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Abstract. We consider the problem of estimating a function s on [—1, 11¥ for large values of k by looking for some best approxi-
mation of s by composite functions of the form g o u. Our solution is based on model selection and leads to a very general approach
to solve this problem with respect to many different types of functions g, u and statistical frameworks. In particular, we handle
the problems of approximating s by additive functions, single and multiple index models, artificial neural networks, mixtures of
Gaussian densities (when s is a density) among other examples. We also investigate the situation where s = g o u for functions g
and u belonging to possibly anisotropic smoothness classes. In this case, our approach leads to a completely adaptive estimator
with respect to the regularities of g and u.

Résumé. Cet article traite du probleme de 1’estimation d’une fonction s définie sur [—1, l]k lorsque k est grand en utilisant des
approximations de s par des fonctions composées de la forme g o u. Notre solution est fondée sur la sélection de modele et
conduit, pour résoudre ce probleme, a une approche tres générale tant sur les possibilités de choix des fonctions g et u que sur les
cadres statistiques d’application. En particulier, et entre autres exemples, nous considérons I’approximation de s par des fonctions
additives, des modeles de type “single” ou “multiple index”, des réseaux de neurones, ou des mélanges de densités gaussiennes
lorsque s est elle-méme une densité. Nous étudions également le cas ol s est exactement de la forme g o u pour des fonctions
g et u appartenant a des classes de régularités qui peuvent étre anisotropes. Dans ce cas, notre approche conduit a un estimateur
completement adaptatif par rapport aux régularités de g et u.
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1. Introduction

In various statistical problems, we have at hand a random mapping X from a measurable space (2, A) to (X, X) with
an unknown distribution P; on X depending on some parameter s € S which is a function from [—1, 1]¥ to R. For
instance, s may be the density of an i.i.d. sample or the intensity of a Poisson process on [—1, 1]% or a regression
function. The statistical problem amounts to estimating s by some estimator § = §(X) the performance of which is
measured by its quadratic risk R(s, §) = E; [d2(s, §)], where d denotes a given distance on S. To be more specific,
we shall assume in this introduction that X = (X1, ..., X;) is a sample of density s2 (with s > 0) with respect to
some measure ¢ and d is the Hellinger distance. We recall that, given two probabilities P and Q dominated by ©
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with respective densities f = dP/du and g = dQ/du, the Hellinger distance & between P and Q or, equivalently,
between f and g (since it is independant of the choice of ) is given by

1
(P, Q)=h2(f,g>=5f</?—¢§>2du. (L)

It follows that ~/2d (s, ) is merely the [L,-distance between s and ¢.

A general method for constructing estimators § is to choose a model S for s, i.e. do as if s belonged to S, and to
build § as an element of S. Sometimes the statistician really assumes that s belongs to S and that S is the true parameter
set, sometimes he does not and rather considers S as an approximate model. This latter approach is somewhat more
reasonable since it is in general impossible to be sure that s does belong to S. Given S and a suitable estimator §, as
those built in Birgé [8] for example, one can achieve a risk bound of the form

R(s.§) < C[ingdz(s, 1+ tD(S)], (1.2)
re

where C is a universal constant (independent of s and §), D(S) the dimension of the model S (with a proper definition
of the dimension) and 7, which is equal to 1/n in the specific context of density estimation, characterizes the amount
of information provided by the observation X.

It is well known that many classical estimation procedures suffer from the so-called “curse of dimensionality,”
which means that the risk bound (1.2) deteriorates when & increases and actually becomes very loose for even moderate
values of k. This phenomenon is easy to explain and actually connected with the most classical way of choosing
models for s. Typically, and although there is no way to check that such an assumption is true, one assumes that s
belongs to some smoothness class (Holder, Sobolev or Besov) of index «. Such an assumption can be translated in
terms of the approximation properties of a suitable collection of linear spaces (generated by piecewise polynomials,
splines, or wavelets for example) with respect to the target function s. More precisely, there exists a collection S of
models with the following property: for all D > 1, there exists a model S € S with dimension D which approximates s
with an error bounded by ¢ D~%/¥ for some ¢ independent of D (but depending on s, & and k). With such a collection
at hand, we deduce from (1.2) that whatever D > 1 one can choose a model § = S(D) € S for which the estimator
§ € S achieves a risk bounded from above by C[c¢>D~2*/* 4+ 1 D]. Besides, by using the elementary Lemma 1 below
to be proved in Section 5.6, one can optimize the choice of D, and hence of the model S in S, to build an estimator
whose risk satisfies

R(s,§) < C max({3c2/@eth) g20/Quth); o) (1.3)
Lemma 1. For all positive numbers a, b and 0 and N* the set of positive integers,

inf {aD™® +bD} < b+ min{2a"/@+Vp D g} < max{3al/C@+Vp#EFD; 2},
DeN*

Since the risk bound (1.3) is achieved for D of order t—*/ Qo+k) a5 7 tends to 0, the deterioration of the rate
72¢/Ce+k) when k increases comes from the fact that we use models of larger dimension to approximate s when k is
large. Nevertheless, this phenomenon is only due to the previous approach based on smoothness assumptions for s.
An alternative approach, assuming that s can be closely approximated by suitable parametric models the dimensions
of which do not depend on k would not suffer from the same weaknesses. More generally, a structural assumption on
s associated to a collection of models §’, the approximation properties of which improve on those of S, can only lead
to a better risk bound and it is not clear at all that assuming that s belongs to a smoothness class is more realistic than
directly assuming approximation bounds with respect to the models of §'. Such structural assumptions that would
amount to replacing the large models involved in the approximation of smooth functions by simpler ones have been
used for many years, especially in the context of regression. Examples of such structural assumptions are provided by
additive models, the single index model, the projection pursuit algorithm introduced by Friedman and Tukey [14] (an
overview of the procedure is available in Huber [17]) and artificial neural networks as in Barron [6,7], among other
examples. It actually appears that a large number of these alternative approaches (in particular those we just cited) can
be viewed as examples of approximation by composite functions.
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In any case, an unattractive feature of the previous approach based on an a priori choice of a model S € S is that it
requires to know suitable upper bounds on the distances between s and the models S in S. Such a requirement is much
too strong and an essential improvement can be brought by the modern theory of model selection. More precisely,
given some prior probability 7w on S, model selection allows to build an estimator § with a risk bound

CR(s,§) < }I;g{tiggdz(s, 1)+ t[D(S) + log(l/n(S))” (1.4)

for some universal constant C > 0. If we neglect the influence of log(1/m(S)), which is connected to the complexity
of the family S of models we use, the comparison between (1.2) and (1.4) indicates that the method selects a model in
S leading approximately to the smallest risk bound.

With such a tool at hand that allows us to play with many models simultaneously and let the estimator choose a
suitable one, we may freely introduce various models corresponding to various sorts of structural assumptions on s that
avoid the “curse of dimensionality.” We can, moreover, mix them with models which are based on pure smoothness
assumptions that do suffer from this dimensional effect or even with simple parametric models. This means that we
can so cumulate the advantages of the various models we introduce in the family S.

The main purpose of this paper is to provide a method for building various sorts of models that may be used, in
conjonction with other ones, to approximate functions on [—1, 11* for large values of k. The idea, which is not new, is
to approximate the unknown s by a composite function g o u where g and u have different approximation properties.
If, for instance, the true s can be closely approximated by a function g o u where u goes from [—1, 1]% to [—1, 1]
and is very smooth and g, from [—1, 1] to R, is rough, the overall smoothness of g o u is that of g but the curse
of dimensionality only applies to the smooth part u, resulting in a much better rate of estimation than what would
be obtained by only considering g o u as a rough function from [—1, 1]¥ to R. This is an example of the substantial
improvement that might be brought by the use of models of composite functions.

Recent works in this direction can be found in Horowitz and Mammen [16] or Juditsky, Lepski and Tsybakov
[18]. Actually, our initial motivation for this research was a series of lectures given at CIRM in 2005 by Oleg Lepski
about a former version of this last paper. There are, nevertheless, major differences between their approach and ours.
They deal with estimation in the white noise model, kernel methods and the LLo,-loss. They also assume that the true
unknown density s to be estimated can be written as s = g ou where g and u have given smoothness properties and use
these properties to build a kernel estimator which is better than those based on the overall smoothness of s. The use of
the Loo-loss indeed involves additional difficulties and the minimax rates of convergence happen to be substantially
slower (not only by logarithmic factors) than the rates one gets for the LL,-loss, as the authors mention on p. 1369,
comparing their results with those of Horowitz and Mammen [16].

Our approach is radically different from the one of Juditsky, Lepski and Tsybakov and considerably more general as
we shall see, but this level of generality has a price. While they provide a constructive estimator that can be computed
in a reasonable amount of time, although based on supposedly known smoothness properties of g and u, we offer a
general but abstract method that applies to many situations but does not provide practical estimators, only abstract
ones. As a consequence, our results about the performance of these estimators are of a theoretical nature, to serve as
benchmarks about what can be expected from good estimators in various situations.

We actually consider “curve estimation” with an unknown functional parameter s and measure the loss by L,-type
distances. Our construction applies to various statistical frameworks (not only the Gaussian white noise but also all
these for which a suitable model selection theorem is available). Besides, we do not assume that s = g o u but rather
approximate s by functions of the form g o u and do not fix in advance the smoothness properties of g and u but rather
let our estimator adapt to it. In order to give a simple account of our result, let us focus on pairs (g, #) with u mapping
[—1,17% into [—1, 1] and g [—1, 1] into R. In this case, our main theorem says the following: consider two (at most)
countable collections of models T and I, endowed with the probabilities A and y respectively, in order to approximate
such functions u and g respectively. There exists an estimator § such that, whatever the choices of u and g with g at
least L-Lipschitz for some L > 0,

C'(L)R(s,$) < d*(s, g o) + }g{}ggdggg, £)+1[DF) + log(l/y(F))]}

. . 2 —1
+;2gr tgd (u, 1) +t[D(T)log +log(1/A(T))]}, (1.5)
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where d, denotes the distance based on the supremum norm. Compared to (1.4), this result says that, apart from the
extra logarithmic factors and the constant C’ depending on L, if s were of the form g o u the risk bound we get for
estimating s is the maximum of those we would get for estimating g and u separately from a model selection procedure
based on (I, y) and (T, A) respectively. A more general version of (1.5) allowing to handle less regular functions g
and multivariate functions u = (uy, ..., u;) with values in [—1, 1]’ is available in Section 3. As a consequence, our
approach leads to a completely adaptive method with many different possibilities to approximate s. It allows, in
particular, to play with the smoothness properties of g and u or to mix purely parametric models with others based on
smooth functions. Since methods and theorems about model selection are already available, our main task here will be
to build suitable models for various forms of composite functions g o # and check that they do satisfy the assumptions
required for applying previous model selection results.

2. Our statistical framework

We observe a random element X from the probability space (§2, A, P;) to (X, X) with distribution P; on X depending
on an unknown parameter s. The set S of possible values of s is a subset of some space L, (E, ) where i is a given
probability on the measurable space (E, £). We shall mainly consider the case ¢ = 2 even though one can also take
g = 1 in the context of density estimation. We denote by d the distance on I, (E, u) corresponding to the IL, (E, u)-
norm || - ||, (omitting the dependency of d with respect to ¢) and by IE; the expectation with respect to Ps so that
the quadratic risk of an estimator § is Es[d?(s, §)]. The main objective of this paper, in order to estimate s by model
selection, is to build special models S that consist of functions of the form f ot where t = (#1, ..., #) is a mapping
from E to I C R!, f is a continuous function on / and I = ]_[lJ: 1 Ij is a product of compact intervals of R. Without
loss of generality, we may assume that / = [—1, l]l. Indeed, if ] =1, ¢ takes its valuesin I} = [ —«a, B+ a],x >0
and f is defined on /1, we can replace the pair (f, t) by (f, 7) where 7(x) = o~ [ (x) — Bl and f(y) = f(ay+ B) so
that 7 takes its values in [—1, 1] and f ot = f o . The argument easily extends to the multidimensional case.

2.1. Notations and conventions

To perform our construction based on composite functions f o ¢, we introduce the following spaces of functions:
T C Ly (E, ) is the set of measurable mappings from E to [—1, 1], 7} o is the set of bounded functions on [—1, 17
endowed with the distance doo given by doo(f, ) = sup,e_y 1y | f(x) — g(x)| and F; . is the subset of F; oo which
consists of continuous functions on [—1, 1]'. We denote by N* (respectively, R? ) the set of positive integers (respec-
tively positive numbers) and set

lz) =sup{j €Z|j <z} and [z]=inf{j eN*|j>z} forallzeR.

The numbers x A y and x V y stand for min{x, y} and max{x, y} respectively and log, (x) stands for (logx) Vv 0.
The cardinality of a set A is denoted by |A| and, by convention, “countable” means “finite or countable.” We call
subprobability on some countable set A any positive measure 7 on A with 7(A) < 1 and, given = and a € A, we set
m(a) =n({a}) and A, (a) = —log((a)) with the convention A, (a) = +o0 if w(a) = 0. The dimension of the linear

space V is denoted by D(V). Given a compact subset K of R with I% #+ &, we define the Lebesgue probability (1 on
K by u(A) =1(A)/A(K) for A C K, where A denotes the Lebesgue measure on Rk,

For x € R™, x; denotes the jth coordinate of x (1 < j < m) and, similarly, x; ; denotes the jth coordinate
of x; if the vectors x; are already indexed. We set |x|2 = Z;f;] sz for the squared Euclidean norm of x € R™,
without reference to the dimension m, and denote by 83, the corresponding closed unit ball in R™. Similarly,
|X|oo = max{|xq], ..., |x,|} for all x € R™. For x in some metric space (M, d) and r > 0, B(x, r) denotes the closed
ball of center x and radius r in M and for A C M, d(x, A) =inf,c4 d(x, y). Finally, C stands for a universal constant
while C’ is a constant that depends on some parameters of the problem. We may make this dependence explicit by

writing C’(a, b) for instance. Both C and C’ are generic notations for constants that may change from line to line.
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2.2. A general model selection result

General model selection results apply to models which possess a finite dimension in a suitable sense. Throughout the
paper we assume that in the statistical framework we consider the following theorem holds.

Theorem 1. Let S be a countable family of finite dimensional linear subspaces S of L, (E, i) and let w be some
subprobability measure on S. There exists an estimator § = §(X) with values in | Jg.g S satisfying, for all s € S,

E,[d*(s,§)] < ang{dz(s, 8) +z[(DS) Vv 1) + A7 (5]} Q.1
€
where the positive constant C and parameter T only depend on the specific statistical framework at hand.

Similar results often hold also for the loss function d” (s, §) (r > 1) replacing d?(s, $). In such a case, the results
we prove below for the quadratic risk easily extend to the risk Es[d” (s, §)]. For simplicity, we shall only focus on the
case r =2.

2.3. Some illustrations
The previous theorem actually holds for various statistical frameworks. Let us provide a partial list.

Gaussian frameworks

A prototype for Gaussian frameworks is provided by some Gaussian isonormal linear process as described in Section 2
of Birgé and Massart [11]. In such a case, X is a Gaussian linear process with a known variance t, indexed by a
subset S of some Hilbert space ILp(E, i). This means that s € S determines the distribution P;. Regression with
Gaussian errors and Gaussian sequences can both be seen as particular cases of this framework. Then Theorem 1
is a consequence of Theorem 2 of Birgé and Massart [11]. In the regression setting, Baraud, Giraud and Huet [4]
considered the practical case of an unknown variance and proved that (2.1) holds under the assumption that D(S) v
Ay (S)<n/2forall SeS.

Density estimation

Here X = (X1, ..., X,)) is an n-sample with density s> with respect to i and S is the set of nonnegative elements of
norm 1 in Ly (E, u). Then d(s, t) = V2h (s2,1%) where h denotes the Hellinger distance between densities defined by
(1.1), T =n~! and Theorem 1 follows from Theorem 6 of Birgé [8] or Corollary 8 of Baraud [2]. Alternatively, one
can take for s the density itself, for S the set of nonnegative elements of norm 1 in IL; (E, ¢) and set ¢ = 1. The result
then follows from Theorem 8 of Birgé [8]. Under the additional assumption that s € Ly (E, n) N Lo (E, i), the case
g = 2 follows from Theorem 6 of Birgé [10] with T = n"!||s]/0o (1 V I0g ||5]ls0)-

Regression with fixed design

We observe X = {(x1, Y1), ..., (xu, Y,)} with E[Y;] = s(x;) where s is a function from E = {x1, ..., x,} to R and the
errors &; = Y; — s(x;) are i.i.d. Here u is the uniform distribution on E, hence d*(s, t) =n ! Yo Is(xi) — t(x;)]* and
T = 1/n. When the errors ¢; are subgaussian, Theorem 1 follows from Theorem 3.1 in Baraud, Comte and Viennet
[3]. For more heavy-tailed distributions (Laplace, Cauchy, etc.) we refer to Theorem 6 of Baraud [2] when s takes its
values in [—1, 1].

Bounded regression with random design

Let (X, Y) be a pair of random variables with values in £ x [—1, 1] where X has distribution i and E[Y|X = x] =
s(x) is a function from E to [—1, 1]. Our aim here is to estimate s from the observation of n independent copies
X={(X1,Y1),...,(X,, Y} of (X,Y). Here the distance d corresponds to the Lo (E, u)-distance and Theorem 1

follows from Corollary 8 in Birgé [8] with t =n"!.

Poisson processes
In this case, X is a Poisson process on E with mean measure 52 W, where s is a nonnegative element of Lo (E, ).
Then t = 1 and Theorem 1 follows from Birgé [9] or Corollary 8 of Baraud [2].
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3. The basic theorems
3.1. Models and their dimensions

If we assume that the unknown parameter s to be estimated is equal or close to some composite function of the form
gouwithueT!and g € Fi.c and if we wish to estimate g ou by model selection we need to have at disposal a family
IF of models for approximating g and families T, 1 < j </, to approximate the components u; of u. Typical sets
that are used for approximating elements of F; . or T! are finite-dimensional linear spaces or subsets of them. Many
examples of such spaces are described in books on Approximation Theory, like the one by DeVore and Lorentz [13]
and we need a theorem which applies to such classical approximation sets for which it will be convenient to choose
the following definition of their dimension.

Definition 1. Let H be a linear space and S C H. The dimension D(S) € NU {oo} of S is 0 if |S| =1 and is,
otherwise, the dimension (in the usual sense) of the linear span of S.

3.2. Some smoothness assumptions

In order to transfer the approximation properties of g by f and u by ¢ into approximation of g o u by f ot, we shall
also require that g be somewhat smooth. The smoothness assumptions we need can be expressed in terms of moduli
of continuity. We start with the definition of the modulus of continuity of a function g in 7 ..

Definition 2. We say that w from [0, 2] to ]Rl_l_ is a modulus of continuity for a continuous function g on [—1, 1]/
if, for all z € [0,2]', w(z) is of the form w(z) = (W1(z1), ..., wi(z;)) where each function wiwith j=1,...,11is
continuous, nondecreasing and concave from [0, 2] to R, satisfies w;(0) =0, and

I
lg) =g <Y w(lxj —yjl) forallx,yel-1,1].
j=1

Fora € (0,11 and L € (0, +00)!, we say that g is (e, L)-Holderian if one can take w;i(z) =L;z% forall z €[0,2]
and j =1,...,1. It is said to be L-Lipschitz if it is («, L)-Holderian withae = (1, ..., 1).

Note that our definition of a modulus of continuity implies that the w; are subadditive, a property which we shall
often use in the sequel and that, given g, one can always choose for w; the least concave majorant of w; where

w;(z) = sup |g(x) —g(xi, .., xjo1, X + 2, x40, .. X))
xe[-1,11xj<1—z

Then w;(z) <2w;(z) according to Lemma 6.1, p. 43 of DeVore and Lorentz [13].

3.3. The main theorem

Our construction of estimators § of g o u will be based on some set S of the following form:
6={l7F7y’T]’""Tlﬂ)\'lﬂ"")\'l}’ lEN*’ (3.1)

where F, Ty, ..., T; denote families of models and y, A; are measures on [F and T respectively. In the sequel, we
shall assume that G satisfies the following requirements.

Assumption 1. The set S is such that

(1) the family T is a countable set and consists of finite-dimensional linear subspaces F of Fj o with respective
dimensions D(F) > 1,
(i) for j=1,...,1, T} is a countable set of subsets of L, (E, u) with finite dimensions,
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(iii) the measure y is a subprobability on T,
(iv) for j=1,...,1, Aj is a subprobability on T ;.

Given G, one can design an estimator § with the following properties.

Theorem 2. Assume that Theorem 1 holds and that & satisfies Assumption 1. One can build an estimator § = §(X)
satisfying, forallu € T' and g € Fi,c with modulus of continuity wg,

1

Es[d*(s,$)] < d*(s,gou) + Z (A, T)) + T[4, (T) +i(g. j. T)D(T)]}
+ }g{dgo(g, F)+1[4,(F)+D(F]}, (3.2)
where
o 1 if D(T) =0;
ig . 1) = {inf{i eN*[iw2 (™) < TiD(T)} < +o00  otherwise. (3.3)

Note that, since the risk bound (3.2) is valid for all g € F; . and u € 7', we can minimize the right-hand side of
(3.2) with respect to g and u in order to optimize the bound. The proof of this theorem is postponed to Section 5.4.

Of special interest is the case where g is L-Lipschitz. If one is mainly interested by the dependence of the risk
bound with respect to T as it tends to 0, one can check that i(g, j, T) <log 77! for 7 small enough (depending on [
and L) so that (3.2) becomes for such a small t

~

'Es[d*(s,$)] < d*(s, g ou) + Z dz(u,,T)H(m (T)+D(T)logz™")}

+ }rgF{dgo(g, F)+t[D(F) + A, (F)]}.

If it were possible to apply Theorem 1 to the models F with the distance d, and the models 7" with the distance d
for each j separately, we would get risk bounds of this form, apart from the value of C’ and the extra log z~! factor.
This means that, apart from this extra logarithmic factor, our procedure amounts to performing / 4+ 1 separate model
selection procedures, one with the collection F for estimating g and the other ones with the collections T; for the
components u j, finally getting the sum of the / + 1 resulting risk bounds. The result is however slightly different
when g is no longer Lipschitz. When g is («, L)-H6lderian then one can check that i(g, j, T) < £; 7 where

; { 1 if D(T)=0; i)
i\T = -1 -1 . .
BT [aj log(lL%[rD(T)] )] V1 otherwise,
so that

Ljr <C'(ap[log(t™") viog(L7/D(T)) v 1]. 3.5)

In this case, Theorem 2 leads to the following result.
Corollary 1. Assume that the assumptions of Theorem 2 hold. For all (e, L)-Holderian function g with a € (0, 11
and L € (Rl)l , the estimator § of Theorem 2 satisfies

l
CEy[d*(s.§)] <d*(s.gow) + ) Tig%j{lL?dz‘"i wj, T)+1[Ax,(T)+ D)L} 7]}

+ inf {d (g, F) +[4,(F) + D) ]}, (3.6)

where L 7 is defined by (3.4) and bounded by (3.5).
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3.4. Mixing collections corresponding to different values of |

If it is known that s takes the special form g ou for some unknown values of g € ;.. and u € 7*, or if s is very close to
some function of this form, the previous approach is quite satisfactory. If we do not have such an information, we may
apply the previous construction with several values of / simultaneously, approximating s by different combinations
g1 o u; with u; taking its values in [—1, 11, g a function on [—1, 11} and 1 varying among some subset / of N*. To
each value of / we associate, as before, [ + 1 collections of models and the corresponding subprobabilities, each /
then leading to an estimator §; the risk of which is bounded by R (57, g, u;) given by the right-hand side of (3.2). The
model selection approach allows us to use all the previous collections of models for all values of / simultaneously
in order to build a new estimator the risk of which is approximately as good as the risk of the best of the §;. More
generally, let us assume that we have at hand a countable family {S,, £ € I} of sets &, of the form (3.1) satisfying
Assumption 1 for some [ =I(£) > 1. To each such set, Theorem 2 associates an estimator §; with a risk bounded by

E,[d*(s,50)] < inf R(5¢, g, u),
(g,u)

where R (S¢, g, u) denotes the right-hand side of (3.2) when & = &, and the infimum runs among all pairs (g, u) with
geFip.candueT 1)) We can then prove (in Section 5.5 below) the following result.

Theorem 3. Assume that Theorem 1 holds and let 1 be a countable set and v a subprobability on 1. For each { € 1
we are given a set Sy of the form (3.1) that satisfies Assumption 1 with | = 1(£) and a corresponding estimator Sg
provided by Theorem 2. One can then design a new estimator § = §(X) satisfying

CE,[d*(s,$)] < inf inf {R(5¢, g, u) +TA,(0)},
tel (g,u)

where R(S¢, g, u) denotes the right-hand side of (3.2) when & = &, and the second infimum runs among all pairs
(g, u) with g € Fip),c and u € 7O,

3.5. The main ideas underlying our construction

Let us assume here that p =¢ =2 and £ =[—1, l]k with k > [ > 1. Our approach is based on the construction
of a family of linear spaces with good approximation properties with respect to composite functions g o u. More
precisely, if one considers a finite dimensional linear space F' C F; o for approximating g and compact sets T; C T
for approximating the u;, we shall show (see Proposition 4 in Section 5.1 below) that there exists some ¢ in T =

]—[ljzl T; such that the linear space S; = { f ot| f € F'} approximates the composite function g o # with an error bound

1
d(gou, $) <doo(g, F)+ 2 we j(du;, T)). (3.7)
j=I

The case where the function g is Lipschitz, i.e. Wg j(x) = Lx forall j, is of particular interest since, up to constants,
the error bound we get is the sum of those for approximating separately g by F (with respect to the L,-distance)
and the u; by T;. In particular, if s were exactly of the form s = g o u for some known functions u ;, we could use
a linear space F of piecewise constant functions with dimension of order D to approximate g, and take 7; = {u}
for all j. In this case the linear space S, whose dimension is also of order D would approximate s = g o u with an
error bounded by D~!/!. Note that if the u ;j were all (B, L)-Holderian with 8 € (0, 11%, the overall regularity of the
function s = g o u could not be expected to be better than B-Holderian, since this regularity is already achieved by
taking g(y1, ..., y1) = y1. In comparison, an approach based on the overall smoothness of s, which would completely
ignore the fact that s = g ou and the knowledge of the u j, would lead to an approximation bound of order D~#/k with
B= k(ZIJ‘.: 1 ,3]_—1 )~ L. The former bound, D!/, based on the structural assumption that s = g o u therefore improves

on the latter since 8 < 1 and k > [. Of course, one could argue that the former approach uses the knowledge of the u js
which is quite a strong assumption. Actually, a more reasonable approach would be to assume that u is unknown but
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close to a parametric set T, in which case, it would be natural to replace the single model S, used for approximating
s, by the family of models S5(F) = {S;|t € T} and, ideally, let the usual model selection techniques select some best
linear space among it. Unfortunately, results such as Theorem 1 do not apply to this case, since the family S5(F') has
the same cardinality as T and is therefore typically not countable. The main idea of our approach is to take advantage
of the fact that the u; take their values in [—1, 1] so that we can embed T into a compact subset of 77, We may then
introduce a suitably discretized version T of T (more precisely, of its embedding) and replace the ideal collection
S3(F) by St(F), for which similar approximation properties can be proved. The details of this discretization device
will be given in the proofs of our main results. Finally, we shall let both T and F vary into some collections of models
and use all the models of the various resulting collections St(F') together in order to estimate s at best.

4. Applications

The aim of this section is to provide various applications of Theorem 2 and its corollaries. We start with a brief
overview of more or less classical collections of models commonly used for approximating smooth (and less smooth)
functions on [—1, 1]*.

4.1. Classical models for approximating smooth functions

Along this section, d denotes the L,-distance in Lo([—1, 1]", 2k dx), thus taking g =2, E =[—1, 1]k and u the
Lebesgue probability on E. Collections of models with the following property will be of special interest throughout
this paper.

Assumption 2. For each D € N the number of elements with dimension D belonging to the collection S is bounded
by exp[c(S)(D + 1)] for some nonnegative constant c(S) depending on S only.

4.1.1. Approximating functions in Hélder spaces on [—1, 1]¢
When k = 1, a typical smoothness condition for a function s on [—1, 1] is that it belongs to some Holder space
H*([—1,1]) witha =r +a’, r e N and 0 < a’ < 1 which is the set of all functions f on [—1, 1] with a continuous
derivative of order r satisfying, for some constant L(f) > 0,

|00 = FOW)| < L(HIx =y forallx,ye[-1,1].

This notion of smoothness extends to functions f(xi,...,xx) defined on [—1, 1]%, by saying that f belongs to
HE([—1, 11%) with & = (a1, ..., ) € (0, +00)* if, viewed as a function of x; only, it belongs to H* ([—1, 1]) for
1 <i < k with some constant L( f) independent of both i and the variables x; for j # i. The smoothness of a function
s in H*([—1, 17%) is said to be isotropic if the «; are all equal and anisotropic otherwise, in which case the quantity
o= k(Zf-‘:1 a; h-1 corresponds to the average smoothness of s. It follows from results in Approximation Theory that
functions in the Holder space H*([—1, 1]¥) can be well approximated by piecewise polynomials on k-dimensional
hyperrectangles. More precisely, our next proposition follows from results in Dahmen, DeVore and Scherer [12].

Proposition 1. Let (k, r) € N* x N. There exists a collection of models Hy , = UDzl Hy (D) satisfying Assumption 2
such that, for each D € N*, the family Hy, , (D) consists of linear spaces S with dimensions D(S) < C i (k,r)D spanned
by piecewise polynomials of degree at most r on k-dimensional hyperrectangles and for which

inf  d(s,S)< inf deo(s, S) < Ch(k,r)L(s)D~/*
SeHy., (D) SeHy., (D)

forall s € H*([—1, 11) with Supj<;j<x & <7+ 1.



294 Y. Baraud and L. Birgé

4.1.2. Approximating functions in anisotropic Besov spaces

Anisotropic Besov spaces generalize anisotropic Holder spaces and are defined in a similar way by using directional
moduli of smoothness, just as Holder spaces are defined using directional derivatives. To be short, a function belongs
to an anisotropic Besov space on [—1, 1]¥ if, when all coordinates are fixed apart from one, it belongs to a Besov space
on [—1, 1]. A precise definition (restricted to k = 2 but which can be generalized easily) can be found in Hochmuth
[15]. The general definition together with useful approximation properties by piecewise polynomials can be found
in Akakpo [1]. For 0 < p < +00, k > 1 and B € (0, +00), let us denote by Bg,p([—l, 11%) the anisotropic Besov
spaces. In particular, Bgo,oo([—l, 11%) = HB([—1, 1]%) when no coordinate of B is an integer. It follows from Akakpo
[1] that Proposition 1 can be generalized to Besov spaces in the following way.

Proposition 2. Let p > 0, k € N* and r € N. There exists a collection of models By , = UDzl B~ (D) satisfying
Assumption 2 such that for each positive integer D, By (D) consists of linear spaces S with dimensions D(S) <
C| (k,r)D spanned by piecewise polynomials of degree at most r on k-dimensional hyperrectangles and for which

inf  d(s, S) < Cy(k,r, DIk
SEIB%k,,(D) (s,8) = Cylk,r, pIslg.p.p

foralls Bg’p([—l, 11%) with semi-norm Is|g, p,p and B satisfying

sup Bi <r+1 and B>k[(p~'—27")voO] 4.1

1<i<k
4.2. Estimation of smooth functions on [—1, 11¥

In this section, our aim is to establish risk bounds for our estimator § when s = g o u for some smooth functions g
and u. We shall discuss the improvement, in terms of rates of convergence as 7 tends to 0, when assuming such a
structural hypothesis, as compared to a pure smoothness assumption on s. Throughout this section, we take g = 2,
E =[—1, 1]¥ and d as the LL,-distance on Ly (E, 2k dx).

It follows from Section 4.1 that, for all » > 0, H , satisfies Assumption 2 for some constant ¢(H ;). Therefore the
measure y on Hy , defined by

Ay(S) = (c(Hy,) +1)(D+1) for auser,r(D)\ U He (D) (4.2)
1<D’'<D

is a subprobability since

Z e~ 4r(S) < Z e—D’Hk’r(D”e_C(Hk_r)(D-i-l) < ZC—D <1.
SeHy D>1 D>1

We shall similarly consider the subprobability A defined on By , by

An(S) = (c(Bk,) +1)(D+1) for allseBk,r(D)\ U By, (D'). (4.3)
1<D’'<D

Finally, for g € H*([—1, 11") with & € (Rjr)l, we set [|1glla.co = 1€la.00.00 + Inf L’ where the infimum runs among all
numbers L’ for which w,_;(z) < L'z%M forallze[0,2]and j=1,...,1.

4.2.1. Convergence rates using composite functions
Let us consider here the set Si (e, B, p, L, R) gathering the composite functions g o u with g € H*([—1, 11" sat-

isfying [|glle,c0o < L and u; € Bg;,pj with semi-norms |”j|Bj,p,-,p,~ <Rj forall j=1,...,1. The following result
holds.
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Theorem 4. Assume that Theorem 1 holds with q = 2. There exists an estimator § such that, forall l > 1, a,R €
R, L>0,B.....8 € R and p € (0, +00l with B; >k[(p*‘ 27 hYvolfor1<j<lI,

sup C'Ey[d*(s.9)]
5€S,1(ee,,p,L,R)

!
Z LRa’M 2k/(2ﬁ,(a]Al>+k)[T£]2ﬁ,(a]Al)/(zﬁ,(a,Al)Jrk)+L21/(1+2a) 2a/(l+2a)+l_£

j=1
where L = log(r’l) \% log(Lz) V 1 and C’ depends on k,1, a, B and p.

Let us recall that we need not assume that s is exactly of the form g o u but rather, as we did before, that s can be
approximated by a function § = g ou € S ;(e, B, p, L, R). In such a case we simply get an additional bias term of
the form d?(s, 5) in our risk bounds.

Proof of Theorem 4. Let us fix some value of [ > 1, take s = g ou € S (¢, 8, p, L, R) and define

r=r(o, :1+Lmax o V max '[J.
(@ B) =Ll =1l =1, k'BJ’

The regularity properties of g and the u; together with Propositions 1 and 2 imply that for all D > 1, there exist
F el (D) and sets T; € By (D) for j =1, ..., such that

D(F) < Ci(a,B)D;  doo(g, F) < Cy(l, e, BYLD ™/,
and, for 1 < j <,
D(T) < Ci(k.a. ;. p)D;  d(uj, Tj) < Cyk, e, B, pj)R;DFilk.

Since the collections Hj , and By, satisfy Assumption 2 and w,_;(z) < Lz%" forall j and z € [0, 2], we may apply
Corollary 1 with

6],r = (ly Hl,ra J/r, IBk,rv e 7Bk,rv)"r1 LR )Lr)

the subprobabilities y; , and X, , being given by (4.2) and (4.3) respectively. Besides, it follows from (3.5) that £; 7 <
C’'(l, )L for all j, so that (3.6) implies that the risk of the resulting estimator §; » is bounded from above by

!
C/R(fl,,,g,u) — inf 2(a /\])D72(O(jAl)ﬂj/k + DrL] + inf [LZD—za/l + Dr]
o Dz D>1
for some constant C’ depending on [, k, e, B, ..., B;. We obtain the result by optimizing each term of the sum with
respect to D by means of Lemma 1, and by using Theorem 3 with v defined for £ = (I,r) e N* x N by v(l,r) =

e 74D for which A, (1, 1)t < (I +r + )R, g, u) forall [, r. -

4.2.2. Structural assumption versus smoothness assumption

In view of discussing the interest of the risk bounds provided by Theorem 4, let us focus here, for simplicity, on the
case where g € H*([—1, 1]) with & > 0 (hence [ = 1) and u is a function from E =[—1, 17¥ to [—1, 1] that belongs
to HA ([—1, 11%) with B e (R )¢, The following proposition is to be proved in Section 5.7.

Proposition 3. Let ¢ be the function defined on (R’ )2 by

_[xy ifxvysh
¢lx.y) = {x Ay otherwise.
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Forallk>1,a >0, B € (R}X, g e H*([—1,1]) and u e HE([—1,115),
goueH ([-1,11%) with6; = ¢(B;, @) for 1 <i <k. (4.4)

Moreover, 0 is the largest possible value for which (4.4) holds for all g € H*([—1,1]) and u € HB([—1, 11¥) since,
whatever 0’ € (R*)¥ such that 0] > 6; for some i € {1, ..., k}, there exist some g € H*([—1, 1]) and u € HP ([—1, 11%)
such that g ou ¢ H® ([—1, 1]5).

Using the information that s belongs to H?([—1, 1]¢) with @ given by (4.4) and that we cannot assume that s
belongs to some smoother class (although this may happen in special cases) since 6 is minimal, but ignoring the fact
that s = g o u, we can estimate s at rate 720/(0+k) (as T tends to 0) while, on the other hand, by using Theorem 4 and
the structural information that s = g o u, we can achieve the rate

20/ Qe ) 4 (T[logt—l])zﬁ(aAl)/(zﬁ(aAl)ﬁ-k).

Let us now compare these two rates. First note that it follows from (4.4) that 6; < « for all i, hence 6 < « and, since
k>1,2a/Qa+1)>20/(20 + k). Therefore the term 72*/(G+1 always improves over 720/Q94K) when 7 is small
and, to compare the two rates, it is enough to compare # with B(a A 1). To do so, we use the following lemma (to be
proved in Section 5.8).

Lemma 2. Foralla >0 and B € (Rj_)k, the smoothness index 0 = (¢ («, B1), ..., ¢(a, Br)) satisfies 6 < E(a A1)
and equality holds if and only if sup; .; < Bi <a Vv 1.

When sup; ., Bi <a V 1, our special strategy does not bring any improvement as compared to the standard one,
it even slightly deteriorates the risk bound because of the extra log 7! factor. On the opposite, if supj<i<x Bi >aVvl,
our new strategy improves over the classical one and this improvement can be substantial if A is much larger than
o Vv 1. If, for instance, « = 1 and E =k = B; for all j, we get a bound of order [z (log r’])]z/ 3 which, apart from
the extra log 7! factor, corresponds to the minimax rate of estimation of a Lipschitz function on [—1, 1], instead of
the risk bound t%/+h) that we would get if we estimated s as a Lipschitz function on [—1, 1]¥. When our strategy
does not improve over the classical one, i.e. when sup; ;. Bi <« V 1, the additional loss due to the extra logarithmic
factor in our risk bound can be avoided by mixing the models used for the classical strategy with the models used for
designing our estimator, following the recipe of Section 3.4.

4.3. Generalized additive models

In this section, we assume that E = [—1, 1]¥, u is the Lebesgue probability on E and g = 2. A special structure that
has often been considered in regression corresponds to functions s = g o u with

uxr, ..o, xg) =ur(xy) + -+ ug(e); s(x) =g(ur(x) + - +up(xp)), 4.5)

where the u; take their values in [—~1/k,1/k] for all j =1, ..., k. Such a model has been considered in Horowitz
and Mammen [16] and while their approach is nonadaptive, ours, based on Theorem 2 and a suitable choice of the
collections of models, allows to derive a fully adaptive estimator with respect to the regularities of g and the u ;. More
precisely, for » € N, let T, be the collection of all models of the form T = Ty +- - -+ T} where for j =1, ..., k, T} is the
set of functions of the form x + #;(x;) withx € E and ¢; in By ,. Using A, = A as defined by (4.3), we endow T, with

the subprobability ,\5") defined for T' € T, by the infimum of the quantities ]_[f-‘:1 M- (T;) when (T, ..., Ty) runs among
all the k-uplets of B} , satisfying T = Ty +-- -+ Ty. Finally, forer, L > 0, 8, R € (R})* and p = (p1,..., px) € R},
let S,?dd(a, B.p. L,R) be the set of functions of the form (4.5) with g € H*([—1, 1]) satisfying [|glla.co < L and

uj € Bffjﬁ,,,j([—l, 1) with |ujlg;, ;. p, < Rik ™" forall j =1,.... k. Using the sets &, = (1, Hy ., . Tr, ") with

r € N we can build an estimator with the following property.
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Theorem 5. Assume that Theorem 1 holds with g = 2. There exists an estimator § which satisfies for all a, L > 0,
p.Re ®)" and B € R  with Bj > (1/pj — 1/2)4 forall j=1,...k,

sup C'E, [dz(s, §)] < [Y/Qu+D) 2a/Qat])
5524 (e,8,p,L,R)

k
+ Z(L(Rjkfl/Z)aAl)2/(2(0M1)/3j+1)(.L.C)Z(aAl)Bj/(2(aA1)/3j+1) + 1L,
j=I

where £ =1og(t™") v 1og(L?) Vv 1 and C' is a constant that depends on o, B, p and k only.

If one is mainly interested in the rate of convergence as t tends to O, the bound we get is of order
max{r2°‘/(2°‘+l), [t log(r_1)]2(“/\1)[3/(2(““)/3“)} where 8 = min{fy, ..., Bx}. In particular, if @ > 1, this rate is the
same (up to a logarithmic factor) as that we would obtain for estimating a function on [—1, 1] with the smallest
regularity among «, B1, ..., Bk.

Proof of Theorem 5. Let us consider some s = gou € S,fdd(oz, B.,p,L,R)andr=1+4+[aV BV --V B]. Forall
D, Dy, ..., Dy > 1, there exist F e H (D) and T; € By ,(D;) forall j =1,..., k such that

D(F) < C{(r)D; ds(g, F) <Cy(r)LD™“
and, for 1 < j <k,

D(T)) < Cyk.r.p)Dji  d(u;.T)) < Cik.r.p)Rik' D7,

IfT =T+ +T then D(T) < Y5_, D(T)), AN)(T)<Z" L A, (T)) < (c(By r)+1)z’; I(Dj+1).Moreover,
d(u, T)gz _1d(uj, Ty) < Chk IZ _1R;D; “Pi hence, d?(u, T) < (Cp*k~! Z 1R2D P and finally,

k
d2(oz/\1)(u, T) < (CA)Z(aAl) Z(Rjk—l/z)Z(oml)D/—Z(aAl)ﬁj'
j=l1

Forall T, L1 7 < C'(«)L and since w,(z) < Lz for all z € [0, 2], we may apply Corollary 1 with / = 1 and get that
the risk of the resulting estimator s, satisfies

k
C'RGr. g, u Z F[L3(Rjk 12" MDA 4 Do) + inf [L2D7 + Dr]
— z
We conclude by arguing as in the proof of Theorem 4. 0

4.4. Multiple index models and artificial neural networks

In this section, we assume that £ = [—1, l]k, g =2 and d is the distance in L, (E, ) where p is the Lebesgue
probability on E. We denote by | - |; and | - | respectively the £1- and £o-norms in R* and C; the unit ball for the
£1-norm. As we noticed earlier, when s is an arbitrary function on E and k is large, there is no hope to get a nice
estimator for s without some additional assumptions. A very simple one is that s(x) can be written as g({f, x)) for
some 6 € Ci, which corresponds to the so-called single index model. More generally, we may pretend that s can be
well approximated by some function s of the form 5(x) = g((61, x), ..., (6;, x)) where 6y, ..., 6; are [ elements of Cy
and g maps [—1, 1]’ to R, [ being possibly unknown and larger than k. When § = g o u is of this form, the coordinate
functions u ; (-) = (6}, -), for 1 < j <1, belong to the set Ty C T of functions on E of the form x + (6, x) with 6 € Cy,
which is a subset of a k-dimensional linear subspace of L (E, ), hence D(Tp) < k. A slight generalization of this
situation leads to the following result.
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Theorem 6. Assume that Theorem 1 holds with g =2. For j > 1, let T; be a subset of T with finite dimension k; and
for I CN*andl € 1, let F; be a collection of models satisfying Assumptions 1(i) and (iii) for some subprobability y;.
There exists an estimator § which satisfies

1
CE[d*(s,$)] <inf inf |d3(s, Ag, T, kii(g, i, T |, 4.6
o[d*(s 9)]_11216,653”@[ (s.gou) + A(g zyz)+r; jig. 1)] (4.6)

where T) =Ty x --- x T, i(g, j, T}) is defined by (3.3) and

A(g.Fry) = Fi&%,{dgo(g’ F)+1[D(F) + 4, (F)]}.

In particular, for all | € I and (et, L)-Holderian functions g with o € (0,11 and L € (R;)l

1
1
CE,[d*(s,5)] < inf d2(s,gou)+A(g,]Fl,yl)+er,[—1og(lL§(k,r)—1)vl] ) (4.7)
M€T1 j=l (yj e

Let us comment on this result, fixing some value / € I. The term d(s, g o u) corresponds to the approximation
of s by functions of the form g(u(-),...,u;(-)) with g in F; . and uy,...,u; in 71, ..., T; respectively. As to the
quantity A(g, F;, y1), it corresponds to the estimation bound for estimating the function g alone if s were really of the
previous form. Finally, the quantity t Zl/':l kji(g, j, Tj) corresponds to the sum of the statistical errors for estimating
the u ;. If for all j, the dimensions of the 7; remain bounded by some integer k independent of 7, which amounts to
making a parametric assumption on the u;, and if g is smooth enough the quantity © lezl kji(g, j, T;) is then of
order t log 7~ for small values of 7 as seen in (4.7).

Proof of Theorem 6. For all j, we choose A ; to be the Dirac mass at T; so that A, ;(Tj) =0=d(u;, T}). The result

follows by applying Theorem 2 (for a fixed value of / € I) and then Theorem 3 with v defined by v(/) = e~ for all
lel. O

4.4.1. The multiple index model
As already mentioned, the multiple index model amounts to assuming that s is of the form

s(x) =g((61,x),..., (0, x)) whatever x € E

for some known ! > 1 and kj =k for all j. For L > 0 and & € (Rjr)l, let us denote by Sl"‘ (L) the set of functions s
of this form with g € H*([—1, 1]') satisfying ||gl¢.co < L. Applying Theorem 6 to this special case, we obtain the
following result.

Corollary 2. Assume that Theorem 1 holds with ¢ =2 and let I C N*. There exists an estimator § such that for all
lel,ac(R:) and L >0,

sup C/Ex [d2(s’ S:)] < Lz/(2&+l).’:25/(2a+1) + ktl with L= log(.’:—l) V. log(sz_l) v 1’
SESI“(L)

where C' is a constant depending on | and « only.

The effect of the dimension k only appears in the remaining term. The latter is essentially proportional to
kr(log(r_l) v 1), at least for k > L2, It is not difficult to see that there is no hope to get a faster rate than kt
over Sf*(L). Indeed, by taking / = L =1 for simplicity and g the identity function, we see that S'(1) contains the
unit ball of a k-dimensional linear space and this is enough to assert that, at least in the regression setting, the minimax
rate is of order k7. As to the extra logarithmic factor log(z ~!), we do not know whether it is necessary or not.
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Proof of Corollary 2. Fix s = g ou € §(L) and apply Theorem 6 with T; = Ty for all j > 1, I = {I}, F; =Hj , and
y; defined by (4.2) with k=17 and r = o1 V - - - V o ]. Arguing as in the proof of Theorem 4, we obtain an estimator
S(.r) the risk of which satisfies

R(Gur).8:u) = C'| inf (L2D/! 4 Dr) + ek ] < C"[LY/OTHD L2/ @D o ]
=
for constants C” and C” depending on [ and « only. Finally, we conclude as in the proof of Theorem 4. ]

4.4.2. Case of an additive function g
In the multiple index model, when the value of [ is allowed to become large (typically not smaller than k) it is often
assumed that g is additive, i.e. of the form

g0,y =g1) + -+ () forallye[—1,11, (4.8)

where the g; are smooth functions from [—1, 1] to R. Hereafter, we shall denote by ]-"lAfd the set of such additive
functions g. The functions s = g o u with g € flAfd andu € Té hence take the form

1
§()=Y g;((6j.x)) forallxeE. (4.9)
j=1

For each j =1,...,/, let F; be a countable family of finite dimensional linear subspaces of F|  designed to ap-

proximate g; and y; some subprobability measure on IF;. Given (F1,..., F}) € ]_[lj:1 IF;, we define the subspace F
of i 00 as

F={fO1.....v0= 0D +-+ il fj € Fjfor 1 < j <1} (4.10)

and denote by [F the set of all such F when (Fy, ..., F;) varies among ]_[lj=1 IF;. Then, we define a subprobability
measure y on I by setting

1 1
y(F)= 1_[ vj(F;) orequivalently A, (F)= Z Ay, (Fj),
j=1 j=1
when F is given by (4.10). For such an F, doo (g, F) < le=1 doo(gj, Fj), hence dgo(g, F) <l lezl dgo(gj, Fj) and
D(F) < le: 1 D(F}). We deduce from Theorem 6 the following result.
Corollary 3. Assume that Theorem 1 holds with ¢ =2 and let I C N* and for j > 1, let F; be a collection of finite

dimensional linear subspaces of F1 oo satisfying Assumption 1(i) and (iii) for some subprobability y;. There exists an
estimator § such that

l
CE[d*(s,$)] <inf  inf d*(s,gou)+ Y (Rj(8.Fj, Ay) +Tki(g, j. T0)) |-
Il ge P uety j=1
where
Rj(8,Fj, Ay) = inf {d3(gj, F)) +T[DF)) + Ay, (F]} for1<j<l
J J
Moreover, if s is of the form (4.9) for some | € I and functions gj € H*/ ([—1,1]) satisfying |1gjlla;,co < Lj for
aj,Lij>0andall j=1,...,1, one can choose the F; and y; in such a way that

I
Es[dz(s,f)] < C/[ZLi/(2(l’j+1)r2aj/(20lj+l) +k'[£}, (411)
j=1

where L = log(r_l) viv [\/lj:l log(Lik_l)] and C' is a constant depending onl and a1, . . ., a; only.
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For j>1,R; =R;(g,F;, Ay,) corresponds to the risk bound for the estimation of the function g; alone when we
use the family of models [F;, i.e. what we would get if we knew 6; and that g; = 0 for all i # j. In short, le=1 R;
corresponds to the estimation rate of the additive function g. If each g; belongs to some smoothness class, this rate

is similar to that of a real-valued function defined on the line with smoothness given by the worst component of g, as
seen in (4.11).

Proof of Corollary 3. The first part is a straightforward consequence of Theorem 6. For the second part, fix s = gou
and r = |1 V --- vV ay]. Since the g; are (aj A 1, L;)-Holderian, i(g, j, To) < C’L for some C’ depending on the a;
only. By using Proposition 1, Lemma 1 and the collection F; , = , with y; , defined by (4.2), we see that

R < Vol [i)nfl{LzD 20 + D‘L’} < C//(L2/(2a i+ 20!,/(201 +1) + ‘L') forj=1,...,1
>
and for some constants C’, C” depending on the «; only. Putting these bounds together, we end up with an estimator

Sy the risk of which is bounded from above by the right-hand side of (4.11). We get the result for all values of r by
using Theorem 3 and arguing as in the proof of Theorem 4. ([

4.4.3. Artificial neural networks
In this section, we consider approximations of s on E = [—1, 1]% by functions of the form

§()=Y_Rjy((aj.x)+b;) with |bj| +la;li <2’ (4.12)
j=1

for given values of (I,r) e I = (N*)z. Here, R=(R;,...,R)) € R/, aj c R, bjeRforj=1,...,]and ¢ is a given
uniformly continuous function on R with modulus of continuity wy,. We denote by &; , the set of all functions 5 of
the form (4.12).

Let us now set - (y) =¥ (2"y) for y e R and, for x € E, u;(x) =27"({a;, x) + b;), so that u; € T belongs to
the (k + 1)—dimensional spaces of functions of the form x — (a, x) + b. We can then rewrite § in the form g o u
with g(y1,...,y) = Z —1 Rj¥r(y;). Since g belongs to the /-dimensional linear space F' spanned by the functions
Yr(y;), we may set I = {F} A y(F) =0 and apply Theorem 6. With w,_;(y) = |Rj|wy (2"y), (4.6) becomes,

!
CEs[d*(s.81,)] <d*(s.5) + T(k+ 1)) _inf{i e N|IRFwj, (27e™) < (k + Dri}.
j=1

If wy (y) < Ly* forsome L > 0,0 <a <1andall y € Ry, then, according to (3.4),

l
Es[cﬂ(s,&l,,)]5d2(s,§)+kr(z [@ " log(IRFL* 2> [kt]™")] v )

j=1
< d*(s,5) +lkt[rlog4 +a 'log, (I|R1Z L Tkt1™Y)]. (4.13)

These bounds being valid for all (I,r) € [ and 5 € &;», we may apply Theorem 3 to the family of all estimators
Sty (I,r) eI, with v givenby v(l,r) = e~!=". We then get the following result.

Theorem 7. Assume that Theorem 1 holds with ¢ =2 and that  is a continuous function with modulus of continuity
wy (v) bounded by Ly® for some L > 0,0 <« <1 and all y € Ry.. Then one can build an estimator § = §(X) such
that

CE,[d*(s,$)] < (ln%fl 1réf {d*(s,5) + lktr[1 4+ (ra) " log, (IR, L*Tke17")]). (4.14)
ryel se lr
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Approximation by functions of the form (4.12). Various authors have provided conditions on the function s so that it
can be approximated within 5 by functions s of the form (4.12) for a given function . An extensive list of authors
and results is provided in Section 4.2.2 of Barron, Birgé and Massart [5] and some proofs are provided in Section 8.2
of that paper. The starting point of such approximations is the assumed existence of a Fourier representation of s of
the form

s(x)=K; /k cos((a,x} +8(a)) dFs(a), K;eR,|5(a)|<m
R

for some probability measure Fy on R¥. To each given function v that can be used for the approximation of s is
associated a positive number 8 = () > 0 and one has to assume that

Cop= / lal? dFy(a) < +oo, (4.15)

in order to control the approximation of s by functions of the form (4.12). A careful inspection of the proof of Propo-
sition 6 in Barron, Birgé and Massart [5] shows that, when (4.15) holds, one can derive the following approximation
result for s. There exist constants ry, > 1, yy > 0 and Cy > 0 depending on ¥ only, a number Ry g > 1 depending on
cs,p only and some 5 € Sy with |R|; < Ry g such that
d(s,5) < KsCy[27"" + Ry pl™'?] forr>ry. (4.16)
Putting this bound into (4.14) and omitting the various indices for simplicity, we get a risk bound of the form
R(,r)=CK*[27Y + RI™" + K 2lktr[1 + (ra) "' log, (IR*L*[k717")]],
to be optimized with respect to / > 1 and r > ry,. We shall actually perform the optimization with respect to the first

three terms, omitting the logarithmic one.
Let us first note that, if RK < ,/rykt, one should set r =ry and / = 1, which leads to

R(l,ry) < Ckrr]/,[l + (rx/,o[)_l 10g+(R2L2[kr]_1)].

Otherwise ,/rykt < RK and we set

RK
r=r*=inf{r >r |2—2ry§(R K)Vrkt and 121*2’7 —‘
{ v / } Vrrkt

If I* > 1, then RK (r*kt)~'/2 < I* <2RK (r*kt)~ "/ hence

— 1 2RL?K
* *

If I* =1, then R? < K~ 2r*kt and JVrykt < RK < «/r*kt, hence r* > ry and r* — 1 > r*/2. Then, from the
definition of r*,

RK'/(r*/2)kt < RK ™'\ /(r* — 1)kt < 27207 =Dy <2727,

hence v/r*kt < (K/R)2_2V+(1/2) < /2K and (4.17) still holds. To conclude, we observe that either —2yry, log2 <
log(RK_l, /rykt) and r* = ry or the solution zq of the equation

2zy log2 = log(K/[R\/E]) —(1/2)logz
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satisfies ry, < zo <r*. Since logzg < zo/e, it follows that r* > log(K /[RvVkt])/(2y log2 + e_l) and, by monotonic-
ity, that

L < 2R3L2K ><£ (2 log2 +¢ )1 ( 2R3L2K )[1 ( K )T
—1lo — = (e) e (0] A — (0] 5
e g+ (k‘l,')3/2«/r_* - ylog &+ (kr)3/2ﬁ g R\/k_‘L’

where £ is a bounded function of k7. One can also check that

1 Y/
<o " 0g(K /IR r,/,kt])_‘

2y log2

and (4.17) finally leads, when r* > ry, to

/ 1/2
2y log?2

In the asymptotic situation where t converges to zero, (4.18) prevails and we get a risk bound of order
[—kt log(kT)]'/2.

4.5. Estimation of a regression function and PCA

We consider here the regression framework
Yi=s(Xi)+e&, i=1,...,n,

where the X; are random variables with values in some known compact subset K of R¥ (with k > 1 to avoid trivialities)
the ¢; are i.i.d. centered random variables of common variance 1 for simplicity and s is an unknown function from
R* to R. By a proper origin and scale change on the X;, mapping K into the unit ball B of R¥, one may assume
that the X; belong to By, hence that E = By, which we shall do from now on. We also assume that the X; are
either i.i.d. with common distribution @ on E (random design) or deterministic (X; = x;, fixed design), in which case
w= n-l Z?:l dy;, where 8, denotes the Dirac measure at x. In both cases, we choose for d the distance in Lo (E, p).
As already mentioned in Section 2.3, Theorem 1 with 7 = n~! applies to this framework, at least in the two cases when
the design is fixed and the errors Gaussian (or subgaussian) or when the design is random and the Y; are bounded, say
with values in [—1, 1].

4.5.1. Introducing PCA

Our aim is to estimate s from the observation of the pairs (X;, ¥;) fori =1, ..., n, assuming that s belongs to some
smoothness class. More precisely, given a subset A of R and some concave modulus of continuity w on R, we define
Hw (A) to be the class of functions /4 on A such that |A(x) — h(y)] < w(|x — y|) forall x, y in A. Here we assume that
s is defined on By and belongs to H., (By), in which case it can be extended to an element of Hy, (R¥), which we shall
use when needed. Typically, if w(z) = Lz* with « € (0, 1] and the X; are i.i.d. with uniform distribution u on E, the
minimax risk bound over Hy, (By) with respect to the L, (E, u)-loss is C’ L2/ (k+2e) =20/ (k+20) (where C depends
on k and the distribution of the ¢;). It can be quite slow if k is large (see Stone [20]), although no improvement is
possible from the minimax point of view if the distribution of the X; is uniform on 5. Nevertheless, if the data X;
were known to belong to an affine subspace V of R¥ the dimension / of which is small as compared to k, so that
(V) =1, estimating the function s with L, (E, )-loss would amount to estimating s o [Ty (where [Ty denotes the
orthogonal projector onto V) and one would get the much better rate n~2%/(+2® yith respect to n for the quadratic
risk. Such a situation is seldom encountered in practice but we may assume that it is approximately satisfied for some
well-chosen V. It therefore becomes natural to look for an affine space V with dimension / < k such that s and s o ITy
are close with respect to the Ly (E, n)-distance. For s € Hyy, (Rk), it follows from Lemma 3 below that,

1/2
/E}S(X)—soﬂv(X)|2du(X)S/EWZ(IX—UVXI)dM(X)SZWZK/E |x—nvx|2du<x)> }
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and minimizing the right-hand side amounts to finding an affine space V with dimension ! for which
f glx = Myx|?du(x) is minimum. This way of reducing the dimension is usually known as PCA (for Principal
Components Analysis). When the X; are deterministic and p = n ! Zl 1 8x; , the solution to this minimization prob-
lem is given by the affine space V; = a + W; where the origina = X, =n~! Y '_1 Xi € Bi and W is the linear space
generated by the eigenvectors associated to the / largest eigenvalues (counted with their multiplicity) of X X* (where
X is the k x n matrix with columns X; — X,, and X* is the transpose of X). In the general case, it suffices to set
a= f g xdu (so that a € E) and replace X X* by the matrix

= / (x —a)(x —a)* du(x).
E

If X1 > Ay >---> At > 0 are the eigenvalues of I" in nonincreasing order, then
[x — Hvx| du(x) = Aj 4.19)
{V\dlm(V) l}/ ]Zl;rl

(with the convention ), = 0) and therefore

Is —s o y|3 < |Is — s o My, |13 < 2w ( (4.20)

{V\dlm(V) 1}

4.5.2. PCA and composite functions
In order to put the problem at hand into our framework, we have to express s o Iy, in the form g o u. To do so we

consider an orthonormal basis %1, ..., uy of eigenvectors of X X™* or I (according to the situation) corresponding to
the ordered eigenvalues A; > A, > --- > A > 0. For a given value of / < k we denote by a' the component of a
which is orthogonal to the linear span W; of uy, ..., u; and for x € By, we define u;(x) = (x,u;) for j=1,...,1.
This results in an element u = (uj, ..., u;) of 7! and at + le‘:l u;j(x)uj = Ily,(x) is the projection of x onto the

affine space V; = a' + W;. Setting
1
g(z2)= s(aL + Zz,-ﬁ]) forz e [—1, l]l,
j=1

leads to a function g o u with u € 7' and g € F.. which coincides with s o IT v; on By as required. Consequently, the
right-hand side of (4.20) provides a bound on the distance between s and g o u. Moreover, since s € Hy, (Rk ),

()

so that we may set w, ; =w forall j €{1,...,1}.
In the following sections we shall use this preliminary result in order to establish risk bounds for estimators §; of
s, distinguishing between the two situations where w is known and w is unknown.

l

> (2= 2))u;

j=1

), 4.21)

lg(z) — ()] SW(

1 l
_ ;—
j=I1 j=1

4.5.3. Case of a known i
For D € N*, we consider the partition P; p of [—1, 11! into D! cubes with edge length 2/D and denote by F; p the
linear space of functions which are piecewise constant on each element of P; p so that D(F; p) = D! forall D € N*.
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This leads to the family F = {F; p, D € N*} and we set y (F; p) = e P for all D > 1. We define u as in the previous
section and take for T'; the family reduced to the single model T; = {u;} for j =1,...,l. Then D(T;) =0 for all j
and we take for A ; the Dirac measure on T;. This leads to a set & which satisfies Assumption 1 and we may therefore
apply Theorem 2 which leads to an estimator §; with a risk bounded by

- : D'+D
CEq[lls = §1113] sdz(s,gouwll)gfl{dio(g, Fi.p) + }

Since s o [Ty, and g o u coincide on By, it follows from (4.20) that

2 2 2
s —gouly=lls —solyl; <2w (

Moreover, for all cubes I € P; p and x € I, the Euclidean distance between x and the center of / is at most ﬂ D1,
hence by (4.21), dwo (g, Fi.p) < w(+/ID~1) for all D > 1. Putting these inequalities together we see that the risk of §;
is bounded by

A2 2
C&Uw—nh]sw( (4.22)
4.5.4. Case of an unknown
When u corresponds to an unknown distribution of the X;, the matrix I" is unknown, its eigenvectors uy, ..., Uy and
the vector a as well and therefore also the elements uy, ..., u; of 7. In order to cope with this problem, we have to

approximate the unknown u; which requires to modify the definition of 7; given in the previous section, keeping
all other things unchanged. For each v € R with |v] < 1, we denote by ¢, the linear map, element of 7, given by
ty(x) = {x, v). Denoting by B} the unit sphere in R¥ we then set, for all J» Tj =T = {ty, v € B7} which is a subset
of a k-dimensional linear subspace of L (). It follows that Assumption 1 remains satisfied but now with D(T;) = k.
Since uj € T; for all j, an application of Theorem 2 leads to

I
ke, .
CE,[d%(s,$)] = ~ -le(g’ J.T)+d*(s.gou) +5r;fl{d§o(g, Fi.p) +
]=

U+D}

where i(g, j, T) is given by (3.3). Since, by (4.21), wg j =w forall j € {1,...,1},

k
Dok

n
j=l+1

) +Ii)r;fl{w2(x/7D_1) + 21}

Letip = ﬂog(D/\/Z)]. Ifi <ip,thenkli/n <kID/n since ip < D. Otherwise, i >ip + 1> 2 and

~

Pw?(e0) = Pw (e i) > ki —1) > k1'7
n

n

[\~
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which shows that kli /n < 21*w?(+/ID™') + kI D/n. Finally

CES[||S_§I||%]SW2( Z )\') ll’lf{lz 2(«/—D ) w}
N

n
Jj=l+1

swz( E)—i—lk[igfl{ 2 (ViD ) + 21)}

j=l+1

which is, up to constants, the same as (4.22). We do not know whether the multiplicative factor /k arising here and
missing in (4.22) can be improved or not.

4.5.5. Varyingl

The previous bounds are valid for all values of [ € I = {1, ..., k} but we do not know which value of / will lead to
the best estimator. We may therefore apply Theorem 3 with v(/) =1~2/2 for [ € I which leads to the following risk
bound for the new estimator § in the case of a known p:

Z,\>+w (VID™') + w}.

n
Jj=I+1

Apart from multiplicative constants depending only on k, the same result holds when p is unknown. If w(z) = Lz“

for some L > 0 and « € (0, 1], we get, since Z] —i412j < (k— DA+ (with the convention Ax41 = 0),

D! +1logl
~le{l,...k} D>1 n '

Assuming that n > L~ to avoid trivialities and choosing D = | (n L?[%)!/(+2®) | 'we finally get

logl  L2/U+20)
A2 . 2 a P
Eg[lls —5815] < le{}“f k}{L [k =D2rr]” + " + 20/ (+2a)

,,,,,

For [ = k, we recover the minimax risk bound over Hy, (8By), namely C’ (k) L2k/ (k+2a) y =2er/ (k+2er) | up to constants.
Therefore our procedure can only improve the risk as compared to the minimax approach.

4.6. Introducing parametric models

In this section, we approximate s by functions of the form s = g ou where g belongs to F; . and the components u ; of
u to parametric models T; = {u;(8,-),0 € ©;} C T indexed by subsets ©; of R¥/ with k; > 1. Besides, we assume
that the following holds.

Assumption 3. Foreach j=1,...,1, ©; C By, (0, M;) for some positive number M j and the mapping 0 — u (0, -)
from ®; to (T, d) is (B}, R;)-Holderian for §; € (0, 1] and R; > 0 which means that

d(uj@®,),u;(0,-) <R;|0 0" forall6,6'co;. (4.23)

Under such an assumption, the following result holds.
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Theorem 8. Assume that Theorem 1 holds and letl > 1, Ty, ..., T; be parametric sets satisfying Assumption 3, F be
a collection of models satisfying Assumption 1(i) and y be a subprobability on F. There exists an estimator § such
that

CE,[d*(s,5)] < d*(s,gou) + }g[dgo(g, F)+t[A,(F)+ D(F)]]
l l
1/8; . i . _
+ ‘L'|:Z;kj log(1+2M;R; ):| + X;I;rg[lw;j(e ) +it(l+k;B; N]
J= J=

forallge Ficandu; eT;, j=1,...,1
In particular, for all (a, L)-Holderian functions g with o € (0, 11 and L € (Rjr)l,

CE,[d*(s,5)] < d*(s,gou) + }g[d;)(g, F)+1[A,(F)+D(F)]]

l
+1 Y [kilog(1+2M; R+ (L; v 1)(1+k;871)], (4.24)
j=1
where
L= (—1L3 >f i=1,...,1 (4.25)
.=_0g 0}"]:,...,. :
T 20 TN+ k8 D

Although this theorem is stated for a given value of [, we may, arguing as before, let [ vary and design a new
estimator which achieves the same risk bounds (apart for the constant C') whatever the value of /.

As usual, the quantity ianEF[dgo (g, F)+1(A, (F) + D(F))] corresponds to the estimation rate for the function
g alone by using the collection F. In particular, if g € H*([—1, 1]) with & € (Rl)l , this bound is of order ¢2%/(2&+)
as T tends to O for a classical choice of I (see Section 4.1). Since for all j, g is also («; A 1)-Holderian as a function
of x; alone, the last term in the right-hand side of (4.24), which is of order —7 log 7, becomes negligible as compared
to 2%/ (%D and therefore, when s is really of the form g o u with g € H*([—1, 1]’) the rate we get for estimating s
is the same as that for estimating g.

Proof of Theorem 8. Forn >0and j =1,...,/, let ®;[n] be a maximal subset of @; satisfying |t —¢'| > n for all
t,t'in @;[n]. Since O is a subset of the Euclidean ball in R*/ centered at 0 with radius M}, it follows from classical
entropy computations (see for instance Lemma 4 in Birgé [8]) that log |®;[n]| < k; log(1 + 2Mjn_1). For all i € N*,
let T; ; be the image of @; ; = ©;[(R,e')~!/Pi] by the mapping 6 > u; (8, -). Clearly,

1/Bj i/B; 1/8; ca—1
log|Tji| <log|®;;| <kjlog(1+2M;R; TellPi) < k;j[log(1 +2M;R;") +ip; ]
By the maximality of @;; and (4.23), for all 8 € ©; there exists § € ©;; such that d(u;(®,-),u;(@,")) <
R;|0 —5|’3-/’ < e therefore T;; is an e~ -net for T;.For j=1,...,], weset T; = Uiz] T;; so that the mod-
els in T; are merely the elements of the sets 7 ;. For a model T that belongs to 7;; \ U;<;r; T} [e~#'] (with the
convention | J = @) we set

. 1/B8; . _
As,(T) =log |Tji| +i < kjlog(1+2M;R}/™) +i(1+k; 7).

which defines a measure A ; on T; satisfying

YoM=Y Y ()= e <1

TeT; i>1teTj; i~
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Since forall j and T € T;, D(T) =0, we get the first risk bound by applying Theorem 2 to the corresponding set .
To prove (4.24), let us set i(j) = [£;] v 1for j =1,...,] with £; given by (4.25), so that 1 <i(j) <L; v 1 and
notice that, if z > £; v 1, then lL?e‘z"‘fZ <zt(l+ kjﬂj_l). If£;>1,then £; <i(j)+1<2L;, hence

L3720 DD < (i(j) + 1) (1 +k;8; ") <2L;7(1+ k87 ")
and
W2 () < 1L20) <265 £ (14 k7)< 262 ¢(1+ ;B ).

Otherwise, £; < 1, i(j) =1> £L; v 1 and lW;j(e_i(j)) < lL?e_z“‘f <z(l + kj,Bj_l), so that in both cases
w2 (e7')) <2e2(L; v D)t (1 +k;B; "), which leads to the conclusion. O

4.6.1. Estimating a density by a mixture of Gaussian densities

In this section, we consider the problem of estimating a bounded density s with respect to some probability u (to
be specified later) on E = Rk , d denoting, as before, the [L,-distance on L, (E, ). We recall from Section 2.3 that
Theorem 1 applies to this situation with 7 = n"!||s|lco(1 V log||s]lso). A common way of modeling a density on
E =R¥ is to assume that it is a mixture of Gaussian densities (or close enough to it). More precisely, we wish to
approximate s by functions s of the form

I
§(x)=Y qjp(m;. Xj.x) forallx eRk, (4.26)
j=1

where [ > 1, q = (q1,...,q) € [0, 1] satisfies le:l gj="landfor j=1,...,1, p(m;, X;,-) =dN(mj, 2]2)/du
denotes the density (with respect to ) of the Gaussian distribution N (m j, Z‘Jz) centered at m j € R¥ with covariance
matrix Ejz. for some symmetric positive definite matrix X';. Throughout this section, we shall restrict to means 1
with Euclidean norms not larger than some positive number r and to matrices X'; with eigenvalues p satisfying
o < p <p for positive numbers p < p. In order to parametrize the corresponding densities, we introduce the set &
gathering the elements 6 of the form 6 = (m, ) where X is a positive symmetric matrix with eigenvalues in [p, 7]
and m € B (0, r). We shall consider ® as a subset of Rk&+D endowed with the Euclidean distance. In particular, the

set M of square k x k matrices of dimension k is identified to R¥* and endowed with the Euclidean distance and the
corresponding norm N defined by

k k
N A=) Y A7 iFA=(A)) <<

i=1 j=1 1<j<k

This norm derives from the inner product [A, B] = tr(A B*) (where B* denotes the transpose of B) on My and satisfies
N(AB) < N(A)N(B) (by Cauchy—Schwarz inequality) and N(A) = N(UAU ~1) for all orthogonal matrices U. In
particular, if A is symmetric and positive with eigenvalues bounded from above by ¢, N (A) < v/kc. We shall use these
properties later on. For b = r2 / (252) + klog(ﬁﬁ/ p) and p the Gaussian distribution A/ (0, 25211() on R¥ (where I
denotes the identity matrix) we define the parametric_set T by

T={u®, )=e"%/p@®,).0 O}

For parameters 61 = (m, X1),...,0; = (m;, X) in ©, the density § can be viewed as a composite function g o u
with

g,y =ePqyi 4+ +ePqy? (4.27)
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and u = (u1,...,u;) with u;(-) =u(@;,-) for j =1,...,1. With our choices of b and u, u(®,-) € T for all
0 = (m, X) € © as required, since for all x € E

(9 .x) = 7(2ﬁ2)k/2 X ﬁ — —|2_1(x _ m)|2
Piz det > 45° 2

2 2 -1 2
xX—m m X' (x—m
- (252£,z)k/2 exp|:| | n Im|= X7 ( )|

< (29202 k/ZerZ/(zﬁ)’

hence p(6, x) < eb. An application of Theorem 8 leads to the following result.

Corollary 4. Let s be a bounded density in Ly(E, i), d(-, -) be the Ly-distance, T =n~"||s|loo(1 V10g |5 [ls0), M =
Vkp+r,b=r*/2p%) + klog(v/2p/p), R = k27" p~) and

4]e?br—1 >

1
L) = 51°g(m

There exists an estimator § satisfying for some universal constant C > 0

CE,[d*(s,$)] < énf{dz(s, gou)} +1k(k + Dr[log(l +2MR) + (L(1) v 1)], (4.28)

where the infimum runs among all functions g of the form (4.27) and u = (uy, ..., u;) € T'.

The second term in the right-hand side of (4.28) does not depend on g nor u and is of order —tlogt as t tends
to 0. As already mentioned, one can also consider many values of / simultaneously and find the best one by using
Theorem 3. Up to a possibly different constant C, the risk of the resulting estimator then satisfies (4.28) for all / > 1
simultaneously. The problem of estimating the parameters involved in a mixture of Gaussian densities in R* has also
been considered by Maugis and Michel [19]. Their approach is based on model selection among a family of parametric
models consisting of densities of the form (4.26). Nevertheless, they restrict to Gaussian densities with specific forms
of covariance matrices only.

Proof of Corollary 4. First note that for all 6 € ©, |0 = |m| + N(X) < r + ~/kp. Hence, if we can prove that for all
o = (mo, Xo), 01 = (m1, 1) in O,

NP
d(u(®o.).u(1.) < /Tewo — 61, (4.29)

Assumption 3 will be satisfied with
Mj=M=r++kp and R;=\k/2e7"?p"'=R forj=1,....1.

We shall therefore be able to apply Theorem 8 with T; =T for all j, T = nslloo(1 v 10g |I5|lso), F = {F} where
F is the linear span of dimension D(F) = of functions g of the form (4.27) and y the Dirac mass at F. Since the
functions g of the form (4.27) are L-Lipschitz with L; =2¢g jeb < 2e” for all j, we shall finally deduce (4.28) from
(4.24). We therefore only have to prove (4.29). Let us first note that

d*(u(o. ), u(1, ) =2e""h* (N (mo, £3), N (m1, Z})), (4.30)
where / denotes the Hellinger distance defined by (1.1). Some classical calculations show that
exp[—(1/4)(m —mo, (ZZ + ZH ™ my — mg))]
\/det(():(;‘ i+ 302 h/2)

)

W (N (o, 53). N (m. £7)) =1 -
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and from the inequalities, | — e™% < z and log(det A) < tr(A — I;) which hold for all z € R and all matrices A such
that det A > 0, by setting X2 = Z‘g + 212 we deduce that

4> (N (mo, 25), N (m1, Z7))

' m+ 2oz
5210g|:det< 0 ~17T =05 >i|+(m1—m0,2_2(m1—m0))

2
<u(Zy' D+ ZoE[ = 21) + (m1 — mo, £ (my — mo))
=tr((Z0— 2N Z;  (Zo— T E[") + (m1 = mo. Z720my — mo)) = U + Us,
with
Ur=tr((Zo— 20 Z, ' (Zo— 22, ") and  Us = {m1 —mo, £72(m1 — mo)).

It remains to bound U; and U, from above. For Uy, taking A = (X — 21)2(;1 and B = 21*1(20 — X1) and using

1

the fact that the eigenvalues of Xy’ Vand ¥ N !are not larger than p™~, we get

Ui =[A, BI<N(ANB)=N((Zo— 205, YN (= (Zo— Z)
kN2(Zp— X))
p? '

<N(Z;HN(ZHYN2(Z) - 3)) <

Let us now turn to Us. It follows from the same arguments that the symmetric matrix X2 = Eg + )_712 satisfies for all
x € RF, (2%x, x) = | Zox|> + | Z1x|> > 2p2|x|?, hence

lmo —m|?

U, = — ’2_2 — <
»=(mi—mo (m1 —mo)) < 20

Putting these bounds together, we obtain that

k k
4h*(N (mo, Zg), N (m1, £7)) < p—(N2(21 — %0) + Imo —m|?) = 3160 —6,%,
which, together with (4.30), leads to (4.29). O

5. Proofs of the main results

Let us recall that, in this section, d denotes the distance associated to the norm || - ||, of L, (E, u) and dw, the distance
associated to the supnorm on Fj .

5.1. Preliminary approximation results

The purpose of this section is to see how well f ot approximates g o u when we know how well f approximates g
and t = (¢, ..., ;) approximates u.

Propositiond. Let p>1,ge€ F ., f € Filoo andt,u T If W, is a modulus of continuity for g, then

l

lgou—fotly<duo(g. f)+2"77 Y we i(lluj —t;ll,).
j=1

with the convention 21/ = 1.
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Proof. It relies on the following lemma the proof of which is postponed to the end of the section.

Lemma 3. Let (E, &, 1) be some probability space and w some nondecreasing and nonnegative concave function

on Ry such that w(0) = 0. Then |lw(|h])||, < 21/pw(||h||p)f0r all p € [1,4o00] and h € IL,(1), with the convention
21/ =1,

We argue as follows. For all y, y’ € [—1, 11, |g(y) — g(3")| < Z] (1 We, i(lyj — y |) and, since pu is a probability
on E,

llgou—fotlp= IIgou—gotllerIIgot—fotllp

ngj (luj —11)

j=l1

+I|g0t—f0t||p

1
Zngjlu] g, + sup |e) = )

yel-1,17

l

< 21/p ng,j(”uj —tj||p) +do(g, f)s
=1

which proves the proposition. (]

Proof of Lemma 3. Since there is nothing to prove if ||z, = 0, we shall assume that |||, > 0. The assumptions on
w imply that, forall 0 <a < b, b~ 'w(b) <a'w(a) and w(a) < w(b). Consequently, for p € [1, +o0l,

/Ewp(|h|)du=/Ew”(|h|)]l|h|5bdu+/Ew”(|h|)]l‘h|>bdu

w?(|h w? (b
< wp(b)+/ ( |)|h|p]l\h|>bdl/~ <wP(b) + ( )/ |h1? dp,
g |hl? b Jg
and the result follows by choosing b = ||| ,. The case p = oo can be deduced by letting p go to +o0. |

5.2. Basic theorem

We shall first prove a general theorem of independent interest that applies to finite models T for functions in 77 and
is at the core of all our further developments.

Theorem 9. Let I be a countable set and v a subprobability on I. Assume that, for each £ € I, we are given two
countable families Ty and Fy of subsets of T! and Fl.00 respectively such that each element T of Ty is finite and
each F € [y is a linear subspace of dimension D(F) > 1 of Fj . Let Ay and y; be subprobabilities on T, and F
respectively. One can design an estimator § = §(X) satisfying, forall ¢ € I, allu € T' and g € Fi1.c with modulus of
continuity Wy,

1
CE‘Y[d2(s,§)]gdz(s,gou)—f-TiH%E I inf w;j(Huj—tjllp)+r[AM(T)+log|T|+Av(€)]}
ely

teT
j=1

+ Fig%@{dgo(g, F)+1[D(F) + A, (F)]}.
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Proof. For each 1 € UTG%Z T and F € [F; we consider the set F; ={f ot, f € F} CL,(E, ), which is a D(F)-
dimensional linear space. This leads to a new countable family of models S; together with a subprobability 7z, on S
given by

Sz={F,,reUT,FeJF4}; we(F)=ye(F)__inf |T|™ ay(T). (5.1)
TeT, TeT,, Tot

We then set

S:USg and 7(F) =v()me(F,) for F, €Sy.
lel

It follows that

Ar(F) = Ay (F)+ __inf  [Ay,(T) +1log(|T[)] + A,(¢) for F; €Sy.
TeT,, Tot

Applying Theorem 1 to S and 7 leads to an estimator § satisfying, for each £ € I,

2 a . 2
CE,[d*(s,$)] < Fem,ﬂfm,za{d (s, Fy) + T[D(F) + Ay, (F) + 4;,(T) + log IT| + A, ()]}

We now use Proposition 4 which implies that, for each f ot € F;,

2
d*(s, fot) < (Is —goully +llgou— fotly)

i 2
< (ns —goully +doo(g. ) +27> Wy i (llu; —t,-nq))

j=1

1
< 3<||s —goull; +dx(g. f)+4 Y wy (Iluj - r,»nq))

J=1

for some universal constant C since 2'/¢ < 2. The conclusion follows from a minimization over all possible choices
for f and z. O

5.3. Building new models

In order to use Theorem 9, which applies to finite sets T, starting from the models T which satisfy Assumption 1, we
need to derive new models from the original ones. Let us first observe that, since u; takes its values in [—1, 1] and u
is a probability on E, d(0, u;) < 1. Itis consequently useless to try to approximate u ; by elements of IL, (E, u) that
do not belong to B(0, 2) since 0 always does better. We may therefore replace 7 C L, (E, u) by (T N B(0, 2)) U {0},
denoting again the resulting set, which remains a subset of some D(T")-dimensional linear space, by T. Moreover, this
modification can only decrease the value of (7', u ). Since now T C B(0, 2), we can use the discretization argument
described by the following lemma.

Lemma 4. Let T C B(0, 2) be either a singleton (in which case D(T) = 0) or a subset of some D(T)-dimensional
linear subspace of L, (E, ) with D(T) > 1. For each n € (0, 1], one can find a subset Tn] of T with cardinality
bounded by (5/7)PT) such that

inf d(t,v) <infd(t,v)+[nAD(T)] forallveT. (5.2)
teT[n] teT

Proof. If D(T) =0, then T = {¢t}, we set T[n] = {(—1 Vv t) A 1} and the result is immediate since v takes its values
in [—1, 1]. Otherwise, let T’ be a maximal subset of T such that d(¢, ') > n for each pair (¢,1") of distinct points
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in T’. Then, for each ¢ € T there exists ' € T’ such that d(¢,t") < n and it follows from Lemma 4 in Birgé [8] that
17| < (5/m)PT) . Now set T[] ={(—1V ) Al,t€T'}. Then (5.2) holds since D(T) > 1. O

We are now in a position to build discrete models for approximating the elements of T!. Given j € {1,....1},
T; in T; and some i € N*, the previous lemma provides a set Tj[e™'] satisfying |T;[e™"]| < exp[D(T;)(i + log5)].
Moreover,

d(uj, T;[e7']) <d(u;, Tj)) + [ AD(T})] forallueT'andieN*". (5.3)

We then define the family T of models by
!
T= {T: [ 7,[e 7] with (G5, T)) e N* x T, for j = 1,. 1} (5.4)
j=1
Then each T = Tj[e™'] x - -- x Tj[e™"] in T has a finite cardinality bounded by

1
log|T| < ZD(Tj)(ij +log5). (5.5)
j=1

5.4. Proof of Theorem 2

Starting from the families T;, 1 < j <[, we build the set T given by (5.4) as indicated in the previous section and we
apply Theorem 9 to F and T. This requires to define a suitable subprobability A on T, which can be done by setting,
foreach T=Ti[e 1] x --- x Tj[e ]in T,

1 l
M) =[] 2T exp[—i;DTH] or AT = [Ay;(T) +i;D(T))].
j=1 j=1

Applying Theorem 9 to F and T with I reduced to a single element and v the Dirac measure and using (5.5) and (5.3)
which implies that

inf  we j(luj—1tjll,) < we j([e7 ADT)H] +du;, Tj))

t;jeT; [e_'f]
< we j (€7 AD(T)) + W j(d ;. Tj)
by the subadditivity property of the modulus of continuity w, ;, we get the risk bound

CE,[d*(s, $)]
l .
<infy {21[w} (d(u;. T))) +ws (€7 ADT))] + [ A5, (T)) + (i +1og5)D(T))]}
j=1
+d*(s,gou) + }ng{dgo(g, F)+t[D(F) + A, (F)]}.
€
where the first infimum runs among all 7; € T; and all i; e N* for j =1,...,[. Setting i; =i(g, j, T;) implies that

lwf,’j(e_if AND(T})) < ©i;D(T;), which proves (3.2). As to (3.6), it simply derives from the fact that, if D(T) > 1,
then

i(g.j.7) = [Qa) " log(ILA[rDM)] )] < [a; Mog (1L [xD(T)] )] v I=L;17.
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5.5. Proof of Theorem 3

It follows exactly the line of proof of Theorem 2 via Theorem 9 with an additional step in order to mix the differ-
ent families of models corresponding to the various sets G,. To each S, corresponds a family of models S; and a
subprobability 7, on S, given by (5.1). We again apply Theorem 9 with / and v as given in Theorem 3.

5.6. Proof of Lemma 1

If D =1, we get the bound a + b. When a > b, we can choose D such that (a/b)l/(eH) <D< (a/b)l/(9+l) + 1, s0
that

aD—@ +bD<a(a/b)—9/(0+l)+b[(a/b)l/(9+1)+1]=b+2a1/(9+1)b0/(9+1)

and the bound b + [2a'/©@+Dp0/O+D A 4] follows. If b > a, the bound 2b holds, otherwise b < a!/@+Dp0/O+D an4
the conclusion follows.

5.7. Proof of Proposition 3

Let us consider, for i € {1,...,k} and x € [—1, 1]k, the map g ou,(t) = gou(xy,...,xi—1,t, Xj+1,...,x;) from
[—1, 1] into R. It suffices to show that it belongs to H”([—], 11%) for all i and x. If at least « or Bi are not larger than
1, the result is clear. Otherwise both are larger than 1 and we can write 8; = b; + ,Bi’ and @ =a + o’ with a, b; e N*
and /31.’ ,a’ € (0, 1]. Both functions g and u, are b; A a times differentiable and the derivatives g(z) ou, and u)(f)
for £ =0,...,b; A a are Holderian with smoothness p = (8; — b; A a) A (¢ — b; A a) € (0, 1]. Since the derivative
of order b; A a of g ou, is a polynomial with respect to these functions, we derive (4.4) from the fact that the set
(HP([—1,17%), 4, -) is an algebra on R.

We shall prove the second part of the proposition for the case k = 1 only since the general case can be proved by
similar arguments. For p > 0,let 1, € H([—1, 1])\ Up,>p HP' ([—1,1]). Given e, B > 0, we distinguish between the
cases below and the reader can check that for each of these g € H*([—1, 1]), u € H([—1,1]), gou € H([—1, 1])
with 0 = ¢(a, B) but gou ¢ HG/([—I, 11) whatever 6’ > 0. If «, B < 1, take g(x) = |x|% and u(y) = |y|# for all
x,ye[-1,1],if 1l < B and @ < B, take g = h, and u(y) =y for all y € [—1, 1], finally, if ¢ > 1 and o > B, take
g(x)=xforall x € [-1,1] and u = hg.

5.8. Proof of Lemma 2
For all & > 0, the map defined for y in (0, +00) by

1 -1 —1.
_ _Jyl@nl ify>(@v1)™;
a(y) = o, 1/y) - {a‘l otherwise,

is positive, piecewise linear and convex. Hence,

1 1& 1 1 1
5—z§¢“(a)z¢“(5>-¢<a,z>

and equality holds if and only if 8; < (@ Vv 1) for all i or if for all i, 8; > (@ Vv 1). We conclude by using the fact that
¢ (a, z) < z(a A1) for all positive number z and that equality holds if and only if z <o V 1.
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