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Abstract. Nonequilibrium fluctuations of a tagged, or distinguished particle in a class of one dimensional mean-zero zero-range
systems with sublinear, increasing rates are derived. In Jara—Landim—Sethuraman (Probab. Theory Related Fields 145 (2009)
565-590), processes with at least linear rates are considered.

A different approach to establish a main “local replacement” limit is required for sublinear rate systems, given that their mixing
properties are much different. The method discussed also allows to capture the fluctuations of a “second-class” particle in unit rate,
symmetric zero-range models.

Résumé. Nous démontrons les fluctuations hors d’équilibre d’une particule marquée pour une classe de systémes de particules
a portée nulle uni-dimensionels de moyenne nulle dont le taux de sauts croit de maniere sous-linéaire. Dans Jara—Landim—
Sethuraman (Probab. Theory Related Fields 145 (2009) 565-590), ce résutat a été démontré pour des processus dont le taux
croit au moins linéairement.

La démonstration du lemme de remplacement dans le cas sous-linéaire exige une nouvelle approche en conséquence des diffé-
rences entre les propriétés de mélanges des deux processus. La méthode présentée permet également de démontrer les fluctuations
d’une particule de deuxieme classe dans le modele a portée nulle symmétrique dont le taux de sauts est égal a 1.
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1. Introduction

Characterizing the motion of a distinguished, or tagged particle interacting with others is a long standing concern in
statistical physics, and connects with the problem of establishing a rigorous physical basis of Brownian motion (cf.
[18], Chapters 8.1, 6.I1). Because of the particle interaction, the tagged particle is not usually Markovian with respect
to its own history, which complicates analysis. However, despite this difficulty, one expects its position to homogenize
to a diffusion with parameters given in terms of the “bulk” hydrodynamic density.

Although fluctuations of Markov processes are much examined in the literature (cf. [9]), and there are many central
limit theorems for types of tagged particles when the system is in “equilibrium” (cf. [8,16,17]), much less is understood
when particles both interact nontrivially, and begin in “nonequilibrium.” Virtually, the only fluctuations work in this
case takes advantage of special features in types of exclusion and interacting Brownian motion models, namely [4,5],
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and [3]. Note also “propagation of chaos” results yield homogenization limits for the average tagged particle position
in simple exclusion [15].

The main goal of this paper is to give a general method, which takes into account the evolution of the hydro-
dynamic density, to capture the “nonequilibrium” fluctuations of a tagged particle in zero-range interacting particle
systems. Such systems are well-established and have long served as models for types of queuing, traffic, fluid, gran-
ular flow etc. [2]. Informally, they follow a collection of random walks on a lattice which interact in the following
way: A particle at a location with k particles displaces by j with infinitesimal rate (g(k)/k)p(j) where the process
rate g:Ng — Ry, where Ng = {0, 1, ...}, is a function on the nonnegative integers, and p(-) is a translation-invariant
single particle transition probability. The name ‘zero-range’ derives from the fact that the infinitesimal interaction is
only with the particle number at a vertex.

As might be suspected, different behaviors may be found by varying the choice of the rate g. For instance, when p
is nearest-neighbor and symmetric, the spectral gap or mixing properties of the zero-range system defined on a cube
of width n with k particles depend strongly on the form of g. For a class of models, when g grows linearly, the gap
is of order n=2 and does not depend on k [10]. However, when g grows at most sublinearly, the gap depends on the
number of particles k. In particular, when g is of form g(x) = x? for 0 < y < 1, the gap is of the order n=>(1 4 p)?~!
where p = k/n [13]. Also, when g is the unit rate, g(x) = 1{x > 1}, the gap is of order n2(1+ ,0)_2 [12].

In this context, we prove a “nonequilibrium” scaling limit for a tagged particle in a large class of ‘bounded’ or
‘sublinear’ rate one dimensional zero-range interacting particle systems. This article can be thought of as a companion
to our previous work [6] which considered the problem in ‘linear growth’ rate zero-range systems. The proof in [6]
relies on an important estimate, a “local” hydrodynamic limit, which however makes strong use of the linear growth
assumption on the process rate, in particular, as mentioned above, that spectral gap bounds on a localized cube do
not depend on the number of particles in the cube. Unfortunately, this proof does not carry over to the bounded or
sublinear rate situation, where the mixing behavior must be more carefully understood.

Our main contribution then is to give a different approach for the “local hydrodynamic replacement” (Theorem 2.6)
with respect to a class of sublinear rate zero-range models so that the nonequilibrium limit for the tagged particle can
be established (Theorem 2.2). As in [6], a consequence of the argument is that the limit of the empirical density in the
reference frame of the tagged particle can be identified as the hydrodynamic density in the frame of the limit tagged
particle diffusion (Theorem 2.3).

We remark that the approach taken here with respect to the “local hydrodynamic replacement” is robust enough so
that it can apply to determine the nonequilibrium fluctuations of a “second-class” particle, and associated reference
frame empirical density, in the symmetric unit rate case, that is when g(k) = 1{k > 1} (Theorems 2.4, 2.5). This is the
first work to address a nonequilibrium central limit theorem for a second-class particle.

We now give a sketch of the results, and discuss afterwards the differences in the argument with [6]. Define
configurations & € NOZ of the zero-range process, so that £(x), for x € Z, denotes the number of particles at site x
in state £&. With respect to a scale parameter, N > 1, we diffusively rescale the process, that is space is scaled by
N~! and time is speeded up by NZ2. Suppose this system {SZN : t > 0} begins from a local equilibrium measure with
density profile pg:R — R, (cf. before Theorem 2.1). The bulk density evolution is captured by the well-known
“hydrodynamic limit” (Theorem 2.1), where the empirical density ntN ’0, the measure found by assigning mass N~
to each particle at times ¢ > 0, converges in probability to an absolutely continuous measure p (¢, u) du, where p(¢, u)
is the solution of a non-linear parabolic equation with initial condition pg.

The main point is to relate the “hydrodynamics” to the tagged particle behavior. Let XV be the position of a tagged
particle, initially at the origin, at time ¢. It isn’t difficult to see that the rescaled trajectory {X ,N /N: 0 <t <T}istight
in the uniform topology. We now identify the limit points.

It turns out that in mean-zero zero-range processes, as opposed to other models with different interactions, X is
a square integrable martingale with bounded quadratic variation given by

t N
Ny _ 22 [ 8y (0)
(x"), =0°N /O N0 ds.

Here, o2 is the variance of the transition probability p(-), g(-) is the process rate already mentioned, and név =TxN ESN
is the state of the process as seen in the reference frame of the tagged particle, where {r,: x € Z} are translations.
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We now observe, if the rescaled position of the tagged particle x¥ = X /N converges to some trajectory x;, this
process x; inherits the martingale property from X tN . If in addition x; is continuous, by Levy’s characterization, one
needs only to examine the asymptotics of its quadratic variation to identify it.

Denote by {v,: p > 0} the family of invariant measures, indexed by the density, for the process as seen from the
tagged particle. Let ntN be the associated empirical density ntN = TN n,N’O and suppose that one can replace the

integrand g(nﬁv )/ nﬁv (0) by a function of the empirical density. If we assume “conservation of local equilibrium”
for the reference process, that is n,N converges to a certain density (cf. [7], Chapters I, III, VIII), this function should
be in the form i (A(s, 0)), where i (p) is the expected value of g((0))/n(0) under the invariant measure v, and A (s, 0)
is the density of particles around the tagged particle.

N.,0

. s N
Since we assume XV /N converges to x;, 7Y = TyN T,
t

, and m, -0 converges to p(¢, u)du, we conclude that
A(s,0) = p(s, xg). Therefore, the quadratic variation of X tN /N converges to the quadratic variation of x;, (x); =
o2 fot h(p(s, x5)) ds. In particular, by the characterization of continuous martingales, x; satisfies

dx; = a,/h(,o(s, xs)) dB;,

where p is the solution of the hydrodynamic equation, 4 is defined above and B is a Brownian motion.

The main difficulty in this outline is to prove the “conservation of local equilibrium” around the tagged particle, or
what we have called “local hydrodynamic replacement.” A major complication is that since the local function is not
a space average, one cannot avoid pathologies, such as large densities near the tagged particle, by ‘averaging’ them
away as is the case with the usual hydrodynamics. It would seem then that the only robust tools available are local
central limit theorems, and spectral gap and localized Dirichlet form estimates. Our argument is in three steps.

Step 1, “local 1-block,” of our method is to replace the quadratic variation integral fot g(nﬁV 0))/ nﬁv (0)ds by
fé H(Av, név ). Here, H(p) is the mean-value of g(1(0))/n(0) with respect to the reference frame invariant mea-
sure v, with density p, and Av, nY is the local density around the tagged particle in a window of size ¢, an introduced
intermediate scale. In step 2, “local 2-block,” we replace the integrand H (Av, nﬁv ) by (N g)~1 Zi’il T H(Avy nﬁv ),
the average of its translates in a block of size Ne where ¢ is small. Finally, in step 3, having now brought in an Ne-
block average into the integrand, which is a spatial average over O(N) translates of a local function on £ sites, more
usual hydrodynamic techniques can be used to replace it by (N e)~! Ziv:g 1 Tx Hi(AV nﬁv ). Here, H; (p) is the mean-
value of H;(n) = H(Av,n) with respect to the invariant measure 1, in the usual undistinguished particles frame, and
AV, nﬁv , with another introduced small parameter k¥ < ¢ < 1, is an O(N) average which can be written in terms of
the reference frame empirical density.

In [6], as mentioned, the main assumption is that the process rate g is of “linear order,” a condition which ensures a
sharp lower bound on the spectral gap in a box of width n, independent of the number of particles & in the box, and also
which allows for uniform local central limit theorems. Because of such spectral gap bounds, uniform approximations,
with respect to local densities, in the scheme above may be performed. Intuitively, there is a lot of ‘local’ mixing
which can be exploited in this model.

However, in the current work, when g is assumed to be ‘sublinear,” since the spectral gap depends on k, large local
densities slow down the mixing behavior, and need to be estimated. This observation would in fact likely prevent the
‘local replacement’ if the integrand of the quadratic variation integral were different. However, under the ‘sublinear’
assumption on g, the function H(p) vanishes as the density p diverges, which is useful to temper some of the large
density effects. [This is not the case in [6] where H (p) is bounded above and below by constants.] Even so, more con-
trol on large densities is needed in all steps 1, 2, and 3. In particular, in step 3, which performs a “global” replacement,
if g is not linearly growing, truncations, which are essential, are untractable in general. For this reason, we assume g
is also increasing, or “attractive,” so that certain couplings can be used (cf. [1]).

Step 2, in which H (AVgnﬁv ) and 7, H (AVgnﬁv ) for 1 < x < Ne¢, functions of averages over distant blocks, are
compared, is the most difficult. With the idea that the process mixes faster within each block than between the blocks,
each term can be replaced by its conditional expectation given the number of particles in its block. This reduces the
between block dynamics to a birth—death process whose mixing properties, with some analysis and the assumption
limy400 g(k)/ k = 0, can be estimated and found suitable to complete the step. We remark that this last point rules out
the case in [6].
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2. Notation and results

Let & = {&(x): x € Ty} be the zero-range process on the discrete one dimensional torus Ty = Z/NZ with single
particle transition probability p(-) and process rate g:Ng — R,. We will assume that g(0) =0, g(1) > 0 and, as is
usual when dealing with sublinear rates, that g is increasing (or “attractive”), g(k + 1) > g(k) for k > 1. In addition,
throughout the paper, and in all results, we impose one of the following set of conditions (B) or (SL):

(B) g is bounded: For k > 1, there are constants O < ag < a; such that ag < g(k) <aj.

To give the class of sublinear rates considered, let W (/, k) be the inverse of the spectral gap of the process, where
p is nearest-neighbor and symmetric, defined on the cube A; = {—[, ..., [} with k particles (cf. Section 3 for more
definitions).

(SL1) g is sublinear: limy_, g(k) = 00, g(k)/k:N — R, is decreasing, and limy_, g(k)/k = 0. In particular,
since g is increasing, there exists constants ag, a; > 0 such that ap < g(k) and g(k)/k <ay, k> 1.

(SL2) g is Lipschitz: There is a constant ap such that |g(k + 1) — g(k)| < as for k > 0.

(SL3) The spectral gap satisfies, for all constants C and [ > 1, that

lim N~'  max k*W(,k)=0. 2.1)
N1too 1<k<ClogN

It is proved in Lemma 3.2 that all processes with bounded rates g satisfy (2.1). In addition, by the spectral gap
estimate [13], processes with rates g(k) = k¥ for 0 < y < 1 satisfy (2.1). In addition, we will assume that p is finite-
range, irreducible, and mean-zero, that is:

(MZ) There exists R > 0 such that p(z) =0 for |z| > R, and )_zp(z) =0.

We also will take the scaling parameter N larger than the support of p(-).

Denote by 2y = Ng” the state space and by £ the configurations of 2 so that £(x), x € Ty, stands for the
number of particles in the site x for the configuration £. The zero-range process is a continuous-time Markov chain
generated by

LnHE =D > p@gEW)[f(ET) = F©)]. 2.2)

xeTy 2z
where £ represents the configuration obtained from & by displacing a particle from x to y:

E(x)—1 forz=ux,
EV@)=1&()+1 forz=y,
§(2) forz #x,y.

The zero-range process &(f) has a well known explicit family product invariant measures iy, 0 < ¢ <lim g(k) =:
g(00), on 2y defined on the nonnegative integers,

(pk

Zy g(k)!

fip(E(x) =k) = fork>1 and fi,(E(x)=0)=

1
Z,
where g(k)! = g(1)---g(k) and Z, is the normalization. Denote by p(¢) the mean of the marginal fi,, p(¢) =
Zk kg (§(x) = k). Since g is increasing, the radius of convergence of Z, is g(00), and limyyg(oo) 0 (@) = 00. As
p(0) =0 and p(p) is strictly increasing, for a given 0 < p < oo, there is a unique inverse ¢ = ¢(p). Define then the
family in terms of the density p as ), = iy(p)-

Now consider an initial configuration £ such that £(0) > 1, and let .Q]”\} C 2y be the set of such configurations.
Distinguish, or tag one of the particles initially at the origin, and follow its trajectory X, jointly with the evolution
of the process &;. It will be convenient for our purposes to consider the process as seen by the tagged particle. This
reference process 1, (x) =& (x + X;) is also Markovian and has generator in form Ly = L{" + L;f,, where L, L;S
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are defined by

L Hm= > > p@egn)[f ) - )]

xeTy\(0) 2

+ 2P0 0) EESA L 00) = s 3

0
=Y re W76 = fon)]

In this formula, the translation 6, is defined by

n(x+z) forx=#0,—z,
@;n(x) = { nz)+1 forx=0,
n0)—1 forx=-—z.

The operator L corresponds to jumps of the tagged particle, while the operator L corresponds to jumps of the
other particles, called environment.
A key feature of the tagged motion is that it can be written as a martingale in terms of the reference process:

X, =Zsz(j)=ZjMz(j)+m/ s as —Z;M,m 2.4)
J J

where m = ) jJp (j) = 0 is the mean drift, N;(j) is the counting process of translations of size j up to
time ¢, and M;(j) = N:(j) — p(j) f(; g(ns(0))/ns(0)ds is its corresponding martingale. In addition, Mtz(j) —
p(j) fé g(15(0))/ns(0)ds are martingales which are orthogonal as jumps are not simultaneous a.s. Hence, the
quadratic variation of X, is (X); = o [; g(n(0))/15(0) ds where a2 =3 j2p(j).

For the reference process 7,, the “Palm” or origin size biased measures given by dv, = (1(0)/p) du,, are invariant
(cf. [14,16]). Note that v, is also a product measure whose marginal at the origin differs from that at other points
x # 0. Here, we take vy = &y, the Dirac measure concentrated on the configuration 0y with exactly one particle at the
origin, and note that v, converges to 8y, as p | 0.

The families {u,: p > 0} and {v,: p > 0} are stochastically ordered. Indeed, this follows as the marginals of 1,
and v, are stochastically ordered. Also, since we assume that g is increasing, the system is “attractive,” that is by the
“basic coupling” (cf. [11]) if dR and dR’ are initial measures of two processes &; and &/, and dR <« dR’ in stochastic
order, then the distributions of & and fg‘,/ are similarly stochastically ordered [11]. We also note, when p is symmetric,
that i, and v, are reversible with respect to Ly, and Ly and Lj" respectively.

From this point, to avoid uninteresting compactness issues, we define every process in a finite time interval [0, T'],
where T < oo is fixed. Let T be the unit torus and let M (T) be the set of positive Radon measures in T.

For a continuous, positive function pg:T — R, define uV = ,u% () as the product measure in £2y given by

1 ) = k) = wpge/my (1(x) = k).
Consider the process St =: &, 52, generated by N 2Ly starting from the initial measure u” . Define the process

n, %in D([0, T], M (T)), the space of M (T) valued right-continuous paths with left limits for times 0 <t < T
endowed with the Skorohod topology, as

1
7 i) = 3 EN (08 (du),
XGTN

where §,, is the Dirac distribution at the point u.
The next result, “hydrodynamics,” under the assumption p(-) is mean-zero, is well known (cf. [1,7]).
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Theorem 2.1. For each 0 <t <T, JTZN'O converges in probability to the deterministic measure p(t,u)du, where
p(t, u) is the solution of the hydrodynamic equation

dp=02320(p), 2.5
{p(o, u) = polun), (25)

and ¢(p) = [ g(£(0)) dp,.

We now state results for the tagged particle motion. Define the product measure vV

= v;\(l)(.) in 2y given by
vi)\;(,)(n (x) =k) = vp/N) (n(x) = k), and let nf\' =: 1,2 be the process generated by N2Ly and starting from the

initial measure vV Define the empirical measure 7Y in D([0, T'], M4 (T)) by

1
7 (du) = 3 (08w (du).

xETN

Let also X tN = X2, be the position of the tagged particle at time N ’t.
Define also the continuous function ¥ : Ry — R by

[ 80)
vo= | o

Note ¥ (p) = ¢(p)/p for p > 0, and ¥ (0) = g(1). The first main result of the article is to identify the scaling limit of
the tagged particle as a diffusion process:

Theorem 2.2. Let x,N =X ,N /N be the rescaled position of the tagged particle for the process §,N . Then, {xtN 1 te
[0, T1} converges in distribution in the uniform topology to the diffusion {x;: t € [0, T]} defined by the stochastic
differential equation

dv, =0/ ¥ (p(t. x1)) dB;, (26)

where B; is a standard Brownian motion on T, and p(t, u) is the solution of the hydrodynamic Eq. (2.5) as in Theo-
rem 2.1.

In terms of this characterization, we can describe the evolution of the empirical measure as seen from the tagged
particle:

Theorem 2.3. We have {JT,N 1t €[0,T]} converges in distribution with respect to the Skorohod topology on
D0, T], M (T)) to the measure-valued process {p(t,u + x;)du: t € [0, T1}, where p(t,u) is the solution of the
hydrodynamic Eq. (2.5) and x; is given by (2.6).

When the rate g(k) = 1{k > 1}, scaling limits of a “second-class” particle X} can also be captured. Informally,
such a particle must wait until all the other particles, say “first-class™ particles, have left its position before it can
displace by j with rate p(j). More precisely, its dynamics can be described in terms of its reference frame motion.
For an initial configuration & such that £(0) > 1, let & (x) =& (x + &;) — 8o.x, where &, 5 is Kronecker’s delta, be
the system of first-class particles in the reference frame of the second-class particle. The generator £y takes form
Ey=£5"+ Etls, where

(E @ =YD p@1c) = [ f() = @)

xeTy z

(EX @ =) p@1{z0) =0}[f(:0) - f(©)].
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where 7, is the pure spatial translation by z, (7;{)(y) =¢(y +z) for y € Ty.
Then, as for the regular tagged particle, we have

t
K=Y NG =) iMi()) +me 1z,(0) =0}ds =) jM (),
J J J

where m = ) j Jp(j) =0 is the mean drift, AV (j) is the counting process of translations of size j up to time ¢, and
M () =N:(j)—p(j) fot 1{¢;(0) = 0} ds are the associated martingales. As before, since Mtz(j) —p(j) fé 1{¢,(0) =
0} ds are orthogonal martingales, the quadratic variation of X; is (X'); = o? fé 1{¢;(0) =0} ds.

For the second-class reference process ¢;, under the assumption p(-) is symmetric, the family dy, = (1 + )~ x
(¢(0) + 1)du, for p > 0 are invariant. We remark that symmetry of p(-) is needed to show yx, are invariant with
respect to the second-class tagged process.

Let xV = Xﬁ.) be the product measure with Xp'\(/)(,)(g(x) = k) = Xpox/N) (¢ (x) = k). Let also g“tN = {yN2;

be the process generated by N2y starting from xV. Correspondingly, define empirical measure nlN’l(du) =
(/N ety ¢ (x)8y/n (du). In addition, let

1 1
v(p) = / s =0} dxo = — / He©=0bduy =75

In the case g(k) = 1{k > 1}, ¢(p) = p/[1 + p]. Denote by p! the solution of (2.5) with such function ¢. We may
now state results for the second-class tagged motion.

Theorem 2.4. Suppose p(-) is symmetric. Let y,N = XtN /N be the rescaled position of the second-class tagged
particle for the process {,N . Then, { ytN : t € [0, T} converges in distribution in the uniform topology to the diffusion
{yi: t €[0, T1} defined by the stochastic differential equation

dyr =o\/v(p'(t, y))dB;, Q.7)

where By is a standard Brownian motion on T.

Theorem 2.5. Suppose p(-) is symmetric. Then, {ﬂtN’ll t € [0, T1} converges in distribution with respect to the
Skorohod topology on D([0, T1, M (T)) to the measure-valued process {,ol(t, u+ y)du: t € [0, T} where y; is
given by (2.7).

The outline of the proofs of Theorems 2.2, 2.3, 2.4 and 2.5 are given at the end of this section. We now state the
main replacement estimate with respect to the process U;N for a (regular) tagged particle. A similar estimate holds with
respect to the process ¢V and a “second-class” particle, stated in the proof of Theorem 2.4. As remarked earlier, this
replacement estimate is the main ingredient to show Theorems 2.2 and 2.3.

Denote by P, the probability measure in D([0, T'], £2)y) induced by the process ntN , starting from the initial measure
v, and by |E, the corresponding expectation. When v = v/, we abbreviate P,y =PV and E v = EV. With respect
to the process “g‘tN , denote by P, the probability measure in D([0, T], £2y) starting from measure u, and by E;, the
associated expectation. Denote also by E, [h] and (h), the expectation of a function 4 : 2y — R with respect to the
measure u; when u =v,, let Ep[hl, (h), stand for E, [h], (h),,. Define also the inner product (f, g), = E,[fg],
and covariance (f; ), = Eulfgl — Eu[f1E;[g] with the same convention when = v,,. To simplify notation, we
will drop the superscript N in the speeded-up process n,N .

Forl >0, let

1
Loy
n(x)= T n(x +y).

Iyt
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Theorem 2.6. Let h:N — R be a nonnegative, bounded, Lipschitz function such that there exists a constant C such
that h(k) < C[g(k)/k] for k > 1. Then,
B

lim sup lim sup lim sup lim sup E [
00 e—0 k=0 N—oo

t 1 eN _ N
/0 h(ns(O))—m;Hz(ns (0) ds

where H(p) = E,,[h(n(0))], Hi(n) = H(5'(0)), and Hi(p) = E,, [ Hj].
We now give the outlines of the proof of the main theorems.

Proofs of Theorems 2.2 and 2.3. First, the replacement estimate, Theorem 2.6, applies when & (k) = g(k)/k: Under
the assumptions on g, clearly 4 is positive, bounded, and Lipschitz. Given Theorem 2.6, the proof of the main theorems
straightforwardly follow the same steps as in [6]. Namely, (1) tightness is proved for (x,N s AZN , ntN ’0, n,N ) where

AN = (xN) is the quadratic variation of the martingale x}. (2) Using the hydrodynamic limit, Theorem 2.1, one

determines the limit points of n,N’O, and 7N = T N n,N 0 Limit points of AN are obtained through the replacement
t

estimate, Theorem 2.6. Finally, one obtains that all limits of x,N are characterized as continuous martingales with

certain quadratic variations. Theorems 2.2 and 2.3 follow now by Levy’s theorem. More details on these last points
can be found in [6]. O

Proofs of Theorems 2.4 and 2.5. The proofs follow the same scheme as for Theorems 2.2 and 2.3, given a replace-
ment estimate. One can rewrite Theorem 2.6 in terms of ¢V
]-o

Here, h(k) = 1{k = 0}, H(p) = Ey,[h(£(0)], H(§) = H(Z'(0)), and H(p) = E,,[H]. Also, Eé\éc is the process
expectation with respect to ¢V .

Given dy, = (1 + p)~! dpp + (1 + )~ ! dv,, the proof of this replacement follows quite closely the proof of
Theorem 2.6 with straightforward modifications. ]

sec
[— 00 e—0 k—>0 N-—->oo

lim sup lim sup lim sup lim sup EN |:

t 1 eN ~ N
/0 h(5,(0)) — m;m(g () ds

The plan of the paper now is to give some spectral gap estimates, “global,” “local 1-block” and “local 2-blocks”
estimates in Sections 3, 4, 5, and 6, which are used to give the proof of Theorem 2.6 in Section 6.2.

For simplicity in the proofs, we will suppose that p(-) is symmetric, and nearest-neighbor, but our results hold, with
straightforward modifications, when p(-) is finite-range, irreducible, and mean-zero, because mean-zero zero-range
processes are gradient processes.

3. Spectral gap estimates

We discuss some spectral gap bounds which will be useful in the sequel. For [ > 0, let A; = {x: |x| <[} be a cube of
length 2/ + 1 around the origin, and let v;" and u;‘l be the measures v, and p, restricted to A;.

For j > 0, define the sets of configurations X, j = {n € N(/)": > xea, Nx) = j}, and . =Me N(/)": n(0) >
1, erA/ n(x) = j}. Define also the canonical measures v, ;(-) = v§1(~|2j‘\]’j), and py, () = uf}l(-|Z‘A,,J-). Note
that both vy, ; and @ 4,,; do not depend on p.

Denote by Ly, L‘j{‘lv the restrictions of the generators Ly, LYY on Xy, ;, Ej‘l’ ;» respectively. These generators
are obtained by restricting the sums over x,y,z in (2.2) and (2.3) to x, x +z, y € A;. Clearly, vy, j, (4, are
invariant with respect to Li{‘l", L 4,, respectively. Denote the Dirichlet forms D (i ,,j, ) = (f, (=LA, ) u A and
Dy, j, f)={f (—L%Vf))u/w. One can compute

1 '
D f)=5 Y P& =)Eu,, [s(m@) (7 (n) = r )]

X, yeA]
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1
Dajs ) =5 S 3 p—nE,  [sm@) (£ () - F@)’]

xeA N[0} yedy

1 0)—1
+5 2 PQDE,, [g(n(o))%(f(nﬂ’z) - f(n))z}.
ZEA;

Let W(l, j) and W™(l, j) be the inverse of the spectral gaps of L/, and Li{‘lv with respect to X4, j and X7 j

respectively. In particular, the following Poincaré inequalities are satisfied: For all L? functions,

5 Puny < WA DDa, g, ),
(3 fhuay, < WA HDWALG ).

In the next two lemmas, we do not assume that g is increasing. We first relate the environment spectral gap to the
untagged process spectral gap.

Lemma 3.1. Suppose on Ej\lj that afl < n0)/gn0)) < jaal. Then, for j > 1, we have that W™ (I, j) <
(@ay' )*W(l, j—1).

Proof. Note E,,,[g(n(0)) f(m)] = ¢(p)E,,[f ()] with f'(n) = f(n + 00), where we recall ¢ is the configura-
tion with exactly one particle at the origin. By a suitable change of variables one can show that D(u,,j—1, f') <

atay'jDWa,j, )
By the assumption on g, for every ¢ € R,
Eu,[nO)(f —o* 1z}, )]
Eup[n(o)l{zj\[’j}]
] E,[smO)(f —)* YT}, )]
-0 Ey,lgmO)H{Z},

Eyy [(f = Eug )] <

The change of variables " = i — 9o and an appropriate choice of the constant ¢ permits to rewrite last expression as

105" FEpip 1 [(F = Epn g £)] S @rag iwi, j = DD(ay -1, f),

where the last inequality follows from the spectral gap for the zero range process. By the observation made at the
beginning of the proof, this expression is bounded by

Z1 12 .
(aray ' j) W, j = 1DDWayj, ),
which concludes the proof of the lemma. ([

Lemma 3.2. Suppose g satisfies ap < g(k) <ay fork > 1, and limyyoo g(k) = L. For every a > 0, there is a constant
B = By, such that W(l, j) < B'(1 + )/ (I + j)%.

Proof. We need only to establish, for all L? functions f, that

(s Fluay,; < B A+ U+ )>DGea.js f)-

To argue the bound, we make a comparison with the measure w4, ; when g(k) = 1{k > 1}. Denote this measure
by “}\1, i and recall, by conversion to the simple exclusion process (cf. [10], Example 1.1 and [12]), that

E [(F=E, HP1<bol+ Dy, () 3.1)
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for some finite constant by. Write
2 . 2
E#A,,j [(f - EMAI,j )] ] = meMA,.j [(f —0) ]

Z T @) /(gD (f () — )Y, n(x) = J}
o o M, @)/ (emENHUT, n(x) = j}

Without loss of generality, we may now assume that L = 1 since we can replace g by its scaled version, g’ = g/L, in
the above expression.
For B8 > 0, let ro be so large that 1 — 8 < g(z) <1 + B for z > rg. Then,

a1+ < T(x))' <ay"(1—p)" .

This bound is achieved by overestimating the first ry factors by the bound agl{z > 1} < g(z) < ay, and the remaining
factors by

1
1+B)T < — < (1= )",
1_[77( ro+1 g(Z)

where by convention an empty product is defined as 1.
As there are 2/ + 1 sites, we bound the right hand side of the displayed expression appearing just below (3.1) by

(ay'a)) [+ pa - pVE, OB ]

By the spectral gap estimate (3.1) and the same bounds on the Radon—Nikodym derivative of dukh /./d,u Ay j» the
previous expression is less than or equal to '

(a61a1)2(21+1)r0[(1 +ﬂ)(1 _ﬁ)_l]zjbo(l+j)2DllAl,j (f)

We may now choose = B(«) appropriately to finish the proof. (Il

We claim that for any constant C > 0,

1
lim — max W, j)=0. (3.2)
N—oo N 1<j<CllogN
Indeed, under the conditions (SL) this follows by Lemma 3.1 and by assumption (SL3). On the other hand, under
the condition (B), by Lemma 3.2 we may choose « appropriately to have maxi<j<ciiogny W, j) < C2(O)N 12 This
proves (3.2) in view of Lemma 3.1.

4. “Global” replacement

In this section, we replace the full, or “global” empirical average of a local, bounded and Lipschitz function, with
respect to the process 7, in terms of the density field 7r . By a local function r: 2}, — R, we mean a function
r supported on a finite number of occupation variables. In addition, we say that a local function r, supported on
coordinates A C Z, is Lipschitz if there exists a finite constant C such that

|r(m) = r(n')] < Co Y _|n(x) —n'(x)]

xeA

for all configurations n, n" of £2%, and N larger than the support size |A|.
The proof involves only a few changes to the hydrodynamics proof of [1], Theorem 3.2.1, and is similar to that in
[6]. However, since the rate g is bounded, some details with respect to the “2-blocks” lemma below are different.
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Proposition 4.1 (“Global” replacement). Let r: 25, — R be a local, bounded and Lipschitz function. Then, for
every § > 0,

> Ve (ns)ds >8} =

xETN

limsuplimsup P |: /

K—>00 N—>o00o

where

Vi) = ‘21 Zgr(n)—r( (0))‘ and 7(a) = E,,[r].

|y|<l

Denote by H(ue|v) the entropy of w with respect to v:
H(u|v) =sup{/fdu —logfefdv},
f

where the supremum is over bounded continuous functions f.

We may compute, with respect to the product measures vf)\(’) 0 and v,, that the initial entropy H(Ul’)\g (,)lvp) <CoN
for some finite constant C depending only on po(-) and g. Let £,¥ (1)) be the density of 5, under PV with respect to a
reference measure v, for p > 0, and let f;N(n) =1 fot fXN(n) ds. By usual arguments (cf. Section V.2 in [7]),

Co

Ha(FY) = (N duplvp) < CoN - and Dy () i= AV (~Lay/ 7)), = <2,

where (u, v}, stands for the scalar product in Lz(vp), as defined in the first section.
Consequently, to prove Proposition 4.1 it is enough to show, for any finite constant C, that

lim sup lim sup sup / Z T Vien(m) f(n)dv, =0, “4.1)
k=0 N—oo Hy(f)<CN xeTy
Dn(f)=C/N

where the supremum is with respect to v,-densities f.

We may remove from the sum in (4.1) the integers x close to the origin, say |x| <2« N, as V,y is bounded. Now,
the underlying reference measure v, may be treated as homogeneous, and a standard strategy may be employed as
follows.

Proposition 4.1 now follows from the two standard lemmas below. In this context, see also [1], and [7] where the
same method is used to prove [1], Theorem 3.2.1 and [7], Lemma V.1.10 respectively.

Lemma 4.2 (Global 1-block estimate).

lim sup lim sup EY [/ Z Tka(’?s)ds:I

k—o00 N—o00 |x|>2KN

The proof of Lemma 4.2 is the same as for [6], Lemma 5.2, and follows the scheme of [7], Lemma V.3.1, using
that g has “sub-linear growth (SLG).” Details are omitted here.

Lemma 4.3 (Global 2-blocks estimate).

lim sup lim sup lim sup EV |:/ Nl Z Z |77 (x+y)—n (X)|dsi|

k—o0 k=0 N-—oo 0 |<NK [x|>3k N
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Proof. We discuss in terms of modifications to the argument in [7], Section V.4. The first step is to cut-off high
densities. We claim that

lim suplimsuplimsupEN |:/ Z Ny (x)l g (x) > A} ds]

A—>o00 k—oo N> \x|>3KN

To prove this assertion, we first replace the sum over x by a sum over all sites of Ty . At this point, since the
environment at time ¢ is obtained from the system by a shift, we may replace the variable 7, by &;. We need therefore
to estimate

500 1
"ﬂoo[po(m/ 2 &g > Afd }

xeT

Let p = || poll Lo, and note that 1, .) is stochastically dominated by u ;. By attractiveness we may replace “Z) 0 by
(5 in the previous expression and bound this expectation by

£0(0)

By Schwarz inequality, and noting that w; is invariant with respect to the untagged process &;, the last expression is
of order A~!, which proves the claim.

In view of the truncation just proved and the entropy calculations presented at the beginning of this section, to
prove the lemma it is enough to show that for every A > 0,

1 1
limsuplimsup  sup /— Z - Z WkA(’?)f(ﬁ)de—O
ksoo N—ooo Hy(f=cn ] ZNk+1 =5 N =

Dn(f)<C/N

where
W) = [n* (x +y) — n* )| 1{max{n* (). " (x + )} < A}.

The argument is now the same as in the proof of Lemma 5.3 in [6] following [7], Section V.5. O

5. “Local” one-block estimate

We now detail a “local” one-block limit. Let #: Ng — R be a bounded, Lipschitz function, and H (a) = E,,, [ (n(0))].
Define also

Vi) = h(n(0)) — H(n' (0)).

Lemma 5.1 (One-block estimate). Forevery0 <t <T,

]-o
Proof. The proof is in four steps.
Step 1. The first step is to introduce a truncation. Since the dynamics is not attractive, we cannot bound 7(0) > A
for some constant A in a simple way. However, by considering the maximum of such quantities over the torus, we
may rewrite the maximum in terms of the original system &g, which is attractive:

t
lim suplimsupENH/ Vi(ng)ds
0

|00 N—o00

max 7ns(x) = max & (x).
XETN XGTN
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Also, by simple estimates, recalling p = |00 [|°, we have that

0(0)
P, I:m;,lxés (x) > Clog N] =E,,, [%l{mﬁnxés (x) > ClogNH

<E,, [ £0(0)

ml{mfxés(x) > ClogN}:|.

Under the stationary measure 5, the variables &;(x) are independent and identically distributed, with finite expo-
nential moments of some order. Hence, by Chebychev’s inequality, the last expression vanishes as N 1 oo for a well
chosen constant C = C. Therefore, as 1’ (0) < max, n(x), it is enough to estimate

ol ]

where Gy = {n: n'(0) < C; log N}.
Step 2. Since the initial entropy H(v/% o) is bounded by CoN, by the entropy inequality,

gl }

C 1 !
<4 —logE,, [GXP{VN‘/ Vims)H{GN 1} (ns) ds
Yy YN 0

t
/0 Vi) L{G .1} (ny) ds

t
/0 Vi) L{G .1} (ny) ds

i

We can get rid of the absolute value in the previous integral, using the inequality e/*! < e* +e¢~*. By the Feynman—Kac
formula, the second term on the right hand side is bounded by (y N)~!TAy ;, where Ay, is the largest eigenvalue of
N%Ly + y NVi1{G y ;}. Therefore, to prove the lemma, it is enough to show that (yN)_l)\NJ vanishes, as N 1 0o
and then / 1 oo, for every y > 0.

Step 3. By the variational formula for Ay,

(yN)'hna = s;p{<w1{GN,z}, 12, = v IN(f.(=Ln D), ) (5.1)

where the supremum is carried over all densities f 2 with respect to v,. As the Dirichlet forms satisfy ( f, (—L‘j{‘l" e =
(f, (—=Ln f))p (cf. [17], equation (3.1)), we may bound the previous expression by a similar one where L y is replaced
by Li{‘lv.

Denote by f12 the conditional expectation of f 2 given {n(z): z € A;}. Since V;1{Gy ;} depends on the configuration
n only through {n(z): z € A;} and since the Dirichlet form is convex, the expression inside braces in (5.1) is less than
or equal to

/v,l{GN,;}f,zdu;‘l —y’lN/ﬁ(—L*j{‘lVﬁ)dv;". (5.2)

The first term in this formula, decomposing in terms of canonical measures v, ;, is equal to

CillogN

Z Cl,j(f)/Vll{GN,l}fA[?jdVAl,js

j=1
where the value of the constant C; changed and
cj(f) = / v fRm = e (O A (E ) fR.
ApJ

The sum starts at j = 1 because there is always a particle at the origin. Note also that ) j=1¢l. j(f) =1 and that
fl?j (+) is a density with respectto vy, ;.
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Also, the Dirichlet form term of (5.2) can be written as

yIN Z Cl,j(f)_/fl,j (—Le}xnlvﬁ,.i)d"/\zui'

1<j<Cillog N

In view of this decomposition, (5.1) is bounded above by

sup sup{/vlfzdvA,,.j—y_lN/f(—Li‘anf)dvA,,j},

1<j<CyllogN f

where the second supremum is over all densities f2 with respect to v N
Step 4. Recall that V;(17) = h(n(0)) — H (' (0)). Let

Vi) =V, = Ey, [Vil.

By (3.2), N7! max|<j<cylogN WSV (l, j) vanishes as N 1 co. Then, as & is bounded, by Rayleigh expansion [7],
Theorem A3.1.1, for j < Cqllog N and sufficiently large N,

/szzdvm,j —V‘lN/f(—L?{‘lVf) dva,

—1
yN —1

< Vd _|_ /V . _Lenv V d .

—/ A S TP el A LA

_ —1
S/Vld%,j +2yN I/Vl,j(—L?T,V) Vijdva,,j-

The second term is bounded as follows. By the spectral theorem, the second term is less than or equal to
2w, jyyN~! / V7 dva, j < 8llAlIZ= W™, jHyN~". (5.3)

This expression vanishes as N 4 oo in view of (3.2).
On the other hand, the first term is written as

/VldvAlJZ/h(n(O))dvAl,j —H@ /214 1).

By Lemma 5.2 below, this difference vanishes uniformly in j as [ 1 co. This proves that (5.1) vanishes as N 1 oo and
then [ 1 oo, finishing the proof. |

Lemma 5.2. Let h:Ng — R be a bounded Lipschitz function which vanishes at infinity. Then, we have

lim sup sup}EUA[_k [A(n(0))] — Ey 4 [A(n(0)]] =0.

[—o0 k>1

Proof. The argument is in three steps.
Step 1. We first consider the case 1 < k < K. By adding and subtracting (1), we need only to estimate

|EUAM [A(n(©)] —h(D)| and |EWM” [h(n(0)] = h(D)]. (5.4)

The first term is bounded by 2| k|l <V 4, x{n(0) > 2}. To show that it vanishes as [ 1 oo, note that n(0) < k and that
EuA,,k[’?(O)] =k/(2l + 1) to write

;E [
Epiy (O] 4

@1+ Dpa,i{n(0) = 2}.

vak{n0) =2} = n(0)1{n(0) > 2}]

IA
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For 2 < s <k, we may write the canonical measure in terms of the grand canonical:

Mp{20<|x\§l nx) =k —s}

pak{n© =s}=p,{n© =s} Hop U2 o 100 = K]

for any choice of the parameter p. Recall Mi&,, j is the canonical measure when g(k) = 1{k > 1}. In the numerator and
the denominator, at least 2¢ — k sites receive no particles. We may therefore replace in these sites the rate g by the rate
constant equal to one with no cost. Since ag < g(£) < a1¥, in the remaining sites we have that C k)< ag <gn)!<
an! < C(k) if n < k. The previous expression is thus bounded above by

Clhuly, ({n@ =s} = C(k)( le)/<2l:1) =o(I™).

To bound the second term in (5.4), we proceed in a similar way. The absolute value of the difference E, [ (1(0))] —
h(1) is bounded by 2|k |0V, {n(0) > 2}. Last probability is equal to p_lEﬂp[n(O)l{r](O) > 2}]. Since g(n) > ao,
change of variables 7’ = 1 — 20¢ permits to bound the previous expression by Cop(0)?[p 4 21/ for some finite con-
stant Cy. Since g(n) < ain, ¢(p) < aip. In conclusion, the second term in (5.4) is bounded above by Co||/ || (k/ 1),
which concludes the proof of Step 1.

Step 2. Next, we consider the case in which Ko <k < B|A;| for some B < oco. By definition of the Palm measure,
the difference EVA,_k [A(n(0)] — EUk/\Al\ [2(n(0))] is equal to

| A

A Eua i[O O)] = Epyn [1OR () ]}

By [7], Corollary 1.7, Appendix 2.1, this expression is bounded above by Cok~! for some finite constant Cp. This
expression can be made as small as need by choosing K large.

Step 3. Finally, we consider the case k > B|A;|. We shall take advantage of the fact that 4 vanishes at infinity. Fix
A > 0 to bound Ev/\,,k [#(n(0))] by

Ey,,  [R(n(0)1{n(0) < A}] + sup h(x).

x>A

By definition of the Palm measure and since the density k/|A;| is bounded below by B, the first term is less than or
equal to
allelAd
k

AllhllLoe

[0 = a)] = 21

In view of the previous estimates, we see that the expectation E,, Ak [/(1n(0))] can be made arbitrarily small by choos-
ing A and B sufficiently large. The expectation E,, Al [~ (n(0)] can be estimated similarly. ]

6. Local two-blocks estimate
In this section we show how to go from a box of size [ to a box of size e N.

Lemma 6.1 (Two-blocks estimate). Let H:R, — R be a bounded, Lipschitz function, which vanishes at infinity,
limy_, o H(x) =0. Then, for every t > 0,
i| (6.1)

t
A{nw) ZHmm}

[—o0 e—>0 N-—oo

lim sup lim sup lim sup EY |:
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Proof. The proof is handled in several steps.
Step 1. As H is bounded, the expectation in (6.1) is bounded by

18NN
& > 2

x=4l+2

fI{H(’?§<0>) _H(Tlé(x))}dsu L Coll et
0 eN

for some finite constant Cyp. Hence, we need to estimate, uniformly over 4/ +2 <x <¢N,

EN[/OI{H(ni(O))—H(ni(x))}ds]

Step 2. Write
H(n'(0) —H(n' () =H®0'©0) — H(n' @+ 1)+ H(n' @l + 1)) — H(n' (x)).

]-o

Indeed, since H (' (0)) — H(n' (2l + 1)) is a function of A = {—1,...,3] 4+ 1}, we may apply the “local 1-block”
argument for Lemma 5.1 up to (5.3), with respect to V,’ =H (nl O)y—H (nl (21 +1)). Now, in the last line of the proof
of Lemma 5.1, instead of using Lemma 5.2, we use Lemma 6.4 to show the expectation under the canonical measure
ik vanishes, 1im;; oo SUp;~ | E/i,,k[vl,] =0.

Step 3. Therefore, we need only estimate when the integrand is H (' 21 4+ 1)) — H(n'(x)). As for the “local 1-
block” development (Lemma 5.1), we may introduce a truncation, and restrict to the set Gy ; » = {n: '@+ 1) +
n’ (x) <2Cplog N}. That is, we need only bound, uniformly over x

e |

Step 4. Following the first part of the proof of Lemma 5.1, appealing to entropy estimates and eigenvalue estimates,
we need only to bound, uniformly in 4/ +2 <x <e¢N,

s1;p{([H(nl<2l + D) = H(' @) UGN}, £2), = Ny . (=Ln ), ), (6.2)

We now claim that

[—>00 N—>o0

lim lim EN|:

fo{H(ng(O))—H(ng(zlJrl))}ds

t
fo [H(nh @2+ D) — H(n () |H{G w11} ds

where the supremum is over all density functions f2 with [f 2 dv, =1.

Since V) x(n) = H(1n'(21 + 1)) — H(n' (x)) does not involve the origin, we can avoid details involving the inhomo-
geneity at point O in the following. Define disjoint blocks A; ={l+1,...,3l+1}and A;(x) ={x—1,...,x+1}. Let
L 4, be the restriction of LY to the set A; , = A; U A;(x), and define also L; , by

1
Lief () = Sg(nx =D)L (n* =) = fan]

1
+58(nGL+D)[f () = o).

The operator L; x corresponds to zero-range dynamics where particles jump between endpoints 3/ + 1 and x — /.
As x < ¢N, by adding and subtracting at most ¢ N terms (cf. [7], pp. 94-95 and [17], equation (3.1)), we have that

(f. (=Lix ), <eN(f. (=L§" [)),-

Hence,

(f =Ny 'Ly, + ey L) ), <2NyTHf (=L ),
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and we may replace Ny~ 'Ly in(6.2) by (1/2)(Ny_1LA,‘x + 8_13/_1L1’x).
Step 5. To simplify notation, we shift the indices so that the blocks are to the left and right of the origin. In

particular, let A” = (=L +1),...,—1}, AY ={1,. @1 1)) and Af = A7 U A}, Configurations of Njj' will

be denoted by the Greek letter 1, while conﬁguratlons of NO are denoted by the Greek letter ¢. Recall 0, stands for
the configuration with no particles but one at z.

. . AF _
Consider the generator Ly ,; with respect to N, L, Lyxi=NL; + NLf + K_IL?. Here,

(L7 ). o= Y ply—xgn®)[f(n".¢) = f@.0),

x,yeA;

(Lo = Y por—0g@)[f(n.™) = .0,
x,yeAf

(LY £) (. ©) = (1/2g(n(=D)[f (1 —2-1.£ +D1) — f(0.0)]
+1/2)g(CW)[fn+0-1. =) — fF(. D).

Note that inside each set AIjE particles jump at rate N while jumps between sets are performed at rate !
A7 AP ar .. AT AF_AF . .. .
Recall u,' , pup' , pp' are the restrictions of 1, to Ny’ , Ny’ , Ny’ respectively. The Dirichlet forms associated

to the generators L; , Ll+, L? are given by

Dol ) =0 L D) e Pap T S = (1) o
Dol f)={: (<L) "
A simple computation shows that the Dirichlet form can be written as
DAI—(M;??, f)= #(p) Z / Fm+0x41,8) — f(n+0x, 4)} Mp’ (dn, dg),
x=—QI+1)
Do(uﬁf, f)= @ /{f(n +0_1,0)— f(n,¢ +01)}2uf}7(dn, d¢).
In this notation, it will be enough, with respect to Eq. (6.2), to bound for a > 0 the quantity
sup{{[# (n') — H ()]G}, 1), = alf. (= Luxa D), } 64)

f

where f = (1 4+ 17! Eepr n0). £ = @1+ D7 Tyepy £, and Gy = (0,0): o +¢' < 2C1log V). By
convexity of the Dirichlet form, as in the proof of Lemma 5.1, the supremum may be taken over functions f on N

such that ( f2) A* =1, and the measure (i, in (6.4) may be replaced by up .

Step 6. Thls quantlty is estimated in three parts. The first part restricts to the set S} v =1, 0): nt + ¢! < BY for
some B fixed. In this case, where we have truncated at a fixed level B, we can use the “local 1-block” method of
Lemma 5.1 to show that

sup{{[H () = HEOIUSN 7)oy =l CEvet 1) o)

vanishes as N 1 oo, ¢ |, 0 and then [ 1 oo.
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Indeed, by convexity considerations, we can decompose the expression in braces in terms of canonical measures
HA¥ k concentrating on k particles in A;'. Since for the generator Ly ,; jumps are speeded up by N inside each cube,

<|:H(nl) - H(Cl)]l{S}V,l}’ fz)uA*.k - a(-f’ (_LNvK*lf))uA* k
< ([0~ HESY ) 2), e (L L L),

Let V, =[H(®') — H({l)]l{S}V’l}. Note that V; has mean-zero with respect to i zx k and that || V|| <2||H| L. By
the Rayleigh estimate [7], Theorem A3.1.1 and by the spectral gap, for k < 2(2/ + 1) B, the previous expression is
bounded above by

a’le

1 —4||H| = W*(, k)a" e

~ _ -
/w(—Ll —Lf-LY) Viduaz k
§2a_18W*(l,k)/‘712dMA7,ka

where W* (I, k) is the inverse of the spectral gap of L™ + LT 4 L? with respect to the process on A with k particles.
As ¢ |, 0, the previous expression vanishes.
Step 7. The second part now restricts to S,z\,yl ={(n,¢): ¢ > A, n' > A} for some constant A. On this event, the

sum H (') + H(¢Y) is absolutely bounded by 2sup,- 4 |H ()] so that

([H6r) = HEOISK ) £7) a7 = alfo (S Lwa ) oy <2500 @),

P

Since H (n) vanishes as n 1 oo, the right hand side can be made arbitrarily small.
Step 8. Let now S3 v = A1 N Ry, where A; = {1: n' < A} and Ryi={(n,¢): B < n' + ¢! <2C log N}. This
case is the difficult part of the proof and is treated in Lemma 6.2 below. |

The proof of Lemma 6.2 is reserved to the next subsection.

Lemma 6.2. Suppose that B > 4A. Then, for every a > 0,

lim lim sup lim sup sup{/ Ry 1}1{A1} f(n, ;)2 duﬁ — a<f, (—LN’K’[f)>MA* } <0, (6.5)
7P

[=>00 50 Nooo f

where the supremum over f is over functions f on NO such that (f, f) MA* =1.
7

Lemma 6.3. Fors,r >0, we have pia, r K A, r+1, ARd VA, r K VA, r+1-

Proof. The first estimate is [10], Lemma 4.4. The second bound has a similar argument: Note v, , is the unique
invariant measure for the Markov chain on ijs,r ={n: n(0)>1, lel <5 N(x) =r} generated by Li{‘:’

Since g is increasing, we can couple two systems starting from configurations ' € Z’j“s’r and n? € Ej“s’ 41 such
that ' < % coordinatewise, so that the ordering is preserved at later times. Hence, in the limit we obtain lim; 400 n,‘ =
Ay iMoo N2 = v, r41, and v, , K VA, r41- O

Recall the set A; = {—1, ..., 3l + 1}.

Lemma 6.4. Let H:R — R, be a nonnegative, bounded, Lipschitz function which vanishes at infinity. Then, we
have

11msupsup|EuA k[ (nl(o)) - H(nl(zl + 1))]| =

[—>o0 k>0
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Proof. The argument is in three parts.

Step 1. Fix ¢ > 0 and consider (k, /) such that k/ |A1| < ¢. Add and subtract H(0) in the absolute value. Then, the
expectation is less than 2 maxo<y <2 |H (x) — H(0)| = O(e) given that H is Lipschitz.

Step 2. Assume now that ¢ < k/|/il| < Bj. The proof is the same as in Lemma 6.6 in [6] for this case. For the
convenience of the reader, we give it here. By definition of v Ak the expectation appearing in the display of the
lemma equals

1 ! I
., O] MA,,k[”(O){H(’? ) — H(n' (2 + D)}].
“A k
Since the measure is space homogeneous, the denominator is equal to o7 x = k/ |/§1| which is bounded below by ¢. In
the numerator, 7(0) can be replaced by 1'(0). The numerator is then

Epy [0 © = ori{H (0" ©) = H(n' @+ D)} + praEny [H (' ©) = H(' @1+ D)].

The second term vanishes because the measure © Ak is space homogeneous. The first term, as H is bounded, is

absolutely dominated by 2|| H || E,, k[|nl (0) — p1.x1]- By [7], Appendix II.1, Corollary 1.4, this expression is less
].

than or equal to

CoE ;, [|n'(0) = prx|] < Coo (i)l ™"/
Hop

for some constant Cy where o (p) stands for the variance of £(0) under u,. Since & < p; x < By, 0 (o) is bounded.
Hence, this expression vanishes as [ 1 co.

Step 3. Suppose now k/ |A;| > By. We shall prove that in this range both expectations are small because H (x)
vanishes as x 1 co. Fix A > 0. Introducing the indicator of the set #(0) < A and replacing the Palm measure v Ak by
the homogeneous measure i Ak e get that

Ev, [H@' )] <Ey; [H(0'©)1{n'(0) < A}] + sup H(x)

x>A

1
= —E,. [n0)H(n'0)1{n'(0) < A}] + sup H(x)
Pl.k b x>A

because E [7(0)] = pr1 k. In the last expectation, we may replace 1(0) by nl (0) which is bounded by A. We may

MA[.k
also estimate H by || H ||~ and bound below the density p; x by B1. The previous expression is thus less than or equal

to

AllH | =
ST 4 sup H(x),
Bl x>A

which can be made arbitrarily small if A is chosen large enough and then Bj.
It remains to prove that the second expectation appearing in the statement of the lemma is small in this range of
densities. Introducing the indicator of the set {171 (21 4+ 1) < A} we get that

Evﬁlyk[H(nl(Zl + )] < I1Hlzeevy, {n 1+ 1) <A} + sup H(x).

x>A

Since the event 'L +1) < A} is decreasing and k > B |A1| by Lemma 6.4, we may bound the previous probability
by v A xn 121 + 1) < A}, where K = B; |A1| At this point, by the same reasons argued above, we obtain that

H||
172 EMIK[nl(O)l{nl(ZH—l)SA}]—i—supH(x).

1
Evﬁz,k [H(Ti 2+ 1))] = B . x=A
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Note that ' (0) < By|A;|/(2] + 1) = 2B;. Hence, by [7], Corollary 1.4, Appendix 2.1, the previous expectation is
bounded by

Co
20| H || opp, {n' @l +1) < A} + -

for some finite constant Cg. This expression vanishes as [ 1 co by the law of large numbers provided B; > A. This
concludes the proof of the lemma. O

6.1. Proof of Lemma 6.2

Fix B > 4A. The proof is divided in three steps. Recall the notation developed in Step 5 of the proof of Lemma 6.1.
Step 1. The first integral in (6.5) can be rewritten as

S i Drtga®) [ [ 00 10 @ ()

jk
where the sum is performed over all indices j, k suchthat 0 < j < A2/ 4+ 1), k>0, BRI+ 1)< j+k <Oy, :=

2C12I+1)1ogN, pup1(m) =y (erA[ n(x) =m) and K A% m is the canonical measure on the cube Ali concentrated

on configurations with m particles.
Fix two integers j, k > 0 such that B(2/ + 1) < j +k <6y ;. We claim that there exists a function Wy (/) such that
Wn (1) =o(N) for fixed [ and

2
// f(n, é“)ZMA;,j(dn)MA;,k(d() - {/ / f, C)I’LAI,j(dn)MAf,k(d;)}
< WN(Z){DAI (ap.jis 1)+ D g+ (Rap ko f)}, (6.6)
where I A, j.k Tepresents the measure Kar jHar i and DAI:E (MAl*’j*k’ f) is the Dirichlet form defined in (6.3) with
the canonical measure AFjk in place of the grand canonical measure /,L;l[ .

To prove the claim (6.6), recall that W(/, j) is the inverse of the spectral gap of the generator of the zero range
process in which j particles move on a cube of length 2/ 4 1. By definition of W(l, j), for each configuration ¢,

2
/fmfoMJ@m—{/fMJNu;ﬁM4

-1
W)Y /g(n(ﬂ){f(n"*"“, &) = FOLO 1y ;).

x=—I

Integrating with respect to A7, «(dZ) we get that
[ a0 [ FncPiy @

2
S/Mﬁﬂ@%/f@leJ@m}+W@ﬁD&Wﬁ¢bﬂ-
Let

h(C)=/f(n7§)/¢LAI—,j(dn)-



Nonegquilibrium fluctuations for a tagged particle 631

By definition of the spectral gap,

2
f Bt pr 4 (d0) — { f h(g“)uA;,k(d;)} SWEIOD 45 (s o ).
By Schwarz inequality
DAIJr(MAlJr’kv h) < DA[Jr (MA;‘,j,k» -
This proves (6.6), applying the estimate on the spectral gap in Lemma 3.2 when g satisfies (B), or by assumption
when g satisfies (SL).

Multiplying both sides of (6.6) by i, ;(j)itp (k) and summing over j and k such that 0 < j < A2/ + 1), k > 0,
B2l 4+ 1) < j 4+ k <0y, we see that to prove the lemma it is enough to show that for every a > 0

Haf.p

2
S naatiuns@f [ [ 10001 @iy 00| = als (-Lycar) ©7)
J.k

vanishes as N 1 oo, k | 0,1 1 oo.
Step 2. To estimate (6.7), let

F(j, k)= / / S, Z)MA;,,-(dn)ltAf,k(dU
We now claim that there exists Wy (I), where Wy (I) = o(N) for fixed [, and a finite constant Cq such that

> bt (Do s O[F G+ 1k = 1) — F(j k)]
J.k

< Wy D, (', )+ D (1 £)}+Col* Doy £), (6)

where the sum is over all j and k such that j >0, k> 1, B2l +1)<j+k <0yn.
To prove (6.8), note that since i AT (dn) is the canonical measure,
. 1
FUALE=D= [ uge @) [ f0.0= D N, (dn).

XeA,

Changing variables " = n — 0, the previous expression becomes

1
w1 2 /MAf’k_l(dO/f("+°x’C)hl,j(n(x))m;,j(dn),
XEA;
where
21 +1 N1
i (n(0) = — PP () 1+n(x)

JH+1 pe G+ gd+nx)

Note that A j(7(x)) has mean equal to 1 with respect to uAl—,j(dn).
Changing variables ¢’ = ¢ + 0, the previous integral becomes

1
m Z /MA]*,k(dg)/f(n“‘amé‘ _Dy)hl,j(n(x))el,k(C(Y))ﬂA;,j(drl)s

XEA;

yeA?'



632 M. Jara, C. Landim and S. Sethuraman

where

o ik)  g(C(y)

erk(¢(y) = Lotk —1) @(p)

has mean 1 with respect to AF k-
This identity permits to write F(j + 1,k — 1) — F(j, k) as the sum of two terms

1
ey f Hoat (dO) / {f O+ 06 =0y) = F@. O Yhuj (0(0)) e (6 (0)) - ;)
xXeA,

e At
YEA,

1
+ / Har 4 (d0) / 0.9 XAj[hz, J(16)er (¢ ) = 1y (). (6.9)
xe 1

At
YEA;

Since (a + b)> <2a* +2b2, [F(j + 1,k — 1) — F(j,k)]? is bounded above by the sum of two terms. One term,
corresponding to the last line of (6.9), is equal to

1 2
2(<f, FTEIE g_ hl,j(ﬂ(x))el,k(i(y))>l’jyk> , (6.10)
xed,

+
YEA,

where (F; G);, j x denotes the covariance of F and G with respect to M kHar -
Since

O(P)p ()

D) By, [8(D)] (6.11)

we have that

204+ 1o(@upi(j) 1+nx)  ppik)gE(y)
JH1 pe(G+1) g4+ nx) wpik— De(p)
2A+1 14 5() By, 180 (=D

NI i Ey,. 8@

hij(n())erx(¢(») =

We claim that under the measure u AF kAT

g

h Col————"—
l’](n(x))el,k(é'()’))f 0 EﬂArk[g(g(l))]

(6.12)

for some finite constant Cy depending only on ag, a;. This bound is simple to derive when when g fulfills assumption

(B). On the other hand, under the assumptions (SL), since g is increasing, EM/r - [g(n(—1))] <g(j + 1), and since
sJ

g(k)/k is decreasing, under the measure Har o [1 4+ n(x)]/g(l 4+ n(x)) is less than or equal to (j + 1)/g(j + 1).

This proves (6.12). This is the only place where we use that g(k)/k is decreasing in k in the condition (SL).
Therefore, by Schwarz inequality, (6.10) is bounded above by

Eppr (8¢ ()]

Col(f; f)1j I COE

ol (fs Fhijk ,Z+ Eﬂ/ﬁk[g(é(l))]2
ye4 n
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for some finite constant Cg. In view of (6.11), the fact that g(m + 1) — g(m) < ap, which follows from assumption
(B) or from assumption (SL2), and Lemma 6.3,

Epr J8C0) T =By [8C0)]Ew e, [8(0)+1)]
= Epy L) az+ By, [8E0)])
< Epy L6+ B [eE)])

As g is increasing, by Lemma 6.3, E,LAJr l[g(g‘(l))] < EMAJr k[g({(l))]. Hence, since agl{r > 1} < g(r), and since
1 1
EuAfvl[l{C(l) >1)]= Epye, [£(D]= (2l + 1), we have that

ao
20+1

=aoEp,. | [1{c()>1}] < Epye, [g(¢(D)]. (6.13)
It follows from this estimate and from the previous bound that (6.10) is less than or equal to

Col*(f3 f)1.jk-

Multiply this expression by , ;(j)ip,1(k), recall the bound (6.6), and sum over j and k such that j >0, k > 1,
BQ2l+1) < j+k <0y, to get that (6.10) is bounded by

WNOLD - (7 £) + D (1 1)),

where Wy (I) = o(N) for fixed /.
We now estimate the first term in the decomposition (6.9). By Schwarz inequality and by the bounds (6.12), (6.13),
the square of this expression is less than or equal to

o' Y [ 1r 00 [N F0+ 0008 =00 = fnOF iy )

XEA;
yeAf

for some finite constant Co. The sum over j > 0, k > 1 of this expression, when multiplied by (k)i 1(j), is
bounded by

COZ3 Z /MA;,p(dC)/g(C(y)){f(n+Dx,E—Dy)—f(n’é)}zlmljp(dn)-

xeA;
yGAIJr

Changing variables ¢’ = ¢ — 9, adding and subtracting in the expression inside braces the terms f(n + 9_1,¢),
f(n, ¢ +01), we estimate the previous expression by

Col> Do(t g, o+ )+ Col*{ D 4= (1 ag v ) + D g+ (g o )}

for some constant Cy. This proves claim (6.8).
Step 3. In view of (6.7) and of (6.8), to prove the lemma it is enough to show that for every a > 0

hm hmsuphmsupsup{z F(j, k)? o1 (p,1(k)

500 50 Nooo F ik

—ax ' Y [FG+1k=1) = F(j, k)]zup,zu)up,z(k)} =
J:k
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where the first sum is carried over all 0 < j < A2l 4+ 1), k>0, B(2l + 1) < j + k <6, the second sum is carried
overall j >0,k > 1, B2l +1) < j +k <6y and where the supremum is carried over all functions F':Ng x Ng — R

such that Y- 40 F(j, k)21 (D np. (k) = 1.
The expression inside braces can be bounded by

On,1 AQ2I4+1)
> up,A;(M)ZM(F): Y GG rarm()
M=BQI+1) j=0
BQI+1)—1 )
—1 . . .
—ac™t Y [GG+D-G()] MA;,Mm}, (6.14)
j=0
where
BQ2l+1) . .
. . o Mp (D pp (M — )
o ar(M) =" ppi(Dip (M = j),  pupr m(j) = ==L :
= W ar (M)
BQI+1)
Zu(F)= Y FG.M—= D upu(i,  Zu(F)GG) =F(j, M- j)*.
Jj=0

Note that we omitted the dependence on B of the variables 1, Ap (M), AF, m(J), Zy (F) and that

Y. G uarmD=1.

0<j<B(2I+1)

The expression inside braces in (6.14) can be interpreted in terms of a random walk on an interval of length
B(2l 4+ 1) where the total number of particles M becomes a parameter. In fact, the second term in braces corresponds
to the Dirichlet form of a random walk on {0, ..., B(2[ 4+ 1)} which jumps from jto j+1,0<j <BQ2l+1)—1, at
rate 1 and from j + 1to j atrate rps(j + 1, j) =,uA;«’M(j)/;LA7’M(j +1). By (6.11),

Poi(j)  ppa(M—j) EuAlJr,jH[g(’?(]))]
Hpa (4D ipsM = j =D Ep e [g0DT

rm(j+1, )=

We claim that this random walk has a spectral gap
)A»z, p which depends on B and / but is uniform over M. (6.15)

Assume first that g satisfies (B). In this case, by (6.13), the previous ratio is bounded above by aja,, ! 2L+ 1) and

below by aoal_l (21 +1)~!. The jump rates are therefore bounded below and above by finite constants independent of
M, and claim (6.15) follows easily.
Assume now that g satisfies (SL). We claim that for / large enough,

lim max rm(j+1,j)=0. (6.16)
M—>000<j<BQl+1)—1

Indeed, by Lemma 6.3, EMAJr - [g(n(1))] < g(B(2l + 1)). On the other hand, for every D < D'l + 1) <M —
»J
BRI+ 1H)<M—j :

EMA[JF,M—]' [8(77(1))] > EMA]JF,ij [g(ﬂ(l))l{n(l) > D}]

= (D) pt prarsny{n(1) = D} = g(D) (up {n(1) = D} — Co/ 1),
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where the last inequality follows from the equivalence of ensembles [7], Appendix 2.1, Corollary 1.7 and Cy is a finite
constant. The right-side can be made arbitrarily large since limpr4o0 e p/{n(1) = D} = 1 and limp oo g(D) = 00. This
proves claim (6.16).

Fix My and / large enough so that rys(j + 1, j) < 1 forall0 < j < BRI+ 1) — 1 = Q, M > M. The stationary
probabilities for the corresponding birth—death chain on the interval can be expressed as

(T2 rm(s +1,5)) 7!
1+ Y2 [Tbrms + 1)~

where the empty product in the numerator is taken to be 1 when j = 0. We note by construction that 77; < ;1. We
have the Poincaré inequality:

T[j:

y—1
Vary (f) < Y memy (£@) — £F()* <20 Zwyz f@ - fe+1)’
X,y y>x
0-1
<20 m, an (f@ - fe+D)’<20*Y m(f@) - fz+ D)~
y>x z=0

Hence, for large M, the inverse of the spectral gap, X;}g, is bounded by Cgl? for some constant Co depending only
on B. For M < M, recalling (6.12), we may obtain a lower and an upper bound on ry (j + 1, j) which depend only
on ay, a, az, B, [ and My. It is easy to show that in this case the inverse gap, ):;B, is bounded by a constant which
depends only on B, [ and M. This concludes the proof of claim (6.15).

At this point, we may apply the Rayleigh bound ([7], Theorem A3.1.1) to estimate the expression in braces in
(6.14). Let Vo =1{0, ..., A2l + 1)} and let Vo=V — EMA]*_M[VO] so that

AQ2I+1) BQ2I+1)
> G P uarmD= Y, VoG arm()-
j=0 Jj=0

Since || Wyl L~ < 1, by the Rayleigh expansion and by the spectral gap, the display in braces in (6.14) is bounded by

AQI+1) —1,.3-1

a= ki p
Z MA*M(J)+—_1 T
20 2a7 kX g

The second term vanishes as « |, 0. To bound the first term, let o; = 1 (j)ptp 1 (M — j),0< j < M. Since B > 2A,
the first term in the last formula is equal to

AQI+1 AQI+1)
Z ( )Ol' Z (

j=0 J j=0 J max o
BQI+1) = 2AQI+1) 0< <A+
Z/.ZO o) Zj:A(21+l)aj J<AQI+1) ,+A(21+1)

As above in calculating rp/(j + 1, j), since g is increasing and M > B2l + 1), if R=AQ2l + 1), S= (B —
2A)(2l + 1), by Lemma 6.3,
aj IRl E"A+ k1

o
JtR k=j

Le(m(1)] {E

P ECIONIY
[s(n(D)] ~ }

EMA?',S[g(n(I))]

”“A+ M—k

Since B > 4A, by [7], Corollary 1.6, Appendix 2.1, for all large [, we have

C C
Ep e [80D)] <0QA) + 7 <p(B =24 = 2 < Ey . [2(n(D)]

for some finite constant C. Hence, the expression appearing in the previous displayed formula vanishes exponentially
fast as [ 1 co. This concludes the proof of the lemma.
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6.2. Proof of Theorem 2.6

Given Lemmas 5.1 and 6.1, the argument is similar to that in [6]. Recall H(p) = E\,p [h], H(n) = H(nl (0)), and
Hy(p) = E,,[H,]. Then, we have that
{h(m) -— ZHI (N (x)) } }

all
Z:{ (nL ) — }:H;7u)}m

SEN[

[O (h(ny) — H(r(0)) ) ds

HEN[
+]EN[ }

As h and H are bounded, Lipschitz by Lemma 6.5, the first and second terms vanish by Lemmas 5.1 and 6.1. The
third term is recast as

t 1 )
EN[ /0 {ﬁ > Ls(x/N)(rle(m)—Hl(ngm)))}ds

xETN
where 1, (-) = e 1{(0, £]}. It vanishes by Proposition 4.1 as N 1 0o, and « | 0.

eN ]

[)[ { % Z(H(nls(x)) — Hl(ﬂgN(x))) } ds

x=1

Lemma 6.5. Let h:N — Ry be a nonnegative, Lipschitz function for which there is a constant C such that kh(k) <
Cg(k) for k > 1. Then, H(p) = E,,[h(n(0))] is also nonnegative, bounded and Lipschitz, and vanishes at infinity.

Proof. It follows from the assumptions of the lemma that / is bounded, as g(k) < a;k, and that & vanishes at infinity.
Hence, H, which is clearly nonnegative, is also bounded. We claim that H vanishes at infinity since

! Allh] o
H(p) < sup h(x) + = Ey, [n(©h(n(0))1 17(0) < A}] < sup h(x) + 2L

x>A x>A

To show H is Lipschitz, it is enough to show H’ is absolutely bounded. Compute

/ ¢'(p) 2 { 1 w/(p)}
H'(p) = h(n(®)n©0)?), —1= h(n(0))n(0
(0) W(p)( (n@)n (), el (h(n©@)n (),

We first examine this expression for p large. The second term, by the assumption kh(k) < Cg(k), is bounded by
Clo(p)/ ,02 + ¢'(p)}. A coupling argument shows that ¢’(p) < ap where we recall that a; is the Lipschitz constant of
the function g. On the other hand, ¢(p)/p? < ai/p because g(k) < aik.

Since kh(k) < Cg(k) and since E},, [g(1(0))n(0)] = ¢(p)(1 + p), the first term is bounded by Cax (1 + p)/p. This
proves that H’ is absolutely bounded for p large.

It is also not difficult to see that H'(p) is bounded for p close to 0. O

Acknowledgement

We would like to thank the referee for the careful reading of the paper and constructive comments.



Nonegquilibrium fluctuations for a tagged particle 637

References

(1]
[2]

[3]
[4]

[5]
[6]
[7]
[8]
[9]
[10]
(11]
[12]
(13]
[14]
[15]
[16]
(17]

(18]

A. De Masi and E. Presutti. Mathematical Methods for Hydrodynamic Limits. Lecture Notes in Mathematics 1501. Springer, Berlin, 1991.
MR1175626

M. R. Evans and T. Hanney. Nonequilibrium statistical mechanics of the zero-range process and related models. J. Phys. A: Math. Gen. 38
(2005) 195-240. MR2145800

I. Grigorescu. Self-diffusion for Brownian motions with local interaction. Ann. Probab. 27 (1999) 1208-1267. MR1733146

M. D. Jara. Nonequilibrium scaling limit for a tagged particle in the simple exclusion process with long jumps. Commun. Pure Appl. Math.
62 (2009) 198-214. MR2468608

M. Jara and C. Landim. Nonequilibrium central limit theorem for a tagged particle in symmetric simple exclusion. Ann. Inst. Henri Poincaré
Probab. Stat. 42 (2006) 567-577. MR2259975

M. Jara, C. Landim and S. Sethuraman. Nonequilibrium fluctuations for a tagged particle in mean-zero one dimensional zero-range processes.
Probab. Theory Related Fields 145 (2009) 565-590. MR2529439

C. Kipnis and C. Landim. Scaling Limits of Interacting Particle Systems. Grundlehren der Mathematischen Wissenschaften 320. Springer,
Berlin, 1999. MR1707314

C. Kipnis and S. R. S. Varadhan. Central limit theorem for additive functionals of reversible markov processes. Comm. Math. Phys. 104
(1986) 1-19. MR0834478

T. Komorowski, C. Landim and S. Olla. Fluctuations in Markov Processes: Time Symmetry and Martingale Approximation. Grundlehren der
Mathematischen Wissenschaften 345. Springer, Berlin, 2012.

C. Landim, S. Sethuraman and S. R. S. Varadhan. Spectral gap for zero range dynamics. Ann. Probab. 24 (1996) 1871-1902. MR1415232
T. M. Liggett. Interacting Particle Systems. Grundlehren der Mathematischen Wissenschaften 276. Springer, New York, 1985. MR0776231
B. Morris. Spectral gap for the zero range process with constant rate. Ann. Probab. 34 (2006) 1645-1664. MR2271475

Y. Nagahata. Spectral gap for zero-range processes with jump rate g(x) = x”. Stochastic Process Appl. 120 (2010) 949-958. MR2610333
S. C. Port and C. J. Stone. Infinite particle systems. Trans. Amer. Math. Soc. 178 (1973) 307-340. MR0326868

F. Rezakhanlou. Propagation of chaos for symmetric simple exclusions. Commun. Pure Appl. Math. 47 (1994) 943-957. MR1283878

E. Saada. Processus de zero-range avec particule marquée. Ann. Inst. Henri Poincaré Probab. Stat. 26 (1990) 5-17. MR1075436

S. Sethuraman. On diffusivity of a tagged particle in asymmetric zero-range dynamics. Ann. Inst. Henri Poincaré Probab. Stat. 43 (2007)
215-232. MR2303120

H. Spohn. Large Scale Dynamics of Interacting Particles. Springer, Berlin, 1991.


http://www.ams.org/mathscinet-getitem?mr=1175626
http://www.ams.org/mathscinet-getitem?mr=2145800
http://www.ams.org/mathscinet-getitem?mr=1733146
http://www.ams.org/mathscinet-getitem?mr=2468608
http://www.ams.org/mathscinet-getitem?mr=2259975
http://www.ams.org/mathscinet-getitem?mr=2529439
http://www.ams.org/mathscinet-getitem?mr=1707314
http://www.ams.org/mathscinet-getitem?mr=0834478
http://www.ams.org/mathscinet-getitem?mr=1415232
http://www.ams.org/mathscinet-getitem?mr=0776231
http://www.ams.org/mathscinet-getitem?mr=2271475
http://www.ams.org/mathscinet-getitem?mr=2610333
http://www.ams.org/mathscinet-getitem?mr=0326868
http://www.ams.org/mathscinet-getitem?mr=1283878
http://www.ams.org/mathscinet-getitem?mr=1075436
http://www.ams.org/mathscinet-getitem?mr=2303120

	Introduction
	Notation and results
	Spectral gap estimates
	"Global" replacement
	"Local" one-block estimate
	Local two-blocks estimate
	Proof of Lemma 6.2
	Proof of Theorem 2.6

	Acknowledgement
	References

