—Rényi random graph.

1.2. Main results

We start by introducing some notation. For a € R, we write |a| for the absolute value of a, and, for a site x =
(x1,...,xq) € Z%, we write |x| for max(|x1], ..., |xg|), and |x]|; for Zf-l:l |x;|. For s > 0 and x € Z¢, let Q,(x) =
{yeZ |y —x|<syand dQs(x) ={y € Z: |y — x| = |s]}. We write Q; for Q,(0) and 8 Q; for 3 O, (0).

For a positive integer r, we consider the torus (Tf , E‘,i) with 'H‘f ={—1r/2],...,[r/2] — 1} and the edge set
]E’r’l ={{x,y} e Tf X Tf: Zle |[(x; — y;)(mod r)| = 1}. We often abuse notation and write Tf for (T’r’l, Ef). The
vertex 0 = (0, ..., 0) is called the origin. We denote the number of vertices in the torus or volume by V = r4. For
p € [0, 1], we consider the probability space (£2r, », Fr, p, Pr,p), where 27, = {0, 1}E;i, Fr, p is the o -field generated
by the cylinders of §2¢ p, and Pr j, is a product measure on (21, ,, Fr,p), Prp = l—[eeEg Me, Where f1, is given by
Ue(we =1) =1 — pe(w, =0) = p, for vectors (we)eeE,rz € 21, . We write Ep , for the expectation with respect to
Pr .

GVe further consider the hypercubic lattice (Z¢, E?), where the edge set is given by E¢ = {{x, y} € Z¢ x Z%: |x —
y|1 = 1}. Again, we often abuse notation and write Z¢ for (Z¢, E%). For p € [0, 1], we consider a probability space
(822,p, Fz,p, Pz, p), where §25, , = {0, I}Ed, Fz,p is the o-field generated by the finite-dimensional cylinders of £27, ,,
and Pz , is the product measure on (£2z,p, Fz p), Pz p = neEEd We, Where [, 1s given by pe(we =1) =1 — pe(we =
0) = p, for vectors (w,),cpd € $22,p-

In both settings, we say that an edge e is open or occupied if w, = 1, and e is closed or vacant if w, = 0.

The event that two sets of sites Ky, Co C T¢ are connected by an open path is denoted by {K; <> K in T¢},
and the event that Ky and KC; are connected by an open path of length (number of edges) at most k is denoted by

{Ky <S—k> K7 in ']Tf}. We write Cy(x) for the set of y € ']Tf such that x <> y in ']I‘f.
Similarly, the event that two sets of sites K1,/ C, C Z¢ are connected by an open path is denoted by {[; <>
IC» in Z4}, and the event that /C; and K, are connected by an open path of length at most k is denoted by

(K1 <5 K in Z%). We write Cy (x) for the set of y € Z4 such that x <> y in Z.
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Finally, for x,y € ']I“ri, we write T ,(x,y) =Pr ,(x < yin Tf), and r,, (x) = 77,5 (0, x), while, for x,y € 74,
T p(x,y) =P ,(x < yin Z9) and 1, , (x) = 72, , (0, ).

We call a nearest-neighbor path & = (x(1),...,x(m)) in Tf a cycle if it is edge-disjoint and x (1) = x(m), i.e., w
is an (edge-)self-avoiding polygon. We say that a cycle m is long if for each 1 <n < m, the cycle w has a vertex in
0 Q/4(x(n)). Finally, we denote by LCy, the event that the origin is in an open long cycle of length at most k.

For two functions g and & from a set X to R, we write g(z) < h(z) to indicate that g(z)/h(z) is bounded away
from 0 and oo, uniformly in z € X'. All the constants (C;) in the proofs are strictly positive and finite and depend only
on the dimension, unless the dependence on other parameters is explicitly stated. Their exact values may be different
from section to section.

We first give bounds on the probability that a vertex of the torus is in an open long cycle.

Theorem 1.1 (Expected number of vertices in long cycles). Assume (1.1). For x € ']Tf ,

Py, p, (x is in an open long cycle) < V23, (1.3)
Consequently,
Er, p, [#{x: X is in an open long cycle}] = v, (1.4)

In the next theorem we show that, with high probability, large open clusters of the torus may only contain long
cycles of length of order V173,

Theorem 1.2 (Long cycles have length of order V!/3). Assume (1.1). There exists C < 00 such that for any positive
& and §, and integerr > 1,

Pr p, (Elx: |CT(x)| > 8V?3 Cr(x) contains a long cycle of length < 8V1/3) < (1.5)

Ce
6 9,
and

Pr.p, (EI a long cycle of length > ! V1/3) <Ce. (1.6)

We next study the number of long cycles. We start by defining what this is. For a subgraph G of the torus, we define
Y as the smallest k for which there exist edges ey, ..., ex in G such that G \ {ey, ..., ex} does not contain any long
cycles. For § > 0, we define

Ys=> YeI(IC|>8V*7),
C

where the sum is over all open clusters C of the torus. We prove the following theorems:
Theorem 1.3. Assume (1.1). There exists C < 0o such that for all § > 0 and integer r > 1,
Er p [Ys] = C/3.
In particular, the random variables Ys are tight.
Theorem 1.4 (Non-trivial existence of long cycles). Assume (1.1).
(a) There exists ¢ > 0 such that for all integers r > 1,
Pr p, (EI a long cycle of length > cV]/3) > c.
(b) For any 6 > 0 there exists ¢ > 0 such that for all integers r > 1,
Pr . (Ys =0) > c.

In other words, with positive probability uniformly in r, there are no long cycles in clusters of size > §V?/3.
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1.3. Related results on critical percolation

In this section, we state a few results about critical Bernoulli percolation on Z¢ and Tj’ that are interesting in their
own right, for the ease of future reference.

Theorem 1.5 (Connections inside balls). Assume (1.1). There exists C < 0o such that

(a) foralln > 1,

> Py (0o xin Q) <C,
xX€dQy,

(b) forall e >0,

2
limsup Y Pz, (0 & xin Q) < Cye. (1.7)

n—>oo -
x€dQy,

Theorem 1.6 (Short connections). Assume (1.1). There exists C < 0o such that for any z € Z¢ and positive integers
r and k,

Ck . 2
<k . rd v ifk>r=,
Z Pz,pc(O <> xinZ ) = ér2—d e—1/(CVh) ifk <r2, (1.8)
x€Z4 x %z, |x|= 1 /4] -
and for k > r2,
CK?
3o Y P (0 win 2P, (0 S v in 2P, (v S win 2l < = (1.9)
r
whz, lw|=3r/4 Y
We note that in the special case where r = 1, (1.8) implies the result of [20], Theorem 1.2(i), that
<k . d
> Pup (0> xinZ9) < Ck. (1.10)
xezd
Theorem 1.7 (Torus two-point function). There exists C < oo such that for all x € ’]1‘;’,
T ( —-2/3
T,p. (X) < Tz,p.(x) + CV ) (1.11)
and for all positive integers n <r/2,
sup Py, . (0 <> x by a path which visits §Q0,,) < Cn*~4 4 CvV =23, (1.12)

xeTd
1.4. Discussion

In this section, we compare our results to those for the Erd6s—Rényi random graph (ERRG), as proved, for example,
by Aldous in [2], and formulate some open problems.

Cycle structure on the Erdds—Rényi random graph

We refer to [2] for the extensive literature on the cycle structure of the ERRG. The ERRG is obtained by removing
each edge of the complete graph K, independently with probability p. On the critical ERRG, there is no distinction
between long and short cycles, and the number of cycles of a cluster equals the tree excess of the cluster, i.e., the
minimal number of edges one needs to remove from the cluster in order for it to be a tree.
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On the ERRG, within the critical window p = (1 + an~V 3) /n for some A € R, the number of cycles of large
clusters converges in distribution to a Poisson random variable with a random parameter. This random parameter can
be described as the area of the cluster exploration process. Since this parameter is a bounded random variable, in
particular, each large cluster has a tree excess that converges in distribution, and the probability that the ith largest
cluster does not contain any cycle is strictly positive for any i > 1 fixed.

Since there is just a finite number of clusters of size at least n%/3, this immediately implies that the probability that
there are no connected components of size at least 8n>/> containing cycles is strictly positive. Further, all cycles have
macroscopic length. Indeed, the largest connected components in the ERRG have diameter of the order n!/3, and the
length of cycles (when they exist) is also of the same order of magnitude. Cycles play a crucial role in describing the
scaling limit of the largest critical clusters on the ERRG, as identified in [1]. Indeed, clusters locally look like trees,
with cycles creating shortcuts between the different branches of the tree. Since cycles have a macroscopic length,
these shortcuts are also macroscopic and thus the scaling limit of large critical clusters on the ERRG within the
critical window is not a tree.

We conclude that the main features of the scaling limit of the critical ERRG are (a) the largest critical clusters
being of size O(n?/3), with a non-concentrated limit; (b) the largest critical clusters being close to trees with at most
a finite number of macroscopic cycles; (c) a non-trivial probability that there exists large clusters having cycles.

Cycle structure on high-dimensional tori

We next investigate percolation on high-dimensional tori. In this case, of the above features (a)—(c) of the scaling limit
of the critical ERRG, the feature (a) has been investigated in [4,5,13,14], we focus on features (b) and (c) here. While
our results clearly are not as strong as on the ERRG, they do establish the non-triviality of the probability of existence
of cycles in large clusters as well as bounds on their length. Based on our results, we see that a natural split exists
between cycles containing O(V !/3) vertices that are truly macroscopic, and short cycles that basically remain within
a cube without leaving its boundary. The former are essential in describing the scaling limit, the latter vanish in the
scaling limit. There is no middle ground.

Our results provide yet another argument why the scaling limit of critical percolation on high-dimensional tori
should be related to that for the critical ERRG. More precisely, the scaling limit of large critical clusters on the ERRG
within the critical window is, or is not, a tree, each with positive probability. We see the same for large critical clusters
on the high-dimensional torus, where with high probability, there are no long cycles containing o(V '/3) vertices in
large cluster. Thus, all long cycles are macroscopic, and will thus change the scaling limit of large critical clusters, in
a similar way as they do on the ERRG.

Open probems

We complete this section by formulating a few open problems. The first extension deals with the values of p within
the so-called scaling window. The results in [13,14], in conjunction with those in [4,5], show that when p = p.(1 +¢),
where V!/3|¢| remains uniformly bounded, the largest clusters obey similar scaling as for p = p.. An open problem
is to show that Theorems 1.1-1.4 remain valid throughout the scaling window. Another extension is to more general
high-dimensional tori, for example, to percolation on the hypercube as studied in [6,15]. An open problem is to prove
that Theorems 1.1-1.4 also hold on the hypercube, where a cycle is defined to be long when the number of edges in it
is at least the random walk mixing time n logn. The random walk mixing time plays a crucial role in [15] to identify
the supercitical behavior of percolation on the hypercube.

Organization of this paper
This paper is organized as follows. In Section 2, we collect some preliminary results that we use in the proof. In

Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2. In Section 5, we prove Theorems 1.3 and 1.4.
In Section 6, we prove Theorem 1.5, in Section 7 we prove Theorem 1.6, and in Section 8 we prove Theorem 1.7.

2. Preliminary results

In this section we collect some results that we use in the proofs.



Cycle structure of percolation on high-dimensional tori 1005

2.1. Coupling clusters on the torus and the lattice

We say that two vertices x and y in Z¢ are r-equivalent and write x < y, if y = x + rz for some z € Z%. We say that
two edges e1 = {x1, y1} and e = {x3, 2} in E4 are r-equivalent (e ~ er) if xq ~ x7 and y; ~ y2, or if xq ~ y2 and
V1 ~ x7. In the proof of Theorem 1.1, we need an extension of [13], Proposition 2.1:

Proposition 2.1 (Coupling of clusters on torus and lattice). Consider bond percolation on Z% and on ’]I“,i with
parameter p € [0, 1]. There exists a coupling P, 1, of Py, and Pr_, on the joint space of percolation on 74 and Tf
such that the following properties are satisfied Py 1, p-almost surely for all k:

(a) forall x € T¢,
oS xintdic |J {05 yinzd),
yeZd y~x
(b) for x ~ y, the event
{05 yinzd)\ {0 <5 x inT9)

implies that there exist distinct r-equivalent vertices vy and vy in Z9 and a vertex z € Z¢ such that the following
disjoint connections take place in 7¢:

<k <k <k <k
{0 = z}o{z <— v1}o{z <— vy} o {v] <— V}.
[13], Proposition 2.1, is Proposition 2.1 for k = oo.
Proof of Proposition 2.1. Let ¢ be the map from Ef to subsets of E¢ defined by
_ /o d., 1T I d
(p({x,y}) = {{x ,y } eE%: x"~x,y ~y} forall {x, y} e E;.

The sets (¢(e)) eeEd form the equivalence classes of the equivalence relation e < f, where e < f denotes that the
endpoitns are r-equivalent. Note that for each e € Ef, ¢(e) # @, and the sets (gp(e))ee]E;z form a partition of E9. Let
@ be the map from {0, 1}E¢ to {0, l}]Ed defined by

d

D(w)f=w, forallwe{0,1}¥ eecEl feple).

Informally, we prove the proposition by defining for each percolation configuration on ’H‘;’ a certain “unwrapping” of
the set of edges with an end-vertex in Cr(0) onto E?, and then revealing the status of the remaining edges of E¢ by
sampling from an independent percolation configuration on Z?. We achieve this by constructing an exploration of the
edges of C1(0) for each percolation configuration on Tf.

Let w € {0, I}E;i. For n > 0, we will define the following sets of edges in Ef recursively in n:

Ar(n) (active edges), Oz (n) (occupied edges), Vr(n) (vacant edges), and
E1(n) = Or(n) U Vr(n) (explored edges);

and the following sets of edges in E¢:

Az(n) (active edges), Oz (n) (occupied edges), Vz(n) (vacant edges),
Gz(n) (ghostedges), and Ez;(n) = Oz(n)U V;(n) U Gz(n) (explored edges).

We refer to this recursive procedure as the exploration.
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We initiate the exploration by taking A(0) to be the set of all edges that are neighbors of the origin in Z<,
E;(0)=E;(0) =9, and A+ (0) ={e € E;’: @(e) N Az(0) # &}. Note that A(0) is the set of all edges in ]Ef that are
neighbors of the origin in ’]1‘;’.

Let n > 0. We assume that the exploration is defined up to step n and now define it at step (n + 1). If A (n) = &,
then we stop the exploration and write 7 = n — 1. Otherwise, we take an edge e € Az(n) which is closest to the
origin in terms of the graph distance in Oz(n) (with ties broken in an arbitrary deterministic fashion). We define
G,(n+1)=G;(m)U{f: f#e, f < e}. To make the other updates, we consider two cases:

(a) if @ (w), =1, then we define Oz(n + 1) = Oz(n) U {e}, Vz(n + 1) = Vz(n),and Az(n + 1) = Az(n) U {f: f~
e} \ Ez(n + 1), where e ~ f means that e and f share an end-vertex;
(b) if @(w), =0, then we define Oz (n + 1) = Oz (n), V,(n+ 1) =V,(n) U{e},and A;(n + 1) = Az(n) \ Ez(n 4+ 1).

Finally, for S € {A, O, V, E}, we define Sy(n+ 1) ={e € E‘rj: pe)NSz(n+1) # o).

Note that in the exploration the status of each edge f € ]Ef (i.e., the value of wy) is checked at most once. Indeed,
once an edge e € ¢(f) is selected, all the remaining edges in its equivalence class ¢(f) are immediately declared
ghost, and therefore, cannot become active anymore. In particular, foreach S € {A, O, V, E}, if Sz (n+ 1)\ Sz(n) # &,
then Sr(n + 1) \ Sy(n) # .

Also note that the exploration eventually stops, since T is at most the number of edges in Ef. Moreover, the set
O+(T) coincides with the set of open edges of C1(0) in w, and the set Vi(T') is the set of closed edges of E‘ri in w
sharing an end-vertex with Cr(0). In other words, the exploration stops as soon as all the edges with an end-vertex in
Cr(0) are explored.

To complete the construction of the coupling, we define, for each w € {0, I}Ef and € {0, 1}Ed, the configuration
& € {0, 1NE such that for all e € E,

~ {qﬁ(a))e ifee Oz(T) U V,(T),
W, =1 _ .
We otherwise.

Note that for any p € [0, 1], if (w, ®) is sampled from P , ® P ,, then @ gives a sample from P, p- Therefore,
(w, @) gives us a coupling of Py, and Pz ,. It remains to check that this coupling satisfies the properties defined in
the statement of the proposition.

Property (a) is immediate from the construction. It remains to prove property (b). Take x € ’IF;I, y € Z4, with x < y,
and an integer k > 0. Let w € {0, I}Ef and w € {0, 1}Ed be such that

~ <k . <k .
we{O<’—>y1nZd} and w¢{0<;>x1n’ﬂ‘f}.
We need to show that there exist distinct r-equivalent vertices vy and vy in Z4 and a vertex z € Z¢ such that
~ <k <k <k <k
w€ef{0<— z}o{z <— vi}o{z <— vy} o{v < y}.

We fix a shortest open path 7 from 0 to y in Z¢ in &. By assumption, the length &’ of 7 is at most k. Since w ¢ {0 JELR
xin ']I‘f}, there exists an edge e on this path such that e € Gz(T). Let e be the first edge on 7 from Gz(T) (counting

from 0 to y). We denote by (e, ..., e,—1) all the edges on the part of & from O to e, and by (ey,+1, ..., er) all the
edges on the part of 7 from e to y. Since 7 is chosen to be a shortest open path from O to y, there exists n such that
el,...,em—1 € Oz(n) and ey, 41, ..., ey ¢ Oz(n). Indeed, otherwise by the definition of the exploration, there would

exist an open path from 0 to y which is strictly shorter than .

By construction, there exists an edge f € Z¢ such that f #e, f < e, and the origin is connected to one of the end
vertices of f by an open path 7’ inside Oy (n). In particular, the length of 7’ is at most k. We denote this vertex by
vy, and let v be the end-vertex of e which is r-equivalent to v,. Let 71 be the part of 7 from O to vy, and 7, be the
part of  from vj to y.
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Note that 77 and 7, are edge-disjoint by definition. Moreover, since the edges of 7" are all in Oz(n), and the edges
of 7 are not in Oz(n), we deduce that 7’ and 7, are also edge-disjoint. We have thus shown that

ge | (05 u0inzd 0 vninzd)ofu <5 yinzd).
V1 #2017 v;
We finish the proof by observing that if 0 is connected to v; and v, by open paths in Z¢ of length at most k, then there

exists z € Z4 such that the following edge-disjoint open paths (each of length at most k) exist in Z¢: from 0 to z, from
z to vy, and from z to v. |

From now on, we only consider the probability measure PPz r , defined in Proposition 2.1 and
in the remainder of the paper, we write P, for Pz 1 .

In particular, P, (E) =Pz ,(E) for E € F4 , and P, (E) =Pr ,(E) for E € Fr p, (see Section 2.1 for notation), and
we always assume without mentioning the coupling from Proposition 2.1 when we consider events from F; , and
JFr,p simultaneously.

2.2. Previous results

In the next theorem, we summarize a number of results on high-dimensional percolation on Z¢ that we will often use
in the proofs in this paper.

We start by introducing balls in the intrinsic distance. For x € 74 and k > 0, we write Byi(x)={y: x <S—k>
yin Zd} to denote all vertices at graph distance at most k from x in Cz(x). Similarly, for x € ']I‘j’ and k > 0, we write
Bri(x) ={y: x PN yin Tf} to denote all vertices at graph distance at most k from x in Cy(x). Further, we let
0Bz k(x) = Bz x(x) \ Bz k—1(x) and 3By x(x) = By r(x) \ Brx—1(x) denote the vertices at graph distance precisely
equal to k from x. Let G be a subgraph of Z¢ or T¢, respectively. We define Bg £ (), BBz £ (X)), Bﬁ (x) and BBE £ (X)
in the same way as By (x), 0Bz r(x), Bri(x) and By (x), except that we are now only allowed to use edges
from G.

Theorem 2.1 (Critical behavior of high-dimensional percolation). Assume (1.1). There exist ¢ > 0 and C < oo
such that:

(i) Forall x € T‘,j, y € 74, and positive integer k,

supPp, (3By (y) # @) < C/k, supPp, (3B (x) # @) < C/k. Q.1)
G G

(ii) For all positive integers n,

en <P, (0«80, inZ% < Cn2. (2.2)
(i) cn?< Z Tz, pe (X) < Cn?, (2.3)
erﬂ
and for any given z € Z% and a positive integer r withr < n,
2 2
cn Cn
T = Z Tz, p. (X) < - 2.4)
ern,x’CZ,\xlzr/S
(iv) Forany z € 74,
D (0,00 p (6, )Tz (3, 2) < Cl2f77 2.5)

x,yezd
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Proof. The first statement is [20], Theorem 1.2(ii), and its adaptation to the torus in [14], Verification of Theo-
rem 4.1(b). Statement (ii) is [19], Theorem 1. Statements (iii) and (iv) easily follow from (1.1). O

The next theorem gives an upper bound on Er ,, |C(0)|, which is used often in the proofs:

Theorem 2.2 (Expected critical cluster size on torus). There exists C < oo such that for all r > 1,

ET,pc

co|<cv'’s. (2.6)

Proof. The statement follows from [13], (1.6), and [5], Theorem 1.6(iii). (Alternatively, it follows from (1.11) and
(2.3).) O

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 subject to Theorems 1.5-1.7. We give the proof of the upper bound in Proposi-
tion 3.1 and the proof of the lower bound in Proposition 3.2. The results of these propositions are more general than
the result of Theorem 1.1, and also give bounds on the probability that the origin is in a long cycle with small length.
In particular, the upper bound on the probability of such an event will be used in the proof of Theorem 1.2 to show
that large open clusters do not contain long cycles with few edges.

Recall that LCy, denotes the event that the origin is in an open long cycle of length at most k. We prove the following
bounds:

Proposition 3.1 (Upper bound on long cycles). Assume (1.1). There exists C < oo such that
P, (0 is in an open long cycle) < cv~23,
and

P, (LCy) < Ck/V.

Proof. We begin by proving the second statement of the proposition. Let k > 1. By the definition of a long cycle, if
LCx occurs, then there exists x € d 0,4 such that the following connections occur disjointly:

{0 < xin Qy/a} o {0 <§—k> x in 'H‘f}

By the BK inequality,
. <k .
P, (LCy) < Z Py (0 <> x in Q,/4)Pp, (0 < x in TY).
X€30;/4
By property (a) of Proposition 2.1 and (1.8), we obtain that for any x € d 0,4,
<k . d <k . d
Pp(0 <= xinT!) < Y P, (0> yinZ) <Cik/V.
yeZd y~x

Combining the above inequalities and using Theorem 1.5(a), we arrive at the second statement of the proposition.
We proceed with the proof of the first statement. As in the proof of the second statement,

P,.(0is in an open long cycle) < Z Py (0 < xin Q,/a)P), (O < xin Tf)
x€a Qr/4

By (1.11) in Theorem 1.7 and (1.1), for any x € 0 0,4,

Py (0 <> x in T9) < Cor?™ + V723 <20,V =253,
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where the last inequality holds for d > 6. Putting the bounds together and using Theorem 1.5(a), we obtain the first
statement of the proposition. (]

Proposition 3.2 (Lower-bound on long cycles). Assume (1.1). There exist constants c, & > 0 and K < 0o such that
P,.(0is in an open long cycle) > V23,
and for any k € [Kr?,eV1/3],
P, (LCy) = ck/ V.

Proof. The first statement immediately follows from the second one for k = & V!/3. We now prove the second state-
ment. Let R be a large positive integer. Let K be a large positive number, and ¢ a small positive number. The precise
choice of these numbers will be made later in the proof. Let k be an integer with k € [Kr?, e V1/3].

First of all, note that it suffices to prove the result for » > 16R. Indeed, once we fix R, the result for r € [1, 16R]
will follow by adjusting the constant c. Therefore, throughout the proof we assume that r > 16 R. The proof consists
of several steps.

Step 1. For any x € 74, let u(x) be the vertex in 74 with coordinates (x1,...,X4-1,%q + R). In particular, u(x)
00QRr(x).Forx € 74, consider the event

A= Agk, R) = {0 <5 ux)).
Let
N(A) = Hx e7% x LO,x #0, A, occurs}|.
We use the second moment method to show that
Py, (N(A) #0) > ck/V,

for some constant ¢ that may depend on K, but not on r, k or R.
We first show that there exists a constant C3 = C3(K) such that

E, N(A) > C3k/V. 3.1)
‘We write
E,, N(A) > 3 Py (0 <5 u(n). (3.2)

x~0,r/16<|x|< VKK

Similarly to the proof of [20], Theorem 1.3(i), one can show that if K = K(d) is chosen large enough, then for any

r/16 < |x| < Vk/K,
Py (0 <5 u(n) %PPC (0 < u()). (3.3)

Inequality (3.1) now follows from (3.2), (3.3), the assumptions r > 16R and k > K r2, and the lower bound in (2.4),
where C3 = C3(K) = c¢3/K for some c¢3 > 0 independent of all other parameters. From this moment onwards, the
large integer K remains unchanged.

Next, we bound the second moment of N(A). Let Z' be the sum over all distinct x, y € 74 such that x, y #0and

X,y ~ 0. We obtain

Ep N(A)? <Ep N(A) + Y Py (05 u(x),0 <5 u(y).
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Note that if 0 PN u(x)and 0 PN u(y), then there exists z € Z¢ such that the following open paths occur disjointly:

0 <§—k> Z,2 <§—k> u(x) and z <§—k> u(y). Therefore, the BK inequality implies

Ep N(A? <E, N+ S B, (0S5 P, (2 <5 u)By, (z <5 u(y).

z€Z4

Let 3" be the sum over all pairwise distinct x, y, z € 74 such that x ~ y <z By translation invariance and the fact
that u(x) — z =u(x — z), we have

Ep N(A? <Ep N(A) + Y By (0 <5 P, (0S5 u()P,, (05 u(y).

Since x, y and z are distinct and r-equivalent, at least two of them are at distance at least /2 from the origin.
Therefore, the above sum is at most

E, N+ Y [Bp0E5 9P, (055 u)Py, (05 u(y)

Xy ez x| ylzr/2
k k k
2P, (0 <> 0P, (0 < u(3))Pp, (0 < u(2))].
Remember that we assume that » > 16R. In particular, |u(x)| > r/4 when |x| > r/2. Applying (1.8) consequently to

the sums over x, y, and then (1.10) to the sum over z, and then using the assumption k < eV1/3, we obtain that there
exists &9 = £o(d) > 0 such that for any ¢ < &,

k\? k
Ep.N(A)? <E, N(A)+ Cak - (V) <E, N(A)+ C4e?v=1/3. 7 = 2EpN(A). (3.4)
A second moment estimate, using (3.1) and (3.4), yields

(Ep.N(A)? _ Csk
PPC(N(A) 75()) = 7EPCN(A)2 > SV

(3.5)
Step 2. Consider the event
E = E(r,k, R) = {0 <5 u(0) in T¢ by an open path which visits 80,2}
We show that for small enough ¢ and large enough R,

1
Pp.(E) > EIPPC(N(A) #0).

Since P, (E) > P (N(A) #0) — P, ({N(A) # 0} \ E), we should show that

1
Py ({N(4) # 0} \ E) < 5P, (N(4) #0). (3.6)

when ¢ is chosen small enough and R large enough.
If N(A) # 0 and E does not occur, then according to Proposition 2.1, there exist x € 74 with x ~ 0 and x #0,

a vertex z € 74, and distinct vertices v and v in Z4 with v; ~ vy such that the following disjoint connections take
place in Z<:

{0<S—k>z}o{z <S—k> v1}o{z <S—k> vz}o{vl <S—k> u(x)}
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By the BK inequality, the probability of the event { N (A) # 0} \ E is bounded from above by
<k <k <k <k
Z Z ZIP’,,L,(O o P (2 < V)P (2 <> )P, (1 < u(x)). (3.7)
XLO,x;éO vlva,vl;évz <

Note that, since vy and v, are distinct and r-equivalent, either |v; — z| > r/2 or |vp — z| > r/2. Assume first that
|vp — z| > r/2. It follows from (1.8) that for any v and z fixed,

> Py (z <5 v2) < Csk/ V.,

szZd,vz’Cvl,|U271|2r/2

where Cs does not depend on k, vy or z. On the other hand, by (1.9) and using the fact that k < eV1/3,
Cek?
3 3P0 9P, @ S5 B, (v S un) < 67 < G (3.8)

x~0,x£0 "%
Therefore, for v, and z with |vy — z| > r/2, the sum (3.7) is, uniformly in R, bounded from above by

C5C683k/ V.
Next, consider the sum (3.7) in the case |v; — z| > r/2. By translation invariance, the sum (3.7) equals

YooY Y P0E 9P, S uB, S By (v S u) + (02— ).

xLO,x;éO V1 va,ul #v2 <

By the definition of u(x), the translation of u(x) by (vy — v1) equals u(x + (v2 — v1)). Since vy ~ V2, the translation
of x (r-equivalent to 0) by (va — vy) is still r-equivalent to 0. However, note that it is possible that x 4+ (v — v1) =0.
These observations imply that the above sum is bounded from above by

<k <k <k =k
Z Z ZPPC(O < P (z <= v)Pp (2 < vz)[P’pc(vz < u(x)).
x~0 vlva,vlyévz 2

Since we only consider the above sum in the case z and v; satisfy |v; — z| > r/2, we obtain as before that for any
given z and vy,

3 Py (z <5 1) < Csk/ V.

’
v €24 ,v1~vy, v —z|2r/2

It remains to bound the sum

3SR, 0 S5 9P, 2 S5 By, (12 < u)).

2,V r
2 xA0

There are two cases depending on whether x # 0 or x = 0. The case x # 0 can be considered similarly to (3.8), so the
above sum is bounded from above by Cge? in this case.
It remains to consider the case x = 0. In this case |u(x)| = R, and we simply bound the above sum by

D Py (0 )P, (z < 1)), (v2 <> u(0)),

Z,02
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which is bounded from above by C;R%~? by (2.5), where C7 is independent of R. Therefore, for v; and z with
|v; — z| > r/2, the sum (3.7) is bounded from above by

Cs(2Cee” + C7R™)k/ V.

Now recalling (3.5), we take R large and & small so that (3.6) holds. We obtain from (3.5) and (3.6) that
Py, (E) = C3k/(4V).

Step 3. We now show that there exists Cg = Cg(R) > 0 such that
Ppe(LCyt ga) = CPp, (E).

This follows from a local modification argument as follows. Note that if E occurs, there exist z and z' on d Q g such
that z is connected to 7’ by a path in ']I“,i \ QOr of length at most k which visits dQ,/>. We can therefore modify the
configuration of bonds inside Qx to make sure that {0 <> z in Qg} o {0 < 7/ in Qg}, which implies that the origin
is in a long cycle of length at most k + R?. Since there are only finitely many edges in Q, the above inequality
follows.

We can now complete the proof of Proposition 3.2. We pick K = K (d) so that (3.1) holds for all » > 16 R. We then
pick € = e(d) and R = R(d) to satisfy (3.4) and (3.6). It follows from Steps 2 and 3 of the proof that for all » > 16R
and k € [Kr2 + R4, eV1/3],

Cs3(k — RY)

P, (LCy) = C
pe (LCy) = Cg I,

> Cok/V.

Finally, we adjust the constant Cy so that the result remained valid for r < 16R. O

4. Proof of Theorem 1.2

Proof of (1.5). Let £ > 0 and § > 0. Let M be the number of vertices x € Tj’ such that |Cr(x)| > 8V?2/3 and Cr(x)
contains a long cycle of length at most £ V!/3. We need to show that there exists C < oo such that

P, p. (M #0) <Cg/é.

By the definition of M and the Markov inequality,

2/3 T, Pc
Py p (M #0) =Py, (M = 8V>7) < sV2i3

By translation invariance,
Er p [M] <V -Prp. (CT(O) contains a long cycle of length at most £ V'!/ 3).

Note that if C3(0) contains a long cycle of length at most V13 then there exists z € Cr(0) such that the following
events occur disjointly:

[0 zinT?} o LC,y 1.
Therefore, application of the BK inequality gives that
Pr, p (Cr(0) contains a long cycle of length at most £V1/3) <Er . [Cr(0)| - Pr p, (LCoy13).

Using (2.6) and Proposition 3.1, and putting all the bounds together gives (1.5). (]
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Proof of (1.6). This is a simple consequence of Theorem 1.1. Indeed, if there exists a long cycle of length at least
e~'v1/3, then the number of vertices in long cycles is at least (2de)~!V!/3. Denote the number of vertices in long
cycles by M. Then, by the Markov inequality and Theorem 1.1,

P, (3along cycle of length > e ' V!/3) <P, (M > (2de) ' V') <2deV~'PE, [M]
= 2d8V2/3]PPC (Oisin along cycle) < Cje. |

5. Proof of Theorems 1.3 and 1.4
5.1. Proof of Theorem 1.3
Let 7 be the set of z € Cr(0) such that {0 <> z} o {z is in a long cycle}. Theorem 1.3 follows from Lemma 5.1:

Lemma 5.1 (Bound on the number of long cycles).
Yer(0) = 2d|Z].
Moreover, when (1.1) holds, there exists a finite constant C such that

E,.|Z|<CV~I/3.

Before we prove Lemma 5.1, we show how to use it to complete the proof of Theorem 1.3:

1 _
B 151 = 2B | s Yeren (60| = 8V25) | = (V) 'V, e = €11

as required. In the remaining part of this section, we prove Lemma 5.1.

Proof of Lemma 5.1. Let £ be the set of edges of the torus adjacent to at least one of the vertices from Z. We will
show that YCT(O) <|€&].

Let G =C:(0), and let G = G \ € denote the subgraph of G obtained by removing every edge of G that is in £.
Note that every vertex from 7 is an isolated vertex in 5; We claim that the graph G does not contain long cycles.
Indeed, assume that there is a long cycle 7 in G. Since G is a subgraph of G, 7 is a long cycle in G. In particular,
there exists z € 7 such that 0 is connected to z in G by a path that does not use any edges from 7. Therefore, z € 7
and z is not an isolated vertex in G. This is a contradiction.

We have just shown that by removing every edge adjacent to a vertex in Z, we obtain a subgraph of Cr(0) without
long cycles. This implies that Y. ) < |€] < 2d|Z].

Further, by the BK inequality, (2.6) and Theorem 1.1,

Ep.|Z] <Ep,

Cr(0)|Pp, (0 is in a long cycle) < C, V175, O
5.2. Proof of Theorem 1.4(a): Existence of long cycles

We need to show that there exists ¢ > 0 such that
P, (there exists a long cycle of length > ¢V'/?) > c.

Take ¢ > 0. The precise value of ¢ will be determined later. Define
M= |{x: x is in a long cycle of length > 8V1/3} |

Then, clearly,

Pr p, (EI a long cycle of length > 8V1/3) =Pr p (M #0). (5.1
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By the second moment method, we can bound
Py p. (M #0) >

We first show that Ey ,, M > C3 V173 and then that Er, p. M 2 < Cy V23, By translation invariance,
Er .M = VPr (0 in along cycle of length > eV'/3).
Recall the definition of LCj. We write
Pr (0 in a long cycle of length > eV!/?) > Py , (0 in a long cycle) — Pr , (LCpy13).
It follows from Theorem 1.1 that
Pr, . (0 in a long cycle) > Cs V=23,
and from Proposition 3.1 that
Pr . (LCpy113) < Coe V™23 (5.2)

By taking & small enough, we deduce that
1
Pr, . (0 in a long cycle of length > eV'/3) > EPT,pc (0in a long cycle),

and the desired lower bound on Er, , M follows.
It remains to prove that E , M 2 < C4V?3, Since

IFL‘T,IL,CM2 = ZPT,pC(x, y in long cycles of length > €V1/3),
‘x’y

it suffices to show that

Z Pr p.(x, y in long cycles) < CyV33,
Xy
We split the above sum, depending on whether the events {x in long cycle} and {y in long cycle} occur disjointly or

not. The contribution where these events do occur disjointly can be bounded, using the BK inequality and Theorem 1.1,
by C7V?/3, so that

IET,,,CM2 <V 4 Z Pr, . (x, y in overlapping long cycles), (5.3)
X’y
where the event {x, y in overlapping long cycles} indicates that all pairs of long cycles, one of which contains x and
the other y, share at least one edge.

Lemma 5.2 (Contribution of overlapping cycles). Assume (1.1). There exists C < 0o such that

Z Pr, p. (x, y in overlapping long cycles) < cv?3. (5.4)

X,y

Proof. For a pair of vertices x, y € ']I‘f and s > 0, we denote by A (x, y) the event that x is connected to y by a path
in T¢ which visits 3 Q; (x).
Note that if x and y are in overlapping long cycles, then there exist u#, v such that
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(a) u and v both are part of the long cycle that contains x as well as the one that contains y,
(b) the connections x <> u, u <> v,x <> v,y <> u, y <> v all occur disjointly,
(c) atleast one of the events A,/12(x, u), Ayj12(u, v), or Ay/12(v, x) occur.

Therefore, using symmetry and the BK inequality, we can upper bound the sum in (5.4) by

43" Pop (Arji2 e, w) 7o p (6, 0)Txp, (1, 0) T2, (3, ) Trp, (3, V)

X,y,u,v

+ D Top ()T p, (X, VP (Arj12(t, )T (3. W) Tr p, (7, ). (5.5)

X,y,U,v

By (1.12), we can bound P, (A,/12(x, u)) < CsV =2/ Let

Vi, p =Supzf’ﬂ‘,p(x,u)f’ﬂ“p(uaU)TT,p(U7y)~ (5.6)

Xy u,v
It follows from [5], Theorem 1.6(iii), and [13], (1.6), that V¢ ,, < Cy. Therefore, we can bound the first sum in (5.5)
by

_ _ 2.6)
CsV ™ > 1o (0, )T (1, 0)Trp, (3, ) T p (v, 0) < CgV 3V, Br ) [Cr(0)] < CroV3, (5.7)

X,y,u,v

and the second sum in (5.5) by

CgV_2/3 Z Tr, po (X, )Ty, p. (X, V)T, p. (¥, ) Tr, p. (¥, V)

X,y,u,v

<CGVTPVsup Yt p (0,10)7r p, (1, Y)Tr p (3, 0) Y Trp, (V)

v
X,y,u,v v

(2.6)
=CsV 3V Vs, Brp |CO)] < CroV?5.
These estimates complete the proof. (I

We continue with the proof of Theorem 1.4(a). It follows from (5.3) and Lemma 5.2 that E , M 2 < V33, By
the second moment method, we obtain

Ep , M)? _ C3
IP’T,I,C(EI a long cycle of length > 8V1/3) =Pr p (M #£0) > (IEE::%Mz > C—z > 0.

This completes the proof of the fact that a long cycle of length > &V /3 exists with positive probability.

5.3. Proof of Theorem 1.4(b): Non-existence of long cycles

In this section we prove that, for any positive §, with positive probability uniformly in r, the clusters of size > §V?/3
do not contain any long cycles. In other words, recalling the definition of Y5 in Section 5.1, we will prove the following
proposition:

Proposition 5.1 (Non-existence of long cycles). For any positive § there exists ¢ > 0 such that, for all r > 1,

Pr,p. (Ys =0) > c.
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Proof. For x € ’]I“ri , run the following exploration of the edges of Cr(x) started from x. Enumerate the edges of ']I“ri.
(In the algorithm we describe now, if there are several edges to choose from, we always pick the edge with the
smallest number.) The first stage of the algorithm is the standard depth-first exploration. At this stage, after n steps,
the algorithm produces

the set of explored vertices X, (which will be a subset of the vertices of Cr(x)),

the set of explored edges E, (these will be the explored edges, the occupancy of which we will check),

the set of open explored edges 7, and the open cluster induced by these edges, also denoted by 7, (which will be
part of the depth-first spanning tree of Cr(x)), and

e the set of unexplored edges U, (the algorithm will not check the occupancy of these edges).

Further, let W, = E,, U U,,.

Take x € ']Tf. Let Xo =Ty = {x}, Wy = . Let n > 0. Assume that X,,, E,, T,, and U,, are defined. If there is no
edge {a, b} with a € X, and {a, b} ¢ W, then we stop the algorithm and write A, = A, forall Ae{X, E,T,U, W}.
Otherwise, pick the vertex a € X,, which is the farthest from x in 7, for which there exists b € ’JT? such that {a, b} ¢
W,,. Such a vertex, if it exists, is always unique, since we explore depth-first. (We prove this statement in Lemma 5.3(a)
at the end of the section.)

Let e = {a, b} be the smallest such edge. We distinguish two cases:

1. If b ¢ X,,, then we define E, 1| = E,, U{e}, U,4+1 = Uy, and check the occupancy of e.
(a) If e is open, then we define X, 11 = X,, U{b} and T,,;-1 =T, U {e}.
(b) If e is closed, then we define X,,+1 = X, and Ty, 1 = Tj,.

2. If b € X,, (in this case we call e a surplus edge), then we define X,,+1 = Xy, Ty41 =Ty, Ens1 = Ep,and U1 =
U, U {e}, and do not check the occupancy of e.

Since the number of edges of Tﬁl is finite, this stage of the algorithm will terminate at some step N < co. We then write
Ay =Ap forall A e {X,E, T,U, W}. In particular, X, is the vertex set of Cp(x), Ty is the “depth-first” spanning
tree of Cp(x) with root at x, and Wy is the set of edges with at least one end vertex in Cr(x). The occupancy of edges
in Ey is known. In particular, the graph induced by sets of open edges in E, is 7. The occupancy of edges in U, has
not been checked. The sets E, and U, are disjoint. Also note that, given the set of unexplored edges U,, the edges in
U, are open independently of each other. An example of an edge {a, b} € U, is given in Fig. 1.

We proceed by describing the second stage of the algorithm. The aim of this second stage is to select those surplus
edges {a, b} that (i) close a long cycle; and (ii) are such that x <— b is completely disjoint from the long cycle that
is created by the addition of the edge {a, b}; and (iii) there are no long cycles precisely when all these selected edges
are closed.

After n steps, the algorithm produces

e the set of open explored edges G, and the open cluster induced by these edges, also denoted by G, (which will be
a subgraph of Cr(x) without long cycles),

o the set of explored edges F;,, (which will be a subset of edges of U,, the occupancy of which we will check), and

o the set of special edges Z, (the algorithm will not check the occupancy of these edges; each e € Z, will have
the property that in the graph G, U {e}, e is in a long cycle 7, and there exists a path p connecting one of the
end-vertices of e to x which is edge disjoint of ).

T

Fig. 1. Example of an edge {a, b} € Ux.
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Note that, according to the first stage of the algorithm, each edge e € U, can be written as {a, b} such that the unique
path from a to x in the spanning-tree T, passes through b. (We prove this statement in Lemma 5.3(b) at the end of the
section.)

Denote by B, the set of end-vertices with this property, that is, a vertex b is in By, if and only if there exists a vertex
a such that the edge {a, b} is in Uy and the unique path from a to x in the spanning tree 7, passes through b.

We enumerate the vertices of B, subject to the following restriction: a vertex b € B, receives a smaller number
than b’ € By if the unique path from 4’ to x in the spanning tree 7 passes through b. This ordering of the vertices in
By can be better understood by introducing an auxiliary abstract tree T, rooted at x with the vertex set {x} U B, and
the following set of oriented (away from the root) edges:

For b, b’ € By, there is an edge from b to b’ in Ty, if the unique path from &’ to x in the depth-first spanning tree T}
passes through b, and the unique path between b and b’ in T, does not contain any other vertices from B,. With this
definition, we can alternatively say that a vertex b € B, has a smaller number than b’ € B, if there is an oriented path
from b to b’ in Ty. In other words, we enumerate the vertices of B, according to their distance to x in the abstract tree
T,. An example of a collection of cycles and the corresponding tree Ty is given in Fig. 2.

The second stage of the algorithm goes as follows. Let Go = Ty, Fo = &, Zo = & and By = By. Assume that, for
n >0, the sets G, Fy,, Z, and B, are defined. If B, = &, then we stop the algorithm and define G, = G, Fy = F),
and Z, = Z,,.

Otherwise, pick a vertex b € B, with the biggest number. We distinguish two cases:

1. If there are at least two vertices a and a’ such that the edges {a, b} and {da’, b} are in U, \ (F, U Z,), then define
B, +1 = B, and we select the admissible edge with the smallest number. (This is the same numbering of the edges
of the torus as in the first stage of the algorithm.)

2. If the vertex a such that the edge {a, b} is in U, \ (F, U Z,,) is unique, then we define B,+1 = B, \ {b} and select
this edge.

Assume that the edge e = {a, b} is selected.

1. If the graph G, U {e} does not contain a long cycle, then we define F,,+1 = F, U {e} and Z,, 11 = Z,, and check the
occupancy of e.
(a) If e is open, then define G, 1 = G, U {e}.
(b) If e is closed, then define G, 1 = G,.

2. If the graph G, U {e} does contain a long cycle, then we define G,,+1 = G, Fy4+1 = F, and Z,4+1 = Z, U {e} and
do not check the occupancy of e. Note that, by the special ordering of the vertices in By, every long cycle of the
graph G, U {e} passes through e and it is edge disjoint with the unique path from b to x in the tree T,.

Fig. 2. Example of a collection of cycles and the corresponding tree T .
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Since the number of edges of ’H‘;i is finite, this stage of the algorithm will terminate at some step N' < co. We then
write A, = Ay forall A € {G, F, Z}. The sets F, and Z, are disjoint, and their union is U,. The occupancy of edges
in F, is known. In particular, the graph induced by set of open edges in E; U Fy is G,. The occupancy of edges in
Z, has not been checked. In particular, given the set Z,, the edges in Z, are open independently of each other. By the
definition of Z,, any edge e € Z, is in a long cycle in the graph G, U {e}, and every long cycle of the graph G, U {e}
passes through e. Moreover, by the special ordering of the vertices in B, any edge e € Z, can be written as {a, b} so
that the unique path from b to x in the spanning tree 7, is edge disjoint from some long cycle of the graph G, U {e}
(but not necessarily from all long cycles of the graph G, U {e}).

We run the above defined exploration algorithm for all the open clusters of the torus. We pick a vertex x; uniformly
on the torus and determine the depth-first spanning tree of the cluster of x; with root at x1, Ty,, the set of explored
edges E,, U F,, and the set of special edges Z,,. We then pick a vertex x, uniformly from the remaining vertices and
determine the depth-first spanning tree of Cr(x2), Tk, , the set of explored edged E,, U Fy,, and the set of special edges
Z,,. We then proceed similarly by selecting x3, ..., xy and determining 7y,, E,;, U Fy, and Z,,. Here M = M (w) is
the number of open clusters in the realization w.

Given the sets of explored edges E,; U F,, the number of long cycles is defined by the status of the special edges
Z,,. In particular, if all the edges in Z,, are closed, then Cr(x;) does not contain long cycles. Note that given the set
of explored edges Ey; U F),, the event that all the edges in Z,; are closed has probability

(1= po)l#il.

Also, the size of a cluster is determined by the number of vertices in a spanning tree. Therefore (remember that M is
the number of open clusters in the torus)

M N=sV2/3 M ) ) 2/3
PpC(YS =0)= ]Epc[(l _ pc)Z,:1 |Zy; [1(IC(xi)|>8V )] > (- pc)]Epp[lel |Zs 1T(IC(x)|>8V iy (5.8)

The last step follows from Jensen’s inequality.
Let C, ..., Car be all the clusters of the torus sorted from the largest (in the number of vertices) to the smallest
with ties broken in an arbitrary way. We will show that

M
E,, [Z'Z%” (|Cx(x)] > 8V3) ] E,. [Z >

i=1 lleC)I(l)|

——|Z|(ICq)| > av2/3)} (5.9)
Fix a percolation realization on the torus. Remember the way we select the vertices x1, ..., x)s: select x| uniformly
on the torus, select xo uniformly on Tf \ Cr(x1), select x3 uniformly on T‘ri \ (Cr(x1) UCr(x2)), and so on. Given a
percolation realization on the torus, we can select the vertices x, ..., x) in two steps: first select a permutation o
of {1,..., M} (the distribution of o is irrelevant to us), and then select x; uniformly from C . Note that the sum
Zf‘i 1 Z 1T (IC(x)] > 8V2/3) does not depend on o, i.e., on the order in which we select clusters, and only depends
on which points in clusters we select as x;’s. This implies (5.9).
Note that

AP

i leC | (1)|

1
|Z |1 |C(z)| >8V2/3):| — 5V2/3 Pz |:Z Z |Z |:| V2/3 Z |Z |

i=1xeCg xeTd
Therefore, it follows from (5.8) and (5.9) that

P, (Y5 =0) > (1= po)® V" EpcllZol,
Proposition 5.1 follows once we show that

Ep[1Zol] = Civ15. (5.10)
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Recall that 7 is the set of z € Cr(0) such that {0 <> z} o {z is in a long cycle}, and let £ be the set of edges with at least
one end-vertex in Z. By the properties of Zy, if e € Z is open, then e € £. Therefore,

1 1 1
Ep.[1Zol] = o > ", (e € Zo. e is open) < ;E,,C[|5|] < ;2dE,,C[|I|].
e

C

The claim (5.10) now follows from Lemma 5.1. This completes the proof of Proposition 5.1. ]

In the remainder of this section, we prove some properties of the exploration algorithm defined in the proof of
Proposition 5.1. Remember the notation used in the description of the algorithm.

Lemma 5.3 (Structure depth-first tree).

(@) Forn >0, let X, be the set of vertices a' € X, for which there exists b e ']I‘jl such that the edge {a’,b'} ¢ W,,.
For each n > 0, there exists a unique vertex a € X,;,, which is the farthest from x in the tree T,, and all the other
vertices from X, belong to the unique path from a to the root x in T,.

(b) For all e € Uy, there exist a,b € X such that e = {a, b} and the unique path from a to x in the tree Ty passes
through b.

Proof. The proof of part (a) is by induction on n. The result is obvious for n = 0, since X o = {x}. Assume that the
result holds for all n’ < n. Pick the unique vertex a € X » which is the farthest from x in 7;,. Let {a, b} ¢ W,,. (If there
are several choices, then we pick the smallest edge according to the numbering of the edges of the torus.) If {a, b}
satisfies 1(a) of the first stage of the algorithm, then b € X;,41, and the unique path from b to x in 7,41 contains X,,,
by the induction assumption. If {a, b} satisfies 1(b) or 2 of the first stage of the algorithm, then either X N+l = X, af
there is more than one edge {a, b}y ¢ W,)or an = ?n \ {a} (if there is the unique edge {a, b’} ¢ W,,). In both cases
X,4+1 satisfies the statement in part (a) of the lemma, by the induction hypothesis. This completes the proof of (a).
To prove part (b), let e € Ux. There exists n > 0 such that Uy, \ U, = {e}. By the definition of the algorithm,
there exist a and b such that e = {a, b} and a is the farthest vertex in X,, from x in 7. Note that the edge e satisfies
condition 2 of the first stage of the algorithm. In particular, b € X,, and e ¢ W,,. Therefore, b € X,.. The result in part
(b) now follows from part (a) of the lemma. (Il

6. Proof of Theorem 1.5

In this section, we restrict to percolation on Z?. In particular, all the paths are assumed by default to be in Z¢, and
we write here {x <> y} for {x <> y in Z¢} and C(x) for Cz(x). This section is organized as follows. In Section 6.1, we
start with some preparatory lemmas based on the techniques in [19,20]. We prove Theorem 1.5(a) in Section 6.2, and
Theorem 1.5(b) in Section 6.3.

6.1. Preparatory lemmas
The following lemma produces the factor /¢ that is present in Theorem 1.5(b):

Lemma 6.1. There exists C < 0o such that for any ¢ > 0, positive integer n, and x € 72 with x| > n2,
<en?
IP’I,C(O “—00,,0< x) < CVePp (0 < x).
<en2
Proof. This proof is a slight modification of the proof of [20], Lemma 2.5. The event E = {0 &9 Q,}is measurable

2
with respect to 5y (en>)={x ez 0 PN x}. Therefore, [20], Lemma 2.5, implies that for any x € 74 with |x]|
sufficiently large,

2
P, (0 <25 80,,0 < x) < C1\/en?P,, (E)P,, (0 < x).
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In fact, it follows from the proof of [20], Lemma 2.5, that the above inequality holds for all x € 74 with x| > n2.
Finally, remember that P, (E) < C>n~? by (2.2). This completes the proof. ([l

It follows from Lemma 6.1 and (2.3) that

E P (O <—><€ ; BQn 0« x) <C \/_811 6
DPc ’ - 3 b ( .1)
eran\an

which shall be used crucially later on.

We next recall some notation from [19]. Recall the definition of a K -regular vertex from [19], Definition 4.1: For
A C 79 let C(y; A) be the set of vertices z such that y <> z in A. For y € 8Q,, and positive integers s and K, we say
that y is s-bad if C(y; Q) satisfies

Pl’c (

We further say that y € dQ,, is K-irregular if there exists s > K such that y is s-bad. Otherwise we say that y is
K -regular.
We say that a pair of vertices (x, y) is (n, K, ¢)-admissible if the following conditions hold: (a) y € 0Q, and

C(y) N Qs()| < s*log” sIC(y; 0n)) < 1 — exp(—log?s).

2
x€Qy2\ 0,200 PEUN yin Q, and y < x; (c) y is K-regular; and (d) the edge {y, y} is pivotal for the event
0 <> x, where y is the neighbor of y not in Q, (if more than one exist, then we choose the first in lexicographical
order).
We define Y (n, K, €) as the number of (n, K, ¢)-admissible pairs. The random variable Y (n, K, ¢) is very similar
to Y (j, K, L) defined in the proof of [19], Lemma 5.1.

Remark 1. Note that [19], Lemma 5.1, holds for all M > 1 and not just for M > L2/2 as it is stated. Indeed, [19],
Lemma 5.1, follows directly from [19], Lemmas 5.3 and 5.5, both of which hold (and are stated) for all M > 1.

Lemma 6.2. There exists a positive constant C4 = C4(K) such that for K sufficiently large, any positive integer n
and ¢ > 0,

2
E, Y@ K, &) > C4(K)n4]Eva {y €300,: 0 PN yin Qpn,yis K—regularH.

Proof. A word for word repetition of the proof of [19], Lemma 5.1 (taking into account Remark 1) gives Lemma 6.2.
Indeed, with the notation of [19], the only difference in the proofs arises in the proof (and the statement) of [19],
Lemma 5.3, where instead of the event

K

& ={0<« yin Qj,yis K-regular and X; = M},

we use the event
~ 22 )
& ={o PN yin Qj,y is K-regular and XJI.< e _ M).

However, the event & still can be determined by observing only the edges of C(0; Q). Therefore, the proof of
Lemma 5.3 in [19] remains unchanged if we replace the event £; with the event &£;. The proof of Lemma 5.5 in [19]
also requires only that the event £; must be determined by observing only the edges of C(0; Q ), and therefore also
holds with & replaced with & . O

Note that for every x € 05,2\ O, there exists at most one y € d Q,, such that the pair of vertices (x, y) is (n, K, ¢)-
admissible. Therefore,

EpY(n,K.e)= Y Pp(3y€dQu: (x,y)is (n, K, &)-admissible).
x€0,2\0,2
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2
If (x,y) is (n, K, €)-admissible, then {0 PN yin Q,} and {0 <> x} both occur. We use this observation to bound the
expected number of (n, K, ¢)-admissible pairs from above by

> IP’pC(EIyeaQn:O;s—niyinQn,Oex): > Ppt(0<58—'12>8Qn,0<—>x).
x€0,2\0,2 x€0,,2\0,2

We can now combine these bounds with the results of (6.1) and Lemma 6.2 to get

2 C
Epc|{y €90, 0 PN yin Qp, yis K—regular}| < C (31{)\/5 (6.2)
4

for all large enough K, positive integers n and for all ¢ > 0 with the constants C3 from (6.1) (not depending on
K, n and ¢) and C4(K) from Lemma 6.2 (not depending on n and ¢). We next investigate the contribution from
K -irregular y’s:

Lemma 6.3. For all large enough K and for all € > 0,

2 1 2
lim sup Z Pp. (0 2 v in Qp, v is K -irregula ) < 3 lim sup Z Pp. (0 20 yin Qp).

n—oo yEBQn n—o0 }'EaQn

Proof. Recall the definition of an s-locally bad vertex from [19], Definition 4.3: Let ’Z}loc(y) be the event that (a) for
all z € Q5(y), 1C(z; Q2 () N Qs ()] < s* log* s; and (b) there exist at most log> s disjoint open paths starting in
Q;(y) and ending at Q24 (y). For y € 90, and positive integers s and K, we say that a cluster C in QS4,,2 ()N Qyis
a “spanning cluster” if (a) C N Q, intersects both 0 2 (y) and Q24 (y), or (b) C =C(y). We say that y is s-locally
bad if there exist spanning clusters Cy, ..., Cy, in Q 42 (y) N Qy such that

IP’I,C_(’Z;IOC(y)lcl, coesCm) < 1 —exp(— log? 5).

Note that the event that y is s-locally bad is determined by the status of the edges in the box Q 4,2 (y) N Q. Moreover,
it follows from [19], Claim 4.2, that if y is not K-regular, then there exists s > K such that y is s-locally bad.
Therefore, we need to bound from above the probabilities

2
P, (0 <% yin Q,, y is s-locally bad)

for y € dQ,, s > K and large enough n.
. . . . . 2
Since we are only interested in large n, we may assume that ne > 1. We consider two different cases: 2d (s*¢ )¢ < n

2 . 2 . . .
and 2d(s*")? > n. We start with the case 2d(s*¢ )? < n. Note that in this case the ball Qst contains at most en?
edges. We bound the sum

)
Z Py (0 % yin Q,, y is s-locally bad)
yedQn
from above by

<en? . .
Z Py (0 &= Q 42 (y) in Qp, y is s-locally bad).
y€dQn

<epn?
Since the events {0 PEAN Qs4‘12 (y) in Q,} and {y is s-locally bad} depend on the states of edges in disjoint subsets of
74, they are independent. In particular, the above sum equals

2
3 P (055 Q42 (y) in Qu)Py, (v is s-locally bad).
YEIQy
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By [19], Lemma 1.1, and the FKG inequality (see, e.g., [9], Theorem 2.4), there exist a positive constant C5 and a
finite constant Cg such that for all m and z,7' € 90,

Pp.(z <> z'in Q) > Csexp(—Cs logzm).

2 2
We apply this result to “extend” the path 0 PN 0.2 (y) in Q, to apath 0 20 yin Qp:

<é&n

2 . 2 §2£n2 .
Py, (0 & 0 42 (y) in Q) < Crexp(Cglog” s)Pp, (0 <— y in Qy).

Here we also use the fact that the number of edges in 0 2 (y) is at most en?, which implies that if two vertices z and

7/ in Q 422 (y) are connected by an open path in Q 42 (y) then the length of this path is at most en?.
It follows from [19], Lemma 4.3, that

P, (y is s-locally bad) < Cog exp(—Clolog4s).

We now put these bounds together. Let " be the sum over all s such that s > K and 2d (s4d2)d < n. We obtain that
/ <en® . .
Z Z Py, (0 < yin Q,, y is s-locally bad)
y€30n
is bounded from above by

Cllexp(—C1210g4K) Z PPC(O?—)mzyin Q,,),
y€IQh

where the constants C1; and C1, do not depend on n, € or K.
We now consider the case 2d (s4d2)d >n.Letsgo=(n /Zd)l/ 4d®) For s > 50, we simply bound

> <en? . . - .
Z Z Py, (0 < yin Q,, y is s-locally bad) <100,| Z sup P, (y is s-locally bad).
$s=50 yed Oy s=50 y€0Q,
We again use [19], Lemma 4.3, to bound the above expression by

o0
[00,] Z Co exp(—C1010g4s) <Cis exp(—C14 10g4n),

S=s50

since so = (n/2d)1/(4d3), and where the constants C13 and C14 do not depend on n, K, or €.
We take K so large that Cq; exp(—C1210g4 K) < 1/2. Remember [19], Claim 4.2, which states that if y is K-
irregular, then there exists s > K such that y is s-locally bad. Therefore, for such choice of K, the sum

Z Pp. (0 <§€—nz> yin Qy,y is K-irregular) < % Z Pp. (0 52—>€n2 yin Q,) +Ci3 exp(—C1410g4 n). (63)
Y€IQp Y€IQp

The result of Lemma 6.3 follows. O
6.2. Proof of Theorem 1.5(a)

The proof of Theorem 1.5(a) is similar to the proof of Lemma 6.3, but easier. We refer the reader to Section 6.1 for
definitions and notation. Remember the definition of a K -regular vertex from Section 6.1. Let X ,{( "€ be the number
of K -regular vertices on the boundary of Q, connected to the origin by an open path in Q,,.
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Let Y(n, K, L) be the random variable defined in the proof of [19], Theorem 2: We say that a pair of vertices
(x,y) are (n, K, L)-admissible if the following conditions hold: (a) y € 00, and x € Q1 (y); (b) 0 <> y in Q, and
y <> x; (¢) y is K-regular; and (d) the edge {y, y} is pivotal for the event 0 <> x, where Y is the neighbor of y not
in Q, (if more than one exist, we choose the first in lexicographical order). We define Y (n, K, L) as the number of
(n, K, L)-admissible pairs.

It follows from [19], Lemma 5.1, and Remark 1 that there exists C15 = C15(K) such that for all large enough K
and for all n and L,

E, Y (n, K, L) > Cis(K)L*E,, X5 €. (6.4)
Lemma 6.4. For all large enough K and for all n,
- 1
E, X\ "> 3 > Pp0<yin Q).

YEIQy

Proof. The proof of this lemma is very similar to the proof of Lemma 6.3, but simpler. In the same way as in the
proof of Lemma 6.3 and with the same choice of K, we bound

1
Z P,.(0 < yin Q,, y is not K -regular) < > Z P,.(0 < yin Q) + Ci3 eXp(—CM 10g4 K)
YEIQy Y€EIOn

We then use the result of [19], Lemma 3.1: For all positive integers n,

Z P,.(0 < yin Q,) > 1.

YEIQy

We increase K if necessary to fulfill the bound Ci3 exp(—Ci4 log4 K) < 1/6. The result follows. O
Theorem 1.5(a) follows in a straightforward way from (6.4), Lemma 6.4 and the fact that

EpY(n, K.,n) < Y P, (0 x)<Cien’.

x€Qay

The last inequality follows from (2.3).
6.3. Proof of Theorem 1.5(b)

Let
2
F(e)=limsup Y P, (0% yin Q).
n—>0o0 yEBQn

Theorem 1.5(a) implies that there exists a finite constant C7 such that F () < Cy7 for all ¢ > 0. It follows from (6.2)
and Lemma 6.3 that for all ¢ > 0,

C3 1
F(e) < C—4J5+ S F@e).

We apply the above inequality k times to get

1 Ci7
F(e) < Cig/e + 5 F(2%) = Cig/e +
with C1g = C3+/2/C4(+/2 — 1) and where we use that F(2X¢) < Cy7 by Theorem 1.5(a). This inequality holds for
any fixed k. We complete the proof of Theorem 1.5(b) by taking k such that 2F /& > 1.
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7. Proof of Theorem 1.6

Proof of (1.8). Let k and r be positive integers and z € Z¢. For brevity, we write /4 instead of |r/4]. It suffices to
prove the result for all large enough k. By Theorem 1.5(b), there exist A and K such that for any k > K,

- 1
Y P 0<Sying, <. (7.1)

2
)’EBQAJ];

Indeed, fix ¢ > 0 such that the right hand side of (1.7) is strictly smaller than 1/2. Then by (1.7), inequality (7.1) holds
for all large k with A =1/./¢.
From now on we assume that k > K. We first consider the case Avk < r/8. We write

o0

Yo P (0 xinz) <Y 3 Py p (0 < x in 2)
xezd xXz,|x|=r/4 n=0 2 riatrn<|x|<r/4+r@n+1)
o
<Y cim+1p*! sup Py . (0 <5 x in 2).
n=0 r/4+rn<|x|<r/4+r(n+1)

Here we use the fact that, uniformly in r, the number of x ~ z such that r/4+rn <|x| <r/4+r(n+1)is of order
(n+ 141,

Take n > 0 and x € Z9 with rld+rm<|x|<r/d+r(n+1).Let M,, = L%J > 1, since A«/%f r/8.

k . . . . .
Note that the event {0 L X in Zd} implies the existence of x1, ..., xy such that for alli € {1,..., M}, x; €

n

004 ﬁ(xi_l) (where we assume xo = 0) and the following connections all occur disjointly:

k . .
[xic1 <> xiin 0, gi-D), i €{l...., My}, and {xp, <> x}.

By the BK inequality, translation invariance, (7.1), the fact that |x,;, — x| > r/8, and (1.1), for any n > 0,

1\ M
sup Py p (0 < x in29) < cer<—) .
rjAtrn<|x|<r/4+r(n+1) 2

Putting all the bounds together and using that M, > n + My (since Avk < r/8), we have in the case Avk < r/8
that

M,

o
1 n
> Pzp. (0 <5 xin27) < €14 (n + D! (5) < Cyr2dr/BAVR),

erd,x'rvz,lx|zr/4 n=0

This finishes the proof of (1.8) in the case Avk < r/8.
It remains to consider the case A\/I; > r/8. We write

Z Pz, p. (0 JEL Zd) < Z P2, p. (0 <> x in Zd)

r r
xeZd x~z,|x|>r/4 x€Qg, /X~ |X127/8

oo
+y 3 Py p. (0 <5 x in 29).

n=8 L. nAvk<|x|<(+1)AvE

Using (2.4), the first sum can be bounded from above by C4k/r?.
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Take n > 8 and x € Z¢ with nAvk < |x| < (n+ 1) Avk. Note that the event {0 <§—k> x in Z4} implies the existence
of x1,...,xy—1 such thatforalli e {1,...,n — 1}, x; € BQAﬁ(xi,l) (where we assume xo = 0) and the following
connections all occur disjointly:

<k . .
{xic1 <= x;in QAﬁ(xi_l)}, iefl,....,n—1}, and {x,_; < x}.
By the BK inequality,
k.
> Py p. (0 <= x in Z9)
x~z,nAVEk<|x|<(n+1)AVE
" <k . . d
< Z HPZ,pC(xifl < x; in QAﬁ(xi,l)) Z Pz,pc(xn—l <~ xinZ )
M dn—1 i=1 Xz nAVE<|x|<(+1)AVE

Note that for any choice of xy, ..., x,—1 as above, we have r/8 < AV < [Xn—1 — x| < 2nA/k. Therefore, by trans-
lation invariance and (2.4), we obtain

Z Py, p, (xn—1 <> x in 29) < Z Py, p. (0 <> x in Z¢)
x~znAVE<[x|<(n+DAVE XE€Q o, Ay X ~T—Xn—1,Ix|2r/8
Csk
<
rd

Putting all the bounds together and using translation invariance and (7.1), we get

S n—1
<k . d Cyk Csk (1 Cok
g PZ,pC(O(—)xan )Sr—d+ E r—d 5 Sr—d
x€Zd4 x~z,|x|>r/4 n=8

This finishes the proof of (1.8) in the case AVk >r/8. [l

Proof of (1.9). We bound the sum over u, v, and w by distinguishing three cases: |u| > r/4, [v — w| > r/4, and the
remaining term.

If [v — w| > r/4, then (1.9) follows by applying (1.8). Indeed, by (1.8) we get one factor of k/r? from summing
over w, and by (1.10) two factors of k from the remaining two sums.

If |u| > r/4, weletu’ = u + w and v’ = v + w, and replace the sums over u and v by sums over ©’ and v’ and use
translation invariance to obtain that (1.9) over this range equals

<k /s d / <k 7 . d <k ’ . d Ck3
Z Z Pz, p(w < u’ in Z)Py, . (u' <= V' in Z%) Py, . (0 < v in Z )Sr—d, (7.2)

wLZ"w‘z3r/4u’,v’:|u’7w|2r/4
where we use that |u’ — w| = |u| > r/4, together with (1.8) and (1.10).

It remains to bound the sum over all u, v, and w with w ~ z, lw| = 3r/4, lu| <r/4, and |[v — w| < r/4, which we
denote by Y’. By the triangle inequality, we have |u — v| > r/4. We write

S B p (0S5 win 2P, (4 <5 vin 2P, (v <5 win Z9)

=S Pop (0S5 win 24Py, (1 <5 vin 24Py, (05 v — win 29).
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Note that v ~ v — w + z and |u — v| > r/4. With the change of variables (v, x) = (v, v — w 4 ), we observe that the
above sum is bounded from above by

Y Y P (0ES winZP,, (u S vin Z4)P, (0S5 x in 29).

u,x r
T v~x, lv—u|>r/4

Applying (1.8) to the sum over v, and then (1.10) to the sums over u and x, we obtain that the above sum is bounded
from above by (C7k/ rd) . C7k - C7k. Putting all the cases together, we arrive at (1.9). U

8. Proof of Theorem 1.7

Proof of (1.11). Take x € T¢. Let k = | V!/3]. We write

Py (0 xin TY) =P, (0 <5 x in T¢) + P, ({0 < x in T} \ {0 <5 x in T¢)).

It follows from Proposition 2.1, (1.8), and the choice of k that
<3k . d -2/3
Pp.(0 €= xinT¢) <17, (0, x) + CV~°.

Note that the event {0 <> x in T¢} \ {0 EK xin T4} implies that (a) 3By x(0) # @, (b) dBri(x) # @, and
(¢) Brx(0) and By (x) do not intersect. Let G’ be the subgraph of Tf obtained by removing all edges needed to
calculate Br (x). Note that the events (a)—(c) imply that d Br x(x) # & and ang (0) # @. By (2.1),

supP,, (0BS 1 (0) # @) - Py, (0 Br i (x) # @) < (C2/k)* < C3V 3.
G

This completes the proof of (1.11). ]

Proof of (1.12). Let x € T¢. Let n be a positive integer smaller than r/2. We distinguish two cases: |x| < 2n/3 and
|x| > 2n/3. In the first case, we observe that the event {0 <> x by a path which visits d Q,,} implies that there exists a
vertex y € d @, such that

{0< yin Qu}o{y < x}.
By the BK inequality, Theorem 1.5(a) and (1.11),
Pp, (0« x in T4 by a path which visits On)

= Z PPC(O <~y in Qn) : IPPC (y < x in Tf) < C4( sup TZ,p‘;(ya x)+ Csv—z/:‘ﬁ)'
YEIQn Y€IQy

Since |x| < 2n/3, the distance between x and any y € dQ,, is at least n/3. Therefore, by (1.1), we have 7 ;. (y, x) <
Cen?=4, and (1.12) follows.
In the case |x| > 2n /3, we simply use the bound

1.11)
P, (0 <> x in T¢ by a path which visits 30,,) <P, (0 <> x in TY) < 15 . (0, x) + CsV 3.

Since |x| > 2n/3, we obtain by (1.1) that 7z, (0, x) < C7n*>~9, and (1.12) follows. O
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