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Abstract. We study trajectories of d-dimensional Brownian Motion in Poissonian potential up to the hitting time of a distant hyper-
plane. Our Poissonian potential V is constructed from a field of traps whose centers location is given by a Poisson Point Process
and whose radii are IID distributed with a common distribution that has unbounded support; it has the particularity of having
long-range correlation. We focus on the case where the law of the trap radii v has power-law decay and prove that superdiffusivity
hold under certain condition, and get a lower bound on the volume exponent. Results differ quite much with the one that have been
obtained for the model with traps of bounded radii by Wiihtrich (Ann. Probab. 26 (1998) 1000-1015, Ann. Inst. Henri Poincaré
Probab. Stat. 34 (1998) 279-308): the superdiffusivity phenomenon is enhanced by the presence of correlation.

Résumé. Dans cet article, nous étudions les trajectoires d’un mouvement brownien dans R4 évoluant dans un potentiel poissonien
jusqu’au temps d’atteinte d’un hyper-plan situé loin de 1’origine. Le potentiel poissonien V que nous considerons est construit a
partir d’un champs de pieges dont les centres sont déterminés par un processus de Poisson et dont les rayons sont des variables
aléatoires IID. Nous concentrons notre étude sur le cas particulier ou la loi des rayons des pieges a une queue polynomiale et
nous prouvons que les trajectoires ont un caractere surdiffusif quand certaines conditions sont vérifées et nous donnons une borne
inférieure pour I’exposant de volume. Les résultats sont sensiblement différents de ceux obtenus dans le cas ou les piéges sont a
rayon bornés par Wiihtrich (Ann. Probab. 26 (1998) 1000-1015, Ann. Inst. Henri Poincaré Probab. Stat. 34 (1998) 279-308) : le
phénomene de surdiffusivité est renforcé par la présence de corrélations.
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1. Introduction
1.1. Brownian Motion and Poissonian traps

This paper studies a model of Brownian Motion in a random potential. Given a random function V defined on R¥
and A, B > 0 (B being the inverse temperature) we study trajectories of a Brownian Motion (B;);>¢ killed at (space-
dependent) rate B(A 4+ V (B;)) conditioned to survive up to the hitting time of a distant hyperplane.

The potential V that we considered is buildt from a Poisson Point Process on R? x R* with intensity £ x v where
L is the Lebesgue measure, and v is a probability measure. We call it w := {(w;, ;) | i € N}. The definition of V is
V() := ZieN(ri)_V W((r))~ (- — w;)) where W is a non-negative function with compact support (for the sake of
simplicity we restrict ourselves to W = 1p(0,1), where B(0, 1) denotes the Euclidian ball). The potential can be seen
as a superposition of traps centered on the points w;, and with IID random radii r;. We are specifically interested in
the case where v has unbounded support and a tail with power law decay.
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This model is very similar to the ones studied in [15,16,18-20] (see also the monograph of Sznitman [17] for a
full acquaintance with the subject), the only difference is that we allow the traps to have random radii. The crucial
difference is that the potential we consider has long-range spacial correlation i.e. that the value of V at two distant
point are not independent but have correlation that decays like a power of the distance. Another situation where one
has a correlated potential V is when W is not compactly supported (see e.g. [4,12]) but this out of our scope.

1.2. Superdiffusivity and volume exponent

A typical trajectory of a Brownian Motion killed with homogeneous rate A and conditioned to survive till it hits a
distant hyperplane looks like the following: The motion along the direction that is orthogonal to the hyperplane (call
it 1) is ballistic (with speed 1/+/21) but the motion along the d — 1 other coordinate is diffusive, and for that reason
trajectories tend to stay in a tube centered on the axis Re| of diameter ~/L where L is the distance between the motions
starting point and the hyperplane that has to be hit.

Adding a non-homogenous term to the killing rate makes the problem much harder to analyze and changes this
behavior in some cases: physicists predicts that when f§ is large (at low temperature) or when d < 4 for every g,
transversal fluctuation of the trajectories are superdiffusive i.e. of an amplitude L¢ for some £ € (1/2, 1) that is called
the volume exponent. The aim of the paper is to show that spatial correlation in V enhances that phenomenon.

2. Model and results
2.1. Model

Let us make formal the definition we gave for the model. We consider
a)::{(a)i,ri)|i€N} 2.1

a Poisson Point Process in R? x R* (we index the points in the Poisson Point Process in an arbitrary deterministic
way, e.g. such that |w;| is an increasing sequence, | - | being the Euclidian norm on R?) whose intensity is given by
L x v where L is the Lebesgue measure on R? and v = v, is the probability measure on RT defined by

Vr>1, v([r, oo]) =r ¢ 2.2)

for some « > 0 (which is a parameter of the model). We denote by PP, and E its associated probability law and
expectation.
Given y > 0, let V®, RY — R be defined as

o
Ve(x) = Zr;yl{‘x,wi‘sri}. 2.3)
i=1

Note that V?(x) < oo, for almost every realization of @ and for every x if and only if the condition
a+y—d=>0 24

is fulfilled, and we always consider it to be so in the sequel. This construction is natural way to get a potential with
long range correlation that decays like a power of the distance constructed from a Poisson Point Process. Indeed with
this setup,

E[Ve(O)V®(x)] = x?7*77. (2.5)

Given x € R4, let P, (and E, the associated expectation) denote the law B = (B;);>0, standard Brownian Motion
starting from x and set P :=Py. Given L > 0 set

Hyp :={L} x R4 (2.6)
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Given any closed set A C R? let T4 denote the hitting time of A. Given A > 0, 8 > 0, the probability for a Brownian
Motion killed with rate 8(V + X) to survive till it hits H;, is equal to

THL
zy :=E[exp(—/ B(V©(B:) + 1) dt>]. Q.7
0

The law of the trajectories conditioned to survival 1 is given by

duf

1 Twy, »
P (B) := Z—fexp(—fo B(V (Bt)+k)dt). (2.8)

In what follows, we consider only the case § = 1 as temperature does not play any role in our results.

2.2. Review of known results

Let us turn to a rigorous definition of the volume exponent. For £ > 0 one defines Ci the be a tube of cubic section,
of width L! and centered on Re|, where ¢| = (1,0,...,0):

Cs =R x[-L8/2,L5/2]"", (2.9)
and the event
A5 =B |Vt €0, Ty, 1, A €C; ). (2.10)

In words, Ai is the event: “B has transversal fluctuation of amplitude less than L
We define the volume exponent as

£ = sup{s >0 lim B[ (45)] =o}. (2.11)
It is expected to coincide with
g1:=inflg >0 lim B[ (47)]=1]. (2.12)

In particular if V =0 one has §; =&y =1/2.

Let us recall what are the conjecture and known result for the volume exponent for the model of Brownian Motion
in Poissonian Obstacles studied in [15-20] and for related model. In the remainder of this section, &y relates more to
the general notion of volume exponent that to the strict definition given above and in the different results that are cited,
definitions may differ: When d > 4 whether &y > 1/2 or not should depend on the temperature i.e. on the value of §: at
high temperature (low ) trajectories should be diffusive and satisfy invariance principle whereas at low temperature
(high B) trajectories are believed to be superdiffusive. In the low temperature phase, the value of &y should not depend
on . Diffusivity at high temperature has been proved for a discrete version of this model by Ioffe and Velenik [5]
and it is reasonable to think that their technique can adapt to the Brownian case when correlation have bounded range.
Prior to that, similar results had been proved for directed polymer in random environment that can be considered as a
simplified version of the model (see e.g. [2,3]). Superdiffusivity at low-temperature is a much more challenging issue:
physicists have no clear prediction for the value of &y and no mathematical progress towards proving &) > 1/2 has
been made so far.

In any dimension, the value of & is conjectured be related to the fluctuation of log Z{ around its mean: If the
variance asymptotically satisfies

Varlog 2% ~ L%, (2.13)
then one should have the scaling relation

x =28 — 1. (2.14)
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The heuristic reason for this is that L% ~! is the entropic cost for moving L away from the axis Re|, whereas the
energetic gain one might expect for such a move is LX. The volume exponent corresponds to the value of & for which
cost and gain are balanced.

When d < 3, there is no phase transition and trajectories are expected to be superdiffusive for all S. It is not
very clear what it means when d = 3 but for the two-dimensional case, physicists predicts on heuristic ground that
& =2/3 and x = 1/3. This is conjectured to hold not only for Brownian Motion in Poissonian Obstacles but for
a whole family of two-dimensional models called the KPZ universality class (directed last passage percolation, first
passage percolation, directed polymers...). In fact the conjecture goes much further and includes a description of the
the scaling limit (see e.g. the seminal paper of Kardar, Parisi and Zhang [7]).

A lot of efforts have been made to bring that conjecture on rigorous ground. In fact, it has even been proved that
&) = 2/3 for some very specific models in the KPZ universality class:

— Directed last passage percolation in 1 + 1 dimension with exponential environment by Johansson [6].
— Directed polymer in 1+ 1 dimension with log-Gamma environment and specific boundary condition by Seppalainen
[14].

These two results have in common that they have been proved by using exact computation that are specific to the
model. Note that a similar result has been proved for the conjectured scaling limit of this model, in [1].

Another approach has been to look for more robust method using the idea of energy vs. entropy competition. In
[19,20], Wiihtrich proved that & > 3/5 for d = 2 and that £ < 3/4 in all dimension (with a definition for &; that is
slightly differs of the one we present here). In [18], he proved a rigorous version of the scaling identity y = 2&) — 1.
Similar results had been proved before for first passage percolation by Licea, Newman and Piza [10] and after for
directed polymers by Peterman [13] and Méjane [11].

In [8], we have investigated the effect of transversal correlation in the environment for directed polymers, and in
particular their effect on the volume exponent. There it is shown that in any dimension, if environment correlations
decay like a small power of the distance then, superdiffusivity holds. More precisely that if the correlation decays like
the inverse-distance to the power 6, then &) > 3/(4 4 ). In some cases it shows in particular that §y > 2/3 which
indicates that KPZ conjecture does not holds in that case. The bound & < 3/4 of [11] remains valid.

Here we study the effect of isotropic correlation (and therefore it seemed natural to it in for an undirected model),
and we have not found in the literature any prediction about what the value of &y should be.

2.3. Main result

We present a lower bound on & for our model with correlation.

Set
£ ) : if y < d
o, y)i=———— ify<a—d,
“_d“gl 2.15)
Fdoa,y)=—— > ify>a—d.
fdoy) =gy vz

Theorem 2.1 (Lower bound for the volume exponent). For any choice of o, d, v, one has

E0=Ed,a,y) Vv (1/2), (2.16)

where & is the quantity defined in (2.11).

Remark 2.2. In some cases, the lower bound that we get for & is larger than 3 /4, which contrasts with all the results
that we have reviewed in the previous section and indicates that isotropic correlation enhance superdiffusivity in a
more drastic way than transversal ones. The above result gives a necessary condition for having superdiffusivity:
y<a—danda—d<lory>a—danda+2y —d < 3.

Remark 2.3. The definition of the volume exponent that we use is different of the one used in [19] which is slightly
weaker. Combining techniques used in [8] and here one could prove also that &y > 3/5 when d = 2 for any value of o
and y for this definition of &g.
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2.4. Further questions

We prove in this paper that for a class of correlated environment, the trajectories have superdiffusive behavior and
that the bound & < 3/4 that is valid for the uncorrelated model [19] is not valid here and can be beaten. Therefore one
would be interested to find an upper bound (< 1) for £. We have addressed this issue in companion paper [9]. In some
special cases (when either y =« —d > 1/3) one can even prove that the lower bound that we prove here is optimal
and give the exact value of &y = &;.

The result that we present concerns the so-called point-to-plane model. A similar result should hold for the point-
to-point model. The method that we use in Sections 3.3 and 3.4 are quite robust and could be easily adapted to the
other setup but getting something similar to what is done in Section 3.2 seems more difficult and challenging and we
are not able to do it yet. One can still get a non-optimal result by using another construction inspired by what is done
in [20], we present it in the Appendix.

For the Brownian directed polymer in correlated environment, in [8], it is shown that either superdiffusivity holds at
all temperature or that one has diffusivity at high temperature (except for some special limiting cases). For the model
presented here one would like to show something similar e.g. that diffusivity holds if correlation have fast-decay at
infinity (decay like a large power of the inverse-distance) and the amplitude of V' is small. For the moment this is quite
out of reach and the methods used in [5] do not seem to adapt to this case.

3. Proof of Theorem 2.1
3.1. Sketch of proof
In order to make the strategy of the proof clear we need to introduce some notation. One defines
Ci=[L/2, L] x [-L5/2, 18 2]"" 3.1)
and

Ci={reR?!|d(x,Cp) <2vdLE} = | ] B(y.2VdL®), (32)
yeCy

where for a closed set A C R?, and x € R?, d (x, A) denotes the Euclidean distance between x and A, i.e.
d(x,A) :=min|y — x| 3.3)
yeA

(] - ] is the Euclidean norm), and B(x, r), r > 0 is the Euclidean ball of radius r. Let Bi be the set of trajectories that
avoids the set 55

B :={B|Vt€[0,Ty,], B ¢ C; ). (3.4)
Note that, as Brownian trajectories are continuous
BinA =2. (3.5)

The first step of our proof (Section 3.2) is inspired by [10]. We prove a result much weaker that Theorem 2.1 by using
a simple geometric argument combined to rotational invariance: that with probability close to one,

261 3
up(AL) <t g (57, (3.6)
or equivalently, that with probability close to one,

Zp(AG) = et 00l 70 (55 ), (3.7)
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where for an event A, we use the notation
Ty,
ZP(A):=Z7 x uf(A) =E[exp(/ (V“’(B,)+A) dt>1A]. (3.8)
0

Then we modify slightly the environment (w — @) by adding additional traps whose radii are in (v/d L%, 2+/dL?),
and whose centers are in the region C i The second step of the proof (Section 3.3) is to show that typical realization
of @ are roughly the same as typical realization of w.

Finally, we notice that adding these traps lowers the value of Zz’(Ai) but that Zf(Bi) = Z{"(Bi) (adding these
traps changes the values taken by V only in the region c i that the trajectory in the event Bi do not visit). The third
step of the proof (Section 3.4) is to show that with our choice of @ and &, one has with large probability

Z(Ay) e zp(A)) (3.9)
for some ¢ > 0, which combined with (3.7), gives the result with @ instead of w. The fact that @ and @ look typically

the same allows to conclude.
We explain in the course of the proof the reasons for our choices of @ and how we obtain the condition on &.

3.2. Using rotational invariance
For 6 € (—m/2, 1t/2), let Ry denote following the rotation of R?

(X1,Xx2,Xx3,...,Xq3) > (x1cos@ — xpsinf, xp cos@ + x| sinf, x3, ..., X4). (3.10)
Set

HY :=Rg[HL] and CO% =RyC (3.11)
(the image of the sets H, resp. Ci‘f for Rg). One defines in the same fashion the event AQL’g as

ApS ={B|V1 €0, Typ1, B €C ¥} (3.12)

Note that if B € AJ® if and only if R_gB € A5 .
One proves the following

Proposition 3.1. For any & € (0, 1) set 6 = (L, &) := 105/dLE". Then one has that for any N < 86~ (for some
fixed small enough § > 0),

1 1

P[2p(A]) z 2V EEE 29 (AN BY) | =+ + 1o 3.13
r(Ap)ze PNV (O) LA 1= LN 3.13)
In particular, setting N :=log L one has
- 2
P[22 (AGE) > eloe L'L* ™! 7o (58)] < (3.14)
0g

We split the proof of the proposition into two lemmas: The first lemma allows to compare almost deterministically
z7 (Ai’g) with Zf*f’(w) (.Ai) (which by rotation invariance of w is distributed like Z7 (.Ai)). Ry (w) denotes the image
of the Poisson Point Process w by Ry, i.e. (recall (2.1))

Ro(w) := {(Row;, ri) | i € N}. (3.15)
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Lemma 3.2. Ser & € (0,1), 0 such that |6] > 10vdLE~" and 0] < § for some § > 0, and w that satisfies
max,c_z2 y21¢ V@ (x) <log L. Then for all sufficiently large L one has

Z9(ADE N B >z (A exp(—262L /log L). (3.16)

The second lemma estimates the probability that Z‘i’(AEL) has the largest value among the different
(Zf”’(w) (Ai)),'e{_N ~}- The argument comes from [13].

,,,,,

Lemma 3.3. For any value of 0 and any N

. 1
IP’[Z‘“ & ZRio(@) (4 ]<—. 3.17
£(A7) >ie{—1\}l,l.?'§V}\{()} LA ] = N G.17)

The proof for of the proposition from the lemmas is straightforward with the use of Lemma A.1 that ensures that
with probability 1/N the assumption on V in Lemma 3.2 is satisfied.

Proof of Lemma 3.2. By symmetry we can assume 6 > 0. The assumptions we have on 6 guarantees that on the event
Ai’s, TH% < Ty, , and that Ci’s N Ci = & (see Fig. 1). Therefore using the strong Markov property for Brownian
Motion,

T,
9 NBY) = E|:exp<—f (Ve (B, + 1) dt)
0

TH,
X lAei.gEBTHéz [exp(—[o (V“’(B,) +A) dt>1{V5<THL»Bs¢5i}:|i|. (3.18)

Hi,

Fig. 1. Projection of the model along the two first coordinates. The two tubes represented are Ci and Ci’é). The shadowed region is C i and this

is where w is modified. The full line that encircles C_’i denote the limit of Ei, the region where we may have yo # V. The two trajectories

represent typical trajectories of .Ai and Ai’e al Bi. One can see on the picture that if 6 is chosen large enough (6 > C L5~1 where C is a constant

depending on d), one the event A(Z’E, the hitting time of 7, is larger than the hitting time of 7—{(2. Moreover the tube Ci’e and the set ’c”i are

disjoint. Standard trigonometry allows to say that the maximal distance between a point in Ci N Hi and Hy, is 0@2L).
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On the event .Ai’s, one has BTH" € (Hg N Ci’g). Therefore, the right-hand side of (3.18) is smaller than
L

TH9
E[exp(—[ “(Ve(By) + 1) dt>1A9,g]
0 L

Tr,
x max E,|exp|— V@ (By) +A)de |1 ~e . |. 3.19
o o= [ @ 0 ] @19
The first term on the above product is equal to Zf*f’ @ (.Ai). By the assumption one has on V (V <log L in the ball

of radius Lz), the second term is larger than

max E, [efTHL (log L+A)1

(3.20)
xEH‘Z ﬂCi‘E

{VssTHL,Bsséfi,\anLZ}]‘

Hence the lemma is proved if one can show that for all x in ’Hi N Ci’s

~Ty, (log L+A 2
E.[e 3, (log L+2) {ngTHL,BsgécN"i,\leSLz}]zeXp(_z log LO”L). (3.21)

From our assumptions on 6, for L large enough one has

max  d(x, M) = (L*/2)sin6 + L(1 — cosd) < L6?, (3.22)
er‘ZﬂCi’s

and

min_ d(x,C;) =sin0L — (1+vd)L* > L6> (3.23)
eriﬂCi’s

(these inequality comes from the assumption one has taken for 6 and trigonometry).

If one consider a d-dimensional cube whose edges are parallel to the coordinate axis centered at x and of side-
length d(x, H 1), then with P probability 1/2d, the exit time of the cube for a Brownian Motion started from x is equal
to T3, . Moreover, if L is large enough then this cube does not intersect 51% (cf. (3.22) and (3.23)) and lies within the
ball of radius L. Hence (using symmetries of the cube)

1
T L (lo L+)\4)] 7, x (log L+A) 2
Ex [e 7t ¢ {VS<_]HL>BS¢C~s[s‘BS|<I,2}] >— _ZjE[e AL ¢ ]’ (3 4)

where
T, :=inf{t > 0, || B;lloc =}, (3.25)

and ||x|loc = max;=1,. 4 |x;| is the [, norm on R4, The hitting time 7, is stochastically dominated by 7, the first
hitting time of r by a one dimensional Brownian Motion. And one has

1
P(r, <s5)=2 / e~ /2 dx. (3.26)

x|>(r//5) V2T

Hence one has for L large enough

1
E, [e—THL(logL+A)1 ] > EE[e—rwz(logL+}»)] < e—202L4/logL‘ (3.27)

(¥s<T7, B, ¢C; and |B,|<L?)
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Proof of Lemma 3.3. Note that Zf""(w) (A‘i), i € {—N,..., N} are identically distributed variables. However they
are not exchangeable, and therefore the statement is not that obvious. As

> B[z >

kefl,...,N}

R,-a) S
zRiow( 4 ]<1 3.28
el L SE (32%)

there exists some kg € {1, N} such that

Rigo ( 4 Rig (@) ( 4& 1
IP’[Z 0" (4 zRio@ (4 ]<—. 3.29
L ( L) >ie{l,T2]l\f)(}\{k0} L ( L) =N (3.29)
Hence by rotational invariance of w and V (w)
) 1
]P’[Z“’ A ZRio(@ (4 ] <—. 3.30
£(A7) 7 et—k N ey L (A) | = N (3.30)
O

3.3. Change of environment: Adding traps in C i

With o we construct a second environment @ that has more traps with radius 2~ L¢ in the region C_‘i. The aim of this
section is to show that typical event for w are also typical for @.

We construct w and @ on the same probability space and for convenience denote by PP their joint probability. Recall
that e is Poisson Point Process in R? x RT with intensity £ x v. Then define @ to be a Poisson Point Process on
R? x R* independent of » with intensity

[~ (@+1res+1)/2 5 (3.31)

where £ = E(S , L) denotes the Lebesgue measure on the set

C; x [VdLf, 2VdLE] (3.32)
and define
B=w+0, (3.33)

which is a Poisson Point Process on R? x RT with intensity

L x v+ L™ (@HH0e+h/2 7 (3.34)
Lemma 3.4. Assume that

Ed—-—1—-a)+1>0. (3.35)
Then, there exists a constant C not depending on L such that for any event A one has

P(w e A) < C/P(@ € A). (3.36)

Before going to the proof, we explain why the result holds: For @ the number of points in Ei x [VdL,2:/d L5
is a Poisson variable of mean

¢ _22_a)d—a/2L(d—1—a)€+l. (3.37)

The fluctuation around the mean are therefore of order L(¢=1=®&+1/2 The number of points in process @ is a
dé+1
Poisson variable of mean L~ ((d+1+@)&+1D/2 o @ (intensity x volume). Therefore the number of points one add
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to w to get @ is of the same order as the fluctuation for the number of point of w in Cs, and for that reason the two
process should typically look the same.
The result would not hold if @ had an intensity of a larger order.

Proof of Lemma 3.4. Let Q resp. é denote the law of w resp. @ under P. For a function f, we denote by Q( f) resp.
Q(f) expectation w.r.t. Q resp. Q. Note that Q is absolutely continuous with respect to Q and one has

do Cla
_Q(w)z l—[ (1+(a)_1ri1+aL—((d+1+a)s+1)/2)e—(ﬁ/2)L<<d sz (3.38)

dQ
{(w;,r1)€C) x[/dLE 2:/dLE]}

For any event A by Cauchy—Schwartz inequality, on has

~/d - 7z
Q(A)=Q<£1A> </ [(%) ]\/ 0(A). (3.39)

What is left to show is that the first term in the right-hand side remains bounded with L. One has

0\ _ Vd <<d—1—a>s+1>/2>
Q(@) '—“"( 2 b

1
) Q< H 1+ (a)—lr,1+aL—((d+1+a)g+1)/2)' (3.40)
{(w;,1:)€C) x[/dLE 2/dLE ]} i

And

0 I1 :
1+ (@)~ T L@+ 1+a)E+1)/2
{(wi,r)€C) x[V/dLE 24/d L8]} i

[d=DE+1 (2/dLE [~ (@+14+)E+D)/2 4,

(3.41)

Note that the quantity 7!+ L ~(@+1+®E+D/2 ig small uniformly in the domain of integration (by the assumption
E&d—-1—a)+1=>0)so that

2/dLE dr
./:/ELE 1 + (o)~ 1r1te L—(@+14)é+1)/2
2VdL*
=VdL* — (1 + 0(1))L—<<d+1+“>5+1>/2f a ' dr = VdLE + O(L (3 DE=D/2) (3.42)
VdLt
Putting everything together one gets
0
0 5 =exp(O(D)). (3.43)
O

3.4. The effect of the change of measure
In this section we estimate the difference between log Z%(.Ai) and log Z‘L"(Ai).

Proposition 3.5. Suppose that

(d—1—a)&+1>0. (3.44)
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Ri-1 Hr

Fig. 2. The shadowed region is C_‘i, and this is where w is modified. The full line that encircles C_‘i denote the limit of 5%, the region where the

values taken by V& and V@ may differ. A typical trajectory of Ai is represented. The four dots denote @;, i € 1,..., 4, the center of the traps that
have been added. The zone of influence of these traps B(@;,7;) are represented as circles. The definition of @ implies that the radius of the traps

are large enough to cover all the width of the tube Ci on a segment of length LE.

Then, for any ¢ > 0, with probability tending to one when N goes to infinity
log Zi’(/li) —log Z%’(Ai) > [ (@d+1-a=2y)5+D)/2—¢ (3.45)

The idea of the proof is quite simple (see Fig. 2). Making the change of environment w — @, we add roughly
L(@=1=)E+D/2 traps of radius larger than v/dL¢. The traps we add are wide enough so that every trajectory in Ai
has to go through every one of them (this explains our choice of adding only traps of large radius).

Under u¢, trajectories are roughly ballistic, so that they should typically spend a time of order Lf in each trap.
As the traps are of radius ~ L¢, they modify the potential by L7 . Therefore, for most trajectories in B € .ASL, one
should have

TrH - Ty ~
/ (VP vO) By di = f C(VO) B~ L x LT xc#{raps in @) & LD (346
0 0

which heuristically explains the result.

To make this sketch rigorous, the main point is to give a proof of the fact that each trajectory spend a time of order
Lf in each trap. This is the aim of Proposition 3.6.

For a given function V : R? — R define the probability measure iz" by

dinV 1 ™
K (B) := 3 e=Jo L ()»+V(Bz))dt1A§ , (3.47)
dP ZV(A) L

where ZX (Ai) is defined in the same way as ZZ’(.Ai) with V® replaced by V.

Given a in [0, L] one wants to check that most trajectories of .Ai spend a reasonable amount of time in the slice of
the tube

[a,a+ L8] x [-L/%, 1827 (3.48)
Let BD denote the first coordinate of B.

Proposition 3.6. For any non-negative function V such that V (x) <log L for all x such that |x| < L?, for any & > 0
for L large enough, and for any a € [0, L — L¢],

([ dt < L§7¢) <e L (3.49)
H ) BV ela.a+rin 4 = = : :
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Remark 3.7. The result above simply states that under the polymer measure, the cost for the motion to be superbalistic
is roughly the same as for Brownian Motion. Even though the statement is quite natural, the proof we present contains

some technicalities due to the fact the Brownian Motion is confined in a tube and one has to control what happens
close to the boundary. However the underlying idea is quite simple.

We postpone the proof of this statement at the end of the section and use it to prove Proposition 3.5.
Let AV be the number of point in @ (this a Poisson variable of mean (v/d/2) L{@=1=0)&+D/2) "We choose to index
them in an arbitrary way so that one can write
o:={(@n. 7). ke{l,....N}}. (3.50)
Fori €{0,..., N}, define
o' =0 U@ 7 kell, ... i} (3.51)

Note that @® = @ and o := , so that (a)")of,-f ~ is an interpolating sequence between w and .

Lemma 3.8. Given ¢ > 0, there exists a constant c¢ such that for all L large enough, for every environment @ that
satisfies

Vx| <L? V@x) <logL, (3.52)
forallie{l,...,N}

79 (A8) < g (AG e (3.53)
Asa consequence

Z8( A7) < exp(—eNLEIT1=8) 9 (45). (3.54)
Proof. As w; lies in C_‘i and 7; > +/d L, there exists a; € (L/2, L — L%) such that

[ai,ai + L8] x [-L8 /2, 1521 < B@i, 7). (3.55)

By assumption, for x| < L and for all i <\, ve' (x) <VP(x) < log L. Therefore one can apply Proposition 3.6.
Using 7; < 24/dL¥ one gets

z¢' .AS i1 TH, —
# =" (e h L5 @) dt)
'~
Z7 g (A7)
T
-1 — L &Yy

</TLV{UI . Jo @VdL%) I{B,(l)e[a,-.a,-JrLf]}dI)

- _Vwi—] THL 1 _Lg_g(zﬁLg)_y

=K 0 BV ela;.ai+ L6 <L) | T©

.y 53 _15-¢ §y—r —cl§(0-v)—¢
<e L p e LTIQVAILY Y < omel . (3.56)
O

Proposition 3.5 is immediate consequence of (3.54) and the fact that A/ is a Poisson variable of mean (Vd/2) x
L(@d=1-)E+1)/2.
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Proof of Proposition 3.6. Define

Ty :=inf{t > 0: B =a+ L5 /2},
1 (3.57)
Ty:=inf{r > Ti: |BY — (a + L5 /2)| = L5 /2}.

Forallt € [Ty, T2], Bt(l) € [a,a + L5] and thus it is sufficient to prove that with large A probability 7> — T is large.
Set

Uy:=By, and U:=Br,. (3.58)

Note that conditionally on U; = x, U =y, the law of (B;);¢[71y,15] under ﬁV is independent of the rest of the motion,
and that (recall that P, is the law of a standard motion started from x)

f(=T <L F U =x;Uy=y)

_rh
B [e ST OHVENY G 6y ecy) | B, =Y]  R(x,y)

oy =: 0 ) (3.59)
E [eJo 34V (B "Nvie0,12),B,eC1) | B, =) Y

We are to show that this is small uniformly in the choice of x and y. Our way to estimate both term in the fraction is
to suppress inhomogeneity due to the potential V': using the assumption 0 < V <log N we can replace V(B;) by 0 in
R and by logL in Q.

Let % resp. y be the projection of the d — 1 last coordinate of x resp. y on R~!, and let p; (-, -) denote the heat
kernel on [—L5/2, 15/219-1 with Dirichlet boundary condition. One has

R(x,y) = / pi(E, Y)e P (T € dn),
(0,L5-%)

(3.60)
0tz [ pi e (1 e an.
(0,00)
Note that uniformly on r < L% ¢, when L gets large
P.(T < 0) =P max [BY] > 18/(2v7)) =2(1+o(D)P( max B > LE/(27))
s€[0,1] s€[0,1]
= 4 +o) (= e 2 du = 8vi+ 0(1))e_L2§/(8’). (3.61)

= NI T
V2n LE/ (VD) LE2m

Using the estimates on heat kernel from the Appendix (Lemma A.2) one obtains by using integration by part that
for large L

o 1
R(x,y) < A(X,y) =P (Tr edr)
,L5—) I
L& 16 2 Ete
=(1+o())AG, ‘)/ LT/ G < AR, jleLTT/10 (3.62
( ()(y0 ENGEIT y) )
and that

o0
0(x.y) = AGE. 3) f e~ O-Hog Lt o~L51=72/C0p_ (7, ¢ dy)
0

Lé
> A, 7) e~ (Flog L)t o= L¥/1=71/2p (T < 4r)dt
LE)2

> A(F, j)e 2L log L) (3.63)
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where
d—1
A(u,v) := [ [ min((u; + L82), (L% = up)) min((v; + L52), (L5 — 7)), (3.64)
i=l
which (recall (3.59)) gives the result. (I

3.5. Proof of Theorem 2.1
Now we can use the results of all the previous sections to get the main theorem. Consider & < £(d, «, ). One can
check that it satisfies both

d+1—a—=2y)E+1
2

> 28 — 1,

(3.65)
d—-1—a)E+1>0.
Then with probability going to one (cf. Proposition 3.1), one has
log Z¢ (A5) <log 29 (B5) + L* ' (log L)*. (3.66)
Then combining this with Proposition 3.5 and Zf(Bi) = Z%(Bi) one get that with probability tending to one
log Z9(AS) <log Z%(B3) + L%~ (log L)? — L(@+1-a=2y)E+D)/2=e (3.67)
Hence using (3.65) and choosing ¢ small enough, one gets that with probability tending to one when L — oo
pP(A5) < exp(—L(@H1ma2E+D/2=e ) (3.68)
Using Lemma 3.4 for the event A := {w | /L(Z(Ai) > exp(— L(@+1=a=21)6+1D/2=¢ 2y} one gets that
Jim Plug (A5) > exp(—L@HIme=2nE+D/2=¢ ;)] — g, (3.69)
Which ends the proof.
Appendix A: Estimates
Lemma A.1. Forall L large enough
IP’[ max  V(x) >10gL] <1/L. (A1)
xe[—L2,L2)d
Proof. By translation invariance, it is sufficient to show that
w
P[xéria}ﬁ]d Ve(x) > log L] < T (A2)
Note that
N
max VO < max VO@) <Y o, =X (A3)

xe[-1,114 xeB(0,4/d) s



1024 H. Lacoin

Using standard properties of Poisson Point Processes one gets that

o
El[exp(aX1)] = exp(/ oz_lod(r + \/E)d_a_l (e’”ﬂ/ —-1) dr) < 00, (A4)
1
where o, is the volume of the unit d-dimensional Euclidian ball. Therefore one has
IP’[ max  Ve(x) > log L] < E[e24H2X1-Cd+D)log L] (A.5)
x€B(0,1)
and the right-hand side is less than L=2¢%! for L large enough. (]

Let p be the heat kernel on [—L¢ /2, L¢ /2]~ with Dirichlet boundary condition. For x in [—L¢ /2, L /2] set

d
A(x) = [ [min((x; + L5/2), (L5 /2 = x1)). (A.6)
i=1

Lemma A.2. One has that for every t >0
P, y) S AAW)/ 1 (A7)

and for all t large enough (wWhere large enough does not depend on L)
Pr,y) = A AR, (A.8)

Proof. First we remark that due to the product structure of the Kernel, it is sufficient to treat the one dimensional case
(d — 1) = 1. One considers first pto’* the heat kernel on [0, 1] with Dirichlet boundary condition. Diffusive scaling
gives

iy = L7 py o (L5 x +1/2, L5y +1/2). (A.9)

A decomposition of the Dirac distribution §; onto the base of eigenfunction of A /2 with Dirichlet boundary
condition gives

o0
P?’*(X, y) = Z 2sin(kx) sin(kny)e*(k")zf
k=1

o0
< min(x, 1 — x)min(y, 1 — y) Zankze_(’”‘)Z’/Z
k=1

8
< — min(x, 1 —x)min(y, I - y), (A.10)
-t

which once rescaled, gives the desired upper bound. Now we perform a lower bound on p?’* for large ¢, indeed using
similar computation one gets that there exist a constant C such that of all r > 1

o
Z2sin(knx) sin(kny)e_(k")z’/2 < Cmin(x, 1 —x)min(y, 1 — y)e_2“2’. (A.11)

k=2

Hence for ¢ large enough

—n?t/2

(o)
Py (x, y) > 2sin(iux) sin(ry)e > " 2sin(kmx) sin(kmy)e~*k™*1/2

k=2

> min(x, I — x) min(y, 1 — y)e ™ //2. (A.12)
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However this is not sufficient to get directly by rescaling the lower bound for p} (x, y) for t < L%,
To do so define x* (and y* is defined similarly) as

x*i=x ifxe[—(L5 —1)/2/2, (L5 —1)/2],
x*i= (L5 —1)/2 ifx>(LF -1)/2, (A.13)
xti=—(L5 - 1)/2 ifx < —(L5 —1)/2.

One uses the following comparison argument

pi(x,y)dy = Py[By € [-L5/2, L¥/?]; ¥s €[0, 1], B; e dy]
> P.[|Bs —sy* + (1 —s)x*| < 1/2;Vs €[0, 1], B; e dy]

= /MO DT YD 0 (3 172,y — v 4 1/2)dy, (A.14)

where last inequality is just Girsanov Path Transform. Then we use (A.12) to get the result. (|

Appendix B: The point-to-point model
B.1. Result

In this section we show that a weakened version of our result holds for the so-called point-to-point model. Consider
o and V defined as for the other model. Given y € R? we define B (y) := B(y, 1) to be the Euclidian ball of radius
one centered on y and 7, to be the first hitting time of B(y). For L > 0 set y; := (L, 0,...,0) and

T."'L 19}
Zf = E[e_fo A+V (Bt))dll{TyL <Oo}] (Bl)

The associated path measure u§ is given by

du? 1 /™
d_PL = e Jo VBN (B.2)
L
Consider Ci as in (2.9) and define
A5 :={T,, <o00,V1 €[0,Ty1, B, €C; ). (B.3)

One has the following weakened version of Theorem 2.1

Theorem B.1. For any

1

</
l+a+2y—d

B4

one has

Jim B[ (A})] =0. (B.5)
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B.2. Sketch of proof
One defines (in analogy with (3.1), (3.2))
CS :=[L/4,3L/4] x [-L¢/2,15/2]""" (B.6)
and

C; ={xeR?!|d(x,Cp) >2VdLE ) = | ] B(y.2vdLF). (B.7)

,VGC_"L
Let Bi be the set of trajectories that avoids the set C i:
£ _ ~&
B; :={B|Vte[0,Ty,], B ¢C;}. (B.8)

The strategy we use here, is to get first a weak comparison between Zf(Bi) and Zf(.Ai) similar to the one of
Proposition 3.1, and then to upgrade it by modifying the environment, adding traps of radius (v/d L%, 2v/dL%) in C i
Fix £ < -———. We assume that is bounded by log L on B(0, L?) (that happens with probability larger than

I+a+2y—d-
1 — 1/L according to Lemma A.1).
Lete; =(1,0,...,0)and e = (0, 1,0, ..., 0) be the two first coordinate vector in R4’s canonical base. For i € N
one defines
i, +Ci+i(1+2Vd)LEe. (B.9)
And set

Xi L Z=i(1+2\/3)L562, yi.L = Ley +i(1+2«/3)LS€2,
(B.10)
’Dl.(,lL) = U B(ax;i.r,2), DZ(ZL) = Df’lz + Lej.
ael0,1]

The set Dfl) resp. sz) is the set of points whose distance to the segment [0, x; ] resp. [yr, yi. ] less than two.

Finally p denote the translation of vector (1 + 2\/3)Lsez.
Consider the family of events

A =T, < Ty, <Ty, <00 Vre(Ty,.Ty,). B €Cy,
Vi <Ty,.B €D ) Vie(Ty,.Ty,). B €D}, (B.11)

Note that these events are disjoint (see Fig. 3), and that for all i # 0, Ag’;‘,i C lS’é , and hence

zp(B7) = > zi(An). (B.12)
ie{—logL,...,log L}\{0}

Then by using the Markov property at time T, , and Ty, , , one gets that

Txy
(7€ —Jo BT VOB dr
Zj(AL;) zB[e Do 1{Txi’L<oo;Vt<TXi’L,BteDi(_IZ}]
P lnf E [e_fOTyL’i ()L+Vw(Bt))dll : ]
weB(xy,) {Ty; | <00 VI<Ty,; ;. BieCy ;)
Ty,

X inf Ey[e Jo GHVO(Bdry
veB(yL,)

7, <OO;WST_VL’BI€D;’2L)}]. (B.13)
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]Rd—l

1, Y11
(1)
ey D)
R

&

LM 3L/4 /

c

Fig. 3. Here is a two-dimensional projection of a trajectory in A‘i |- First it reaches B(xy 1) while staying in the narrow tube DD then it goes
from B(xp 1) to B(yr,1) and stays in the tube Ci.l (dashed line), and then stays in DD 4l it hits B(y). It appears clearly on the figure that

such trajectories cannot hit Gi whose limits are represented by the thick dashed line (the shadowed region is Ci). The three parts of the path

corresponding to three terms in the decomposition (B.13) are draw in different colors.

Then one remarks that the first and third term can be bounded by using standard tubular estimate for Brownian
Motion (see for instance (1.11) of [15]). Indeed in Di(’]L) under our assumption the potential is less than log L, there

exists C such that both terms are larger than exp(—Ci L¢ log L) for and L large enough.
As for the second term, using Proposition 2.2 in [17], Chapter 5, one get that it is larger than

Typ —i
—ClogL - T AHVO(By))de _ —ClogL »p "o 4&
et ExLi [e o ' l{Ty,-L <OO;VIST)'1',L7Bt€CiVi}] =e % Zy ('AL) (B.14)
We write the conclusion of this as
Lemma B.2. With probability larger than 1 — 1/L
log Z9(B5) > max log Z "“(A5) — C'(log L?) L. (B.15)

T ie{~logL,...,Jlog L})\{0}
The above lemma plays the role of Lemma 3.2 for the point-to-plane model. The reason why the result we obtain
at the end is not as good as for the point-to-plane model is that the L% ~! of Lemma 3.2 is replaced by L¢ here.

One can also get an equivalent of Lemma 3.3 (the proof being exactly analogous).

Lemma B.3.

—i 1
P[l 79(AS log 28 (A8 ]< B.16
0g Zi/( L)>ie{—loglLaf(..,logL} 0gZy “(Ar) ~ logL (B.16)
and thus of Proposition 3.1.
Proposition B.4.
2
Pllog Z§(A5) > log 22 (85 ) + C'(log L?) L¥] < — (B.17)
0og

The rest of the proof being exactly similar to the point-to-plane case we survey it very briefly. We consider @
constructed just as in Section 3.3 but with the definiton of C¢ replaced by (B.6) (here is important to notice that our
choice for & implies (d — 1 — )& + 1 > 0). Obviously Lemma 3.4 is still valid with this modifications. Then proof of
Proposition 3.5 can be adapted without difficulties and one gets that, for every ¢ > 0, with probability tending to one,

log Z%(Ai) <log Z(i)(Ai) _ [ (@+l—a=2y)i+1)/2—¢ (B.18)
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while log Zf (Bi) =log Zf(Bi). This together with Proposition B.4 implies
log Z% (Bi) > log Z?(Ai) — C'(log L*) L8 4 L(@H1me=2n)E+h/z=e, (B.19)

With our choice of &, for ¢ sufficiently small, L(dtl—a=2y)E+1)/2—e _ C’(log LY LE tends to infinity, and that ends
the proof.
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