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Abstract. The o-finite measure Pgyp which unifies supremum penalisations for a stable Lévy process is introduced. Silverstein’s
coinvariant and coharmonic functions for Lévy processes and Chaumont’s A-transform processes with respect to these functions
are utilized for the construction of Pgyp.

Résumé. On introduit la mesure o -finie Psyp, unifiant les pénalisations selon le supremum pour un processus de Lévy stable. Dans
la construction de Psyp on utilise les fonctions co-invariantes et co-harmoniques de Silverstein pour les processus de Lévy, et les
processus h-transformés par rapport a ces fonctions selon I’approche de Chaumont.
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1. Introduction

Roynette, Vallois and Yor ([19] and [20], see also [21] and [22]) have considered the limit laws of Wiener mea-
sure weighted by various processes (I7), and they call these studies Brownian penalisations. Especially we call
the case where the weight process is given by a function of its supremum, i.e., (S) I; = f(S;), supremum pe-
nalisation. Concerning the Brownian supremum penalisations, the authors [20] have obtained the following re-
sult. Let X = ((X;), (¥7), W) be the canonical representation of a 1-dimensional standard Brownian motion with
W(Xo=0)=1and let Foo =0 (\/, F1). Put S; =sup,., X;. If f is a non-negative Borel function which satisfies

o0
/ f)dx =1, (1.1)
0
then there exists a unique probability law W) on %, such that
WLf (S)F] "
————— — WY[F] ast— oo, (1.2)
WLf (S0 ‘

for any fixed s > 0 and for any bounded F;-measurable functional F. Moreover the limit measure W(/) is character-
ized by

W g =MD W)y, (1.3)

s
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where (Ms(f ), s > 0) is a ((¥5), W)-martingale which has the form

M = F(S0)(Ss — Xy) + /S f(x)dx. (1.4)

We remark that these martingales (M, S(f )) which are known as the Azéma—Yor martingales were applied to solve the
Skorokhod embedding problem; see [1], [2], also [16] and references therein. In [20] the authors have also obtained
the description of the probability measure W) as follows.

Theorem 1.1 (Roynette, Vallois and Yor [20]). The following holds.

(1) W (Sy € dx) = f(x)dx.
(ii) Let g =sup{t = 0: X; = Sxo}. Then W (g < 00) =1 and, under W) we have
(@ (Xy,u<g)and (Xg — Xgiy,u > 0) are independent;
(b) conditional on S = x, the pre-supremum process (X, u < g) is distributed as a Brownian motion starting
from 0 and stopped at its first hitting time of x;
(c) the post-supremum process (Xg — Xg1y, u > 0) is distributed as a 3-dimensional Bessel process starting

from 0.

Theorem 1.1 implies that, under the limit measure W(/), the time g when the process attains its overall supremum
is finite, so that the supremum penalisation procedure can be interpreted as looking for probabilities on canonical
space, which are close to W, and such that Sy, < 00 a.s.

Roynette, Vallois and Yor considered Brownian penalisations for many other kinds of weighted processes. For
instance, (L) It = f(L;) where L; denotes the local time of X at the origin, and (K) I} = exp(— f L(t,x)V(dx))
where L(z,x) denotes the local time of X at x; we call the former case local time penalisation and the latter case
Kac killing penalisation. Meanwhile Najnudel, Roynette and Yor [15] have introduced a certain o -finite measure W
defined as follows:

o
d
W/ ;;u (1™ o P35), (1.5)

where IT™ denotes the law of Brownian bridge from 0 to 0 of length u and P38 = (P38-+ 4 P38.7)/2 denotes the
law of symmetrized 3-dimensional Bessel process; P351 is the law of 3-dimensional Bessel process starting from 0,
BES(3), whereas P38~ is the law of (—BES(3)). The authors in [15] have shown that the Brownian penalisations
including (S)(L)(K) can be understood in a unified manner, thanks to this measure V. Especially in the supremum
penalisation case, they have shown the following absolute continuity relationship between WW and W(/):

F(Se0) - W™ =W on Fy, (1.6)
where

W™ =15 <c0} - W

©  du @) p38.—
= " . 1.7
/0 \/2nu< * 2 ) -

(See Fig. 1.)

As a generalisation of these studies, Yano, Yano and Yor [27] have considered the two kinds of penalisations (L)
and (K) in the case of symmetric a-stable Lévy process with index « € (1, 2]. Let us denote by ((X;), P) such a stable
Lévy process with P(Xy = 0) = 1. The authors have introduced a o -finite measure P defined as follows, which is the
analogue of W:

P / F(l/a) du (Q(") ]P’X) (1.8)

l/a

where Q® denotes the law of the stable bridge from 0 to 0 of length u and P* denotes the A-transform process with
respect to the harmonic function |x|*~! of the process killed at the first hitting time of 0. We should remark that the
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Fig. 1. Sample path of [T®) e P35~

process under the measure P> is called conditioned to avoid 0, because of the following property obtained by K. Yano
[25]: if a functional Z is of the form Z = f(Xy,..., X;,) for some 0 < #; <--- <, and some continuous function
f:R" — R which vanishes at oo, then one has

P*[Z]= lim lim P[Z 06,|¥Yu <t, X, 06, #0], (1.9)
t—00 e—0+

where 0. is the shift operator: X, o 6. = X.,,. Moreover the following long-time behavior of path under P* is also
obtained by K. Yano [26]: if & € (1, 2), then

P* <limsup X, =limsup(—X,) = lim |X;| = oo) =1. (1.10)
—00

—00 —00

Thus we can see immediately that, under P, Soo = 00 a.e. That is, P cannot unify the supremum penalisations (S) in
the stable case.

Yano, Yano and Yor [28] have studied the supremum penalisation for a («, p)-stable Lévy process with index
a € (0,2] and positivity parameter p € (0, 1). The authors have introduced a generalised Azéma—Yor martingale

(Ms(f )) which is defined as
%) =
M = f(8)(S, — X)* +0tp/ S — X)*~dx, (1.11)
Ss
for any non-negative Borel function f satisfying
o
0< f F)x®~ldx < o0 (1.12)
0

and also introduced the probability measure P(/) given as

Ms(f)

P(f)lfs: 5

(1.13)

s

(
0

The authors obtained the following result:
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Theorem 1.2 (Yano, Yano and Yor [28]). Let f be a non-negative function which satisfies either of the following
two conditions:

(i) f(x)=1lix<q) for some a > 0,
(i1) f is absolutely continuous with respect to the Lebesgue measure and satisfies

lim f(x)=0 and 0</Oo}f’(x)]x‘mdx<oo. (1.14)
X—>00 0

Then it holds that, for any s > 0 and any bounded ¥s-measurable functional Fy,

PLf(S:) Fy]

f)
L/ (5] —> PY/[F;] ast— oo. (1.15)

We remark that the condition (ii) in Theorem 1.2 is stronger than the condition (1.12) because we have
o0 o0 X
/ f'(x)x* dx =apf f’(x)dx/ y*~!dy
0 0 0
o0 o0
=ap/ y“p_ldyf f(x)dx
0 y

o0
=k—ap /0 FO)y*~1dy.

One may conjecture that the assumption of Theorem 1.2 can be weakened to the condition (1.12) that is sufficient to
define the generalised Azéma—Yor martingale and the measure P(); however, this is still an open problem.

In the present paper we introduce a certain o -finite measure Psyp by using Chaumont’s /-transform processes for
Lévy processes (cf. Theorem 5.1 below):

Psup Z/O dxw(x)(PO/'x ']P)x¢x)s

where ¥ is the function stated below in (2.10), IPg », denotes the law of the process starting from 0 and conditioned
to hit x continuously (in fact, under Py ~, the process starting from 0 is killed at the first hitting time at x), and Py,
denotes the law of the process starting from x and conditioned to stay below level x. Pgyp is another analogue of W
and P, and it is a generalisation of W™ given in (1.7). We remark that, in the Brownian case, 735‘?};4 is given by the
following:

sup

00
PBM = /(; dx(W()/vx ° P)?B’_)

* > X —x2/Qu) (yy @) 3B,—
= 0 dx o du\/ﬁe (WO/'x L] Px ), (116)

where Wy ~, denotes the law of Brownian motion killed at the first hitting time at x and W(()”/),x(o) =Wo 0 (| Tixy =

u), and Pf B.= denotes the law of the translation by x of (—BES(3)). (See Fig. 2.) The latter equality is obtained from
the well-known fact (see, e.g., [11]) that

W(Tp) € du) = du%e—xz/ @) (1.17)
u

We note that the measure Pg}l\)’l equals YW~ by the agreement formula obtained by Pitman and Yor [17].
We then show that the measure Pyyp unifies the supremum penalisations. More precisely, we shall define a prob-
ability measure P(/) as the transformation of the law PP of a Lévy process by the generalised Azéma—Yor martingale

defined as (6.2) below. This measure P/ is the generalisation of (1.13) for a general Lévy process. We then prove
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the absolute continuity relationship between Pgyp and P in the Lévy case, which is the analogue of (1.6) (cf. Theo-
rem 7.3 below):

f(Soo) 'Psup _ ]P’(f)
Psuplf (Se0)]

on Foo.

We obtain a detailed description of P/) as a consequence of this result (cf. Theorem 7.5 below):
o0
P = / P (Soo € dx)(Po 7y @ Py ).
0

To prove the absolute continuity relationship between Pyyp and PP, we shall introduce a path decomposition of the
law P of a Lévy process up to a fixed time ¢ with respect to the position and the time where the process attains its
supremum before time ¢.

The organization of the present paper is as follows. In Sections 2 and 3, we recall some preliminary facts about
Lévy processes and («, p)-stable Lévy processes, respectively. If a reader needs to see details, he/she may refer to,
e.g., [3,10,12,23]. In Section 4, we review Chaumont’s two kinds of A-transform processes for a Lévy process. In
Section 5, we establish a path decomposition of the law of a Lévy process at the position and the time where the Lévy
process attains its supremum up to a fixed time ¢. In Section 6, we introduce the generalised Azéma—Yor martingale
in the general Lévy case, which is the generalisation of (1.4) and (1.11). A certain probability measure which should
appear as the limit measure of the supremum penalisation is also introduced in this section. In Section 7, we introduce
the o -finite measure Psyp which unifies the supremum penalisations and give some properties of the measure Pgyp. In
Section 8, we compare Pgyp with P and give some remarks on these measures.

2. Preliminaries about Lévy processes
Let D ([0, 00)) be the space of cadlag paths w: [0, 00) — R U {§} with lifetime ¢(w) = inf{s: w(s) =&} where § is
a cemetery point. Let (X;) denote the coordinate process, X;(w) = w;, and let (¥;) denote its natural filtration with

Foo = \/zzo F;. Let P be the law of a Lévy process X = (X, t > 0) with P(Xo = 0) = 1 such that

Plexp{irX,}]=e®, 1>0,2€R, (2.1
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where
. 0.2)\2 i .
W) =iph+ —— +/ (1 —e™ 4 irx 1y <p))v(dx) 2.2)
2 R\{0}

for some constants y, o, and Lévy measure v on R \ {0} which satisfies
/ (x* A 1)v(dx) < o0. 2.3)
R\{0}

We denote by P, the law of X + x under P for every x € R. Throughout this paper we assume the following absolute
continuity condition (A1):

(A1) For each o > 0, there exists an integrable function u,, such that
oo o
Py [/ e_"”f(Xz)dt] =/ ua(y) f(x +y)dy, 2.4
0 —00
for every non-negative Borel function f.
Let S; and I; be respectively the supremum and the infimum processes up to time #, that is, for all # < ¢ (w),
Sy =sup{X;: 0<s <t} and [;=inf{X;: 0<s <t}. 2.5)

Let T4 denote the first entrance time of a Borel set A C R of X, i.e.,

Ty =inf{s > 0: X5 € A}. (2.6)
Define
R=S-X. 2.7

The process R = (R, t > 0) is called the reflected process of X at the supremum. We recall that R is a strong Markov
process (Bingham [5], see also [4]). We consider the following condition (A2):

(A2) 0is regular for (0, oo) with respect to X under IP, i.e., P(T(g,0c) =0) = 1.

Then 0 is regular for itself with respect to R, and hence we can define a local time L = (L, t > 0) at level 0 of R. We
denote by t the right-continuous inverse of L and let H = X (t) = S(t). We recall that the pair (r, H) is a bivariate
subordinator, called the (upwards) ladder process, in particular, T and H are separately also subordinators, called the
(upwards) ladder time and the (upwards) ladder height process, respectively. Denote by X* the dual process of X, i.e.,
X* = —X. Consider

(A2*) 0 is regular for (—oo, 0) with respect to X under PP.

Then we can define a local time L* at level 0 of R* = §* — X* = X — I, and also get the (downwards) ladder time 7*
and the (downwards) ladder height time H* of R*.
We denote by E the set of cadlag paths e: [0, o0) — R U {§} such that

R es
e(t) {ia \ {0}, ?:{t: ¢

where
Ce= inf{t >0:e(t) = 5}. 2.8)

We call E the set of excursions and an element e € E an excursion path. For e € E, we call ¢, the lifetime of the
excursion e. Set D ={l: 7y — t;_ > 0}. Foreach [ € D, we set

)Ry, O0<t<7y—1-;
e(t) =
S, t>17—T1_.
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By It6’s theorem, the point process (e;, [ € D) which takes values on E is a Poisson point process, and its characteristic
measure n is called the It6 measure of excursions. Similarly, we can introduce excursions e¢* with respect to R* and
denote by n* its Itd measure.

We recall the following important formula, see also p. 7 in [4], and Proposition (1.10) in Chapter XII in [18].
Denote by &£ (¥;) the predictable o -field relative to (¥;) (cf. p. 47 in [18]), and let & = o {e(?)}.

Theorem 2.1 (Compensation formula). Letr F = F(t, w, €) be a positive process defined on [0, 00) x D x E, mea-
surable with respect to P (¥;) ® & and vanishing at §. Then one has

P[Z F(‘L'I,X,el)i| =P®ﬁ[foostF(t,X, )?)}, (2.9)
leD 0

where the symbol ™ means independence.

Under (Al) and (A2), there exists a unique coexcessive function ¢ for the killed process, i.e., P_ [ (X]) x
1{t<T(0<oc)}] < (x) for x > 0, which satisfies

/0 wy)f(y)dy:PUO f<sn>ds}=w>[/0 f(Sf)sz], 2.10)

for any non-negative Borel function f on [0, 0o0). We remark that 1 is continuous and satisfies that 0 < ¥ (x) < oo
for x € (0, 00). Thanks to Silverstein [24], the function v is coharmonic on (0, 00), that is,

P [ (X7, ) MiTy<Tio) ] = ¥ (X), x>0, @2.11)

where M denotes a subinterval of (—o0, 0) whose complement (—oo, 0) \ M is open and has compact closure. We
assume further that

(A3) PX(T(_OQ’O) < OO) =1 forx > 0.

Note that (A3) is equivalent to that I, = —oo P-a.s. Then the function & given by

h(X)=/0 w(y)dy=lp’[/0 I{Stfx}sti| (2.12)

is coinvariant by Silverstein [24], that is,
Py [h(X)) i1 <T 00} ] =R (). x>0. (2.13)

We remark that the function % is finite, continuous, increasing, and that 4#(0) = 0. We remark that every positive
coinvariant function is also coharmonic.

Similarly, under (A1) and (A2*), there exists a version of the potential density of the subordinator (Irx)s>0- That is,
there exists a unique coexcessive function ¥ * for the killed process, i.e., Px['ﬁ*(xt)l{KT(,wo)}] <yY*(x) forx >0,
which satisfies

/0 w*<y>f<y>dy=P[/0 f(lr;ms]:PUO f(z,)de], (2.14)

for any non-negative Borel function f on (0, 0c0). Also thanks to Silverstein [24], the function * is coharmonic on
(0, 00), that is,

P (X1, Ty <T o} =¥ (X)), x>0, (2.15)

where M’ denotes a subinterval of (0, c0) whose complement (0, 00) \ M’ is open and has the compact closure. If we
assume further that
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(A3*) P_(T(0.00) < 00) = 1 for x > 0.

Note that (A3*) is equivalent to that S, = co P-a.s. Then the function 4* given by

B (o) = fo 1//*(y)dy=P|:/0 1{1,<x}de] 2.16)

is coinvariant, that is,

P [h*(X)L<1_ooy] =h (), x> 0. 2.17)

3. Preliminaries about («, p)-stable Lévy processes

Consider a probability measure P on D ([0, oo0)) with respect to which X is a strictly stable Lévy process of index
o € (0,2] with P(Xg =0) = 1. That is,

P[e”‘x’] _ e—t‘P(?»)7 t>0,AeR, 3.1

where

clA®(1 —iBsgn(M)tan %), a € (0,1)U(1,2),
() = il +dir, w=1, 3.2)
cAZ, a=2,

for some constants ¢ > 0, d € (—o00, 00) and 8 € [—1, 1]. The Lévy measure v is given by

(c+1xs0) + - Lp<op x| ™ Tdx, @€ (0, HU(1,2),

v(dx) = { &|x| 2 dx, a=1, (3.3)
0, oa=2,
where 8 = (cy — c¢—)/(c4+ + ¢—), and for some constant ¢ > 0. When c4[—] = 0, the process is spectrally negative

[positive] (or, has no positive [negative] jumps). We remark that the condition (A1) is also valid in the stable Lévy
case because of the scaling property of X.

Put p = P(X, > 0). By the scaling property of X, p does not depend on ¢ > 0. We call p the positivity parameter.
It is well known that the value of p for o # 1, 2 can be represented in terms of the parameter 8 as

1 1 o
p ==+ —arctan| Stan — . (3.4
2 T 2

See Section 2.6 in [29], and p. 218 in [3]. The range of the value of p is classified as follows:

e[0,1] ifae(0,1)
(when p =0 or 1, the process is a subordinator or a negative subordinator),
€©,1) ifa=1,
ell—1/a,1/a] ifae(,2)
(when p=1—1/a or 1/a, the process is spectrally positive or spectrally negative),
=1/2 ifa=2.

Assume that

B) pe(0,1).

Note that (B) is equivalent to that | X| is not a subordinator. Then «p € (0, 1]. We note that the condition (B) for the
stable Lévy case implies the conditions (A2) and (A2*), that is, 0 is regular for both (0, co) and (—o0, 0) with respect
to X. Therefore we can define the local times L, L*, etc. for the reflected and dual reflected processes in this case.
Moreover the condition (B) also implies the conditions (A3) and (A3*): More precisely, when « € (1, 2], (A3) and
(A3*) hold since X is strictly stable; when « € (0, 1], they hold because of the condition (B).
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Assuming (B), the function £ defined in (2.12) is
h(x)=Cx*, x>0 (3.5)

for some constant C > 0. This is obtained from the fact that the ladder time process t is a stable subordinator of index
p and the ladder height process H is a stable process of index «p (see Lemma VIII 1 in [4]). Furthermore, in this case,
we have

¥ (x) = Capx®~!, x>0. (3.6)
Similarly, we have
h*(x)=Dx*1=” and ¢*(x)=Da(l — p)x*1=P~1 x>0 (3.7)

for some constant D > 0. These constants C and D may depend upon the choice of the local time L and L*, respec-
tively.

Example 3.1 (Brownian case). When a =2 and p = 1/2, X is a 1-dimensional Brownian motion up to a multiplica-
tive constant. In this case we have

h(x)=x and v(x)=1, x>0. 3.8)

4. Chaumont’s two kinds of conditionings for a Lévy process

In this section we shall review two kinds of conditionings for a Lévy process introduced by Chaumont [6,7], which
are obtained by Doob’s h-transform.

Let X = ((X;), P) be a Lévy process with the conditions (A1), (A2) and (A3). The functions ¥ and & are stated as
(2.10) and (2.12), respectively.

4.1. The process conditioned to stay negative

For non-negative ¥;-measurable functional F;, define (P_, o, x > 0) as

P_y o[ Fr(X)] = [R(X) <100 F1(X)]. x>0. 4.1)

—P
h(x)

The family (P_o0l#,t > 0) is proved to be consistent by the coinvariance of the function /2 and hence P_y o is
well-defined as a probability measure on Fo,. The process (X,P_ o) is called the process starting from (—x) and
conditioned to stay negative since it has the following property:

Theorem 4.1 ([6], Theorem 1). Let e be an independent exponential random variable with index 1. Then, for any
x > 0,1 > 0 and any F;-measurable functional Fy, it holds that

Eli_r)r})P—x[l{Ke/g}Fz |Xs <0,0<s <e/e]=P_, o[ F]. 4.2)

It is proved by Chaumont [6] and Chaumont and Doney [9] that P_, ¢ converges in the Skorokhod sense to Py o
as x — 0. Thus it follows from Theorem 4.1 that, for every x > 0,

P,xw(xo =—x;¢ =00; X, <Oforall 1 > 0; lim X, = —oo) —1. (4.3)
—> 00
Here ¢ denotes the lifetime.

Chaumont [6] also showed the absolutely continuity between P o and the excursion measure n of the reflected
process R =S — X as follows:
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Theorem 4.2 ([6], Theorem 3). It holds
Poyo[ Fr (X)] =n[h(X) <,y Fr (X¥)], (4.4)
for non-negative F;-measurable functional F;.

For b < a, denote by P, the law of X + a under Pj,_, 0, that is, (X, P4 ) is the process starting from b and
conditioned to stay below level a.

4.2. The process conditioned to hit O continuously

Define (P_x o, x > 0) as

P_y o[ly<ey Fr(X)] == [V (X)) <1000y F (XO], 4.5)

—P
¥(x)

for non-negative ¥;-measurable functional F;. The process (X,P_, o) is called the process starting from (—x) and
conditioned to hit 0 continuously, or also called the process conditioned to die at 0, and has the following property:

Theorem 4.3 ([6], Proposition 2). For x > 0, it holds that
P_y 10(Xo=—x;¢ <00; Xy <Oforallt <¢; X,—=0)=1, 4.6)
where ¢ denotes the lifetime.
The following result is also shown by Chaumont [6]:
Theorem 4.4 ([6], Proposition 3). For any x > 0,k > 0, ¢ > 0 and any F;-measurable functional F;,

lim P—x [1{t<T<,k,oo)}Ft |ST(0.00>— > _8] = P—X/O[I{I<T(,k,o)}Ft]- (47)

=0

Denote by P ~, the law of X + x under P_, g, that is, (X, P »,) is the process starting from 0 and conditioned
to hit x continuously. For later use, we rewrite (4.5) by translation to obtain

1
Po x[Lir<cy Fr(X)] = W]P’[l/f(x — X <1 o) Fr (X)), (4.3)

since we have

Pox[Lir<ey Fr (X)] =Py so[Ljr<gy Fr (X +x)]
1

= mﬁ”—x [¢(X,*)1{1<T(0,oo)}F,(X +x)]

1 k
w(x)P[l/f (X + Xt )1{t<T(X,OO)}F,(X)]_

5. Path decomposition at the position and the time where the Lévy process attains its supremum up to time #
Our aim in this section is to prove Theorem 5.1, which consists of a path decomposition with respect to the position
and the time where the Lévy process attains its supremum up to time ¢ > 0.

Let us denote by X the coordinate process considered up to time u, i.e.,

w _ | X, t<u
Xt _{8, t>u
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and denote by IE”)(C”) the law of X® under IP,. We denote the concatenation between two independent processes X )
and X by XW g X® je.

R Xt(“), 0<t<u;
(XWeXW) =320 Ly ui

r—u’

S, t>u+v.

We define the measure ]P’g”) o IP’S)) as the law of the concatenation X ¢ X(*) between two independent processes X )
and X where (X, X)) is considered under the product measure P @ P{".
For ¢ > 0, we denote the last time when the process attains its supremum before ¢ by

g =sup{s <t: X; =S}, (5.1
with the convention sup @ = 0.

Theorem 5.1. Let X = ((X;),P) be a Lévy process with P(Xo = 0) = 1 and assume (A1), as well as both (A2) and
(A2%). Let F,(X") = F(t, X;.). Then it holds that

B[F (X)] = f pr(@x du) (B, o MUY, (X0)], (5.2)

where the integral is taken over [0, 0o) x [0, t) and

pi(dx du) = dxyy (x)Po 2 (¢ € du)n(ge > 1 — u); (5.3)

P(()”}X(-) =Py x(-|¢ =u) (¢ denotes the lifetime); (5.4)
— X®))-

M [FXO]= nF(x = X77): e > 51 (L denotes the lifetime). (5.5)
n(e > s)

In other words, the following statements hold:

(1) pr(dx du) gives the joint distribution of S; and g;, i.e.,
pr(dx du) =P(S; € dx, g; € du); (5.6)
(ii) given g = u, the pre-supremum process (X, s < u) and the post-supremum process (X, — X, 45,0 <s <t —u)
are independent under IP;
(iii) given S; = x and g; = u, (X5, s < u) under P is distributed as ngx; the process conditioned to hit x continu-

ously, with duration u;
@iv) given S; =x and gy =u, (x — Xy+5,0 <s <t — u) under P is distributed as the meander M- .= Mg_“).

Remark 5.2. The fact (ii) in Theorem 5.1 is well-known and can be found in Lemma V1 6 in [4].

Remark 5.3. We can also see that X, = Xg,, that is, the process does not jump at g;; the last hitting time of its
supremum up to time t. This fact is guaranteed by the conditions (A2) and (A2%), see also [4], p. 160.

Remark 5.4. Theorem 5.1 is obtained independently by Chaumont [8] in his recent work for some purpose different
from ours.

Before the proof of Theorem 5.1, we recall the following lemma from Chaumont [7]:
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Lemma 5.5 ([7], Lemma 3). Let X = ((X;),P) be a Lévy process with P(Xo = 0) = 1 satisfying conditions (Al),

(A2) and (A2*). Denote by L the local time at 0 of the reflected process R = S — X. Let H be a predictable functional.
Then it holds that

PUO H,(X)st} =/0 P no[ He (X + )¢ (x) dx. (5.7)

The proof of Lemma 5.5 for the stable Lévy process is given in [7]. Lemma 5.5 for the general Lévy process is
proved in the same way, so we omit the proof.

Proof of Theorem 5.1. We have

¢(er)
/ drF, (X®) Z/ I Fr (X 0 (Xy_ —ep))dr (5.8)
0

leD

Hence we have

ler)
[P’|:/ dt F; X(’) i| [Z/ Fr 4y X(TI )o(X —el)) dri|
0 leD
~ & R
=P®ﬁU dLS/ Fypr (X o (X, —X(r)))dr], (5.9)
0 0

by the compensation formula (Theorem 2.1). By Lemma 5.5, we have

(5.9):/O dxyr (x) (P 70 ®ﬁ)[/0 Feor(X® +x) o (X¢+x— ))1{r<§}dr]
=f dxyr (x) (P o ®ﬁ)[/ FHr((X@+x).(x—)?(’>))1{r<a}dr}. (5.10)
0 0

Here we use the fact that X; = 0. By translation by x of P_, »¢ and then changing of variable { +r = u, we
have

(5.10) = /Oodxt/f(x)(]}”o/x ®n) UOO Frr (X9 o (x = X)), ¢, dr:|
0 0 i
= /Oodxw(x)(]P’o/x M) [/oo Fu(X© o (x — )?(”_0))1{”_§<§}1{M>;}du:|. (5.11)
0 0

This identity holds with F; replaced by e 4’ F; for any ¢ > 0, and hence, by uniqueness of the Laplace transform, we
obtain

P[F,(x?)] =/0 dxyr (x) (Po e @ W[ F (X @ 0 (x = XN, _211i5g] (5.12)
00 t

2/0 dxw(x)fo Po (¢ € du)(Pgs, @B)[Fi (X o (x = X)) 1, 2] (5.13)
o] t

zf dxw(x)/ Po, (¢ € duyn(Ze > t —u) (P, ® MU)[F,(X® 0 X7)], (5.14)
0 0

which completes the proof. O
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Remark 5.6.
(i) In the (a, p)-stable Lévy case with o € (0,2] and p € (0, 1), it is well known that (see Lemma 3.2 in [13])

ni,>t)=K-t7°, (5.15)
where K > 0 is some constant, and hence we obtain from (3.6) and (5.3) that
P(S; € dx, g € du) = K - dxx® "' Py q, (¢ € du)(r — u)~*, (5.16)

where K > 0 is other constant. Furthermore, together with the following well-known fact (see, e.g., Lemma VIII 13 in
[4)) that

1
_ p=ley . \—p
P(g; edu) = T ,o)F(p)u (t —u) "du, 5.17)

then we obtain

P(S; € dx|gr =u)du = K - dxx**"'Py s, (¢ e du) (1 — p) T (p)u'~". (5.18)

(ii) In the Brownian case, i.e.,a =2 and p = 1/2 in (3.2), we note that (X;) law (Waet) for a 1-dimensional standard
Brownian motion (W;), and we have the following:

X 2
P(S; € dx, g € du) = dx du —————e %/, (5.19)
t ' 2em/uld(t —u)
Po,sx(¢ € du) = P(Tjg € du) = e a e/, (5.20)
CcCN U

because of the following well-known facts (see, e.g., p. 102 and p. 80 in [11], respectively):

~ X 2
P(S; €dx, 3 € du) = dx du ———e /20, (5.21)
t ' T ud(t — u)
P(Tjx) € du) = du%e"‘z/@"l (5.22)
U

where §t = sup,, Wi, g =sup{s <r: Wy = §,}, and TA =inf{s > 0: W, € A} for a Borel set A C R. Thus we can
easily check that the equality (5.16) is valid.

Remark 5.7. Assume moreover (A3). Then, thanks to Bertoin’s result; Corollary 3.2 in [3], it holds that

Jim MO[F(X)] =Poo[ F(X)]. (5.23)
where
_x ).
MO[F(X)] =MO[F(X)] = nF(=XT): 6 > 1] (5.24)

n(g, >1)

6. Generalised Azéma—-Yor martingales and definition of a probability measure P/
Let us introduce a generalisation of (1.4) and (1.11). Let X = ((X;),P) be a Lévy process with notation given in

Section 2 and assume (A1), (A2) and (A3). Let ¢ and & be the functions given by (2.10) and (2.12), respectively. Let
f be a non-negative Borel function on [0, co) satisfying

© <)/oo f)Y(x)dx < oo. 6.1)
0
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We introduce the process (Mt(f ), t > 0) by

MY = F(SORS, — Xo) + /S FOY(x — Xp) dr. (62)

Theorem 6.1. (M.t > 0) is a (F;), P)-martingale.

The proof of Theorem 6.1 is done in the same way as in [28] in the stable Lévy case; the coinvariance of the
function 4 plays a key role. Thus we omit it.
We introduce the probability measure P{) on Fy, as follows:

o

M

PPy = 7Pl 6.3)
0 F

Since (M,(f ) ) is a martingale, the consistency holds, and hence P is well defined.

7. The o -finite measure which unifies the supremum penalisations

Let us consider a Lévy process X = ((X;), P) with P(Xo =0) = 1. In this section we assume:

(A1), i.e., absolute continuity condition for the resolvent;
(A2) & (A2%), i.e., 0 is regular for both (0, co) and (—o0, 0) with respect to X;
(A3) & (A3%),1i.e., Ioo = —00 and S, = o0 P-a.s.,

where I, and Sy are the overall infimum and supremum of X, respectively, i.e., Ioo = inf{X;: > 0} and Soc =
sup{X;: ¢t > 0}. Remark again that the condition (B) in the (¢, p)-stable Lévy case implies all the above conditions.
We introduce Pyyp as follows.

Definition 7.1. Define

Psup :/O dxyr (x)(Po 75 @ Pryy), (7.1

where Py . denotes the law of X + x under P_ n, i.e., Po . denotes the law of the process starting from 0 and
conditioned to hit x continuously, and Py |, denotes the law of X + x under Py 0, i.e., Py denotes the law of the
process starting from x and conditioned to stay below level x.

Denote
g=sup{t >0: X; =Sx}. (7.2)

Theorem 7.2. The following statements hold:

(1) Poup(Seo € dx, g € du) = dxyy (x)IPo (¢ € du), in particular, Psup(Seo € dx) =dxr(x);
(ii) Psup is a o -finite measure on Fo;
(iil) Psup is singular to P on Foo;
(iv) Foreacht > 0and A € ¥;, it holds that

0, ifP(A)=0;

Psup(A) = { 00, ifIP)(A) > 0. (7.3)

Consequently, Pqyp is not o-finite on F; fort < 0o.
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Proof.
(i) We have
Pup= [ arw) [P0 can (B 0P, (7.4)
and hence

PulFS)6@] = [ v [P can(®, o P [FS0)0@)]

_ /0 dey (O F (x) fo Po e (¢ € du)G (),

for any test functions F' and G. Thus we obtain the desired result.

(ii) For each x > 0, Pyyp(Seo < x) = fg Y (y) dy is finite, which shows the desired conclusion.

(iii) We have Pgup(Soo = 00) = 0 by definition. On the other hand, we have P(So < 00) = 0 by our assumption
(A3*). This implies that Py, is singular to P on Fo.

(iv) Suppose that P(A) =0 for A € F;. We have

Psup(A)=/O dx iy (x)(Po 7y @ Py ) (A)
=/(; dxyr (x)(Po 7y @ Pry )14t < ] +/(; dxyr (x)(Po 7y @ Py )[1ast > ¢ =11 + D>.

On one hand, we have

I =/O A (0)Bo s [1as 1 < ]

Z/o dxP[y (x — X)) 1y<7, o) 1a]  (by (4.8))
=0.

On the other hand, we have
o
L =/ dxyr () (Po rx @ Pry ) [1a(X); 1 > ¢]
0
OO _~ -~
= f dxyr (x)(Po 7x ® Poyo)[1a (X4 @ (x + X)) 1) ]
0
OO —_ -~
- /O dxyy ()P 7x @M [A(X1— )1 _p gy 1a (X 0 (x = X 79)) 12 g ], (7.5)
by the definition of Py . Then
OO —_—
1.9 = [ asy @0 9B [hx (= R 14Oz -5]

- / dxyr (0)(Porx @ W[Ax — (X 0 (x = X79) a0, 5]

=P[h(S; — X;)14] (by Theorem 5.1)
=0.

Thus we obtain Pgyp(A) = 0.
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Conversely, suppose that P(A) > 0 for A € ¥;. Then we see that

Poup(A) = fo ey ()P rx[1as £ < ]

0
:/ de[l//(x —Xt)l{t<T<x,oo)}1A]

\

o0
= [P XNy ]
IP)[ h(OO) h(l - Xt)}l{l<T(]'oo)}1A]'
Since we have
o0 o0
h(co) = lim h(x) = lim ]P’|:/ l{stfx}dL,j| :]P’|:/ dL,} =P[Ly] =00
X—> 00 X—> 00 0 0
thus Psyp(A) = oo. Therefore the proof is completed. O

We shall give some relationships between the measures Psyp, P and P,
Theorem 7.3. It holds that
Paplf (Sx) F ()] =P[M{" F, ()], (7.6)

for any F;-measurable functional F;(X). Consequently, one has

Paupl f (Ss0) Fr (X M
TR b 7 0] =20 o
sup 00
and
S(S0) - Psup = [P(f) on Foo. (7.8)

Psupl f(So0)]

Proof. Recall the computation in the proof of Theorem 7.2(iv). We have

Pup[f (So0) F (X)] 2/0 dxyr (x) (Po 7z @ Py ) [ f (Seo) Fi (X)]

:/o dxyy (x) £ (x)(Po 7 @ Pry o) [Fr (X)], (7.9)

since Soo = x under the measure Py », @ P, | . Then

(7.9)

fo dxyr (x) f (x)(Po sy @ Poy) [y (X)5 1 < ¢]

+/0 Aoy (x) f () (Po s 0 Py )[Fr(X)5 1> ¢ ]
=11+ Db.

On one hand, we have

I = /0 Ay (x) f () Po o[ Fr(X): 1t < ¢ ] = /0 df (OP[Y (x — X)) 1y <1, o) F1(X)]

_ P[F,oo /0 e f () (x — X,>1{s,§x}}. (7.10)
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On the other hand, we obtain from the same computation in the proof of (iv) in the previous theorem that
o
b= [ aer B0 o B [FO0i 2]
o
= fo e (0) f () (Bo e @ [h(x — X Fr (X002, .2)]

= /O ey (1) (Po e @ W[ £ (SRS — XDyy_p 2 Fr (X)) (7.11)

By Theorem 5.1, we get
(7.11) =P[ £ (SHA(S, — X)) Fr (X)]. (7.12)

Combining (7.10) and (7.12), we obtain
Paup| f (Se0) F(X)] = P[Ft(X)/S dxf ()Y (x — Xz)} +P[F(X) f(SOR(S; — X1)]

= IF’[Fz(X){/; dxf ()Y (x — X)) + f(SHA(S — Xt)H, (7.13)
that is,
Paap[[f (o) F ()] = P[M " F, (X)) (7.14)
Especially, when ¢ = 0, we have

Paup[ £ (S00)] = /0 def ()P (). (7.15)

Therefore we obtain

Pauplf (So0) F(X)] [M,‘”

Papl f (So0)] uD 1 )] [F(0] 016

This completes the proof. U

Remark 7.4. Recently Najnudel and Nikeghbali [14] gave a generalization of VWW. A non-negative submartingale
(X;, t = 0) is said to be of the class (X) if it can be decomposed as X; = N; + A, where (N, t > 0) and (A;,t > 0)
are Fi-adapted process, (N;) is a cadlag martingale, and (A;) is a continuous increasing process which is carried by
the set of zeros with Ag = 0. Then they proved that there exists a o -finite measure Q such that

O[F;; g <t]=P[F X,], (7.17)

for all non-negative F;-measurable functional F;. Here g is the last exit time from 0. It may be quite natural to ask
now whether the process (h(S; — X;),t > 0) is of the class (X) or not. However, we have not succeeded in answering
the question.

The measure Psyp does not depend upon f. Recall that P is the limit measure of supremum penalisation. The
measure Pgyp implies the following fact that gives the detailed description of P,

Theorem 7.5. One has

P = /0 PP (Soo € dx)(Po 7 @ Py ). (7.18)
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That is, it holds that, under P,
(i) PO (Sa € dx) = ﬁw(x) £ dx where M§" = [ ¥ (x) f (x) dx;

0

(ii) given g =u, (X5,s <u) and (X,, — Xy+s, s > 0) are independent,

(iii) given Soo = x and g = u, (X5, s < u) is distributed as the process conditioned to hit x continuously with duration
u;

(iv) given Soo =x and g = u, (—(x — Xy+5), s = 0) is distributed as the process conditioned to stay negative.

Under our assumption in this section, the following result for the martingale (M,(f )) can be proved.

Theorem 7.6. Let X = ((X;).P) be a Lévy process with (A1), (A2), (A2*), (A3) and (A3*), and let M\" be the
process given in (6.2). Then Mt(‘f) converges to 0 P-a.s. as t — o0.

Proof. We show that M,(f ) 0P-a.s. through the measure Pgyp. Since (M,(f )) is a non-negative P-martingale as

proved before, there exists a F,-measurable functional MC(XJ; ) such that M,(f ) MC(XJ; ) P-as. by the martingale con-
vergence theorem. For a > 0,

P[MY)] = P[M 15 2ay]  (by the fact that P(Sx = 00) = 1)
< lim inf]P’[Mt(f)l{Sea}] (by Fatou’s lemma)
11— 00
= ligg}fpsup[f(Soo)l{s,za}] (by (7.7))

= Psup [ F(Soo) s, za}] (by the dominated convergence theorem).

Letting a — o0, then Pyyp[ f (Soo)1{s..>a}] — 0. Thus IP’[M&]:)] =0, and therefore we obtain P(Még) =0=1. 0O

8. Some remarks on P and Pg,p

Let us consider a symmetric (i.e., p = 1/2) stable Lévy process X with index « € (1, 2], and recall the o -finite
measure P which is given in [27] (see also [25]):

P= [ RlaLi)@v o p). (8.1)
0

where L,X denotes the local time at 0 of X itself, Q) denotes the law of the stable bridge from 0 to O with length u
and P* denotes the A-transform process with respect to the harmonic function |x|*~! of the process killed at the first
hitting time of 0. On comparison, it becomes clear that the two o -finite measures Psyp and P are quite different: Pgyp
is based on the excursion theory for the reflected process of a Lévy process, whereas P comes from the excursion

theory for a Lévy process itself. We stress that this difference cannot appear in the Brownian case because of the fact

that (S;, St — X¢)r>0 law (LtX, | X¢])s>0 which is known as Lévy’s theorem.

Finally, we would like to emphasize the following fact again:
P(Soo <00) =0 and Pyyp(Seo =00) =0. (8.2)

We mention the relationship between Pyyp and P as follows:

(1) P L Psup on Foo;
(i) if A € F;, then

PA)>0 < Pyuyp(A) >0, (8.3)

and both are infinite.
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