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Abstract. We consider a random walk in a random potential, which models a situation of a random polymer and we study the
annealed and quenched costs to perform long crossings from a point to a hyperplane. These costs are measured by the so called
Lyapounov norms. We identify situations where the point-to-hyperplane annealed and quenched Lyapounov norms are different.
We also prove that in these cases the polymer path exhibits localization.

Résumé. Nous considérons une marche aléatoire dans un potentiel aléatoire qui modele la situation d’un polymeére aléatoire et
nous étudions les coiits “annealed” et “quenched” pour réaliser de longues traversées d’un point a un hyperplan. Ces coits sont
mesurés en terme de normes de Lyapounov. Nous identifions des situations ou les normes de Lyapounov d’un point a un hyperplan
“annealed” et “quenched” sont différentes. Nous démontrons également que dans ces cas le chemin du polymere présente une
localisation.
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1. Introduction

In the probabilistic literature polymers are modeled by a simple random walk (X,),>1 on 74, d > 1. We denote by
P, the distribution of the random walk, when it starts from x € Z¢. When the starting point coincides with the origin
we will simply denote its distribution by P. We also consider a collection of i.i.d. random variables (w(x)),czq,
independent of the walk. We denote by [P the distribution of this collection. We assume that  is nonnegative, does
not concentrate on a single point and that E[w?] < 00.The polymer (X,),>1 interacts with the disorder (@ (x)) 74,
thus giving rise to the modeling of random polymers. This interaction can be modeled in a number of different ways,
corresponding to various physical considerations. In this work we consider the case where the distribution of the
random polymer is described in the following way: Let [ € 74 a unit vector, which plays the role of the direction and

TLZ :=inf{n: (X, — Xo) -{ > L}. Then the distribution of the random polymer is given by the Gibbs measure
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where Zfﬁ) = E[e” Znil(}””g“’(x"))], is the partition function, 8 > 0 is the inverse temperature. The parameter X is
strictly positive and adds an additional penalization to the paths, which take very long time to reach the hyperplane
in direction /, lying at distance L from the origin. This has the effect that the path feels an additional drift towards
direction /, which justifies the term semidirected. We will make this point more precise later on.
Semidirected polymers can be considered as a generalization of directed polymers, which are known to exhibit
a very rich phenomenology. It is expected that the qualitative features of these phenomena should appear in the
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semidirected case, as well. A great difficulty establishing these features in the semidirected case is that most of the
techniques used in the study of directed polymers are based on martingale arguments (with the notable exception of
[14]). The martingale formulation is inherent in the directed case, since the path does not visit the same site twice.
In the semidirected case, though, the path can visit the same site many times and this introduces correlations which
destroy the martingale structure. Therefore, one has to resort to other more quantitative methods of analysis. An
attempt towards this direction was recently initiated in [7,9,13,21] and a purpose of the present work is to continue
building towards this direction. Before describing the goals of this work let us review some of the basic notions and
current results. A more complete review on the subject appears in the recent article [11].
A fundamental quantity is the point-to-hyperlane quenched Lyapounov norm

. 1 rl
o () =— Lli_)moo 7 log E[e_ P (Hﬂw(xn))], 1.1)

defined for any unit vector [ezd of () is known to be independent of the realization of the disorder w, i.e. the
limit exists P-a.s., and it can be extended so that to define a norm on R? [17,20]. This norm can be thought of as a
measure of the cost that the random walk (X, ),>1 has to pay in order to perform a long crossing among the potential
—(A + Bw(x)), x € Z4, or alternatively as the quenched free energy of the semidirected polymer in direction [. The
point-to-hyperplane Lyapounov norms, as well as their dual point-to-point norms «; (x) := sup;_pa X - ] /a’;(lA), were
first introduced by Sznitman as part of the program of studying the detailed large deviation properties of Brownian
motion among Poissonian obstacles. We will not detail further on this very interesting aspect, but a complete amount
of this work can be found in [17], Chapters 5 and 7. Let us point out that the results proved in the present paper could
be translated in order to yield information on the above mentioned large deviations rate functions. We will not go
down this route, though, since our main focus is to establish a phenomenology on semidirected polymers in analogy
with directed polymers.

Significant amount of information about the path properties of the semidirected polymer can be deduced from the
study of the quenched Lyapounov norm and in particular from its comparison with the annealed Lyapounov norm.
The latter is defined as follows

. 1 7l
B1(D) = — lim —logEE[e” Lpla ko], (1.2)

Borrowing the terminology from directed polymers, we will say that strong disorder holds when the annealed and the
quenched Lyapounov norms are different. Since it is always the case that o} () > B5 (), strong disorder amounts to a
strict inequality between the norms.

It was established in [21] that for any [ €74, whend >4 and B < Bo(A), strong disorder fails, that is o (i )=p5 (i ),
for every [ €74 In the case that [ is parallel to a vector of the standard orthonormal basis of R this result was
also established in [7]. Recently the equality of the Lyapounov norms was strengthened in [9], by establishing that,
in the same regime of parameters and for I parallel to a vector of the standard orthonormal basis of R?, the limit

i 1
Ele” Z:ZIW”S‘“(X"))] J/EE[e” Z:il(’”rﬂ“’(x"))] exists P-a.s. and it is strictly positive. Furthermore, it was established
that, in this regime, the location of the end point X (TI{) of the path, satisfies (after the appropriate centering) a central
limit theorem in P-probability, extending partially in this way the corresponding picture that is valid in directed
polymers [1].

In this paper we will establish the complementary results. Namely, we will identify situations where strong disorder
holds and we will further prove that at strong disorder the semidirected polymer exhibits localization phenomena. To
be more precise let us state our results. To simplify things we will restrict ourselves to the situation where [ =é;, with
é1, ..., éq the canonical basis of Z¢. We will also simplify the notation by denoting o} := &} (¢1) and B := B} (é1).
Our first result is that

Theorem 1.1. Assume that the disorder w is nonnegative, does not concentrate on a single point and E[w?] < 0o.

A. Forany A >0, B > 0and d =2,3 we have that o > 5.
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B. The strict inequality between the annealed and quenched norms is also valid in any dimension, if B is large
enough and the disorder satisfies the additional assumptions that essinf(w) = 0 and P(w = 0) < pgq, where pg is
the critical probability for site percolation in Z.%.

The first result identifies certain situations where the Lyapounov norms are different. The case d = 1 is not included,
since it can be easily deduced from the work of Sznitman [17], p. 233, that strong disorder holds in this case. The
one-dimensional case is particular since one can make a more quantitative use of the ergodic theorem. Theorem 1.1
also identifies situations where strong disorder is valid, due to the presence of low temperature, i.e. large B. Notice
that the assumption essinf(w) = 0 is just a normalization, as we could readjust the value of the parameter A. It is
a very interesting, open problem to obtain a quantitative description in dimensions three and above of the phase
transition between weak and strong disorder. In the case of directed polymers the existence of a critical value B.(d)
separating the two phases has been established [5], Lemma 3.3, but such a separation has not been established, yet,
for semidirected polymers. Even more interesting would be to understand how this phase transition depends on the
distribution of the disorder, as well as the dimension. This type of question is also widely open for directed polymers,
although, in that setting a non-quantitative characterization of S.(d), based on martingale arguments [6], exists.

Our second result is concerned with the distribution of the end point of the semidirected polymer when it reaches
a hyperplane at distance L from the origin. To this end let us define the measure

TL
B (g o ELET 2=t CHPOC0D: X(Ty) = x]

(1.3)
ke Efe— Sk 0-+0 ()]

where T, :=inf{n: (X, — Xo) - ¢; > L}. Then we have
Theorem 1.2. If o} > B then P-a.s. we have that

limsup sup u’z’i)(x) > 0.
L—>oo xwx-é;=L

This result should be contrasted with the one in [9] about diffusive behavior in the case of small 8 and high
dimension. Our result indicates that the mass of the distribution of the polymer, when this reaches certain hyperplanes,
does not spread out as in the case of diffusive behavior. Instead it develops atoms, which means that there are areas
(whose location is random) on the various hyperplanes, where the polymer concentrates with high probability. In other
words, the polymer localizes. This type of localization is known to exist in directed polymers [6,19] and our result can
be viewed as an extension to the semidirected case.

The organization of the paper is as follows. In Section 2 we introduce the necessary notation and recall a number of
basic results upon which the analysis is based. Most of these appear in previous works and we try to sketch the proofs
of a number of them. A number of new auxiliary results, is also included. In Section 3 we prove part B of Theorem 1.1.
In Section 4 we prove part A of Theorem 1.1. Here we use the method of estimating fractional moments in the way
this was developed through the study of random pinning polymers [8] and applied to directed polymers [14]. The
successful application of the fractional moment method in our case builds crucially on a certain renewal structure of
the semidirected polymers. Finally in Section 5 we prove the localization property stated in Theorem 1.2.

Let us make a note on notation. C will denote some generic constant, whose values do not depend on any of the
other parameters, e.g. A, B, d, etc. and whose value may be different in different appearances. In the case of some
important constants, whose value needs to be distinguished we will enumerate them, i.e. Cy, C3, etc. When we want
to stress the dependence of the constant on some other parameter we will indicate this by a subscript, e.g. C.. We
will also frequently use the decomposition x := (x1, x ), for an arbitrary point x € Z¢, where x() := x - é; € Z and
xt € Z4~1. For a set A, we will denote by A its complement. Finally in order to lighten the notation we will refrain
from using the symbol [x] to denote the integer part of a parameter x and instead we will be using the symbol x having
in mind that it means the closest lattice point to x. It is unlikely that this convention will lead to any confusion, but on
the other hand it will make the notation much lighter.
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2. Notation and preliminary results

Let us define the local time at x € Z¢, between times M, N by Ly n(x) = Zfl\[:_[&, 1,(X,). Whenever M = 0 we will
simply denote it by £ (x). To simplify notation we will also drop the subscript N when it is clear when is the terminal
time within which we consider the local time.

We denote by Hy := {x € Z¢: x - ¢; = L}. We also define the hitting time and the hitting point of the hyperplane
at distance L from the starting point of the walk (this being H, if the starting point is the origin) as

Ty :=inf{n: (X, — Xo)-&1 =L},

X. = X(T1) 2.1
and the last hitting point of the hyperplane at distance L from the starting point of the walk as

St :=sup{n: (X, — Xo)-é1 =L}.

When proving the inequality of the norms in dimensions 2, 3, it will be convenient to deal with mean zero envi-
ronments. We facilitate this via a Girsanov type argument. This will transform the problem to the study of a drifted
random walk in a mean zero potential and we will adapt this formulation through out the rest of the paper. To be more
precise let P¥ the distribution of a random walk starting from x € 74 with transition probabilities

< r—x)-81

if | x —y|=1
7 () = 1 2cosh) 1 d—1) TRTYI=L 2.2)
0 if [x — y| # 1.

The parameter « := k (X, 8) is chosen so that it satisfies the equation

<cosh(/<) +d—-1
log — g

) =2+ BE[o]. 2.3)

In other words P} is a random walk with a drift towards the é; direction. As usual, we will not include the subscript
x when this coincides with the origin. It will also be convenient to center the disorder w. To this end we write
wy = wy — Elwy], for every x € 74 and we have

E[e~ Zata (-+B0(Xa))] = F[e= Lol G-+BEIOH AT

_ dpr
o dpx

= E¥[e* Souk (X=X 1):81 Ty log(d/ (coshi+d—1) o= 3, L Ot PE01+BTX) ]

o Tk <A+ﬂE[w1+ﬁw(x,,>>]
Fr,

Here Fr, is the o-algebra generated by the first 77, steps of the random walk. The choice of « in (2.3) and the fact
that « ZTL (Xn — Xn—1) - €1 =k (X1, — Xo) - €1 = kL gives that the above is equal to

n=1
Ty
e L EX[em Lazi AW, 2.4)
From this it is evident that
af =k — lim 1 log EX [e_ Sk ‘%(X”)]
A L—oo L
and

1 L,
Y=k — lim —logEE"[e™ Znz1 AOX0)],
pimic fim loBET e ]
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Let us also denote the log-moment generating function of @ by
é(t) == —logE[e ] 2.5)
and the annealed potential

Dp(M, N) = —logE[e P Le?Dn®] =N "G(80y v (x)). (2.6)

Again, when M =0 we will simply denote this by Eﬁ(N ). The next proposition collects some properties of the
function @ g, which are useful and easy to verify. Here, we will only give a sketch of the proof.

Proposition 2.1. (i) For M, N integers we have that
Dg(M+ N)<Pg(N)+ Pg(N,N + M).
(i1) Let Ny < Ny < N, then
Dg(N) = Dg([0, N{]1U [N, N]) — BE[w](N2 — N)).
(i) If (Xn)o<n<N; N (Xp)Ny<n<N,+N, = &, then

Dg(Ni + N2) = Pg(N1) + Pg(Ni, N1 + N2).

The notation used on the right-hand side of (ii) means that in the evaluation of 5;3 ([0, Ni1U[N3, N]) we consider
the local time £[o, n,Juin,,N] = €N, + €N,,~. The proof of (ii) makes use of the monotonicity £x > £{o, n,1uU[N,, ] and
the fact that the potential S is bounded below by —BE[w]. The proof of (iii) uses the independence of the potentials
visited by the two parts of the walk. Finally, the proof of (i) makes an easy use of Holder’s inequality. Alternatively
one can deduce it via the Harris—FKG inequality of positive association.

The following definitions set the grounds upon which the analysis of semidirected polymers is based. The notions
of break points and irreducible bridges, presented below, are in the core of the renewal structure upon which the
parallelisms with directed polymers are based. Formally speaking, a path going from the origin to a hyperplane, will
have points in its trajectory with the property that, once the path reaches them, it does not backtrack in the future
behind their level. Therefore, the trajectory can be decomposed into a sequence of nonintersecting cylinders. What is
important is that the range of the path within these cylinders as well as the potential encountered by the corresponding
parts of the path are independent with each other.

Definition 2.2. (i) Consider the walk (X,) m<n<n. We will say that the walk forms a bridge of span L, and denote it
by Br(M, N; L), if

Xy-e1<Xp-61<Xy-é
for M <n<N,and (Xy — Xp) -1 = L. When M =0, we will write Br(N; L) instead.
(i1) Let us denote

o0

— T,—1 ,— 1 ,—

Byo(L) = EX[e™ Tt P00 BTy, 1)] = 37 BX[e™ T P90, Br(N, 1)
N=1

and

— S p—
By(L)=Ef[e”®*"):Br(Ty: L)] = ) Ef[e”®#™): Br(N; L)).
N=1
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If A is an event on the random walk we denote
B w(L; A) = EX[e” Saks B0, Br(Ty; L) Al
and
B (L; A) = EX[e=?#T0); Br(Ty; L) N A].

Definition 2.3. Consider the random walk (X,) m<n<n. We will say that the random walk has a break point at level L,
if there exists an n, with M <n < N such that X,, - ¢} = L and

Xn|~él<Xn-é1§Xn2-é1
for M <njy<n<ny<N.

Definition 2.4. (i) Consider the random walk (X,)py<n<n. We will say that the random walk forms an irreducible
bridge of span L, and we denote it by Ir(M, N; L), if it forms a bridge of span L with no break points. When M =0
we will write Ir(N; L) instead.

(i1) Let us denote

o0

— i —1 p—
Iio(L):= E'; [e* Yuko ﬁw(X’n); Ir(Ty; L)] — Z E'; [e, PR ﬂw(Xn); Ir(N; L)]
N=1
and
o
T(L) = Ef[e” "0 (T L)) = Y Ef[e™ ™ Ir(N: L)]. 2.7)
N=1

If A is an event on the random walks we denote
Trw(L; A) = EX[e=Snko B0, 17y : L) (1 A]
and
T.(L; A) = E<[e=®# 70 1e(T; L) N A].
As usual we will refrain from including the subscript x in the above definitions, when this coincides with the origin.

Definition 2.5. Let us define the quenched and annealed mass for bridges, respectively, by

1 T -1,
ﬁ% = lim ——logE’([e_Znio ﬁw(x");Br(TL;L)]

L—oo L
1 —
= lim ——log B, (L 2.8
Jim —--log (L) (2.8)

and
—u . 1 K= Tk Ba(Xn)
m = lim ——logEE"[e” Zn=0 " Br(Ty; L))
L—-oco L

1 —
= lim ——logB(L). 29
Jim ——log B(L) 2.9)
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The existence of these limits follows standard subadditive arguments. The bridge masses m?%, ﬁ% depend on the
parameters A, 8, but for simplicity we will not include this dependence in the notation. It is easy to see that o} =
K+ ﬁ% and that B} =k 4 m%. Therefore Theorems 1.1 and 1.2 can be recast in terms of the quenched and annealed
masses. In fact our main goal will be to prove that ﬁ% > m% under the conditions of Theorem 1.1 and then that the
situation of strict inequality between the masses implies that the conclusion of Theorem 1.2 holds.

The following proposition will be useful, since it gives a uniform bound on the decay of B(L).

Proposition 2.6. There exists a constant g < 1, such that for every L,
poe "t <B(L) < E,

The proof of the right hand inequality is based on the basic supermultiplicative property of bridges, that is B(L;+
Ly) > B(L1)B(L>), for any Ly, L,. This can be deduced from the inclusion Br(7Ty,+7,; L1 + L2) D Br(T.,; L1) N
Br(Ty,, TL,,1,+L,; L2) and property (iii) of Proposition 2.1. The left-hand side inequality is based on the reverse
multiplicative property of the annealed potential, that is B(L| + L2) < B(L1)B(L3) X Zflozl e’gE[“’]"P"(X,(,l) =0).
This is easily deduced by bounding from below the potential Sw, encountered by the part of the path between the first
and the last time that it lies on level H,,, by —BE[w]. An easy computation shows that Z;’;l ePElln pr(x ,(,1) =0) =
3>, e P (X Y = 0) < 00. g is then chosen to be oo, e p(xtV =0y~

We also define
B, (L) := €™ B, (L) (2.10)
and
B(L) :=e"sLB(L). 2.11)

Central tool in the study of semidirected polymers is the renewal structure, which governs the annealed and the
quenched irreducible bridges. This is summarized in the relation

N
B(L) = ZT(k)E(L —k), (2.12)
k=1

which can be obtained by decomposing the bridge B(77 ; L) according to when the first break point occurs. A number
of very useful properties can be deduced from the relation (2.12). The most fundamental one is that

0 —
> ML) =1. (2.13)
L=1
The proof of this statement follows a generating functions calculation in the frame of standard renewal theory together
with the lower estimate of Proposition 2.6. The details of the proof (with a little different notation) can be found either

in [21], Proposition 4.2, or [7], Lemma 2.15. It follows that (IA(L))LZLZW = (em%LT(L))Lzl,zw is a probability
distribution. Furthermore, it can be shown to have exponential moments. In particular, we have that

Proposition 2.7. There exists a p = p(A) > 0 such that, for any > 0

m —
> " ePRLT(L) < 0.
L=1

Such an estimate is known as mass gap estimate. In the context of self-avoiding walks it was first proven in [4]. It
was later adapted to the context of random walks in random potentials in [7,18]. Such type of estimate in the context of
Lyapounov norms, independent of the direction and for small 8 was established in [20] (in this same work a separate
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proof, valid for all B, along coordinate directions, that was meant to simplify the existing ones, appears to be flawed).
Finally, mass gap estimates that also apply on different contexts, such as Ising models appear in [3] and [10]. Based
on a coarse graining approach, the mass gap approach developed in [10] has the advantage that it extends to the case
when one considers Lyapounov norms in directions which do not coincide with one of the orthonormal vectors of R?,
and for arbitrary value of 8.

A proof of Proposition 2.7 most relevant to our setting (with a little different notation) can be found in [7], Theo-
rem 2.18.

We will denote the mean of this probability distribution by u, i.e.

oo
=Y L T(L) < oo. (2.14)
L=1
Using standard renewal theory arguments one can also easily deduce that B(L) — w!
in a sense Proposition 2.6.

The importance of the above considerations is that they lead to a Markovian structure of the triplet (X, £;, 7;),
where 1; denotes the time when the ith break point occurs, £; the span of the ith irreducible bridge and X, the
position of the path at the break point. This Markovian structure is central in our considerations and is described by
the following Markov measure.

,as L tends to infinity, refining

Definition 2.8. The measure PP denotes the distribution of the Markov process (X . Li, Ti) with transition probabil-
ities given by

PP ists Livt,nivts yi, Liynp)

. me L; K —Dg(njy1—ni).
=" x EX (e PP T Ir(n g — niy Ligt)s Xy —ng = Yig1]-

It follows from Proposition 2.7 that E B [epﬁ] ] < 0o. Some further elaboration on this relation leads to the following
proposition, which is a small modification of Proposition 4.3 of [20]. Results of this type are also established in [10],
Section 3.6.

Proposition 2.9. There exists p1 = p1(B, A) > 0 such that, for every § > 0
PP(r) > u) <e Pt
It moreover follows that EP [e(p|/2) SUPn<ry |X”l] < 0.
Proof. We have that
PP(t1 >u) < PP(L1 > hu) + PP (z1 > u; L1 < hu) (2.15)
for some & small enough that will be chosen below. The first term in (2.15) is estimated by
PP(Ly > hu) < e P EP[ePF1] < ce™Phn,
where the last inequality is thanks to Proposition 2.7. Regarding the second term in (2.15), this is estimated as follows

PPty >u; L1 <hu) = Z Z "L Ex [e_aﬁ(m; Ir(N; L)]
N>u L<hu

— Z Z e(m‘é‘l’K)LefKLEK[e*aﬁ(N);Ir(N; L)]
N>u L<hu

= Z Z e(ﬁ‘,‘gﬂ)LEE[e—AN—z,’f:lﬁw(xN);Ir(N; D).
N>u L<hu
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where the last follows as in (2.4), with « being as in (2.3). Continuing on the above we have that

P’g(l’l >u; L1 <hu) < Mg TiOhu o —(/2)u Z Z EE[G—(A/Z)N—Z,ILU%)(XN); Ir(N; L)]
N>u L<hu

< e_(}‘/4)”,
with the last inequality valid if 7 < 41 (m% + ) Combining the two estimates we have that
PP (1) > u) < Ce "M 4 &= H/Du,
From this, the proposition follows with p1 := p1(8, A) = min(A/4, p(m% + K)_lk/4). [l
The following local limit theorem, proven in [2], Theorem 5.1, will be useful towards Proposition 2.11, below.

Theorem 2.10 ([2]). Consider a distribution p(-) on Z¢,d > 1 with covariance matrix ¥ p and mean Lp =
Y rezd Xxp(x) satisfying

> pertl <y, (2.16)
xezd
>l 2.17)

for certain strictly positive constants yy, V1, y2. Denote by p,(-) its nth convolution. Then there exists an €(yo, Y1, V2)
such that for € < (yo, Y1, v2) there are positive constants § := 8y, y, .y, 8¢ := 8: (Y0, v1, ¥2) and C = C(yp, v1, ¥2),
such that

Pn(x) < @F () x—npuyi<ne + Ce T e, (2.18)
where

C i 2
%?(x) = n—d/ze She—npupl”/C2n)

We close this section with the following local limit type annealed estimate that will be useful in several occasions
in our estimates towards the inequality of the norms in dimensions two and three. More precise annealed local limit
theorems have been established in [10], Section 4.3.

Proposition 2.11. For x* € Z?~ and L > 0 integer, there is a constant C such that

~ N C Clelp2
. _ —C|x~|°/(2L)
B(L,XL—x)fL(d_l)/ze .

Proof. We use Theorem 2.10 with the distribution p(-) to be defined as
PP(L.xt):=PP(Ly =L X () =x1) (2.19)

for L > 0 integer and x- € Z¢~!. Condition (2.16) is satisfied by Proposition 2.9, u p 1s given by relation (2.14) and,
finally, (2.17) is satisfied by the apparent nondegeneracy of the distribution P#. We then have

é(L;)A(L =x)= pr(L,xJ‘)

n

and the result easily follows by inserting (2.18) in the above summation. ([
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3. Inequality of Lyapounov norms for large

In this section we prove part B of Theorem 1.1. The argument is along the lines of first passage percolation [12],
similar to the case of Poissonian obstacles [15], Theorem 1.4. We consider the case when the distribution P sat-
isfies essinf(w) = 0 and P(w = 0) < py, with py the critical probability for site percolation in Z%. Let ¢(B) :=
—log E[exp(—pBw)]. We first have the following upper bound on 8

1 L
*— _ lim — logEE[e™ 2nzi AFAo(Xn)
ﬂk Llamoo L 08 [6 ]
< — lim llog E[e”-Fe(NTL]
~ Looo L

<C(L+¢(B),

where for the first inequality we used Fubini and the fact that E[exp(—B¢7, (x)w)] > (E[exp(—,Ba))])eTL ) The
second inequality is a routine to establish. Notice that since essinf(w) = 0, we have that limg_, » 8 ~19(B) =0 and
therefore it follows that for 8 large, ;' = o(f).

We will now obtain a lower bound on the quenched Lyapounov norm. Consider @} a value such that P(w <
) < pa, which is the critical probability of percolation in d dimensions. By our assumption there exist such w7,
which is strictly positive. Then by a first passage percolation argument (see Theorem 2.3 in [12], or Proposition 2.2 in
[16]) we have that for every N > O there are constants Cg, C7 such that

P(%lf#{n < N:ox, >0} < CeN) =e OV, 3.1)
N
where Py is the set of all self avoiding paths { X1, ..., Xy} of length N. Borel-Cantelli then implies that for all large

enough N we have that infp, #{n < N: wx, > @)} > C¢N. To use this in the estimate of the quenched Lyapounov
norm, we notice that any path that starts at the origin makes at least L steps before it reaches the hyperplane H;. We
then have

Sk OB (X)) Lo x> ]

o z—lim%logE[e_ > Co (% + o).

Comparing this with the fact that g} = o(8) for B large, that we obtained above, we arrive at the inequality of the
Lyapounov norms, when S is large.

4. Inequality of Lyapounov normsind =2,3

In this section we prove the first part of Theorem 1.1. The parameters A > 0, § > 0 are fixed. To show that the annealed
and the quenched Lyapounov norms are different it is enough to show that

1 n
lim —Elog B, (NL 4.1
Jlim —— Elog B,(NL) <0. “.1)

recall that B,, (L) :=¢™5-B,,(L). This is evident, since the left-hand side of (4.1) is equal to 7%, — mh = pf —af. To
establish (4.1), we use the fractional moment method, which was developed in [8,14]. The starting point is to trivially
write the left-hand side of (4.1) as (y NL)_IIElog I}Z(NL), for a fixed y € (0, 1). Then using Jensen’s inequality, it
suffices to show that

1
lim sup
Nooo YNL

logEBY (NL) < 0.

The reason of considering a system of length NL is that the fractional moment estimates are based on a coarse
graining. The scale L plays the role of a correlation length and its careful choice will be important. For the coarse
graining we need to introduce the following skeletons:
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LetV={0=uvg,v,...,unN} C 74, such that vl.(l) =i,fori =0,1,..., N. We define the skeletons

N
Ig‘ ::U{x ezd: xM® :vl.(l)L,ng(j) —vi(J)Cl«/Z< Cp/f,j :2,...,d}
i=0

N
o Cy
T U IUi ’
i=0

N-1
Jy = U {x ez 0<x® - vl.(l)L <L,|xY - vl.(J)Clx/Z| < C3«/Z,j :2,...,d}
i=0

N—1
= U Jy; -
i=0
We also define
IOC2 {erd M=o, |xL|<C2\/Z}.
The constants satisfy the relation C; < C2 < C3. We now proceed as follows

14
11 . 11 ¢
;ﬁlogE[Bw(NL)V] ;ﬁlogE[(ZB (NL ﬂXlLeI )) }

i=1
11 N 14
5—ﬁlogZEKéw(m;ﬂxmelvc_l)) } (4.2)
14 ; ’
y i=1

where we recall that X; was defined at (2.1). Using Holder’s inequality we have the bound

N Y
E[(éw (NL; ﬂf(,-L € 1,51>) }
i=1

N V4
< (B[ (@ 7/01]) (E[ V@b (NL M ’)D | )

i=1

where we define

N—-1 N-—1
gy @ =[] g} @ := exp( > F(GY ) )

i=0 i=0
F(x):=—K;1

)C>C

the constants K1, K> will be chosen later on to be large enough. The index d corresponds to the dimensions 2, 3, since
we will require a different choice of the functions G(J‘j) for each dimension. In particular, we will have the choices:

G (@) =5L ) @, (44)

xejvl.
with 87 := —L3/* and

3 — —
G5l @)= Y Vi, 4.5)
y:2€Jy;
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with

V,, = 1 1|)’L—ZLI<C4 [y —z(D]
YET Tlog )2 |y — 41 ¥F®

(4.6)

with the constant C4 to be chosen large enough. The notation w, := wy, — E[w,], x € 74, will be used through out.
For shorthand we will be using the notation

dPy =g\ (@) dP,

dP;, —gJ)(a))d]P’ fori=1,2,...,N—1,

to denote the related measures. Notice that we have dropped the index d from the notation of the Py, and P o> in order
to keep the notation light, since no confusion is likely to occur.
Our goal will now be to use (4.3) into (4.2) in order to show that

N 14
—a 1 1 A N c
s ~ <zlxns:fy—“gZE[(B‘“(N“DX“E’”’» }0’ 0

when L is chosen appropriately and large enough and so are the constants K, K2, C1, Ca2, C3, C4. To achieve this
we will need a number of estimates. We start with the following estimate on the term involving the Radon—Nikodym
derivative.

Proposition 4.1. For K> large enough, depending on E[w?*], K1, C3, C4 and for the above choices of the parameters
8L and Vy ; we have that

E[ggi)(a))_y/(l_y)] <N
ford=2,3.

Proof. It is easy to see, by the independence of the functions G(Jf? (w) for different i’s, that

N
Bl = (Elewn( 2 F0 @) )]

We proceed by estimating separately the expectation in the cases of d = 2, 3.
Case d =2: We have the bound on the expectation

1+e(y/(1—y))K1P|:8L Z Dy > eK2i| < 1+e(V/(l—V))Kl—2K2E[a2]|‘]0|8z

xelJy
=1 +2C3C(V/(1—}/))K|—2K2E[52]
<2 4.8)

for K, large enough.
Case d = 3: We have the bound on the expectation

2
1+e<V/<1—V>>K11P>[ 3 vywa, > esz| < 1+e<y/<1—y»1<1—m]E[< ) Vy,@ywz) }

v,z€Jdp v,z€Jp

_1+26(V/(1 y)Ki— 2K2E —2 Z

yv,z€Jy
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<1+ chcze(y/(lfl/))lfl*2K2E[52]2
<2

for K, large enough. O
We continue by estimating the second term of (4.3). The first part of this estimate is identical for both d = 2, 3.

Proposition 4.2. For any ¢ > 0 we can choose L large enough such that

w{efs{e o)

N
< (CZ(maé( EJOBX’M(L;XLEIUCI)))/ﬁ-S) (4.9)

2
v XGIO

for a positive constant C.
Proof. We start by

N
Ey B, (NL; (XL e 1§1> =Ey > el EX[e P Lx @t ™) Ry — xy Br(L)]

i=1 xiely si=1.2,.,N

N—-1
X l_[ em%LEfi [ef‘3 i@l 0, g =Xj41], (4.10)
i=1

where we use as a shorthand the notation Br(L) = Br(7r, L). The terms of the product are not independent and a
priori we cannot interchange the product and the [Ey,. We can recover the independence by looking at when is the last

time the path starting from x; € I lf " lies on the hyperplane H;y, := {x: x -é; =i L} and then bound below the potential
Bo of the sites visited by this segment of the walk by —BE[w]. We then have

LB [e PP 0; R, = 5]

o0
= Z Z em%LE;c(,- [eiﬂ 2o @ebr ;¥ =X|Bs o(L; Xr=xit1)

xeH;p M=1
o o0
<&t Yy PP (X = 0B o (L XL =xi41) @.11)
XeH;p M=1
fori=1,...,N — 1. Since x;, X € H;z, we can use the identity eﬁE[“’]MPx’(i Xy=%)=e"™MP, (Xy =% =

e M p(x\)) = 0) into (4.11), to get that (4.10) is bounded by

N—1 [e'¢)

T _ ~ —_— A
| | sl max E E e™Mp (Xy =X)Ey, B o(L: X 61&1)
i=0 XEIU,'I xeH;p M=1

and therefore the left-hand side of (4.9) can be bounded by

IS Y\ N
(Z(aﬁ%L max D> e M P(Xy =5)EBro(L: XL € IUCI)> ) . (4.12)

v xe[olieH0M=l
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To further estimate this, we decompose the term inside the “maxxe e ” as follows
0

o0
> o+ Y )e—*MPx(XM=;2)E,0é;,w(L;f(L e 1. 4.13)
M=1 “ieHy:|%|<CovL F€Hp:|%|>CovL

Notice that since g(;g) (w) <1 we have that
By Bow(Li X € IS) < EBg o (L; X1 € IT")
=EB,(L; X, € I — ). (4.14)

Using this, (4.13) and the fractional inequality (a + b)Y <a? 4+ bY,y <1, we get that the part of (4.12) inside the N
power is bounded by the sum of the terms

Y
Z(max > > e MP(Xy=%EBio(L: XL € 151)) (4.15)

v Iy M= 1 feHo:5|<Co/L
and
%
Z(max Z Z e M P (Xy =%)EB,(L; X € IS —)z)> . (4.16)
v Io” M=13cHy|7|>CovL

Bound on (4.15). Clearly, (4.15) is bounded by

00 Y
Z(max Ej, Xw(L XLGIC1 ma Z e_)‘MPX(XM:)E)> .
v \iely? vely! M=l zertyii<ca

Since x, X € Hy, it holds that

o0 o0
> Yo eMpXy=8 <) e MP(X)) =0)=pu,.
M=1

M=13eHy:|%|<CoV/L

Therefore, it follows that (4.15) is bounded by

Z(,ual max E‘]Oéx’w(L; XL e IUC1)>V

v )CEIO

=CZ(max E o Br.o(L: XLGIC')))/, 4.17)

v .XEI €2

where C 1=, 4

Bound on (4.16). We first use the usual fractional inequality to pass the y power inside the summations and then
notice that the summation over v € Z¢ effectively eliminates the dependence on X in the expectation. (4.16) is then
bounded by

(09
> (EBy(L: X e 1)) Y > e "M p(x() =0)"P(X; =x1). (4.18)
v M=1ylezd=1:x1|>Cy/L
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The process (X 1%/1) M1 is a simple random walk on Z¢~! and therefore we can use standard estimates to get P (X, =
xt) < C/M(d_l)/ze_C“L'z/M. We therefore have the simple computation

oo
> > e "Mp(x() =0)" P(Xz =xt)
M=1yLlezd-1:xL|>Cyv/L

oo
1 12
—yaM_ *  —yClx— /M
=C Z Z € pmra-np2c
M=1|x1|>C /L

VL o0
5C<Z+ Z )e—yxM/ze—ycch/MSCe—yc«/Z
M=l M=yL+1

and therefore (4.18) can be bounded by

Ce 7 VIS (BB, (L: XL € IC))” <, (4.19)

v

with the last inequality valid for L large enough, depending on €. Notice that here we used the fact that Proposition 2.11
guarantees the uniform boundedness of Y, (EB,(L; X, € IUC Y in L.
The combination of (4.19) and (4.17) completes the proof of the proposition. (I

The next proposition is the last step towards the proof of Theorem 1.1, part A.

Proposition 4.3. Consider L chosen as

62K2 4
L::(_, ) , d=2 (4.20)
6 (B)]
and
e2K2 2
L::exp[(_,i> ], d=3. 4.21)
o (B)I?

For any ¢ > 0 we can choose Cs large, K| large enough, depending on ¢ and K, large enough depending on
C3, Cy, ]E[a)z], &, B (the dependence on B is such that the length scale L is large enough), such that

Z(max EjoBro(L: Xy € IUCI))V <& (4.22)

erOC 2
The proof of this proposition requires different choices of the parameters in dimensions 2,3 and is presented
in the following subsections respectively. Before embarking into the proof of Proposition 4.3 we will show how

Propositions 4.1-4.3 can be used to conclude the proof of Theorem 1.1, part A.

Proof of Theorem 1.1, part A. Using (4.3) into (4.7) and using Propositions 4.1-4.3 we have that
—a —q 1 -1 (1-y)
mB—mezy 10g(2 (C+1)8)<0,
by choosing ¢ small enough. Notice that the choice of L in (4.20) and (4.21) provides also a bound on the gap between

the annealed and quenched norms. When 8 ~ 0 is small, then 5/(;3) ~ — ,BIE[Ez] and therefore the gap is bounded
below by O(8*) in d =2 and O(exp(—f ™)) in d = 3. When 8 is large the choice of L being large imposes that K
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must be chosen so that exp(2K>) := exp(2K§)|$/(,3)|, in d =2, and exp(2K>) := exp(2Ké)|$(,B)|2, in d = 3, with
K’ large and therefore the bound on the gap in this case is O(1). ]

For the proof of Proposition 4.3 we will need the following notation

X3 =(X): (X i<n<r; C o}, (4.23)
BS =X nBr(L) N (X, e IS}, (4.24)
BS = X5 NBr(L). (4.25)

4.1. Proof of Proposition 4.3 in dimension d =2

In this case the coarse graining scale is chosen as

62K2 4
[ ( © ) _ (4.26)
o (B

Consider a parameter R to be chosen later on and split the sum in (4.22) as follows

> (max By Beo(L; X1 e 1)) =

2
xel,

~ A 14
max By, Boo(L: X € IC1))

C:
vilv|<R xe’oz
N A Y
+ Z max ]EJOBx’w(L; X el ')
C:
vilv[=R xely?

< R max max (Ejoéx,w(L; XL e )’
|v\<Rx€IOCz

. s e\
+ Z (maé(2 EBy o (L; X1 €1 '))
vilv|=R X€ly

< R max max (Ejoéx’w(l‘; )A('L € Ivcl))y + % 4.27)

C
|v\<Rx6102

where the last inequality follows from the local limit estimate of Proposition 2.11, by choosing R large enough. To
estimate the first term of (4.27) we recall the definitions (4.23), (4.24), (4.25) and write

EjoBrw(L; Xp € ISY) =E gy By o(L: X2, Xy € ISY) + E gy Beo(L; X2, Xy € ICY), (4.28)

where for a set A recall that we denote by A its complement. The estimate of (4.28) is based on the two following
lemmas.

Lemma 4.4. We have the estimate
EjoBrow(L; X7, X1 € IC) < 4C3E[0?]e2K2 46781,
which can be made smaller than ¢ /4R, if K1, K are chosen large enough.

Lemma 4.5. For C3 chosen large enough and L chosen large enough, i.e. K, is chosen large enough, we have the
estimate

~ A &
EjoBrow(L; X, X1 € IC1) < =
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Having established these two lemmas and inserting the corresponding estimates into (4.27), the proof of Proposi-
tion 4.3 is completed. We therefore proceed to provide the proof of the lemmas.

Proof of Lemma 4.4. For x € IOC 2 we have

EjyBro(L: X, XL € IE) = 3 E[g Q) (0) ES[e P 2 0); BT ]

< em%LE[Ef [ePLa®rtr ), 35 15, Y wy < eK2:| +e ki
Ye€Jo

= em%LEK[ [ AL 5 N By <6 } Bfl} +e K1 (4.29)
y€do
For a fixed path we define the measure Py by

dPx

- = exp(Z —Balr, (x) + ¢(Blr, (x)))

and we write (4.29) as

em%LEf |:e(pﬁ(TL)]P’X |:8L Z Wy < eK2i|; B?L:| +e K

yedy

<&l EX [e_aﬂ(TL)IP’X [5L > wy < eKz]; B?] +e K1, (4.30)
YeJo

where in the last inequality we used the fact that B 7 C BC3
We denote by .A(Ll) the event that Ex[5, Zye o a)y] > 2eK2_ The first term of (4.30) is then bounded by

"B Ef [e_%(m]}”x |:5L Y @, —Ex |:5L > Ey] < —e“} BN A(Ll)] + &L g e ®r T, BS 0 ALV
y€Jdo Yy€Jdo
and we can use Chebyshev’s inequality to bound this by
—a - 2
e_ZKzemBLEf |:e—¢ﬂ(TL)EX |:<5L Z (wy —Ey [ay])) i|; 323 n ‘A(Ll)]
yeJo
+ em‘éLE;C( [e—aﬁ(TL); BC3 N Ag)]. (4.31)

Estimate on the first term of (4.31). We first notice that (wy)yey, are independent under the measure Px. Then it is
easy to conclude that the first term of (4.31) equals

e 225} Y T Ef[em PP VBN [ (@, — Ex(@y]) ] By N AY]

YeJdo
—2K282 Z em LEK (pﬁ(TL)EX[Ei]; BSS N Ag)]
yeldo
— e*ZKzai Z er’;LE; [efaﬁ(TL)E[aie—ﬂﬁyer O+(BLr, (}'))]; 353 N A(Ll)]
y€Jdo

< 2e 22 [0?]82 | Jole™s L EX[e=P#TL); BT 1 AV,
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where in the last inequality we used the fact that wy > —E[wy], or x € 74, together with Harris—FKG implies easily
that E[Eye_’%ygﬂ W+¢Ber, D] < 2E[w?]. Finally using the fact that em%LEf [e=®sTL); Br(L)] < 1, see Proposi-
tion 2.6, and the fact that 8% |Jo| = 2C3 we have the following bound on the first term of (4.31)

B 2
sl EX [eq)ﬁ(TL)]Ex |:<8L Z (@y — Ex[ay])> j|; 323 N Ag)] < 4C3E[a)2]e*21{2, (4.32)

y€Jo

which can be made small by choosing K> large enough depending on C3, E[w?].
Estimate on the second term of (4.31). We first compute

Ex I:SL Z Eyi| =4 Z EX[ay]
yedo yedy
=51 Y E[m,e Fin0+96r,00]
yeJo

=80 8 (BLr,(")1er, )=0

yeJo

> ¢ (B)SL. Z ez, (>0

yeJo
—
> S L1
> ¢ (B)dL XLC3
= 62K21XC3,

where in the first inequality we used the concavity of the log-moment generating function ¢(-), as this is defined
in (2.5), and the fact that §; := —L34 s negative. Since on B? it holds that IXC3 = 1, we have that e2X2 IXC3 >
L L

2¢X2 and therefore the second term of (4.31) vanishes.
This fact together with (4.32), (4.31) and (4.29) imply that

EjoBrow(L; X7, X1 € IC) < 4C3E[0?]e2K2 4 7K1 (4.33)

and this completes the estimate of the first term of Lemma 4.4. O

Proof of Lemma 4.5. The term on the left-hand side of the inequality is bounded by EB,(L; X LC %). We further have

A

EB,(L; XC) = &L E<[e~5T0); Br(L) N XC°]

. - n
- ~+L

i=1

_ ( + Z ) Z L K |:e¢ﬁ(TL);EﬂﬂIr(Li)i|

[n—pu~'L|<egL  |n—p~'L|>eoL” Li1+-+Ly=L i=1
=141,

where p is defined in (2.14) and ¢ is fixed satisfying o < €(y0, ¥1, ¥2), as in Proposition 2.10.
Control on II. We have that

n< 3 > e |:e_55(TL); ﬁlr(Li)i| = > phw,

n:n—p~'L|>ggL L1++Lp=L i=1 n:ln—p~1L|>egL
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where p,’f (L)y:=Y, p,’? (L, x), with the latter defined in Proposition 2.11. Using Proposition 2.11 we have that

I < Z Ce deuIL—nul CSOG—SSOMSOML.

n:|L—np|>eouL
Control on I. We have

B CWBLEK[G_%”;ﬁlr(LﬂLnJhXi(n)}>% L”

n:ln—u~'Li<eogL L1+++Lp=L i=1 i=1

. Z Z L K |:e_5ﬂ(TL); ﬁlr(Li)ﬁhXJ-(Ti)| < % L}

niln—u~1L|<ggL L1++Ly=L i=l i=l

n
U{ sup |Xi|>C3x/Z]:|
i=1 T, <m<Tj4]

=1L+ 1.
To bound the term I;; notice that the event {|X*(z;)| < %\/Z} N{|IX+(tip1)] < %\/Z} N {sup,, |X,Jn-| >
C3v/L } implies that t;41 — 7; > %«/f . Therefore the term /;; is bounded above by

<m<TtTi4]

(u1+e0)L c C
Pﬂ< U {‘L’i—‘l,’i_1>73\/2}> E(M1+50)LPﬂ(‘L’1>73\/Z>

i=1
<(uw '+ so)Le_(1/4)p‘C3‘/z

since 71 has exponential moments under P#, as this is implied by Proposition 2.9. Finally, we bound the term ;. It is
easy to see that

(™' +e0)L c
I; < Pﬂ( U {‘XL(‘L}')‘ > 73 L}) (4.34)

i=1

Since the increments of X (z;) are independent under P? with exponential moments, see Proposition 2.9, it follows
from the standard theory of random walks that (4.34) can be made arbitrarily small if C3 is chosen large enough.
Summing up, we can choose C3 and L large enough (e.g. choosing K, large), so that

&

EjoBro(L; X, X1 € 1) <EB,(L; X) < iR (4.35)
for every v. This concludes the proof of the lemma. (]
4.2. Proof of Proposition 4.3 in dimension d =3
In this case we recall the definitions (4.5), (4.6). We will be choosing L such that

eZKQ 2
logL := (_,—) . (4.36)
¢ (B)I?

The first steps are the same as in the d = 2 case. In particular, inequality (4.27) and decomposition (4.28) are still
valid. Lemma 4.5 is still valid and used to estimate the second term in (4.28). We therefore need to control the first
term of (4.28). This is done in the following lemma, which is the analogue of Lemma 4.4.
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Lemma 4.6. Given 69 > 0 we can choose Cy4 large enough, depending on 6y and also K large enough, such that
BB o(L; X5, X1 € IC1) < CCCIE[w?] e K2 4250 + e~

Once this lemma is established Proposition 4.3 follows by choosing K large, 5y small, C4 large, depending on &g
and K large depending on C3, C4 and E[w?]. We are now left with the proof of Lemma 4.6.

Proof of Lemma 4.6. The beginning of the proof is identical to that of Lemma 4.4 up to inequality (4.29), which now
writes as

Ejoéx’w(L; XLC3, X, e IUC‘) < em%LEf |:e_¢f’(TL)IE”X|: Z Vy, 0y, < eK2i|; Bg3i| +e K,

y’ZEJ()

Denote by .A( ) the event that Ex[>.
inequality is bounded by

em%LE’;[ d’ﬁ(TL)}P’X[ Z Vy 0,0, <e ] B ﬂA(z)i|

y,z€Joy

vizedy Vy,z0y®:] > 2eX2_ Then the first term in the right-hand side of the above

1 el EX [e_af‘(n); B? N ﬁ(Lz)]. 4.37)

Estimate on the first term of (4.37). We subtract the quantity E X[Zy, zedy Vv,z@y®:] from both sides in the event
{Zy) zedy Vv,z@y®; < exp(K2)} in the first term of (4.37) and we use Chebyshev’s inequality to obtain the upper
bound

_ 2
e K2 L X [e_¢ﬂ(TL)EX( > Vywyw, — EX[ > vy,@yazD . BS N Af)] (4.38)
v,2€Jp v,2€Jp
Notice that
Ex[ S v, @y@} = 3V, E[@ye #0048, 00 | B[ et Q6B ()],
v,2€Jp y,2€Jp
Recall that Vy , = 0. Write the quantity inside the square of (4.38) as

3 V(@) — B[, Ftn 0486, 00)) (@, — B[ e fotn (Bt @)

v,z€Jp

+2 3V, E[@,e FPtn 0B, 0] (5, — E[a,ehPn @Bt @)

y,2€Jp
and proceed to the estimate

2
IEX< >V wy: —EX[ > vy,zayazD

y,z€Jy v,2€Jo

_ _ 2
<2y [( S V(@ — E[mye PP n 0800, 00)) (@, — Blm.e #7:n O ber, <z>>])) ]

v.2€Jp

2
+8EX|:(Z Z Vy, ]E a) e ﬂw\fTL(})+¢(ﬂeTL(y))](w _E[aze—ﬂ@ZTL(z)-ﬁ-&ﬂer(z))])) i| (4.39)

zedoyedo
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We can now use the fact that Py is a product measure and thus the w’s at different sites are independent. Recalling
that Vy , = 0, we write (4.39) as

23 v2 [T E[e @t (9Bl () (55, — B[, e Foxtn, +(BLr, ()])?]

y,zedo X=y,z
-~ 2
13 Z <Z Vy ZE[Eye—ﬂEyETL (}')‘HﬂﬂETL (V))]>
zeJp “yedy

x E[e Fa:t1, 486, ) (55, — B[,eFo:tr, O+0(6tr, 0])?]

<2 Z Vyz,z l—[ E[@iefﬁa’fzﬁ(XHE(WTL(X))]

y,zedoy X=y,2

2 _
183 (30 v, E[mye P e, (y>>]> E[@eFoxtn, 0587, ()], (4.40)

zedJy “yedy

By Harris—FKG and the fact that @, > —E[w,], for x € Z¢, it is easy to conclude that E[_2 —BBxtr, (O+$(Blr, D] <
2E[w?]. Using once again the fact that @, > —E[w,], we also obtain that

<Z V, E[@,e i 0496t )] ) (Z Vyzlemmo) Elw]?. (4.41)

ye€Jdo y€Jo

Using these two facts we bound (4.40) by

2
Z Vi, +16E[w Z(Z v”uTL(yM) . (4.42)

y,2€Jp zedo “yeldy

Clearly, from the choice of Vy, ; we have ) V2 <C CZC2 and therefore (4.42) is bounded by

y,2€Jp
) 2
celo?P (et + ¥ (X Vel ) ).
zedo yedo
We can then bound (4.38) by
2 . ) :
CE[w?] e 2K <c§c§ + el EX [e—¢ﬁ<TL> > (Z Vyeley, (y)>o) ; Br(L)D.
zedo “yeldo

It remains to bound uniformly in L the above expectation, which is done as follows. First, we expand the square by
summing up over y, y € Jo and then interchange the summations and use Cauchy—Schwarz:

"ot Pp(TL)
v a .
Z mEx [e sUL 1ZTL(y),eTL(}~,)>0,Br(L)]
v.y€Jo
% (Z ioicc |y<1>_z(1)|>1/2(2 Lsi_itice, )7(1)—1(1))1/2
M _,2 e
zedy ly ZWIF+1 = Ei EOTEN

<CCq Yy LM Ef[e Ty, () 0y, (77203 Br(L)]
y.y€Jo
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. 2
=CCiL 2"l EX [e"’ﬁ(m <Z Leg, (y)>0> ; Br(L)]

y€Jo

<ccs.

To justify the last inequality we use Theorem 2.10 which implies that with P# probability which is exponen-
tially in L close to one, the number of break points until 7; will be close to u~'L. Moreover by Proposi-
tion 2.9 the range of the path within an irreducible bridge has exponential moments and these two facts yield that
em%LEX [eicbﬂ(TL)(ZyEJo lzTL ()’)>0)2] = CL2'

We finally get that (4.38) is bounded by C C%CiE[wz]ze_sz. This gives the first term of the right-hand side
inequality of the lemma.

It remains to show that the second term in (4.37) can be made smaller than 2§y. This is done in the following
paragraph.

Estimate on the second term of (4.37). We start by using once again the observation that 5/ Blr, () < 5/(,3) <0.
This will lead to

Ex[ > Vy,zwywz} = Y V38 (Blr, () (Blr, ()

y,zeJo y,ze€Jy

—/
>0 (B Y Vyilitr, (., )>0)

y.ze€Jy

_ ¢ (,3)2 Z y sz|<C4\/Iy('>*Z“)|1 1 0}
~ Loo IN1/2 M _ (D) y#z Hery (0).Lry (2>

LogL)V/= == Iy —z01+1

L L
26 (B)* 1

> 1 -
= Ldog L)1/2 Z Z {er; (»)>0} Z —

L(logL) L1=0yeJonHr, Lo=L+1 L= Lal+1

x Z iyt —zti<cavita=zin Her, @>0)-

zeJOOHLz

Since we are restricted on the set BE*’, the path stays within the box Jy, and so we can drop the restriction that
v, z € Jo. Recall that X (S;,) is the last hitting point of the hyperplane H ., and that X (7;,) is the first hitting point
of the hyperplane H,,. We then have

26'B° ¥ 3 ! | .
L(logL)!/2 Z Z ter, (»)>0) Z Ly — Ly| +1 Z {Iyt =zt |<Cad/IL2=L11} Hbry, (>0}
L1—0)€HL Ly=L1+1 ZEHL2

L
29 (B)> Z 3 Lx L (11,) X (81 1<Ca v TT=LiT)

L(logL)l/z LT 1Ly — Li|+1

Let us denote the quantity on the right-hand side of the above inequality by Y, . Inserting the above estimate into
the second term of (4.37) we have that

—a 2 —a s
Tt B[P0 B 1A ] < BT Ty, oy B

<ML ES[e” PP Ty )i Br(L)]. (4.43)
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To proceed, notice that we have the bound Y; < D(L) := L(zlﬁg(fil/z ZLI =0 ZLZ L1 (L2—Li|+ 1)~ Vand D(L) >
C (B)*(log L)!/2. Moreover,
L E (e P Ty Br(L)] = &L EX[e= ¢ TV ; Y1 <27 D(L)}, Br(L)]
+ &ML ES e Ty (Y, =27 D(L)), Br(L)]
<27 'D(L)e b EX[e PP T [V, <27 D(L)}, Br(L)]

+ D(L)e"sLE* [e—5ﬂ<TL); Y, >27'D(@)}, Br(L)]. (4.44)

On the other hand we have

em{éLEf [e—aﬁ(TL)YL; Br(L)]

B 2
— DT e P Brcry] - 22 ) Z Z |L2—L1I+1

1/2
L(lo gL)/ L1=0Ly=L;+1
x "L ES [P TV (| X (Ty,) — X (S1,)| = Cav/IL2 — L1}, Br(D)]
> D(L)e"BL EX[e=®#T1); Br(L)] — 8D(L), (4.45)

where the last inequality holds for §p small by Lemma 4.7, below. The combination of (4.44) and (4.45) gives that
"5l EX [efaﬂm; {Y, <27'D(L)}, Br(L)] < 2. (4.46)

By the choice of L in (4.36) we have that D(L)/2 > C¢ (B)*(log L)1/? = Ce?X2. The latter is larger than 2eX2, when
K> is chosen large. Therefore (4.43) implies via (4.46) that

ML EX[ePr T, BS AP < 269,

This implies that the second term in (4.37) can be made arbitrarily small.
To complete we need to establish the following lemma.

Lemma 4.7. Given 69 > 0 we can choose Cy4 large enough such that for any 0 < L1 < Ly < L we have
st EX [~ P80 {| X1 (Ty,) — X(Sp,)| = Cav/IL2 — L11}, Br(L)] < 8.
Proof. By Proposition 2.1, part (ii), we have that
Pp(TL) = Pp(Tr,) + Pp(SLy, Tey) + Pp(SL,. Tr) — BElw](SL, — Tr)) — BE[wI(SL, — Ti,)
and therefore we have that
L ES[e=Pp TV | X1 (Ty,) — X1 (SL))| = Cav/IL2 — Lil}, Br(L)]
< > Y e [en®P M) Br(Ly), X (TL,) = x1]

xi,x00Hey x3,04Hi,

XZC M p Py, X(n)_x2) B(Lz_L])E;ccz[e_aﬁ(TLrLl);

n>1
(X (Try-1)| = Cav/ILy — L1}, X (Tpy—1,) = x3,Br(Ly — L1) ]
x Ze*“’ P (X (n) = x4)em%<L*L2>E§4 [e_aﬂ(TL*Lz); Br(L — L)]. (4.47)

n>1
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To further bound this we use Proposition 2.6, which assures that
b g [emPr(Ti-12); Br(L — Ly)] < 1.

We also have that ij+1HL_, Yoam1€ P (X (n) =xjq) = py' for j=1,3and x; Hy; . Setting for shorthand
| := L, — Ly we are lead to the following bound for (4.47)
o 2™ E¥[e 5T, {|xH(T))| = Cav/T}, Br()]

=1y B(l; |XiH| > Cavl). (4.48)

It is now immediate to conclude, using Proposition 2.11, that (4.48) can be made small when Cy4 is chosen large. [

5. Path localization

In this section we will prove Theorem 1.2, that is that the measure u’z’ﬁ)(-) defined in (1.3) develops atoms, whenever
the annealed and quenched Lyapounov norms are different. It will be more convenient and equivalent to prove the
analogous statement for the measure

Ew(L;x)

"ﬂa)' .
X) = — ,
V“L,a)( ) B.(L)

where B,,(L; x) is a shorthand notation for B,,(L; X (T;) = x). In other words we will prove that

limsup sup [L’z’z}(x) >0, P-as., (5.1)

L—oo xeHp

whenever the annealed and quenched Lyapounov masses m% and m% are different.

Before proceeding with the proof let us give the heuristic argument. The symbols >~ and < in this heuristic argument
are meant to be interpreted as almost equal to and asymptotically less than, in the limit when the length scales N, L,
are large.

Suppose that the annealed and quenched Lyapounov masses are different, or equivalently that there is an &1 > 0
such that

my +e <mh. (5.2)
We then have that P-a.s., for N large enough,

B, (nL)

N
T LA
M~ —— logBuy(NL) = —— Y~ log =2
My =~y e Be(VE) N;LOng((n—l)L)

N o .
_ ] 3 1 g 3" Bo((n — l)L,x)Ex’w(L)

n=1 er(n HL Ba)((n - l)L)
1
— ~BLA -
=N > 7 log > e nrw@Bro(L). (5.3)
n=1 xe’H(,,,l)L

Moreover, the inequality above is obtained by restricting the path not to backtrack once it reached level H,—1)r.. No-
tice that ﬁ‘fﬁl)L’w(x) and By ,,(L) are independent if x € H,—1).. If (5.1) is not valid, that is the measure [L’(gr;i])L’w
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does not develop atoms but it rather spreads out, then an ergodicity argument should imply that, for n large
B - - -
> Alnre®Bro(l) EBy(L) = B(L).
xe€Hm-nL

Then, by a standard Cesaro argument, we will have that

. B - o=
- Z log Z M(n L, X)) By o(L) = L log B(L),
xe€Hu-1nL

for N large. Then (5.3) would lead to
1 _
mh < - log B(L) ~m%,

when L is large enough, which contradicts (5.2). To make this argument rigorous we need essentially to make the
ergodicity argument precise. Before doing so, let us point out that the representation of the logarithm of the partition
function as a telescoping series of sorts, as in the first step of the heuristcs, was introduced in [19] in the frame of
directed polymers. The analysis here, though, is quite d1fferent and further enhanced with the idea of multiple scales.

We now start by using the fact that B(L) > joe™" 5L (from Proposition 2.6) in the first inequality below and
Chebyshev’s inequality in the second one to obtain the following estimate, for L large depending on &1,

N-1
1 R &
~B.A - |
IP><_ NL Z log Z H’nL,w(x)Bx,w(L) > m% + ?)

n=0 xeH,L

IA
=

N-1
1 A B L
(_ NL Z log Z “5’L)L,w(x)3x,w(lz) -7 log B(L) + Z)

n=0 x€HuL

N—
~ B, A x,a)(L) &1
) ( Z o8 2 Tk >Z>

n=0 xeH, L

N-1
4 [ 1 gr . Bro(L)
<—E Z 0g D Mpp ()=
€l n:O er,,L B(L)

41 <81N N-1 (L)

=—(>+ X ) H—log Y Al e H (5.4)
SN\ xeHpL B(L)

where in the last inequality 61 = 81 (¢1) will be chosen to be small enough. The first sum is bounded as follows. First,

notice that By (L) < E¥[ePFl0lL] = e¢L E[e™*TL] < &L We can now use the fact that B(L) > poe &% together

with Jensen’s inequality (employ also the fact that By ,,(L)e™™ L is less than one) to obtain

1
+ |—log B(L)e <L
IL og B(L)e

(L)
‘—bg DI IAANE: ;E“L) < ‘—1og >l ()Brw(L)e "
x€H, L xeHuL

B 1, = .
< - Z ,ugL w(x)z log By, (L) +2m% + 2«.
xeHuL
Taking first the conditional expectation in the last inequality, conditioned on (wy) M <nry> We obtain that the expec-

tation of the right-hand side of the last inequality can be bounded by

1 _
—ZElog B, (L) 4 2m% + 2k <2(m% + m% +«),
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when L is large enough. The first sum in (5.4) is then bounded by

851

m(ﬁ%+ﬁ%+x) (5.5)

To estimate the second summation in (5.4) we first choose 8, = §,(e1) small enough. We also denote by C, 1 5, the

event that |L_l log)", eH,, un L w(x) B;;’)If)L) | > §2. We then estimate the expectation in (5.4) as follows

. Bro(L)
H log 3 i) B(L) H

x€HuL
1 ~ B xw( )
<& +E||Tlog Y i, (0= Cors,
x€HuL ( )
1 B.A 12 1/2
<& +E|[l|l-1 7 P(C, . 5.6
<&+ HL og Y. uan() 50 } Cn.L.55) (5.6)

x€H, L

To proceed further we need an a priori bound on the last expectation, which is independent of n. This is as follows.
For each x € H, 1 choose the sequence of points xg :=x, x; :=x +ié, fori =1,2,..., L. We have that

L
xa)(L Zl_[ ,lw(l Xi),

where EXH .o (1; x;) denotes the bridge of span 1, starting from x;_; and ending at x;. Using this, Jensen’s inequality
and the fact that B(L) > ,uoe_ﬁ%L , in the same fashion as the route to obtaining (5.5), we have that

2

2
<2 3 bt |+

xeH, L

L
Z x, 1w(1 xl)e

A B x,w(L)
‘ R T
XEHnL

+2(2m% +«)’

L
] -
<2 )7 A, Y [log B yw(lixe™ |

x€H,1 i=1
+2(2m +«)°

and to estimate the expectation in (5.6) we first take the conditional expectation conditioned on (wx) .y <7} leading
to the bound

I:'_log Z /lr‘iL)Lw —
x€H,L B(L)

2
] < 2E[|log B,,(1; 0, é1)‘3_'(|2] +2(2my +K)2

i=C},. (5.7)

Next we control the probability P(Cy, 1 ,s,) as follows

P(Cn,L,sz)=IP’< > ﬁfﬁwaﬁx,w(m>eézL§<L>)+IP > @ﬁﬁwuﬁx,w(w<e““§<m),

x€H, 1 xeHuL
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denoting By ,(L) := B, (L) — B(L) and using Chebyshev’s inequality we have

1 1 1
PC,r.0,) = B(L)? ((e52L —1)2 + (1- e“”L)z)
2
[( > b w<x)Bw<L)> ] ©8)
x€HnuL

To estimate the expectation in (5.8) we write

Bx’w(L) = EX I:(e*ﬁ 2y oyt () _ efaﬂ(TL)); Br(L), sup |X, —x| < CsL]

n<Tr

+ EE[ (P20 — =P T): Br(L), sup |X, - x| > CsL |,

n<Tr

where Cs is a large constant. We denote the first term above by Bloc © (L) and we note that it satisfies IE[BIOC ()] =
Moreover the second term is bounded in absolute value by

2EE[H; sup |X, — x| > CsL] < 2B [ePHOITE: 7, > CsL]

n<Ty,
= 2e"LE[e_)‘TL; 1. > C5L]
< 267()\/2)C5L+KLE[ef(x/2)TL]
o—(A/HCsL

provided that Cs is chosen large enough. Notice also that Bloc (L) and By ploc ¢ (L) are independent when |x — y| > 2CsL.
Using all these and expanding the square in the expectation of (5.8) we have that

2
E[( 3 ﬁfjﬁwu)éx,w(u) ]

xe€H, L

= 2 Bl i 0 B + 0 ) (B L)+ 0= */H))]
x,ye€H,L

= Y E[a) il 0)]E[BRS (L) BYS (L)] +O(e*C5/Dk)
xsyeHnL

< e2/(L Z E[MnL w(x)/LnL w(y)] + O( —(ACs/S)L)

x,y€HL:|x—y|<2Cs5L

Sccgi—lLdflemcLE[ sup (i w(x)]+0( ~GCs/BLy

x€H,L

Assuming that (5.1) is false we have that limsup,,_, o SUp, ey, Ho.nL(x) =0, P-a.s, and inserting this into (5.8) we
get that, for n large enough, depending on L, §1, 8 and having chosen Cs large enough so that also 2m% — ACs/8 <
—ACs/16, we have

P(Cn,1) <63 (5.9)
This estimate together with (5.7) inserted into (5.6) leads to

N-1
41 ~ B x,w(L)H 48, 12
Y ! 1+(C ,
&1 angl\;ﬂ H og Z Pl o(X B(L) =4 ( ( ﬁ)\) )

xeH nL
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which is of course valid if N > Ny(81, 2, L), large enough. This together with (5.5) and (5.4) show that, if 81, §, are
chosen small enough, both depending on ¢1, we have that

N-1
1 e o .
F _H r;) log Z MnL,w(x)Bx,w(L) > m% —+ E

x€H, L

Therefore, with probability greater than 1 — &; we have that

N—-1
1 ~ B, - — |
-~ 2(:) log Y Ay Bra(l) <y + (5.10)

ernL

which leads to contradiction since by (5.3), the left-hand side of (5.10) is larger than — ﬁ log B, (NL), which, for N
large, converges a.s. to m% >my + .
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