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Abstract. In this article, we study the approximation of a probability measure @ on R4 by its empirical measure [iy interpreted
as a random quantization. As error criterion we consider an averaged pth moment Wasserstein metric. In the case where 2p < d,
we establish fine upper and lower bounds for the error, a high resolution formula. Moreover, we provide a universal estimate based
on moments, a Pierce type estimate. In particular, we show that quantization by empirical measures is of optimal order under weak
assumptions.

Résumé. Dans cet article, nous étudions 1I’approximation d’une mesure de probabilité u sur R4 par sa mesure empirique [y,
interprétée comme quantification aléatoire. Comme critere d’erreur, nous considérons une moyenne de métrique de Wasserstein
d’ordre p. Dans le cas 2p < d, nous établissons des bornes supérieures et inférieures améliorées pour 1’erreur, une formule haute ré-
solution. De plus, nous donnons une estimation universelle a base de moments, nomméee estimation du type Pierce. En particulier,
nous prouvons que, sous de faibles hypotheses, la quantification par des mesures empiriques est d’ordre optimal.
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1. Introduction

Constructive quantization is concerned with the efficient computation of discrete approximations to probability dis-
tributions. The need for such approximations mainly stems from two applications: firstly from information theory,
where the approximation is a discretized version of an original signal which is to be stored on a data storage medium
or transmitted via a channel (see e.g. [5,10,30]); secondly, from numerical integration, where integrals with respect to
the original measure are replaced by the integral with respect to the discrete approximation (see e.g. [19]).

In both applications the objective is to find an optimal discrete subset of a metric space (E, d) of cardinality N say,
a so-called codebook, depending on the given probability measure ¢ on E. In the first application one further needs fast
coding and decoding schemes that find for a signal a digital representation of a close element of the codebook or, resp.,
translate the digital representation back. Clearly, the best coding scheme would map a signal to a digital representation
of a closest neighbor in the codebook. The quantization number measures the smallest possible averaged distance of
a pu-distributed point to the codebook and hence the performance of the best possible approximate coding of x using
N approximating points which corresponds to using log, N bits.

During the last decade, quantization attracted much interest mainly due to the second application, see for instance
[22] for a recent review on financial applications. Here one aims at finding a codebook together with probability
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weights and the objective is to determine these in such a way that the distance between n and the discrete probability
measure is minimal with respect to some metric (e.g. a Wasserstein metric). Typically, the optimal solution of both
problems are closely related. The optimal codebook of the first problem is also optimal for the second one and the
optimal probability weights are the p-weights of the corresponding Voronoi cells. In particular, the optimal approxi-
mation errors are again the quantization numbers. A regularly updated list of articles dealing with quantization can be
found at http://www.quantize.maths-fi.com/.

From a constructive point of view, the two applications differ significantly and our research is mainly motivated
by the second application. For moderate codebook sizes and particular probability measures it is feasible to run
optimization algorithms and find approximations that are arbitrarily close to the optimum (see e.g. [18,20]). See also
[17] for a recent constructive approach toward discrete approximation of marginals of stochastic differential equations.
For large codebook sizes and probability measures that are defined implicitly, it is often not feasible to find close to
optimal quantizations in reasonable time. Large codebooks can be used for approximate sampling of the distribution
w: if sampling of w is costly (since it may be given only implicitly), one might prefer to sample from its quantization
instead. This approach is analyzed in work in progress [25], where p is the distribution of multiple It6 integrals.

As an alternative approach we analyze the use of the empirical measure Ly generated by N independent random
variables distributed according to the original measure (. As error criterion we consider an averaged L”-Wasserstein
metric. We stress that in our case the codebook is generated by i.i.d. samples and that the weights all have equal mass
so that once the codebook is generated no further processing is needed. The advantage of using the empirical measure
as a discrete approximation of y is that it is usually easy to generate efficiently even for large N. The disadvantage is,
of course, that for given N, the averaged Wasserstein distance between u and [ty is larger than that between w and
the optimal probability measure supported on N points.

The estimation of the approximation error of i in the Wasserstein metric is the concern of various articles.
Asymptotic results are derived for the uniform distribution in Ajtai et al. [1] for d = 2 and in Talagrand [27] for d > 3.
In particular, these results indicate that the approach is not order optimal in dimensions one and two when compared
with optimal quantization and we will restrict attention to dimensions greater or equal to three in this article. An
upper bound for more general distributions can be found in [12]. Closely related problems are the bipartite matching
problem [9] and the traveling salesman problem [3]. Interestingly, there has been progress on this class of problems
in several aspects [2,4] parallel to our research.

We will show that in the case E = R? equipped with some norm (which is the only case we consider in this article),
the loss of performance is essentially a constant times an explicit term depending on the absolutely continuous part
of .

A full treatment of quantization typically includes the derivation of asymptotic formulas in terms of the density
of the absolutely continuous part of w, a high resolution formula. Such a formula has been established for optimal
quantization under norm-based distortions [6], for general Orlicz-norm distortions [8], and, very recently, also in the
dual quantization problem [21]. In this article, we prove a high resolution formula for the empirical measure under an
averaged L”-Wasserstein metric. Further, a Pierce type result is derived. In particular, we obtain order optimality of
the new approach under weak assumptions.

The article is organized as follows. Section 1 introduces the basic notation and summarizes the main results.
Section 2 is devoted to the Pierce type result, see Theorem 1 below. Section 3 treats the particular case where u is the
uniform distribution on [0, 1)¢. It includes a proof of part (i) of Theorem 2 below. Finally, the high resolution formula
provided by Theorem 2 is proved in Section 4.

1.1. Notation

We introduce the relevant notation along an example. Consider the following problem arising from logistics. There
is a demand for a certain economic good on R? modeled by a finite measure . Typically one would expect to
have d = 2 in this example. The demand shall be accommodated by N service centers that are placed at positions
X1,...,XN € R? and that have nonnegative capacities pip,..., py summing up to ||u| := M(Rd). We associate a
given choice of supporting points x1,...,xy and weights py, ..., py with a measure fi = ) ;| piSy,, where &
denotes the Dirac measure in x. In order to cover the demand, goods have to be transported from the centers to the
customers and we describe a transport schedule by a measure & on R? x R? such that its first, respectively second,
marginal measure is equal to u, respectively ji. The set of admissible transport schedules (transports) is denoted by
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M (u, ) and supposing that transporting a unit mass from y to x causes cost ¢(x, y), a transport & € M (i, [L) causes
overall cost

/ c(x, ) dE(x, y).
R4 x R4

In this article, we focus on norm based cost functions. In general, we assume that the demand is a finite measure
on RY and that the cost is of the form

c(x,y)=lx—yl”,

where p > 1 and || - || is a fixed norm on R?. Given wu and [i, the minimal cost is the pth Wasserstein metric. In
contrast to the above example, we will restrict attention to the case d > 3.

Definition 1 (pth Wasserstein metric). The pth Wasserstein metric of two finite measures . and v on (R, B(R%)),
which have equal mass, is given by

1/p
(Lv)= inf (/ X — P(dx,d)) :
Pp(p I lx —ylI¥& y

where M(u, v) is the set of all finite measures & on R? x R¢ having marginal distributions w in the first component
and v in the second component.

The Wasserstein metric originates from the Monge—Kantorovich mass transportation problem, which was intro-
duced by G. Monge in 1781 [16]. Important results about the Wasserstein metric were achieved within the scope of
transportation theory, for instance by Kantorovich [14], Kantorovich and Rubinstein [15], Wasserstein [29], Rachev
and Riischendorf [23,24], Villani [28] and others.

Note that the Wasserstein metric is homogeneous in (u, v) so that one can restrict attention to probability mea-
sures. In this article, we analyze for a given probability measure 1 on R? the quality of the empirical measure as
approximation. More explicitly, we denote by jiy the (random) empirical measure of N independent p-distributed
random variables X1, ..., Xy, thatis

N
fin = N Z ox;
j=1
and, for fixed p > 1, we analyze the asymptotic behavior of the so-called random quantization error

~ 1
VE () = E[pf (. iw)] "

as N € N tends to infinity.
This quantity should be compared with the optimal approximation in the L”-Wasserstein metric supported by N
points, that is

V(1) = inf oy (1, v), (1)

where the infimum is taken over all probability measures v on R? that are supported on N points. The quantity
V:,p;(,u) is local in the sense that for a given set C C R¢ of supporting points used in an approximation v, the

optimal choice for v is u o7, ! where 7¢ denotes a projection from RY to C. Hence, the minimization of the latter
quantity reduces to a minimization over all sets C C R? of at most N elements. The minimal error is the so-called Nth
quantization number

I/p
Vil () = igf( / min |.x — yll”/t(dx)) :
y
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For a measure  on RY we denote by i = g + 45 its Lebesgue decomposition with 1, denoting the absolutely
continuous part with respect to Lebesgue measure A¢ and ju, the singular part. Further, we denote the uniform distri-
bution on [0, 1)¢ by U and define

1/p
z%‘};‘, =K inf f x —ylIPE(dx, dy) |
R4 xR4

U'eA
EeMU' Uy)

where A denotes the set of all probability measures I/’ on [0, 114 which satisfy U'(A) < U(A) for each Borel set
A C (0,1)?. Note that the latter quantity allows to have leakage in the boundaries of the support of the uniform
measure U/. Therefore, Kﬁf}'f; < Vﬁ‘}f (U). Tt seems plausible that the ratio of K?}{‘ﬁ and V]{,a";;i (U) converges to one as
N — oo. However, this has not been proved yet.

1.2. Main results

We will assume throughout the paper that d > 3. The approximation by empirical measures satisfies a so-called Pierce
type estimate.

Theorem 1. Let p € [1, %) and q > T There exists a constant KP‘Zm such that for any probability measure L
on R4
d Pi Va 1/d
Vi () < Kpf‘;”e[ /R Ml dM(X)} NV @)
forall N e N.

As we will see in the discussion below the assumptions on p and g cannot be relaxed. Theorem 1 improves the
asymptotic estimates of [12] that focused on the case p =2 and were of nonoptimal order. Interestingly, it is also
possible to give estimates for E[p, (14, fty)] for compactly supported measures y in general metric spaces based on
covering numbers [4].

Remark 1.

e The constant in the statement of Theorem 1 is explicit, see Theorem 3. Its value depends on the chosen norm on R¢.
e Forp > % and discrete measures L, the random approach typically induces errors Vli,a‘}fl(,u) that are not of order

O(N~Y4y: take, for instance, two different points a, b € R? and let u = %(Sa + %6;,. Then N iy ({a}) is binomially
distributed with parameters N and % Consequently,
1 :|1/ p

v({a) = 3

ViR () = E[ph (. in)]" = lla — bnE[

is of order N~Y2P and, hence, converges to zero strictly slower than N~1/4.

e In [11, the case where d =2, p =1 and n =U is treated. There it is found that the L'-Wasserstein distance
between two independent realizations of Uy is typically of order N~/*(log N)'/? which shows the necessity of the
assumption d > 3 for Theorem 1 to hold.

e For the uniform distribution U on [0, 1)¢, the results of Talagrand [27] imply that Vra“d(l/l) is always of order

NV g long as d > 3.

The following theorem is a high resolution formula for quantization by empirical measures.
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Theorem 2. Let p €1, %).

(i) Let U denote the uniform distribution on [0, 1)2. There exists a constant K;“if € (0, o0) such that

. 1/d y,rand __unif
Nh_r)nooN VN’p(U)—Kp .

Further, there exist a constant ggnif € (0, 0o) such that

: 1/dysrand __ , unif
lim N VN =Ky -

N—oo
(ii) Let u be a probability measure on RY that has a finite qth moment for some q > ddTPP and suppose that 3‘;3 is
Riemann integrable or p = 1. Then
1/d y,rand if dua \'7P NP
s ran unr
mson vitoo < ([ () o) ®
and
1/d d if diia -l d e
: s ran uni
l}vrilgofN Vv, () =k, <A{d<dkd> dx ) . @)

Interestingly, very similar asymptotic formulas appear in the bipartite matching problem [9], the traveling salesman
problem [3] (both for p = 1) and in rather general combinatorial problems [2].

Remark 2. We conjecture that gsz = K;nif in which case the inequality and limsup in (3) are actually an equal-
ity and lim. Proving the equality E;“if = K;‘,“if seems to be a general open problem in transport problems. Similar

problems arise in [13] for optimal transports from Poisson point processes with Lebesgue intensity to Lebesgue mea-
sure. Furthermore, we conjecture that the high resolution formula is still valid without the assumption of Riemann
integrability.

Remark 3. The Pierce type result is sharp with respect to the assumption on the moment q. We will provide an
example in which inequality (2) is not true for g = ddfpp: letd>3and p €1, %) be arbitrary. Choose B € (1, ﬁ]
and consider the probability measure u defined by

2 —
Lix= /=P (log x)) 7, x|z,

o {
7 (x) =
dad 0, otherwise,

where | - | denotes the Euclidean norm on R and Z denotes the appropriate normalization. Using the equivalence of
norms on R¢ and switching to polar coordinates we obtain

o0
/ 9 dp ) < e / i) dr
R4 e

for an appropriate finite constant cy. The latter integral is finite since > 1. Conversely, the integral in the high
resolution formula is

du 1-p/d 00
/<—d> dxd=cz/ r n@r)~UmP/DB g,
R4 da e

where ¢y is an appropriate positive constant. By our choice of B this integral is infinite so that by the lower bound of
the high resolution formula (Theorem 2(ii))

lim inf /4 V3 ) = 00

which contradicts the validity of the Pierce type result.
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Let us compare our results with the classical high resolution formulas, see [11], Theorem 6.2. The asymptotics of
Vfﬁ; defined in (1) satisfies

du
lim NYIVP () = / —
Ngnoo N’p(u) “pd R4 dad

whenever u has a finite moment of order ¢ for some g > p. Here, the constant ¢, 4 is the corresponding limit for the
uniform distribution on the unit cube in R¥. Its numerical value is known in a few special cases.

Note that the integral term on the right-hand side of (5) differs from the one in (3) and (4). This effect can be ex-
plained as follows: for a sequence of optimal codebooks (C(N))y>1 of size N the empirical measures % > eC(n) Sx
tend to a measure that differs from . In fact optimal codebooks allocate more points in the tails of the distribution.
Since our approach does not account for such a correction, it is natural to expect a loss of efficiency for heavy tailed
distributions. For arbitrary codebooks whose empirical distributions tend to the measure w, one has lower bounds
which incorporate the same integral term as in our high resolution formula, see [7], Theorem 7.2.

Theorem 1 can be used to improve [11], Theorem 9.1(a): there the validity of an asymptotic formula for the random
quantization error is shown to be equivalent to the uniform integrability of (N p/d minj<j<y | X — X;||?)n>1 where
X, X1, ... are independent with law . Theorem 1 shows that uniform integrability holds provided that 1 < p < d/2
and u has a finite moment of order ¢ for some g > dd_—pp. Hence a high resolution formula is also available for
quantization with random codebooks and optimally chosen weights. It incorporates the same integral as in formula
(3) and postprocessing the weights of a random codebook can in the limit improve the error by a constant factor,
irrespective the distribution u.

da?

)d/(d+p)
; ®)

)l/d+l/p

1.3. Preliminaries

For a finite signed measure & on the Borel sets of RY, we write ||| := | |(R?) for its total variation norm (using the
same symbol as for the norm on R? should not cause any confusion). For finite (nonnegative) measures ;. and v we
denote by 1 A v the largest measure that is dominated by p and v. Furthermore, we set (w —v)1 == — @ A v.

Next, we introduce concatenation of transports. A transport &, i.e. a finite measure £ on RY x R, will be associated
to a probability kernel K and a measure v on R? via

§(dx,dy) = v(dx)K (x,dy), (6)

so v is the first marginal of £&. We call & the transport with source v and kernel K. Let /C denote the set of probability
kernels from (R4, BY) into itself and consider the semigroup (K, %), where the operation # is defined via

Ky % Ka(x, A) ::/Kl(x,dz)Kz(z,A) (xeRY, A eB?).

Now we can iterate transport schedules: Let vy, ..., v, be measures on R? with identical total mass and let & €
M (vk—1, vr). Then the concatenation of the transports &1, ..., &, is formally the transport described by the source
Vo and the probability kernel K = K| * --- x K,;, where K, ..., K, are the kernels associated to &1, ..., &,. Note

that the relation (6) defines the kernel uniquely up to v-nullsets so that the concatenation of transport schedules is
a well-defined operation on the set of transports. In analogy to the operation * on K, we write &1 * - - - x &, for the
concatenation of the transport schedules.

We summarize some well-known properties of the Wasserstein metric in a lemma.

Lemma 1. Let &, ju, u1, ... and v, vy, . .. be finite measures on R¢ such that || = |l = |v|l and ||kl = ||vi|l for
allk=1,.... Furtherlet p > 1.

(i) Convexity: Suppose that = . ik and v =73 ; . Vk. Then

b (1. v) <D ph (ks vi).- @
k=1
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(i1) Triangle-inequality: One has

Pp(,v) < pp(, §) + pp(§,v). ®)
(iii) Translation and scaling: Let T :R? — R? be a map, which consists of a translation and a scaling by the factor

a> 0. Then

pp(o T~ voT™) =ap,(u,v). ©)

(iv) Homogeneity: For k > 0 one has
Kpp (s v) = pp (KL, kD).

Proof. To see (i), use the transportation plan § =) ;| & where & is an optimal transportation plan from sk to vy.
For (i), see [28], p. 94. (iii) and (iv) follow directly from the definition of the Wasserstein metric. O

2. Proof of the Pierce type result

In order to prove Theorem 1, we first derive an estimate for general distributions on the unit cube [0, l)d.

Proposition 1. Let 1 < p < &. There exists a constant KCUbe

[0, )? and N € N

€ (0, 00) such that for any probability measure (L on

Vrand(u) < KcubeN 1/d

cube :

Remark 4. The constant Koo LS explicit. Let 0 = SUpP, yefo,1yd [1X — ¥l denote the diameter of [0, 1)?. Then

1
Kcube — Dz(d—Z)/(2p) 1 + 1 v
P 1—2r=d/2 " 1 —-2-p

For the proof of Proposition 1 we use a nested sequence of partitions of B = [0, 1)?. Note that B can be parti-
tioned into 2¢ translates Bi, ..., By of 2-1B. We iterate this procedure and partition each set By into 24 translates
Bi1s ...y By pa of 2-2B. We continue this scheme obeying the rule that each set By, . x, is partitioned into 24 trans-

lates By, .. k.15 - -+ s By, gy 04 Of 2~(+D B. These translates of 2~/ B form a partition of B and we denote this collec-
tion of sets by P, the [th level. We now endow the sets P := Ufio P; with a 24 -ary tree structure. B denotes the root
of the tree and the father of a set C € P; (I € N) is the unique set F' € P;_; that contains C.

Lemma 2. Let u and v be two probability measures supported on B such that for all C € P
v(C)>0 = u(C)=>0.
Then

C
v(C) — v &)

w(F)

pp (. v) < DPZZ & Z Z

FeP; C child of F

with the convention that 8 =0.

For the proof we use couplings defined via partitions. Let (Ax) be a (finite or countably infinite) Borel partition of
the Borel set A C R?. For two finite measures /i1, 12 on A with equal mass, we call the measure [i on R4 defined by

Mz(z‘\k)M1
m(AD" s,

/11 |Ak =
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the (Ay)-approximation of u to puy provided that it is well defined (i.e. that w1 (Ax) = 0 implies p(Ag) = 0).
The (Ag)-approximation i is associated with a transport & from w1 to 11: for each &, one has

_ _ (A A pa(Ap)
(w1 A )l a, = T LAy M N

and we define a transport £ € M(uq, ft1) via
_ 1 _ _
§=Gunp)oy "+ < — )+ ® (i — )+
where § := % >k 11 (Ag) — pa(Ap)| and ¥ :RY — R? x RY, x > (x, x). Then
£({(x,y) eRY xRY: x £ y}) =34.

Proof of Lemma 2. For/ e Ny:=1{0,1,2,...}, we set

v(A)
=2

AeP;

A

which is the P;-approximation of u to v. By construction, one has for each set F € P; with [ € Ny

ui(F) = w41 (F).
Moreover, provided that w; (F) > 0, one has for each child C of F

v(C)

ul = w(F)v(C)
u(C)

e O™

mivile =

C

so that p;y1|F is the {C € Piy1: C C F}-approximation of w;|r to v|r. Hence, there exists a transport &f €
M|, w1l F) with

Er({(r.y): x#y)) = % >

C child of F

u(C)
C)—v(F)———|. 10
v(C) —v( )M(F) 10)

Since each family 7 is a partition of the root B, we have

Ep1i= ) &F € M(ui, iv).
FeP;

Next, note that p, (u;, v) < 02~ 5o that w; converges in the pth Wasserstein metric to v which implies that
Pp(, v) < sup pp (i, ). (11
leN

The concatenation of the transports (§;);cn leads to new transports

gl=f % x5 e M, ).

Each of the transports & is associated to a kernel Kj and, by Ionescu—Tulcea (see, e.g., [26]), there exists a sequence
(ZDien, of [0, 1)4-valued random variables with

P(ZOGAO,..~,ZIGA1)=/ f / Ki(xj—1, Ap) - - - K1 (x0, dx1) e (dxo)
Ag J A Al
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for every [ € N and Borel sets Ag, ..., A; C R?. Then the joint distribution of (Zy, Z;) is g’. Let
=inf{l € No: Z;+1 # Z;}

and note that, almost surely, all entries (Z;);cn, lie in one (random) set A € Py, if {L < oo} enters, and are identical
on {L = oo}. Hence, for any k € N

oo
E[l1Zo — Zil|I”] < 0PE[27PF] <07 Y 27 PIP(Zig # Z0)

1=0
o
=07y 27 ({x, ) x #y))
=0
C
_ —aP Zz YN ue) - w(F )—“(F)
FeP,; C child of F u(F)
where we used (10) in the last step, so the assertion follows by (11). O

Proof of Proposition 1. It is straight-forward to verify that the above lemma can be applied to 1 and v = 1, (w) for
almost all w € §2 and we get

Pp (. i) < 0”22 Y

FeP; C child of F

X n(€)
N (C) — MN(F)W 12)

Note that conditional on the event {N iy (F) =k} (k € N) the random vector (N in (C))¢ child of F is multinomially

distributed with parameters k and success probabilities (14(C)/(F))c child of F- Letting £ (¢) := /t At fort >0, we
obtain

E[ > |avo - m(F)&F)“NﬁN(m =k]
C child of F ( )
1 N JZA(CH N TN
Z_E[ Z Nin(C) —k—= N,uN(F)zki|
N C child of F M(F) ‘
(@ 1
=5 2 va(Nan©INAx(F) =k)?
C child of F
) vk w(C) © gk 242
SW Z mfz W_Tg(k)'

C child of F

Here, we estimate the first against the second moment in (a). In (b) we use that the conditional distribution of N iy (C)
is the binomial distribution with parameters k and u(C)/u(F) and in (c) we apply the Cauchy—Schwarz inequality.
The function ¢ is concave and Jensen’s inequality implies that

1>

C child of F

. n(C)
N (C) — ,U«N(F)WH —;“(NM(F))

Consequently, it follows from (12) and Jensen’s inequality that

o 0d/2
E[pp (1, An)] < % Py 2y —C(NM(F))<Dp2d/2 'NT ‘Zz<d Ple(27N).
1=0 FeP 1=0
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Let [* := [log, N'/?]. Then,

I* 00
E[pp (1, )] < 072427 1N [Zz“l/”dl’)l«/ﬁJr > 2”’N:|

=0 [=l*+1

oo oo
< oP2d/2=1 -1 |:Z 2(d/2—P)(l*—k)\/ﬁ+ 2—p*+1) Zz—ijj|
k=0 j=0

1 1
pad/2—1 Ar—p/d
=02 N [1—2Pd/2+1—2p}’

so the assertion follows. O

We are now in the position to prove Theorem 1. Since all norms on R? are equivalent, it suffices to prove the result
for the maximum norm || - ||max-

Theorem 3. Let p €[1, %) and q > %. One has for any probability measure u on R that

i 1/q
Vit () < K,‘?fzf“[ / 1l du(x)] N1, (13)
R

where

K =K

Pierce __ , cube
Pq p

2p—194/2yp N 2p+q(—p/d) (K;ube)p 1/p
1 —2r—1/2)q 1 —2—q9(-p/d)+p

Proof. By the scaling invariance of inequality (13), we can and will assume without loss of generality that
f x| Eax dpe(x) = 1. We partition R4 into a sequence of sets (B,,),en, defined as

Bo:=B:=[-1,1)Y and B,:=(2"B)\(2"'B) forneN.
We denote by v the random (Bj,)-approximation of u to jiy, that is

_ /:LN(Bn) "
“(Bn)

VB, for n € Np.

By

Thené = (uAv)oy ' +8 M (u—)tT QW —wt withs:=|(u—v)T|=|(v—wand ¥ :R? - R x RY, x >
(x, x) defines a transport in M (11, v). Using that |x — y||? <2P~1(||x||? + [|ly||?) for x, y € RY, we get

/||x—y||f’é(dx,dy>=a—1/ / It — yIP (= OO — 0 (dy)
R4 JRd

52”_1/ I|x||”(u—v)+(dx)+2”_1/ IylI? (v — )™ (dy)
Rd R

<Y [ vt +27 Y [ 1o -t
n=0""n n=0""n

o0
<207y P2 |~ vI(By).
n=0

Note that N /iy (B,) is binomially distributed with parameters N and u(B,). By the Markov inequality it follows that

(By) <2740 D / [l [ fhax dpe (x) = 279~ (14)
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The inequality remains true for n = 0. One has E[iy(B;)] = u(By) and estimating the first against the second
moment yields

E[pp (e, v)] <) 2P~ 2P0 E[|u(By) — n (Bo)|]
n=0

9] )

< Zzpflznpap Var(/lN(B,l))l/z < ZzpflznPaPNflﬂu(Bn)l/Z
n=0 n=0

2p+q/2—1

par—1/2
N (15)

)
< op+a/2=1yp N—1/2 Zzn(p—(l/Z)q) —
n=0

It remains to analyze E[p,’,’(v, an)]. Given that {N iy (B,) = k} the random measure % fAnlp, is the empirical

By
w(By)

measure of k independent distributed random variables. By Lemma 1(iv) and Proposition 1, one has for n € Ny

E[pp (vlB,. Anlg,)]

o0

. k wlp, N .
=Y P(Nin(B,) =k)—E|ph n
]; ( U (Bp) )N I:pp<M(Bn) X UN

)\NﬁN(Bw = k}
B,

k

< P(NﬂN(Bn) :k)2(”+l)pﬁ(1c;ube)pk_l’/d

e

—_

K;ube)Ppr/dz(n+1)pE['&N(Bn)l*P/d]‘

By Lemma 1(i) and the fact that E[fty (B,,)] = u(B,), we conclude with Jensen’s inequality that

o o0
E[pp (v, an)] <D E[ph vls,. Ainls,)] < () N=2/4N 20t Dp () =P/,
n=0 n=0

We use again inequality (14) to derive

o0
E[pg(v, ,llN)] < (K;ube)PN—P/d Zz(nH)p—q(n—l)(l—p/d)
n=0
1—-p/d
_ (Kcube 2p+q(l—p/d) —pyd,

r_~=
P ) 1_2*q(lfp/d)+PN

Note that g < % and altogether, we finish the proof by applying the triangle inequality (property (ii) of Lemma 1) and
inequality (15) to deduce that

—1ngq/2 +q(1-p/d) b 1
2p=124/2yp N 2p+q(l=p/ (i) P /p N1
1 —2r=(/2)q 1 —2—9U=p/d)+p ’

E[p} (e, in)]"? < [

—.Pierce
=Kp.q O

3. Asymptotic analysis of the uniform measure

Next, we investigate the asymptotics of the random quantization of the uniform distribution ¢/ on the unit cube B =
[0, l)d. The aim of this subsection is to prove the existence of the limits

unif .__ 1; 1/d ysrand unif .__ 1; 1/d ysrand
K= lim N7V U), ko= lim N7V
p N— 00 N,p =P N— 00 —N.p
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which is the first statement of Theorem 2.

Notation 1. Let A and S denote two sets with A C S and suppose that v = (v}) j=1
the vector v consisting of all entries of v in A the A-subvector of v, that is

N is an S-valued vector. We call

.....

va = Uy (),

where (y (j)) is the enumeration of the entries of v in A in canonical order.

For a Borel set A C RY with finite nonvanishing Lebesgue measure, we denote by Z/(A) the uniform distribution
on A. The proof of the existence of the limit makes use of the following lemma.

Lemma 3. Let K € N and let A, Ay, ..., Ax C RY be Borel sets such that A*(A) € (0,00) and that the sets
A1, ..., Ax C R? are pairwise disjoint and cover A. Fix N € N and suppose that & := N - % € Ny for
k=1,...,K

Assume that X = (X1, ..., Xn) is a random vector consisting of independent U (A)-distributed entries. Then one
can couple X with a random vector Y = (Y1, ..., YnN) which has Ai-subvectors consisting of & independent U (Ay)-
distributed entries such that the individual subvectors are independent and such that

{Z Lix; £y, }] fzf (16)

Proof. For k =1, ..., K, denote by X® the Ag-subvector of X. For each k with & < length(X(k)), we keep the
first £ entries of X in Ay and erase the remaining ones. For any other k’s, we fill up & — length(X®) of the empty
places by independent U/ (Ay)-distributed elements. Denoting the new vector by Y, we see that Y has Ay-subvectors

of length & . Clearly, Y has independent subvectors that are uniformly distributed on the respective sets. The length
_ 2(AnA)

of the Ag-subvector of X is binomially distributed with parameters N and g := =3 o

, so that, in particular,

E[length(X ®)] = Ngi = &. Bounding the first by the second moment we get

N K K
1 1
E[Z ﬂ{XﬁéYﬂ] = §]E|:§ [length(x ) - §k|:| < 3 2 var(length(x )"/
j=1 k=1

i=1

K
1 1
<>VN) Jax<sVKVN,
2 Pt 2
where we used the Cauchy—Schwarz inequality in the last step. (]

Proof of the first statement of (i) of Theorem 2. Let M € N be arbitrary but fixed. Further, let N € N, N > 29 M, and
denote by By = [0, a), al = N , the cube with volume A% (By) = M wWe divide [0, ¥ into two parts, the main one
B™ain :— [0, |1/a]a) and the remainder B™™ := [0, 1)?\ B™" Note that A4 (B™™) — 0 as N — co. We represent
B™ain 45 the union of n = [a 1 ¢ pairwise disjoint translates By, ..., B, of By:

n
Bmain — U By.
k=1

Let X = (X1,..., Xy) denote a vector of N independent /[0, 1)¢-distributed entries. We shall now couple X
with a random vector ¥ = (Y1, ..., Yn) in such a way that most of the entries of X and Y coincide and such that
the Bi-subvectors are independent and consist of M independent U/ (By)-distributed entries. To achieve this goal we
successively apply Lemma 3 to construct random vectors X°, ..., X’ and finally set X’ = Y. First we apply the
coupling of Lemma 3 for X with the decomposition [0, 1)¢ = B™" (J B™™ and denote by X° the resulting vector.
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In the next step a 2¢-ary tree 7 whose leaves are the boxes By, ..., By is used to define further couplings. We let L
denote the smallest integer with 2LBy > Bmain je J =[— log, a7, and set

T ={r+ 2L1By: y e (ZL_laZd) N Bmain}

for! =0,..., L. Now 7 is defined as the rooted tree which has at level / the boxes (vertices) 7; and a box Acpilg € 7;
is the child of a box Aparent € 71 if Achilga C Abparent-
We associate the vector X© with the Oth level of the tree. Now we define consecutively X!, ..., X© via the following

rule. Suppose that X! has already been defined. For each A € 7; we apply the above coupling independently to the
A-subvector of X! with the representation

A= |J B
B child of A

By induction, for each A € 7;, the A-subvector of X I consists of N4 (A) € N independent U/ (A)-distributed random
variables. In particular, this is valid for the last level ¥ = X L
We proceed with an error analysis. Fix w € £2 and j € {1, ..., N} and suppose that X ?(w), X /L (w) is altered in

the step / — [ + 1 for the first time and that X?(a)) € B €7;. Then it follows that X JL (w) € B so that
|X9(@) = X¥ (@) < diameter(B) < av2"~,
where 0 is the diameter of [0, 1)" . Consequently,
N N L-1
0 L|P L—I\P
E[Z”X] - X;| ] SE[ZZE{X#X?‘}(“M ) }
j=1 j=11=0
By Lemma 3 and the Cauchy—Schwarz inequality, one has, for/ =1, ..., L,

N
E[Zn{x#xﬁl}] < %J?k/ﬁ 3 VA
=

A€T)

1 172 1
< 5@&( ) mm) 20D/ < LY,

AeT

since Y AT, A4(A) = A4(B™@n) < | and 7;_ has at most 2¢¢~1 elements. Together with the former estimate we
get

N L
1 - 1 (@)?
0 _ yL|P = (L=Dp+dlj2 _ dL)2
E[§ I1x7—x7] ]5 2(a0)p«/N§ 28I < S =g 2T YN
j=1 =1

Next, we use that a = (%)1/ 4 and 2L < % to conclude that

e 0_ yL|P 227l - pyd
E Z”X] - Xj H = 1_2—d/2+pM N :

Lj=1
Hence, there exists a constant C that does not depend on N and M such that

B 1/p

| X 1/p | X | /p
E NZHXJ-—Y./HP} SE[NZ||Xj—X?I|”} +1E[NZI|X?—X§|IP}
L j=1 j=1 j=1

< C[NV@P) 4 p-/@P=1/d) N -1/d], a17)
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By construction, Y has for each k =1, ...,n, a Bg-subvector of M independent U/ (By)-distributed random vari-

ables and we denote the corresponding emplrlcal measure by ,u( ) . Moreover, its B™™-subvector contains N — nM

independent I/ (B™™)-distributed entries and we denote its empirical measure by 4™, . Letting ,&]{, denote the

empirical measure of Y, we conclude with Lemma 1 and Proposition 1 that

NE[pp (.U ZME (@, UBY)] + (N = nMYE[pL (A%, oy U(B™™))]
EnMaP(VI{;?;(U))P ( cube) (N — nM)l_p/d. (18)

Next, we let N tend to infinity and combine the above estimates. Note that N'/?q = M/ and M — 1 so that

limsup N'4E[ph (3%, u)]"” < MUy )

N—o0

Moreover, (17) implies that

limsup NV9E[ph (3%, i%)]"7 < cm~1/Cn=1/d),

N—o0

Now fix ¢ € (0, 1] arbitrarily and let M > % such that
MYy ) < liminf N4V Q) + 6.
’ N—o00

Then

timsup NVIVER) < MYV + CmVEDTHD <diminf NYVERSIQU) + 6 + Cet/ P

N—oo
and letting ¢ | O finishes the proof. (]
Proof of the second statement of (i) of Theorem 2. The proof of the second statement is very similar to the proof
of the first statement. The crucial difference is that the arguments are now based on superadditivity compared to the
subadditivity of the Wasserstein metric (in the sense of part (i) of Lemma 1) that was used in the proof of the first
statement.

We now look at a nonsymmetric modified version of the Wasserstein distance that allows leakage at the boundaries.
For two probability measures vy and v, on [0, 114, we define

(v, 1) ;== inf Vi, V2
P, e )p,,( 1 12),

where A(vy) denotes all probability measures ¢ on [0, 179 which satisfy ¢ (A) < v1(A) for all Borel sets A in (0, 1.
We make use of thee same notation as in the proof of the first statement. First note that similar as in (18)

NE[p?(U. iy)] = nMa? (V57)".
Since, in general,

p, U iy) < p, (U i) + pp(ity. ity).
we conclude that

liminf N'E[p? 0. 4)]"" = timint N'E[p? . )] ~ timsup NV B[ pf (2. )]

N—o0

> llivnl)iélole/d(nM/N)l/pazﬁa,‘}g(U) —cm~Wep=1/d)

> Ml/dzl[’él]l}i]i](u) _ CM—(I/(ZP)_I/d).
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The proof is finished as above. (]

4. Proof of the high resolution formula
4.1. Proof of the high resolution formula for general p

Definition 2. We call a finite measure . on R approachable from below, if there exists for every e > 0 a finite number
of pairwise disjoint cubes By, ..., B, (wWhich are parallel to the coordinate axes) and positive reals oy, ..., o, such
that v :=Y_ oaxU(By) satisfies

v=p and |jp—v|=<e.

A finite measure i on R is called approachable from above, if there exists for every 8, ¢ > 0 a finite number of
pairwise disjoint cubes By, ..., By and positive reals a1, . .., o, such that v :="_ oaxU(By) satisfies

v > ulpo,s and |lv—ulposl <e.

Remark 5.

1. The uniform distribution on a rectangle with positive Lebesgue measure is approachable from above and below and
it is straight-forward to verify that one can allow arbitrary (nondisjoint) rectangles By, ..., By in the definition of
approachability without changing the definition.

2. By 1. we can express a measure which is approachable from below or above locally as the limit of a monotone se-
quence of measures with Lebesgue density. Hence it has itself a Lebesgue density. Conversely, every finite measure
which has a density that is Riemann integrable on any ball B(0, §) (6 > 0), is approachable from below and above.

Proposition 2. Let i denote a compactly supported probability measure that is approachable from below. Further let
pell,d/2). Then

1/d p 1/p if du tmpid d e
li N'/¢E 7 < gt — di .
msp “slofn i) <2 ([ (55) )

Proof. Let ¢ > 0 and choose a finite number of pairwise disjoint cubes By, ..., Bx and positive reals a7y, ..., ¢g such

that w* := Y& oaxld(Br) < wand || — p*|| <e. Fork=1,..., K let u® =U(By), set ap = || — p2*|| and fix a
probability measure 19 such that

K
=y axu®.
k=0

For each k, we consider empirical measures (;lflk))neN of a sequence of independent ,u(k)-distributed random vari-
ables. We assume independence of the individual empirical measures and observe that for an additional independent

multinomial random variable M = (M )k—o,... k With parameters N and (o )k=o,..., k one has
. K
~ ~ (k
Ny = Z Mkugwi.
k=0
We assume without loss of generality strict equality in the last equation. Set v = lf:o %,u(k) and observe that by

the triangle inequality

E[ph . in)]"” <E[ph . 0)]'"" +E[ph v, an)]"".

The first expression on the right hand side is of order O(N —1/2r) (see the proof of Proposition 3). By Theorem 2(i) and
Lemma 6 of the Appendix, there is a concave function ¢ : [0, c0) — R such that IE[n,of,7 U0, D%, U([o0, D] <
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@(n) for all n € Ny and

1 unif) P
e ® 00 = (")

Denote by ay,...,ag the edge lengths of the cubes Bj,..., Bx and let ap > 0 be such that the support of w is
contained in a cube with side length ag. Then, by Lemma 1, Proposition 1 and Jensen’s inequality,

K
NE[pp (v, an)] ZEMkP (k),/l%z)]
k=0

K
= () ag My 4 3 af Bl
k=1

K
< (K;ube)pag(aoN)lfp/d + Z%f‘ﬂ(akN),
k=1
so that

hmsupN”/dIE[pp(u an)] < (cube)[’ Pe 1=p/d umf Zak 1=p/d

N—o0

Note that for x € B, f(x) := 3‘;(‘; > oy /a and we get

a,fa,i"’/%/ af o M ax < | f0' TP dx.
By By

Finally, we arrive at

timsup N”/“E[ o] (1, few)] = (;™)" / F@'P g (™) ag et
R

N—oo
Letting ¢ — 0 the assertion follows. ]
Proposition 3. Let u be a finite singular measure on the Borel sets of [0, 1)?. For p € [1,d/2), one has

llm Nl/dVrand( )_
N—o00

Proof. Without loss of generality we will assume that p is a probability measure. Let ¢ > 0 and choose an open set
U c R? such that u(U) = 1 and A4(U) < &. We fix finitely many pairwise disjoint cubes By, ..., Bx with

UDBU---UBx and u(BjU---UBg)>1—e.

We set By = [0, )4\(B; U --- U Bg) and consider the (Bg)-approximation of u to fiy. According to the discussion
following Lemma 2, we consider the random probability measure v on [0, 1)¢ with

olp, = fin (Br)
B

Then the vector Z := (N iy (Bk))k=o.... x is multinomially distributed with parameters N and (u(Bg))r=o,...x and
the coupling introduced below Lemma 2 achieves

Zk _ By
 — H(B)|-

p( V)<1
IO]J/J/? _2
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Consequently,
1 K 1/p
1 _
E[pp (1, v)] P < <ﬁap > E|zi - NM(Bk)\) =O(N71/2p), (19)
k=0
We denote by ay, ..., ag the edge lengths of the cubes By, i.e. ar = 2 (B4, and set ap = 1. Note that v|p, and

fin|, have the same mass for all k. We apply Lemma 1, Proposition 1 and Jensen’s inequality to deduce that

K K
1 _
Elop 0. am] = Y E[pp0la. in1s)] < 5 (c5)" 3 af B[ (A (BON)' "]
k=0 k=0

K
< (K;ube)pN—p/d Zalf (M(Bk))l_p/d-
k=0

Next, we apply Holder’s inequality with exponents d/p and (1 — p/d)~! to get

p/d K 1-p/d
E[op v, aiw)] < (k5"™)" <Zxd(8k>) -(Zuwk)) NP4 (i) u(Bo) PN P
k=1

< (K;ube) (8P/d+81_p/d)N_‘”/d.

It follows from (19) and the triangle inequality that

lim sup Nl/dE[,og(/L, ﬂN)]l/p < K,C,Ube(gp/d + El_p/d)l/p

N—o0

which finishes the proof since ¢ > 0 is arbitrary. (]

Theorem 4. Let p €[1, 2) and let . denote a probability measure on R with finite qth moment for some q > ‘i—p.

p
If the absolutely continuous part |1, of 4 is approachable from below with density f, then

I/p
hmsule/dVra“d(u)<K“mf</ fol- Mddx) . (20)

N—o0

If the absolutely continuous part |1, of | is approachable from above with density f, then
) 1/p
liminf N /9 v3and () > geumif fol=rdax) . (21)
N—o0 P =P R4

Proof. We only prove the first statement since the second one is proved analogously (first establishing a corresponding
version of Proposition 2). Let § > 0 and set

(1) _  MalB©,s) @ _  MslB.s) and 1@ = KB,

M T ha(B0.8)  us(B(0,8))  u(B(0,8))

where we let 1) be an arbitrary probability measure in case the denominator is zero. As in the proof of Proposition 2,

we represent [y with the help of independent sequences of empirical measures (ﬁ,(zl))neNo, e, (,&,(13)),161\10 and an in-
dependent multinomially distributed random variable M = (My)k=1,2,3 with parameters N and (u,(B(0, §)), s (B(O0,
8)), n(B(0,8)°)) as

3
~ (k
V=)



1200 S. Dereich, M. Scheutzow and R. Schottstedt
As before one observes that for the random measure v = Zi: 1 % pn®

p 1/p -1/2
E[of(u ] = O(N 7).

Further, by Lemma 1,

3
NE[ph (v, in)] < D E[Miph (1®, )]
k=1

By Propositions 2 and 3 and Lemma 6 of the Appendix, there exist concave functions ¢ and ¢, with
nV,;f‘;d(M(k))p <@i(n) forneNk=1,2

and

—— fx)l-p/d -
1(n) ~ (/c;mf)pn1 r/d /B(o ) (B8 dx and @2(n) =o(n' P/d)

as n — o0. By Jensen’s inequality, E[ M} o, Pu®, ,u(k) )] < o (E[M]) so that

1 A i -
limsup =7 E[M105 (1. gy )] = (™) fB oy JO e

Analogously, using Proposition 3,

E[Mapf (1@, 237))] =0

. 1
lim sup W

N—o0

and, by Theorem 3,

. 1 (3 : rla
lim sup WE[M3'0[I;( (3), Mgw)g)] (K‘Il:jzrce)pl:‘/;(o 5 ”-x”qmax dﬂ(x)} s

N—oo

where we used that 1 — £ — g > 0. Altogether, we get

limsup N”/“E[p} (u, in)]

N—o0
if\ P 1 d Pi p Pl
< (il / £/ dx 4 (icPeree) [ / el du(X)]
B(0.8) B(0,8)¢
and letting § — oo finishes the proof. (|
4.2. Proof of the high resolution formula for p =1

In this section, we consider the special case p = 1. We will write p instead of p;. The case p =1 is special because
of the following lemma.

Lemma 4. Let i, v, k be finite measures on R such that ||| = ||v||. Then one has

p(u+k,v+K)=p(p,v).
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Proof. One has

p(,u—i—/c,v—}—/c):sup{/fd(u—}—/c)—/fd(v—i—/c): f l-LipschitZ}

=sup{/fdu—/fdv: f 1—Lipschitz} =p(u,v),
where the first equality can be found in [28], p. 95. [

The following lemma shows that the map p — limsupy_, (N l7d VI{;""ld (n)) and likewise p — liminfy_ oo (N lyd
V,{f"}d (n)) are continuous with respect to the total variation norm.

Lemma 5. Letd >3 and q > %. For probability measures . and v on R¢ one has

N—o0

) 1/q
limsup N/ [V () — Vi )] < 207t — v ' =471 ( / e lhax 2 = u|<dx)> :

* V—UAY

Proof. Without loss of generality, we assume that p # v. Let o = ﬁ, W= % and v* = =LA (let o
be an arbitrary probability measure in case u A v = 0). For fixed N € N let (M1, M3) be multinomially distributed
with parameters N and (|| A v||, 1 — || A v]|). We represent 1y and Dy as combinations of independent empirical
measures (&), (1) and (D)) as

Ny =Miay, +Mzity, and Ny = Midy, + Maby,.
By Lemma 1(ii) and (i), one has
P(Nw, Nin) < p(Nu, Mia + Mop™) + p(Mia + Map*, My, + Majiyy,)
< p(Nu, Mia + Mop*) + p(Mya, My@ng,) + p(Ma*, Mafiyy,). (22)
Observe that
E[p(Nu, Mia + Mop*)] < E[|My — E[M1]|]p(1*, @) = O(N'/?). (23)
Further, by Theorem 3 and Jensen’s inequality, one has

i 1/q
E[p(Mzu*,MzﬁLZ)]sxﬁ‘§f°e||u—v||1‘/d‘/‘fN“/d( / ||x||%ax<u—v)+(dx)) +O(N'?), (4

where we used that (u — v)+ = ||u — v||u*. Conversely, by Lemma 4 and Lemma 1,
o (Mo, Midy,) = ,0(M1a + Mzﬁ}f,lz, Miay, + sz);t,lz)
= p(Mio + Mady;,, Niy)
< p(Nv, Ndy) + p(Mia + MaDy;,, Nv)
= p(Nv, Niy) + p(Mia + Maby, + Mav*, Nv + Mav™)
< p(Nv, NDy) + p(MaDyy, . Mav*) + p(Mia + Mav*, Nv).

The expected values of the last two summands can be estimated like (24) and (23). Inserting the estimates into (22),
the assertion of the lemma follows. ([l

We now prove the general upper and lower bounds in the case p = 1.
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Proof of Theorem 2(ii) for p = 1. Let u = p, + i be the Lebesgue decomposition of ¢ and let f denote the density
of j1,. It is now straightforward to verify that ” with density

rOw =2 [ f)dy forx €Sy
Sn,ml ,,,,, mg
where Sy, m, = 27"(Imi,mi 4 1) x -+ X [ma,mg + 1)), satisfies g — n® | — 0 and [ [|x||faxlita —
w™|(dx) — 0. Since u™ + g is approachable from below and above, Lemma 5 allows to extend the upper and
lower bounds of Theorem 4 to the case with general density if p = 1. (]
Appendix

Lemma 6. Suppose that f, g:No— [0, 00) are functions with the following properties:

e g is nondecreasing, concave and lim,,_, 5, g(n) = 00.

e o :=limsup,_, i:((;')) € [0, 00).

Then there exists a concave function ¢ : Ng — [0, 00) dominating f with

. pn)
m —— =«
n—00 g(n)

Proof. For ¢ > 0 choose ng such that f(n) < (¢ + ¢)g(n) for all n > ng. Then there exists some C, > 0 such that
f(n) < (¢ +¢e)gn) + Ce =: . (n) for all n € Ny. Since all ¢, are concave, so is ¢(n) := infy~ @.(n). Then ¢
dominates f and

C
lim sup () < limsup ve(n) —a+e+limsup—— =a +¢,
n—oo &n) n—oo g(n) n—soo &(n)
C
timinf % — timinf int %% — liminfinf (o 4 ¢ + < ) > a.
n—oo g(n) n—00 ¢>0 g(n) n—00 g>0 g(n)
The result follows since € > 0 is arbitrary. ]
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