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Abstract. In this paper, we consider the problem of estimating the covariation of two diffusion processes when observations are
subject to non-synchronicity. Building on recent papers [Bernoulli 11 (2005) 359-379, Ann. Inst. Statist. Math. 60 (2008) 367—
406], we derive second-order asymptotic expansions for the distribution of the Hayashi—Yoshida estimator in a fairly general setup
including random sampling schemes and non-anticipative random drifts. The key steps leading to our results are a second-order
decomposition of the estimator’s distribution in the Gaussian set-up, a stochastic decomposition of the estimator itself and an
accurate evaluation of the Malliavin covariance. To give a concrete example, we compute the constants involved in the resulting
expansions for the particular case of sampling scheme generated by two independent Poisson processes.

Résumé. Dans cet article, nous considérons le probleme d’estimation de la covariation de deux processus de diffusion observés
de facon asynchrone. Nous nous plagons dans le cadre présenté dans [Bernoulli 11 (2005) 359-379, Ann. Inst. Statist. Math. 60
(2008) 367-406] et établissons un développement asymptotique au second ordre de la loi de I’estimateur de Hayashi—Yoshida. Ce
développement est valable pour les drifts aléatoires non-anticipatifs et pour des pas d’échantillonnage irréguliers, éventuellement
aléatoires, mais indépendant des processus observés. L’ approche utilisée pour obtenir les principaux résultats peut &tre décomposée
en trois étapes. La premiere consiste a établir un développement au second-ordre de la loi de I’estimateur dans le cadre Gaussien. La
deuxieme est I’ obtention d’une décomposition stochastique de I’estimateur lui-méme et la derniere est I’évaluation de la covariance
de Malliavin. A titre d’exemple, nous calculons les constantes du développement au second ordre dans le cas ou I’échantillonnage
est obtenu par deux processus de Poisson indépendants.
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1. Introduction

In the last decade, studies on covariance estimation has attracted considerable attention thanks to the applications in
mathematical finance and econometrics; see, e.g., Andersen and Bollerslev [1], Comte and Renault [9], Andersen et al.
[2,3], Barndorff-Nielsen and Shephard [6]. All these papers consider the situation where two diffusion processes are
observed at the same discrete instants. In contrast with this, covariance estimation under a “non-synchronous” sam-
pling scheme has rarely been treated theoretically in spite of its importance in the analysis of high-frequency financial
data [26,37,39]. The first contributions to the statistical inference for covariance estimation with non-synchronous
data have been made by Hayashi and Yoshida [18,20]. They proposed an estimator of the covariation and explored
its statistical properties such as the consistency and the asymptotic normality. Interestingly, it follows from the results
in [20] that the drifts of the observed diffusions do not affect the asymptotic variance of the covariance estimator. The
aim of the present paper is to complement the results in [18,20] by establishing a second-order asymptotic expansion
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for the distribution of the covariance estimator. In particular, we get explicit expressions that have the advantage of
reflecting the impact of drifts on the asymptotic distribution of the estimator.

One common approach to cope with non-synchronicity is the following. First, two regularly spaced time series are
generated by interpolating the observed non-synchronous data. Then the realized covariance estimator is computed
for the interpolated time series. However, it is known that such a synchronization technique causes estimation bias,
which is often referred to as the Epps effect [11]. Another estimator of the covariance, based on the harmonic analysis,
has been proposed by Malliavin and Mancino [27]. In the case where in addition to the non-synchronicity the data is
contaminated by a microstructure noise, estimators of the covariance have been proposed by Palandri [32], Barndorff-
Nielsen et al. [S] and Zhang [44]. A detailed account on covariance estimation for non-synchronous data can be found
in [19] and [44].

In order to present the framework and to describe our contributions, we need some notation. Let X = (X1, X7) be
a two-dimensional diffusion process given by

dX; = B, dr + diag(o) dB;, M

where B = ((B1;, B>, )T, t > 0) is a two-dimensional Gaussian process with independent increments, zero mean and
covariance matrix

t
t d
EB, B =( . Jopsds) s,
Jo ps ds t

In (1), B=(B1,B)  is a progressively measurable process, o = (01,02)T is a deterministic function and diag(o)
stands for the diagonal matrix having o; as ith diagonal entry, i = 1, 2. In what follows, we restrict our attention to
the case when o1, 07 and p are deterministic functions; the functions o;, i = 1, 2, take positive values while p takes
values in the interval [—1, 1]. Note that the marginal processes B; and B, are Brownian motions (BM). Moreover,

we can define a process B} such that (Bj ;, B/");>0 is a two-dimensional BM and dB; ; = p; dBy; ++/1 — ,o,2 dB;" for
every t > 0.

We will assume that the processes X and X, are observed respectively at the time instants 0 = SO < §' < ... <
SM =T and 0=7% <--- < T =T. Let us denote I' = (S*~!, 8] and J/ = (T/~', T/]. The families IT! =
{Ii,i =1,...,N;}and n? = {Jj,j =1,..., Na} are partitions of the interval [0, 7]. We will also use the notation
AiX1 =Xy gt — X gi-1 and A; X, = Xori — Xp i1

In this paper, we are concerned with the problem of estimating the parameter

T
0 =/ p101,002,: dt = (X1, Xo)1
0

based on the observations Xy s, Xp 7551 = 0,...,N1,j=0,...,N>). The parameter 6 represents the covariance
between the martingale parts of X and X». Therefore, it can be used to evaluate the correlation between the two BMs
B and B;.

If the processes X1 and X, are synchronously observed, the sum of cross products Z[N:ll A; X1 - A;jX> is a natural
estimator of 0. Indeed, it converges in probability to & when the maximum lag of the sampling times tends to O
in probability. In the field of statistical inference for stochastic processes, this fact has been applied to estimating
the volatility and the covariation between semimartingales. The asymptotic distributions are well investigated; see
Dacunha-Castelle and Florens-Zmirou [10], Florens-Zmirou [12], Prakasa Rao [33,34], Yoshida [42], Genon-Catalot
and Jacod [14], Kessler [25] and Mykland and Zhang [30].

An estimator of 6, which is unbiased when the drift § is identically zero, has been proposed in [18]. Henceforth
called HY-estimator, it is defined as follows:

N1 Ny
é:ZZAixl-ijz.l(ﬂmﬂ;é@). )

i=1 j=I

It is established in [18] that under mild assumptions, 6 is consistent as the maximum lag of the sampling times tends
to 0 in probability. Kusuoka and Hayashi [17] extended the consistency result to a more general sampling scheme.
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Asymptotic normality of the HY-estimator was proved in Hayashi and Yoshida [20] under the assumption that the
sampling times are independent of the process X. For related literature, see Hoshikawa et al. [22], Griffin and Oomen
[15], Robert and Rosenbaum [35] and Voev and Lunde [41]. The general case of a sampling scheme depending on the
process X has been studied in Hayashi and Yoshida [19,21], where a stochastic analytic proof of the asymptotic mixed
normality of the HY-estimator is presented. An estimator for the variance of the HY-estimator under the assumption
that the observed process X has no drift has been recently proposed by Mykland [29].

In the present work, the main emphasis is put on the higher-order asymptotic behavior of the HY-estimator. Note
that the theory of asymptotic expansions is one of chapters of statistics that received a revival of interest owing to its
usefulness for exploring properties of bootstrap-based statistical methods. For a comprehensive introduction to this
subject we refer the reader to Hall [16]. Results on asymptotic expansions in other contexts can be found in Bose [8],
Mykland [28], Koul and Surgailis [24], Bertail and Clémencon [7], Zhang et al. [45], Fukasawa [13] and the references
therein.

Section 3 contains an asymptotic expansion of the distribution of the HY-estimator. As a first step for deriving
asymptotic expansions for the distribution of the HY-estimator, we give in Section 3.2 a representation of the cumu-
lants of 6 as functionals of the sampling times, and obtain asymptotic estimates for them. This is used to derive a
second-order asymptotic expansion of the characteristic function of the estimator while the asymptotic normality is
also proved as an application of those estimates.

The application of these results in the setup of Poisson sampling schemes is presented in Section 4. We assume that
the Poisson processes generating the sampling times have constant intensities np; and np>, where n is a parameter
guaranteeing the high-frequency of the observations (n — 00). This setup has the advantage of making it possible
to compute all the quantities involved in the asymptotic expansion. We show that the residual term in the proposed
asymptotic expansion of the distribution of \/n (6, — ) behaves nearly like n~!, as n goes to infinity.

When there are (possibly random) drift terms in the stochastic differential equation of X;, some additional terms
appear in the asymptotic expansion. In order to identify these terms, we derive in Section 5 a stochastic decomposition
of the HY-estimator and explore the asymptotic behavior of the variables appearing in the second-order terms. Since
the asymptotics we get is non-Gaussian, the classical techniques leading to Edgeworth expansions cannot be used.
Instead, our arguments rely on the limit theory for semimartingales.

The asymptotic expansion of the distribution of the HY-estimator is carried out in Section 6 using a perturbation
method. We apply the Malliavin calculus first to ensure the regularity of the distribution of the principal part — a
quadratic form of Gaussian random variables — and then to extend this property to the model under the perturbation.
To enhance the legibility, we postpone the most technical proofs to the last three sections.

2. Elementary properties of ]

As noticed by Mykland [29], the estimator 6 is the Maximum Likelihood Estimator (MLE) of 6. Let us present here
some computations that not only show that 6 is the MLE of 6, but also give some interesting insight concerning the
efficiency properties of the HY-estimator 6. Let us deal with a slightly more general setup. Assume that & € RV is a
random vector having centered Gaussian distribution with unknown covariance matrix X'. The entries of the matrix

X are oy ¢ = E[§,&p] for £, ¢ =1,..., N. We want to estimate a linear combination
N
0= Z ag oo,
0,0=1
where ag ¢y € R, £,/ =1, ..., N, are some known numbers verifying ay ¢ = ap 4.

In order to use results on the exponential family, it is convenient to consider the parametrization by the entries of
the inverse, denoted by V = X —1 of the covariance matrix . Set p=(N 24N )/2 and write

V1 1%) UN
V2 UN4l ... UIN-]
V=1 . . .

UN U2N-—1 Up
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The log-likelihood function can now be written as follows:

1 1<
(V) =Slog|Vi= 5 3 uTi(®), 3)
k=1

where | V| denotes the determinant of the matrix V and T(§) = (T{(&§), T2(&), ...) is defined by

TI€) =82, TaE) =286, TiE)=2&&, ..., T,E) =¢&2.

It follows from (3) that the distribution Py of the Gaussian vector & ~ Ny (0, V1) belongs to the (simple) exponential
family. This implies that the statisti(i T(&) is the MLE of the parameter t = E[T(§)] = (o011, 2012, - - -, onn)T. Hence,
the MLE of 6 = ZM’ ag o is 6 = Zl,/é’ ap p&eép. It is easily seen that this estimator is unbiased. Furthermore,

since T(&) is a complete sufficient statistic, the MLE 6= > ¢ ae &y is the best unbiased estimator of 6 in the

sense that any other unbiased estimator will have a variance at least as large as that of 6.
We can now return to our model. The vector

E=(A1X1,...., AN X1, A1X2, ..., AN, X2)T

is drawn from an N = Nj + N, dimensional centered Gaussian distribution. In addition, the parameter 6 =
Cov(X1,7, X2, 1) can be represented in the form )", ;s ag ¢r0¢ ¢ With

1 ,
agp = E1(15 SN >NLIEN TN £ 2)
for every £ < ¢’ and ag ¢ = ay 4 for £ > ¢'. Therefore, the arguments presented above yield the following result.

Proposition 1. The estimator 6 defined by (2) is the MLE of 6. Moreover, it is the estimator having the smallest
quadratic risk among all unbiased estimators of 6.

This proposition advocates for using the HY-estimator in the case where 8 = 0. If the latter condition is not satisfied,
6 is not necessarily unbiased, but under very mild assumptions it is consistent [18] and asymptotically normal [20] as
the maximum lag of the sampling times tends to 0. This explains the popularity of the HY-estimator motivating our
interest in its second-order asymptotic expansion. At a heuristical level, the construction of the HY-estimator can be
derived from the decomposition 6 = Zi’ j 1'nJ/ #* Q) f ringj 01,102, 0y di. Indeed, each term of that decomposition
is nearly equal to the covariance of the increments A; X1 and A ; X5, since the martingale part of a small increment of a
semi-martingale dominates the increment of the bounded-variation part. Hence, if 1 i and J/ are small, it is reasonable
to estimate f ringi 01,602t P1 dt by the product A; X1 - A; X5 and, therefore, to estimate ¢ by the HY-estimator 6.

3. Asymptotic expansion of the distribution in Gaussian setup

3.1. Notation and main results
In this section, we will derive the second-order asymptotic expansion of the distribution of b, 12 (6, — 0), where by, is
a suitably chosen normalization factor, for the model (1) without drifts. We will treat a model with drifts in Section 5,
where we will resort to the Malliavin calculus for dealing with general non-linear Wiener functionals.

Given positive numbers M and y, let £(M, y) denote the set of measurable functions f:R — R satisfying
| f(x)] <M1+ |x|) for all x € R. For positive numbers C, 1, rg and ¢* we set

0=¢%c,n,ro, ) = {f: / @f(z,N¢(z;¢*)dz <Cr" Vr < ro},
R
where

@f(z,r)= sup |f(z+x)— (2

x:|x|<r
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and ¢ (z; X') is the density of the centered normal distribution with variance X. Note that this class is large enough
to contain most functions that are encountered in practice. In particular, all functions satisfying the generalized
Holder condition |f(z + x) — f(z)| < F(z)|x|" with some function F such that [ F(z)¢(z; ¢*)dz < C belong
to £° (C,n,00,c*). It is also easy to check that the set of all indicator functions of intervals of R is included in
EVV27e*, 1, 00, ¢*) for any ¢* > 0.
Our aim is now to get uniformly in f € £* an asymptotic expansion for the sequence E[ f (b, 172 (6, — 0))] with
=EM,y)NE(C, n, ro, ¢*). To this end, define h, (z; X) as the rth Hermite polynomial given by

he(z; 2)=(—1)¢(z: ) ' 9lp(z; X) VYzeR.
In particular, hy(z; ¥) = (z2 — X£)/X? and h3(z; ¥) = (z> — 3X7)/X3. Along with the Hermite polynomials, it

is customary to express the second-order asymptotic expansion of a distribution in terms of the first-order and the
second-order cumulants. To define this quantities in the present framework, let us denote, for any Borel set S C R,

v$) = [ povondn w® = [oddr ws= [ o @
S S S

and introduce

1
E{Zvl(l)vz(J)K”+ Y v+ Y v - Zv(lﬂ])z}, (5)
Iem! Jer? 1,J
s = %{ d v+ Y vy +2Zv(mj) +3> vi(Dua(NH UKy
Iem! Jell? LJ
=3> vt NI (o) +v(J)) — v N J)v(I)v(J)]}, (6)
1,J

where K;j =1(INJ #@)and Y ; ;=) ;cm D2 Since we are dealing with the asymptotics of high frequency
data, we will assume that all the intervals I’ = I! and J/ = J,; depend on some parameter n — representing the fre-
quency of the sampling — that is large. To make the dependence on n explicit, we will write 2 , and 3 , instead of uo

and p3. Furthermore, as the time interval [0, 7] is fixed, the maximal sampling step r, = [(maX; |I,’; ) Vv (max; |Jnj D]
is assumed to tend to zero as n — oo. Using this notation, we define

A =2b"1s, and A3, =8b, s, )

for some deterministic sequence b, tending to zero as n — oco. To some extent, one can think of b,, as the rate of
convergence of 1y , to zero. This point will become clearer in Section 4, where the concrete example of the Poisson
sampling scheme is analyzed.

We introduce a o [IT]-dependent random signed-measure Ll/n” on R by the density

1/2

P3,n (2) = (z; )_\2,n)|: A , h3(z; )_\2,:1)i| .

It is not hard to check that the Fourier transform of lI/n” is given by
T2 by* -
Ul () = e~ (/22201 [1 + —”6 )\3,,,(iu)3:|.

In the case where no assumption on the convergence of 5 , is made, the measure lI/n” will serve as the second-order

approximation to the distribution of X, = b,, 1 2(0n — 6). However, for many sampling schemes one can prove the
convergence of A», to some constant ¢, implying that the estimator 6, is asymptotically normal with asymptotic
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variance c. It is therefore natural to address the issue of approximating the distribution of X, by a measure similar to
¥ T but based on the Gaussian density with variance ¢. To this end, we define the signed measure &7 on R by the
density

| b2
P3n(2) =¢(z; C)[l + E()\Z,n —oha(z;0) + T)L3,nh3(z; C)}.

The following result, the proof of which is deferred to Section 7, asserts that p3 , and p3 , are good approximations
to the density of (é,, —0)/s/by.

Theorem 1. Let M, y, n, C, rg, ¢* > 0 be the parameters describing the set of functions of interest. For a € (%, 1) and
¢, co, ¢1 € (0, ¢*) set

Palco, c1,a) = {co < o <c1,ra <bj},

An(@) ={Con —0* < b~ ry < b3},

where r, is the maximal lag of the sampling times and )_»2,,1 = 2b, 1 W2.n. Then, there exists a sequence €, =
€n(M,y,n,C,ro,a,co, c1) such that €, = O(b,zz“’l) and the inequalities

sup ET[fX)] - fl] <en VI, € Puleo,c1,a), (8)
FeEM,yI)NEL(C,n,ro,c*)

sup B[ X)) =& fl| <en VI, € An(a), ©)
FeEM,y)NEV(C,n,rg,c*)

hold true, where X,, = b;1/2 (O —6).

Remark 1. The approximating measure lllnn provided by Theorem 1 contains the Gaussian density with variance

)_Lz,,,, which depends on n. One can easily deduce from that result that the distribution of (bniln)_l/z (én —60) can be
approximated by the measure

R e G | LS

)\2,11

The following result is an immediate consequence of (9) and provides an unconditional asymptotic expansion for

the distribution of X, = b,, 12 6, — 0).

Theorem 2. Under the notation of Theorem 1, if P(A,(a)¢) = o(b}) for every p > 1, and E[Xz,n —c]= O(b,%‘“] ),
then

sup =0(p2), (10

FEEWM YI)NEX(C,n,ro,c*)

E[£(X)] - /R F@PiR)

12 _ _
where p}(z) = ¢(z;0)[1 + b”6 E[A3,,113(z; ©)]. Moreover, if sup, .y E[A3.4] < 00, then relation (10) holds with p}

replaced by

max (0, p,(z))
Jr max(0, pj(u))du’

Pl =

which is a probability density.
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3.2. Gaussian analysis and expansion of the characteristic function

The goal of this section is to prepare the ground for the proof of Theorem 1. To this end, we present in Section 3.2.1
general results on the characteristic function of a random variable that can be written as a quadratic functional of
a standard Gaussian vector. As usual, this characteristic function involves the cumulants that take a simplified form
in the context of the HY-estimator. Section 3.2.2 is devoted to proving that the second and the third cumulants for
the HY-estimator can be computed using formulae (5) and (6). These results lead to a second-order expansion of the
characteristic function of the HY-estimator, which is rigorously stated and proved in Section 3.2.3. Finally, the proof
of Theorem 1 is presented in Section 3.3.

3.2.1. General Gaussian setup
In order to determine the asymptotic expansion of the distribution of 6, we start with expanding its characteristic
function. It will be useful for our purposes to consider the more general setup defined via Gaussian vector § and the
matrix A = (ag’g/)zg,:l, see Section 2.

Recall that

6=£.TAE and £ ~Ny(0, X).

In other terms, 6 is a quadratic form of a centered Gaussian vector. The aim of the present subsection is twofold. Firstly,
we compute the cumulants of any quadratic form Q of a Gaussian vector & as functions of the matrix associated to
the quadratic form Q and the covariance matrix of §. Among other things, this computation allows us to give a simple
condition implying the weak convergence of a series of quadratic forms of Gaussian vectors. The second goal of the
present subsection is to show that the tails of the characteristic function of a quadratic form of a Gaussian vector have
at least polynomial decay. To achieve this second goal, we establish an explicit upper bound for the characteristic
function of interest. It should be pointed out that most results and conditions are stated in terms of the spectral
characteristics of the matrix X1/24 X1/2,

Since A is a symmetric matrix, the N-by-N matrix ¥!/2AX1/2 is symmetric and therefore diagonalizable. Let
A and U be respectively the N-by-N diagonal and orthogonal matrices such that X1/2AX1/2 = UTAU. Let ¢ be a
Gaussian My (0, Iy) vector such that § = X 2.y T;. Such a vector exists always and it is unique if X' is invertible.
In this notation, we have

1/2

N
0=¢"Ac =Y 7,

=1

where Aq, ..., Ay are the eigenvalues of the matrix 24312 and {1, ..., ¢n are independent Gaussian random

variables. This implies that ¢;’s are independent and distributed according to the xlz distribution. Hence E[ei“Q2 1=
(1 = 2iu)~1/2 and

N
;) :=E[e"] =TT = 2ireu)~'2.
=1

By taking the logarithm and using its Taylor series we get

N N oo . k
1 . 1 (2idou)
log gy (u) = —3 E log(1 — 2iApu) = 3 E E —
=1 {=1k=1

as soon as |u| < 1/(2maxg |A¢|). Since all the series in the above formula are absolutely convergent, we can change
the order of summation. This yields
(2iu)
logwé(m:; S e lul <1/ o), (11)
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with [|A|oe = maxg [A¢| and jux = Y Ak = Tr[(Z1/2A 2 V/2)%] = Te[(Z - A)¥], where the last equality follows from
the property Tr(M| - M>) = Tr(M; - M) provided that both products are well defined. Separating the first two terms
in the right-hand side of (11), we arrive at

(iu)k
2k

o0
log g (u) =i0u — uzug + Z
k=3

tes lul < 1/(2[Mlso)- 12)

Let us define @ = ||A||co/||All2. Using simple inequalities, one checks that || < &k’zug/z for every k > 3. Therefore,

[e’s) N — k+1

(21u)"* i QClula/12) _
D | S 2mall Y = 2l log(1 - 2lula/112)
k=3 k>0

for every u satisfying |u| < (2&./12)~". This leads to the inequality

2
log @y (v/v/22) + % < —v?log(1 — v2v|) (13)

for every |v| < (v/2@)~'. As a first application of our approach, we obtain a central limit theorem for 6.

Proposition 2. Suppose that the matrices A = A, and ¥ = X, as well as the number N = N,, depend on n € N. If

Aons ...y AN 0, the eigenvalues of EJ/ZA,Z Z‘,%/z, satisfy lim,,_  ||An ||go/M2,n =0, then

~

bn O 2, o, 1),

/2M2,n n—oo

where 6, = §T A&, 6, = El6y] = Tt[ Sy Anl, fto.n = Trl(EnAn)2] and 2 stands for the convergence in distribution.

Proof. Set ui, = Tr[(Z, A,)¢] = Ze )‘lz{,n and n, = (én — 6n)//212,n. The inequality (13) and the condition
lim,, o ||An ||c2>O /i2.» = 0 imply that the characteristic function of 7, converges pointwise to the characteristic func-
tion of a standard Gaussian distribution. This completes the proof of the proposition. O

This result states that the distribution of the estimator 6, is well approximated by a Gaussian distribution. In order
to give a more precise sense to this approximation and to obtain more accurate approximations, we focus our attention
on a second-order asymptotic expansion of the distribution of 6,,. To this end, we prove first that the tails of this
distribution are sufficiently small.

Lemma 1. If for some p € N the inequality |A||%, < j2/(2p) holds, then for every j € N

d_jE[eiu(éfe)]

. j —n/4
o < J'N Moo +101) (/2074 (14 pau?) " VueR.

Proof. Thanks to the fact that g‘ez is distributed according to the X12 distribution, one easily checks that |g;(u)| =
ITIZ, (= 2iure) =2 =TT, + 4u?).2)~1/4 In view of the assumptions of the lemma, for every i =1, ..., p,

there exists an integer ¢; verifying u;l Zﬁ’zl A2 <i/p and Mgl Zﬁ’:]l A2 > i/p. For this sequence {;, we get

Mz_l Zﬁ:éi+1 A2>(@i+1)/p—1/Q2p)—i/p=1/(2p) and therefore

N lit1

p —1/4
(1+4u2,\§)‘1/45]_[<1+4u2 3 A%) < (p/P/*(1+ pau®) ™", (14)
=1 i=1 =¢;i+1
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This gives the desired estimate in the case where j = 0.
For j > 0, the explicit form of ¢, allows one to check that

N

- ! d/e
W= Yy —L— H (1= 2iure) ™2,

... ! due
JittjN=] J J =

Simple computations yield

df i JelQing)Te Jel2201%
(1_2114)\_6)]/-1‘1/2 (1_‘_4“2)\%)1/4
Therefore,
d/ Y 5 2,2\~1/4
72| = J12N M) [T(1+4u%A2)
=1

and the desired inequality for 6 = 0 follows from (14). For 6 different from zero, it suffices to use the relation
|<p‘” wl<Yi_, C];|i9|k|(péj_k) (u)| and the obtained estimate for |g09£]_k)(u)|. 0

Remark 2. We will use the result of Lemma 1 in the asymptotic setup described in Proposition 2, essentially for
bounding the tails of the derivatives of the characteristic function ¢;_,(u) of 6 — 0, when the absolute value of u is
larger than N/, /u for some qo > 0. As we see later, in the asymptotic setup, the ratio ||k|| /2 tends to zero under
mild assumptions on the sampling schemes. This will allow us to take the parameter p of Lemma 1 large enough to
guarantee suitable decay properties for the tails of the derivatives of p;_,.

3.2.2. Computation of |1k in our setup

We showed in the previous subsection that the asymptotic expansion of the characteristic function of 6 involves the

traces of integer powers of the matrix X' - A. In our setup, both matrices A and X have special forms. In particular,

they contain only a small number of non-zero entries and, therefore, the expression of wu; takes a simplified form.
Prior to presenting the formula for 114, we need a definition. Let k > 0 be an integer.

Definition 1. We call chain of length k, any vector (i,j) € {1, ..., N; Yox {1, ..., No}¥ such that I'r N Jir + & and
Jir NI+l £ @ forall p € {1, ..., k} with the convention iy, 1 = i1. The set of all chains of length k will be denoted
by 6x.

In the definition of 6%, i), (resp. j,) stands for the pth coordinate of i (resp. J).

Proposition 3. The coefficients o and |13 can be computed by the formulae

D 1‘[ ()45 3w ),

(IJ)e%zp 1 (i,))e€
3
S [T nair)+ % > v (I (J (12 nIk),
1.j)eés p=1 1.))e®r

where v, v and v, are defined by (4).
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Proof. We give only the proof of the second formula. The proof of the first formula is analogous but simpler, therefore
it is omitted. Since uz = Tr[(X - A)3], we have

N

n3 = Z 0016208503003, 06,050 0560601 - (15)
1y le=1

In our setup, the entries of the matrix A are

1 :
agpy = 5.1(1551\71,1z/> Ny, IE N TE N 2 o)

—

+--1(C> N <N IE NI 2 ), (16)

[\

and those of X' are

v(IENJENY) i e < Ny, € > Ny,
v(IY NJENY) i < Ny E> Ny,

o =1 v (19) ife=¢ <Ny, a7
v (JE7N) if¢=10 > Ny,
0 otherwise.

To compute the sum in the right-hand side of (15), we consider different cases separately.
Case A: £1 < Nj. Our aim now is to compute

N
M3,4 = Z Z 0010200030030, 0440505060041 -

This can be done by considering the following four subcases:

Case A.1: £1 # €5 and €3 # U4, Case A2: 41 =1y and €3 = {4,
Case A.3: €1 # £ and €3 = {4, Case A4: 01 = €5 and €3 #£ {4.

In the case A.l, in order that the corresponding term in (15) be non-zero, the indices ¢;,i < 6, should satisfy
1 < N1, € > N1, 43 < Ni, €4 > N1, €5 < Ny and {¢ > Np. Moreover, if we set i = ({1, £3, {5) and j = ({2, 44, £¢),
then (i, j) should belong to 3. Therefore, o0;,;, = v(I'? N J/?) for p=1,2,3 and

3
0010,00,0,030,00405 00506 Ge6e, = 7 1((1, ) € €3) 1_[ I'rnJgir). (18)

In the case A.2, in order to get non-zero term in (15), the indices ¢;, i < 6, should satisfy ¢; = £y < Ny, {3 =4¥4 >
N1, ¢5 < N1 and £¢ > N1. Moreover, if we seti = (£, £5) and j = (¢3, £g), then (i, j) should belong to %>. Therefore,

001, Q0308344 Q4050506 ML) = Oiyiy Qi j1 0y j1Aj1ir0in jo D joi
1 . . . .
= g1((i,j) e G)vi(I")va (7)o (I N JT72). 19)
In the cases A.3 and A.4, it is easily seen that the corresponding summand in the right-hand side of (15) is # 0

only if £5 = £¢. Using the symmetry of ay/’s and oy’s, we infer that the results in these cases are equal and equal to
the result of the case A.2.
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Case B: £1 > Ni. We want to evaluate the term

N

MU3,B = Z Z 0010, A0y 0300304 A040500506A6L 1 -
£1>Ny La,....0e=1

In view of the symmetry of matrices A and X', we can rewrite 3 g in the form

N
MU3,B = Z Z OlelsAl50400403003020050 AL Lg-
£1>N1 £y,....le=1

Since ag,¢s # 0 and £1 > N entails £g < Ny, and ag¢s # 0 and € < Ny entails £1 > Ni, we get u3z p =

N . .
legNl ZZI,ZQ,...,Z5:1 Ogts0es0,004630650,0¢0,¢, ¢, 0- By reordering the indices we get u3 p = (43,4 and the asser-
tion of the proposition follows. O

Corollary 1. The terms py and 3 may alternatively be computed by formulae (5) and (6).

Proof. Let us prove the second equality. Let us denote by 7 and 7>, respectively, the first and the second sums in the
expression of p3 given in Proposition 3. In this notation, 43 = 71 4 37>.

On the one hand, (i, j) € % implies that both 7't and I"2 have non-empty intersections with each of J/! and J/2.
This obviously implies that i; =i or j; = j». Therefore,

T = Z v (1Mo (J ) (12 N J72)

(i.)ee,
=Y v@uu(INT K+ Y viv(I'NT)K =Y viDu)vd NJ),
1,J,J LI,J 1,J

the last term resulting from the fact that the terms with i; =i and j; = _jz are present both in the first and in
the second sums of the right-hand side. Since the set of intervals I72 = {J/} forms a partition of [0, T'], we have
> pvNJ)y=v(). Similarly, ", v(I’ N J) = v(J). Therefore

T = Z vi(Dva(D)[(v() +v(D)) Ky —vI N =vT UD)Kyy. (20)
1,J

To compute the term 77, we decompose the sum Z(i’ et into the sum of three terms

Tiy= ), ]—[ (I'rnJir), ¢=1,2,3.
(ijees p=l1
#j. 2. j3Y=q

If g =1, then J/! = J”2 = JJ3 := J and using the same arguments as for evaluating 7>, we get T1; = Y, v(J)>.
If g =2, then j1 = jo # j3 or ji1 = j3# jo or j1 # jo = j3. Because of the symmetry, it suffices to consider one of
these cases. Let j; = jo» # j3 and set J = J/! and J' = J/3. The relations (i, j) € Cs implies that both J and J " have
non-empty intersections with both 7! and I'3. Therefore, I'! = I'3 := I and setting 12 = I’ we get

T=3 Y ovUnhHo(I'nJ)(InT’)
J£J LT

=3 Y vdnhHu(InJ)

A1

= 3Zv(l N D) [v) —v(I N D)].

1,J
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In the case when all indices ji, jo and j3 are different, it is easily seen that (i, j) € %3 entails i = i, = i3. Therefore,

Tis= Y vUNnHu(In)w(In")

1,7,J'.1"
#{J,J'J"=3

= > vanhH(InS) v —v(InJ)=v )]

1,J,J",J4T
= > wani(InS)wnh -2 Y vIn)H*(InJ).
10,0, J4£] 1,J#J

Using the identity ZJ,:J#J, v(INJ)y=v(I)—v(INJ)wegetTi3 =Y ;v(I)*— dorgvdn D2BuI)=2v(INJ)).
Summing up the terms 771, T12, 71,3 and T2 we get equality (6). Equality (5) can be proved along the same lines. [

Remark 3. If the observations are synchronous, that is IT' = IT?> = I, then > and w3 have the following simple
expressions:

2ur =Y (v +viDva(D].  4us=Y_ [v)’ + 3v1(Hva(D(D)].

lell lell

Lemma 2. Assume that we are given two sequences of partitions H,{ = {I,’;,i < Njn} and 173 = {J,{,j < Nz} of
the interval [0, T']. Define the matrices A,, and X, by (16) and (17). If the functions o1 and o2 are bounded on [0, T']
by some constant o, then

maxi2, = | (5124, 52 <30%72.

where r, = [(max; |I,’;|) V (max |J,{|)].

Proof. Let us define a new partition IT} as follows: I € IT} if and only if either I € IT! and it has non-empty
intersection with two distinct intervals from 72 or there is J € IT> such that I is the union of all intervals from T,
included in J. The partition I7? is defined analogously. It is easy to check that the estimator 6, based on (IT}, I1?) is
equal to the one based on (17,%, 1'13). It follows that ., , = jip,, for every p € N. Therefore, the relation max, )L% n=
lim), oo /L;;p , implies that max, A% , = Mmaxg X% .- Itis clear that r, = 7, but the advantage of working with (1:1”l , ﬁ,%)
is that

max E K;y <3, max E Kr;<3. (21)
Jel? - Iell! =
Iel! Jell?

In the remaining of this proof, without loss of generality we assume that (21) is fulfilled for partitions (/7', IT%). The
estimate || (EJ/ZA,, Z‘,%/Z)z I < 1Z: 012114012 implies that it suffices to estimate ||A, || and || X, ||. To bound from above

A, ”2, we use ||A, ”2 = MaXy:|y|=1 |Anu|2 and

1 | 2
Al =3 S( K )+ 3 (S Ku)
i j o

Applying the Cauchy-Schwarz inequality and changing the order of summation, we get the inequalities ), x

O Kpigium+)? < 33 uy,y; and 3,30 Kyigjui)® < 3 Y, uf, which imply that || A, |1 < 3/4.
On the other hand,

N N
2 i~ i
| =, = max Z Op Uiy = max <Zag,gue +2Zv(1,’l N J,{)uiuNl+j).
=1

u:lul=1 u:lul=1 —
=1 L]
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Since oy ¢’s are given by (17), the first sum in the right-hand side is bounded by o?(max; |I,’; )V (max |J,1j |), whereas
the second sum can be bounded using the inequality relating the geometrical and the arithmetical means:

2 w(E A I i+ < Zv (1 O + 3 v (it 0 iy
i,j i,j

Z u + Z uN 1+J
2 2 i J
<l|ul’c (m_ax|1n|> \ (max|Jn D
i J
This completes the proof of the lemma. (]

As a by-product of the preceding lemma, we give below a simple sufficient condition for the asymptotic normality
of 6,.

Corollary 2. In the notation of Lemma 2, if
2

r
lim — =0, (22)

n—o00 I,L2 n

then (én —6)/\/212., converges in distribution to a standard Gaussian random variable.

I AnZa™1 _
TI(Z), A )2]

from assumption (22) and Lemma 2. O

Proof. According to Proposition 2, it is enough to show that lim,,_, o, = 0. This convergence follows

3.2.3. Expansion of the characteristic function for random sampling schemes

We assume now that the partitions 17,{ and an are random and independent of {X1 ; — X1,0, X2,; — X2,0}se[0,7]- We
denote by E/ the conditional expectation given IT,, where IT, = (17,} , H,f). Since in this setup the quantities r,, and
W2.n —introduced in Lemma 2 and in Proposition 2, respectively — are random, Corollary 2 can not be applied directly.
The following result gives a sufficient condition for the convergence in distribution of Corollary 2 to hold in the setup
of random sampling scheme.

Proposition 4. Let r, be defined as in Lemma 2. If r,%/ Wa.n tends to zero in probability as n — 0o, then 6, —
P
6n)/+/ 22,0 converges in distribution to a standard normal random variable. If, moreover, 2{13 ,, /by —> ¢ for some
n—>oo

. .. A D
deterministic sequence {b,} and some positive constant ¢, then (6,, — 0)/~/b, —> N (0, ¢).
n— o0

Proof. Denote o[I1] = o[[1,,n € N]. Our aim is to show that for every u € R the convergence E[exp(iu(én —
2 P _ 2
Qn)/\/ZMZ,n)]n_)—o)OE[e_(l/z)u ] holds. Let us denote a, = E[exp(iu(6, — 6,)/\/2112.,)] and a = E[e~1/2*"]. To
show the desired convergence, it suffices to check that every convergent subsequence of {a,} converges to a. For
checking this property, one can simply remark that for any subsequence {ay, }, there is a sub-subsequence {ny;} such
that r / M2,ny; converges almost surely. Then, Corollary 2 implies that any; converges to a as j — oo. Therefore, a

is also the hm1t of the sequence {ay,, } and the first assertion of the proposition follows. The second assertion follows
from the first one by a simple application of the Slutsky lemma. ]

From now on, we assume that the assumptions of Proposition 4 are fulfilled and aim at finding the asymptotic
expansion of the distribution of the random variable &,, = (6, — 6)/+/b, as n — oo. The first step in deriving the
asymptotic expansion of a distribution is the expansion of the characteristic function. As usual, the desired expansion
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involves the rth conditional cumulant of &, given I7, henceforth denoted by «,[X},]. Let )_\.r,n be the normalized rth
conditional cumulant of X};:

-2)2

Men =bp T P X1 =27 = D

Note that this notation is consistent with those introduced in (7).

Lemma 3. For every positive integer r, we have

_ -2
lirnl <) j|xe,n|’5m?x|xe|’ 2o n < (anv/bn)" 12 (23)
V4

where o, = ﬁazrnb;l/z. In terms of the conditional cumulants, this is equivalent to |k, [X,]] < crafl_z)_nz,n, where
-2
¢ =2""*(r = D

Proof. This is an immediate consequence of Lemma 2. (]

Proposition 5. Let the sequence {b,} be as in Proposition 4. For some fixed ¢ > 0, let
Pu(8) ={IT: oy <8, hpn <c1} V>0,
Then, for every j € Z., there exist some positive constants C and q such that

dj 1/2

. i - L \3pl/2 _
a1 = e (14 B | 0 e

for every u satisfying |u| < C8~'/3 and for every I, € P,(8). In this formula, O(8P) stands for a random variable
depending only on partitions I, = (17,{, 17,%) and satisfying the condition limsups_, o sup, supy p, 5, |O(8F)|677 <
0.

()3by %330
6

— ok
Proof. Let us define ag(u) = —Ap ,u?/2, ay ,(u) = and 1, (u) = Y00, B n Using (1) and the fact

2kb),
that in our setup maxy |A¢| is bounded by V302, we get
7, o Qi) hont® | ()b 33
E' e | =exp —_— :exp{— —— + —+r (u)}
[ ] k2=; Zkbﬁ/z 2 6 n

for every u € R such that |u| < 1/(268). One easily checks that

1 pl
E [ ] — e (1 4 ay () = @ (a1, (u) + 1, (w))” / / ve! V@ @WH) gy dy + 1, ()™, (24)
0J0

Inequalities (23) imply that there exists some constant C > 0 such that for every £ < j and for every IT, € P, (), it
holds that

dr, (u)

< o Utuhaius,
dut

= b,

< Ci(1+u*)s?,
as soon as |u| < 1/(4w,,). Similarly, for every £ € N,

(04 .
—aya(u) # <Cy(1+ul)s, if [T, € Py
n

dZ
‘ dut

< Co(1+ [ul)
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These inequalities in conjunction with Eq. (24) yield the estimate

J .
% (En[elan] — () (1 + al,n(“))) — 0(52)(1 + |u|q)e“0(”).
u
This completes the proof of the proposition. -

Remark 4. As usual in asymptotic expansions, the coefficient of the second-order term (i.e., the coefficient of
(iu)3b,1,/ 2) in the obtained decomposition is given by the normalized third cumulant divided by 6. It also admits the

following representations:

pl/2

n

6

4',bL3,n

3bu/by

- 1
)\3,n = 6’(3[)(11] =

where 3, is defined by (6).
3.3. Proof of Theorem 1

Let us start by proving relation (8). Let h(x) = 1 + |x|”. Let X be a probability density on R such that the Fourier
transform K of K is compactly supported, Jg 1217 2K (x) dx < 0o and f_ll K(x)dx >2/3. Let K > 0. For € > 0,
define the measure K, by K¢ (x) = K (e~ 'x) for all x € R. Using the modified version of the Sweeting lemma [40]
stated in Babu and Singh [4], Lemma 1, we get

[ET[F (X)) — T ir1] <9 M(PYMT 4+ |wT])[h](Ao + A + As) + As, (25)

where

A0=/ h()|Kpx # (P — wlT)| (dx), Alzbf/ Ix) 2K (x) dx,
R " R

A2=21_b;K/4, Az = sup Awf(x—y,2bf)‘wnn}(dy).

K
|x|<by

As we already mentioned, the Rosenthal inequality yields that P& [h] =14 E[|X,|”] is bounded uniformly in

n. Furthermore, it is obvious that the term |l,I/,f7 [[h] is bounded uniformly in 7.

If n is sufficiently large, [x — y — be, x—y+ be] Cl—y— 3b,1,(/4, —y+ 3b,ll(/4] and therefore

As < Z/éwf(—y, 3b,1,(/4)|l1/nn|(dy) <cC° A{wf(y’ 3bf/4)¢(y; c*) dy < be"“.

On the other hand, A admits the estimate

2+y

bo= Y [ (018,00~ 57 @)k ) an,
a=0
where wgl (u) = EM[e"Xn]. Let 8, = bz_l/ 2, By virtue of Proposition 5 and Lemma 1, we have
[l 02 w0 97 @) )

<[ Rk [

u:lu|>Cé,

165 [ (05 @) = &, ) K (0K u)]| du
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24y
< O(82)(1 + [ e—Mﬂ”Z/Zdqu/ u+ / 9% & ()| du
/u:uISC(Snl/3 ( n)( ) w:lu|>C8, 131+ |u|L Z u:|lu|>C§, 1/3‘ e |

< G3[0(82) + 8, VP < cus?,

where L can be chosen as large as we need, therefore Ag < Cs 82. Combining all these estimates, we get

[E7[F(A)] = LF1] <O + b5 + 270" 4 pk),

Choosing K > max(2a — 1,4(2a — 1)/n), we get the relation stated in (8).
To prove (9), we £1otice that |)_L3)n()_x2,n —0)| = O(b;lr,, X bZﬁl/z) = O(b,%”%/z) = 0(1) uniformly on the event
A,. Expanding ¢ (z; A2.,) in &7 around ¢ we get the desired result.

4. Poisson sampling scheme

As an application of previous results let us consider the case when the partitions I7 ,% and an are generated by Poisson
point processes. Let P — (,@,i’", t >0),i=1,2, be two independent homogeneous Poisson processes with inten-
sities np;, i = 1,2. Moreover, assume that these processes are independent of B. Let the sampling times S!, ..., SM
and T', ..., T™2 be the time instants corresponding to the jumps of 2! and £7%" occurred before the instant T'.
Note that S’s and T/’s depend also on n. However, for simplicity of exposition this dependence will not be reflected
in our notation.

Prior to stating the main result of this section, let us recall several notation. We denote by 4 (¢) the function o1 ;02 ; pr
and by x4 the positive part of areal x. Finally, we write g1 (z) o g2(z) if for some C, € R the equality g1(z) = C,82(2)
holds for every z.

Theorem 3. Let the sampling scheme be generated by two independent Poisson processes with intensities npy and
npy, independent of the driving BM B. If the functions o1, 02 and p are Lipschitz continuous then, for every a € (%, 1),
it holds that

sup O(n'—2), (26)
FeEM,yINEY(C,n.ro,c*)

E[f (v (6, — 6))] - /R Fp()dz| =

where

1
° 1
Py (2) x e [ + NS

is a probability density with

c<2+2>/T2 (14 p7)de — /( )2 dr,
=\—+— oj,0 P 01,:102,tP
pr op2) e MR ! p1+p2 e

1 1 T 3p? 42 +3
Kz(—2+—2>/ hyde + AP p2/ 02,02, h(t)dr.
P )2 0 PiDP; 0 T

2 (Z3 — 3CZ)] efz2/(2c)
+

Before proceeding with the proof of this theorem, let us note that it extends the asymptotic normality result proved
in Hayashi and Yoshida [20], providing the second-order term in the asymptotic expansion of the distribution of 6,
Note however that the price to pay for getting this expansion is a slightly stronger assumption on the functions o1, o2
and p. Indeed, we assume in Theorem 3 that these functions are Lipschitz, while in [20] only the continuity of these
functions was required.
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Remark also that the constant of proportionality in the definition of p, can be replaced by one. Indeed, p;, (z) is the
positive part of the function

1 2%(z3 =3¢2)] _.2
[N 1 e /20 27
Z —ch[ + N (27)

whose integral over R is equal to one. Moreover, for some ¢ > 0, the function (27) is positive on the inter-
val [—cn'/®, cn!/0] and its absolute value is bounded by an exponentially decreasing function outside the interval
[—cn'/%, cn'/%]. This implies that the proportionality constant in the definition of pyis 1+ O(e_"m/ #9)) and, conse-
quently, its exact value is unimportant.

Proof of Theorem 3. We want to apply Theorem 2. To this end, we have to accomplish the following tasks:

[T1] prove that )_\2,,1 =2npy , is very close to ¢ in expectation and in probability,
[T2] check that the maximal sampling step r,, is smaller than bj; with high probability,
[T3] determine the asymptotic behavior of E[A3 ],

with b, = 1/n and some a < 1. In fact, we will show that any @ < 1 can be used.
Concerning the task [T1], it is proved in [20] that 2nu; , converges in probability to c. In the present work, we
need a result providing the rate of convergence of 2n 2 , to c. It is done in the following

Proposition 6. If the functions o1, 0y and p are Lipschitz continuous, then there exists a constant C > 2 depending
only on py and p; such that, for every x > Clogn and for every n > 2, it holds that

Clog?
P<|2n,u2ﬂ —q> ‘;g "y %) < Cne=*/C. (28)

Furthermore, E[2nuy n] = ¢ + (’)(n*1 log3 n) as n goes to infinity.

The proof of this proposition is deferred to Section 7.
The task [T2], consisting in bounding the probability of the event r, > b5 =n~
lemma.

¢ is done using the following

Lemma 4. There exists a constant C depending only on py and p, such that, for every x > 0, the inequality P(nr, >
x) < Cne /€ holds.

Proof. We start with bounding P(max ;. Jud n|l| > x). According to the Markov inequality, for every u > 0,

P(max n|I| >x) §e_“xE|: Z e“””':|.

IelT}
" Ier)

The last sum can be bounded by the sum of N independent random variables each of which has the same law as e“¢/P1
with ¢ being exponentially distributed with mean 1. In view of the Wald equation, this yields E[}_; ;1 e"l] =

np1 TE[e*¢/P1]. Choosing u smaller than p; and repeating the same arguments for max semnlJl, we obtain the
desired result. (]

Replacing x by n'/2=% in (28) and by n'~% in Lemma 4, we obtain that the probability of the event A, (a)¢ is
exponentially small as n — oo. Therefore, P(A, (a)¢) = o(b}) = o(n~P) for every p > 0. One also deduces from
Proposition 6 that E[)_»z,n] — c¢=o0(n'"2%) as n — oo. Thus, it remains to accomplish the task [T3], which is done
using the following proposition, the proof of this proposition is deferred to Section 7.

log3 n
n3 7

Proposition 7. Under the assumptions of Theorem 3, it holds that E[3 ,] = %K}’l_z + O(

Combining these results, we get the assertion of Theorem 3. O
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5. Stochastic decomposition for 6, in a model with drift terms

So far we have considered a Gaussian system (X1,; — X 1,0, X2, — X2,0) as the underlying model and essentially finite-
dimensional Gaussian calculus served as a tool. In this section, we will treat a system that has random drift terms. It
will be seen that the principal part of the estimator is the same as in the case without drifts. Thus, the contribution of
the principal part to the asymptotic expansion of the estimator has already been assessed in the previous section.

Beyond being a useful tool for deriving asymptotic expansions of the distribution of 6,,, the stochastic decompo-
sition of the HY-estimator that we obtain below bridges the problem of estimating the covariance and that of signal
detection in Gaussian white noise. The latter problem has been extensively studied in the statistical literature and we
believe that the methodology developed for the problem of signal detection may be of interest for our problem.

To state the main result of this section, let us recall that we deal with processes X1 and X, given by

dXi;=p1dt +01,dB1;, t€l[0,T],
dX2,=p2 dt +02,dBr;, t€l0,T],

where B; ; are progressively measurable processes and assumed to be unknown to the observer. We will assume that
these drift processes admit the following stochastic decompositions:

i =By dr + pLL dB + L) dByy. i=1.2,

it il,t
where ,BZ.[O], ,Bi[; ], i, j = 1,2, are progressively measurable processes with respect to the filtration {o (By, s <1)}:c[0,77

In this section, we will separate the assumptions on the sampling scheme from those on p and on the drifts and
volatilities of X1 and X». For this reason, let us introduce the following measures on ([0, T1?, %[O’T]z):

oyl omsfol]

Vr{ﬂj(.) — bn—l

VI =b;! . VIO =b"

)

~ﬂ{U(IﬂJ) x(IﬂJ)}
1,J

Vi) =p! ZK,,\-m(I x J)|.
1,J

Note that these measures depend on the sampling schemes and, therefore, they are random if the sampling schemes
are random. Similarly, let V' 7 () = ;2| -0 {U,; J x I(J) x I Ve () =62 -0 {U; I x JU) x J(D}|
and V,{(l)’lu)’ml(~) = bn_2| -Ny UI,J J(I) x I(J) x J N I}| be (random) measures defined on ([0, T, Bio.1p)-

. V,{ O and V,:’J converge weakly to some deterministic measures
VI v VI and VU in probability, as n — oo. These measures are concentrated on the diagonal D% ={(s,1) €
[0, T1%: s =t} and absolutely continuous w.r.t. the Lebesgue measure on the line.

Assumption P1. The random measures V,{, 24

’ ’
Assumption P2. As n — 0o, the random measures V,{ LT V,{’J’J and V,,J (DL 10J converge weakly to some deter-

ministic measures VI V1S qpg pJI (D-1OI0T 4, probability. These measures are concentrated on the diagonal
D% ={(s,t,u) € [0, T1>: s =t = u} and absolutely continuous w.rt. the Lebesgue measure on the line.

The weak convergence of V,{ to V! in probability should be understood as follows: for every continuous function
@:[0, T]2 — R, the sequence of random variables f[o,T]Z © dV,f converges in probability to f[o,T]Z <pdV1 as n tends
to infinity. For the purposes of the present work, it is probably possible to slightly relax Assumption P2 by replacing
the weak convergence by the tightness condition. However, to avoid additional technicalities we assume that the weak
convergence of measures stated in Assumption P2 holds.

Recall that according to our assumptions I7 is independent of B, where IT is the collection of random intervals
I'=(STVAT, SEAT] J/ =@/ VAT, TI AT] withi=1,...,Ny and j = 1,..., N>. In what follows, the
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following notation will be used: for two functions f, g:[0, T] — R, we denote by f - g the function ¢ fé fsdgs
and we often write I or J instead of 1; or 1;. Thus the estimator é,, can be rewritten as

N1 No

b= 30 S Kl X}y x (1K)

i=1 j=1

We want to derive an asymptotic expansion of the distribution of this estimator using a perturbation method based on
a stochastic expansion of the estimator 6, itself. The main term in this stochastic expansion is

=5 P (L Ko (en) 81} (o) By ).

Note that the asymptotic expansion of the distribution of M7 has already been obtained in preceding sections. In this
section, we will need a representation of M" as a stochastic integral with respect to the BM (Bj, By) that can be
written — using the It6 formula — as follows:

M"=H"".B, +H>" . By, (29)
where H'" =Y, /b, K15 (Joa - By)loy and H>" =Y, by 2Ky (T - By)J oo,

Lemma 5. Assume that 01,02 and p are bounded and ,Bi[f_l]’s are bounded in L* uniformly in [0, T for every
i, j,0e{l,2}. Ifr; =o0,(b?), then

by 26 — 6) = M} + by > (N} + AL) + 0, (ba?),
where AN = G, dBy, + G>" dBy is a local martingale with
b — 121{,/ (J1B2) - t)(I'on)} + b, Y Ky {(TT =T/ v ) Toy g},
i,j

2. _ 12[([/ I /31 )(_]ja-z)} _,_bn—l ZKij{(Si _si-ly ')+Jj02/31’T_/—1},

i,j

and A" is a bounded variation process defined by

A= Y K[ (B + A8 0)] s} 4+ 1 [ Bl p 4+ )] s} -0

+0; ' D Ki{ () eh < {(472) -1}

i,j

Lemma 5 provides a stochastic decomposition of the HY-estimator with a RHS depending on n. Under the As-
sumptions P1 and P2 of the convergence of random measures associated to the sampling scheme, it is possible to
obtain a refinement of this result with a RHS depending on n exclusively through b,. To this end, limit theorems for
martingales will be used. An important step for proving limit theorems for martingales is the computation of the limits
of their quadratic variations and covariations, which will be treated below.

5.1. Convergence of quadratic variations and covariations

To establish an asymptotic expansion of b, 172 (6, — ) that is more explicit than the one given by Lemma 5, we need
to identify the limiting distribution of the martingale (B, By, M, N") as n goes to infinity. The convergence of the
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quadratic variation-matrix is a classical tool for proving the convergence of a martingale. Most results of the present
section being quite technical, we postponed their proofs to Section 8.
We start with the cross terms (M”, By) and (M", B>). In view of (29), for v =1, 2, we have
(M", B,)=H"" (B, B,) + H*" - (By, B,)

= b, ?Ki[{(Joa- B)Ior} - (B By) + {01 - B)Joa} - (By. By)].
1,J

Lemma 6. If o1, 02 and p are bounded in [0, T] and r,% =0p(by), then

sup Zb K ({(os- Bz)lol}-<Bl,Bv>),‘ Lo,
sup | > by PK1s({(Io1 - Bi)J oz} - (Ba. B)), | —> 0
V:1,2 I’J n—>oo

for every t € [0, T]. As a consequence, for every t € [0, T], max,=12 [{(M", B,)| tends to zero in probability as
n— oo.

We study now the behavior of the quadratic variation

2
(M", M"), = Y (HO"H") - (B, Ba)y (30)
c,d=1

as n tends to infinity. First, we note that
Hl,nH2,n = Z b;lK,'jK,'/j/(dez . Bz)lio’l(li/o‘l . Bl)Jj/O‘Q
iyj,i/,j/
Z bn_lKiJ'Ki’./"(JjU2 ) BZ)Jj/@l{ij’}(Ii/Gl ) Bl)liall{i’ii}-

Lji'j'

Denote by R"(i,1, j, j/_ ) the_summan_d on phe right—_hand side of the last equation. This term is different from zero
only if the conditions I' N J/ # @, I'NJ/) #@,I' NJ/) # @, j <j andi’ <i are fulfilled. If i’ < i, then these
conditions are fulfilled only if j = j’. Similarly, the terms with j < j" are non-zero only if i = i’. This leads to

H'Y"HA" = Y by KK (J o Bo)J oo (1o - Byl oy

NI

+ Z bn_lK,'jKi/j(Jj(72~Bz)]jdz([i/al-Bl)lio’l

il i <i

=Y b, 'Kij(Ji o2 Ba) I oa(I'01 - Bi) I
1,J

Sum them up in j’ and in i, respectively, and use

(Joy B)I Y Kipdd' = (J oy Bo)Iigims = (o B),
JsT

I 0’1 ZK,]I = 0'1'Bl)]l[si—l’T]Z(]i/O'l~Bl).]

i’ <i
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to obtain H'""H>" = b,/' ", ; 0102K1(Jos - By)(Ioy - B1)(I + J — 1J). This implies that

t
H'“"H>" . (By, By), =/ 01,502, ZK?J(S)(JUQ - By)s(loy - By)s d(B1, Ba)s,
0 1.J

where K7, (1) = b, 'Ky (I + J; — I Jy).

Lemma 7. Assume that r,‘f =0p (bﬁ) and the functions o1, o2 and p are continuous. If Assumption P1 is fulfilled then,
foranyt €[0,T],

t 1 t
/ H"H2" d(By, Ba)s %5/ W2V (ds) + V7 (ds) = VN (ds)},

/O(H“') d(By, B)s /O(H“) d(Bs, B)s —>612s023VIJ(ds)

and consequently

t
(M", M") h2{v’(ds)+vf(ds) vm’(ds)}+/ ot 05,V ds).
0

tn—)

Using the claims of two last lemmas, one can already derive the asymptotic distribution of the martingale
(B, B2, M) as n — oo. However, for our purposes, it is crucial to know the asymptotics of the joint distribution
of the triplet (B1, By, M) with the martingale N".

Lemma 8. If 01,07 and p are bounded, supte[O’T]E[ﬁft] <o00,i=1,2and r,‘z‘ = op(bf,) as n — oo, then for any
t € [0, T'] the sequence of random variables (M", N"); tends in probability to zero as n tends to infinity.

An interesting fact revealed by this lemma is the orthogonality of M" and N” in terms of quadratic covariation.
This indicates that the limiting distribution of (M", N") is that of two independent martingales. This statement will
be rigorously proved at the end of this section. Prior to presenting that proof, we wish to investigate the structure of
the limiting distribution of N"* and how it relates to the BM B.
Lemma 9. Assume that r = op(bz) and that sup,¢(o 7 E[(,B )2] < oo for every i, j, £ € {1,2}. Then, under
Assumption P1, for every ﬁxed t € [0, T], we have

ij,t

(N". By), /(ﬁzmﬁﬁmzmnv  (ds).
(N". By, / (B1.s02.5 + Br01.5 )V (ds).

This lemma describes the parts of the limit of N” that can be described or explained by B; and B,. This is however
not enough. One also needs to evaluate the limiting quadratic variation of the process N".

Lemma 10. If Assumption P2 is fulfilled, then for every t € [0, T], we have
t
<Nn’ Nn)t _Po)O/ ’3 dVI J,J / ,3102 aplr'J +2/ ,32,310102,0de(1) J)INT
n— 0

The last step before stating the main result on the convergence of the processes involved in the stochastic decom-
position presented in Lemma 5 is the proof of the convergence of the bounded variation process A”. Recall that the
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latter is defined by

A" ‘ZK” [1o1(8 + B3p)] s} + H{[Toa (B o+ B13)] -5} 1

+b, 1Y K {Upy -t} x {(IB2) -t}
1.J

2,n

Obviously, it can be written as A” = A1 "+ A", where

A" = K [ [ o8+ 8m) +on (Bl + B e s
1,J

AP =b"> Ky / f BiuBrslpuvs<i duds = f BiubrsVy’ (du, ds).
1.7 1JJ [0,11?

Using Assumption P1 and the fact that the measures V,{ /" are concentrated on the diagonal of the square [0, 1%, we
get A7 = A% +0,(1) with

1

A7 = 5/0 {o1, u(ﬁzl ut :322 L ou) + 02 u(ﬂn uPu "‘ﬂlz W) +2B1uBra VI (du). G

Proposition 8. Assume that the functions o1, oo and p are continuous in [0, T] and that sup, o, 77 EL( 131!]/?*1])4] < 00
for every i, j, £ € {1,2}. If Assumptions Pl and P2 are fulfilled, then the sequence of two-dimensional processes
(M"™, N" + A™) converges weakly to a process (M°, N°° 4+ A®). Furthermore, N + A is independent of M°.

Proof. We already did the major part of the proof by showing the convergence in probability of the sequences of
quadratic variations—covariations and that of A}. Now, if we apply Theorem 2-1 from [23] to the semimartingale
Z" = (M", N" + AMT with B serving as a martingale of reference (denoted by M" in [23]), we obtain the weak
convergence of Z" to a process Z. Moreover, it follows from (ii) of the aforementioned theorem that Z may be
constructed on an enlargement of the original probability space on which there is a two-dimensional Brownian motion
B independent of B such that

0 ay’’ 0 0 "fmg 0 &
Zi= dB s dBy,
t (A?o) +/0 S )(ﬁz,sal,s ,31,502,s> y +/0 ( 0 ms) s

avlt ay! ap'y ay’’
m%:h%{—+—— } 125622,s ds

ds ds ds

stands for the Radon—-Nikodym derivative of lim,,_, oo (M", M"); with respect to the Lebesgue measure (cf. Lemma 7)
and tvy is a predictable process (hence independent of B). If we denote (M, N®°) = ZT — (0, A®), we get M° =
JomsdBy s and N = fot nysdBys + fot nysdBys + fot 1o s dBy s with a predictable process ng = (ny, n2), and the
assertion of the proposition follows. (]

This result implies in particular that E[N° + AX|M°] = E[N° + A>®] = E[A{°] for every ¢ € [0, T]. Therefore,
using (31), we get

A=E[N® + AF|M]

1 T
= 5/0 {Ul u (ﬂgl]u + ,322 up“) +02 u (ﬁll up“ + '312 ”) +2E[/31,u,32,u]}V1’J(du).
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As we see in the next section, this expression of A appears in the asymptotic expansion of the distribution function of
—1/2,4
b, 76, —0).

6. Expansion of the distribution for a model with drift terms

The aim of this section is to obtain an asymptotic expansion for the distribution of the HY-estimator in the case where
the diffusions X and X, have non-zero drifts. As shows the stochastic expansion of én obtained in Lemma 5, the
main term in the expansion of b, v 2(@,, — 0) is independent of the drifts. Therefore, asymptotic expansions for its
distribution are already obtained in Sections 3 and 4. This indicates that the influence of the drifts on the distribution
of 6, can be regarded as a small perturbation of the distribution in the case where there is no drift. Before stating the
main result of this section, let us give a theorem that allows to derive the second-order expansion of the distribution

of a random variable defined on the Wiener space in presence of a random perturbation.
6.1. Perturbation

Since the drift terms are possibly non-linear functionals of the Brownian motion B, we need the Malliavin calculus to
carry out computations on the infinite-dimensional Gaussian space.

The basis of our arguments is a perturbation method for deriving asymptotic expansion. It was used in [43] for the
perturbation of a martingale but the proof was written inseparably from the martingale structure. In order to apply this
methodology to the present situation, we will begin with generalizing Theorem 2.1 of Sakamoto and Yoshida [36].

We consider a probability space equipped with a differential calculus in Malliavin’s sense, an integration-by-parts
formula and the Sobolev spaces D, , equipped with the norm || - ||, ¢. For positive numbers M and y, let £(M, y) be
the set of all measurable functions f:R? — R satisfying | f(x)| < M(1 + |x|?) for all x € R¢. Let £’ be a subset of
EM.y).

Let X, and V, be R?-valued Wiener functionals and put

Zy =X + 520

for some sequence of positive numbers s, tending to 0 as n — o0o. We write G, (f) = o(sp,) if sn_1 SUp reg |G,(f)]—0
as n — oQ.
Theorem 4. Let ¢ be an integer such that £ > d + 2. Suppose that the following conditions are satisfied:

(1) sup, Xl p.e + sup, | Vullp.e < 00 forany p > 1.
2) (X, V) 2) (Xoo, Vo) for some random variables Xoo and YVeo.

In addition, assume that there exists a functional T, such that

(3) sup, Il p.e—1 < o0 forany p > 1.

4) Pllty| > 1/2] = o(sy) for some o > 1.

(5) sup, E[1,|<ny(detoy,) "] < oo forany p > 1.

(6) There is a sequence of signed measures ¥, on By such that for any positive numbers M and y, E[ f(X,)] =
W, [f1+ 0(sy) as n — oo for f € E'. Moreover, for every polynomial 7 (x) in x, there exists a constant c; such
that |W,[e™*7(x)]| < cx (1 + (w7 forallu e RY.

Then Xoo has a density p~> with respect to the Lebesgue measure and, for any positive numbers M and y,
BLAE0] =Wl f1+ 50 [ F08000)dx +66) (32)

for f €&, where goo(x) = — divy (E[‘)JOO|X00 =x]pTee (x)).
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6.2. Asymptotic expansion of the distribution
We are now in a position to state and to prove the main result of this section, which provides an unconditional asymp-
totic expansion of the distribution of the HY-estimator. It is also possible to derive asymptotic expansions conditionally
to the processes generating the sampling times, but they have more complicated form and are not presented here.

Theorem 5. Suppose that Assumptions P1 and P2 are satisfied and

sup Hﬂ“ ”| 4 <00 forallp>landi,l€(l,2}.
Let us define

T T
c:[ aﬁ,aitvl’j(dt)+/ o100:p{ VI (@) + V() = V™ (dn)},
0 0

1 T
A= /0 {o1uE (B, + B2lou) + 02uE (Bl pu + B1a,) + 2EIB1uBrul V! (du).
Under the notation of Theorem 1, if for some a € (3/4,1), P(A,(a)) = o(bf,’)for every p>1,and E[2u; , — ¢] =
O(b24=1), then

sup _0( 1/2), (33)

FeEM,y)NEQ(C,n,rp,c*)

E[f(bn "> 00 — / F@piR)dz

where

—22/(2¢) 1/2
)= —|1 E[A -3 6A
Pn(2) NorT |: t o — = (ElX3.1(z — 3¢z) + 6Ac z)}

Moreover, if sup, .y E[A3.,] < 00, then inequality (33) holds with Dy replaced by

max (0, p,(z))
Jr max(0, pj(u))du’

which is a probability density.

Pl =

Proof. We apply Theorem 4 to Z,, = bn_l/z(én —0) with £ =4, X, = M} and ), = b;l/z(Z,, — M7). Thus, we

need to check that all the 6 conditions of Theorem 4 are fulfilled. In view of Lemma 5 and Proposition 8, (&, V)
converges in distribution to some random vector (Xs, Vo). Thus the second condition of Theorem 4 is verified.

We have already seen in Section 3.2.1 that the principal part X, of b, 172

Xy=by PETAE —0) =0, PN hpn(62, — 1), where

(9 — 6) can be written in the form

E=({I"o1-Bi)y.... [IVo1 B} [Ton Bo)p o [T 200 - Ba),) T ~ NN (O, )

and the entries of the matrices X and A are given by (17) and (16), respectively. Recall that the vector ¢ € RY is
obtained as a linear transformation of & and is distributed according to A (0, I).

Let W = Co([0, T], R?) be the Wiener space of continuous functions from [0, 7] to R? vanishing at the origin.
Recall that W is a measurable space equipped with the Borel o -field induced by the uniform topology. The reference
measure on W is the measure generated by the standard Wiener process (in our case, the two-dimensional Brownian
motion).

Let w = (wy, wy) be the canonical process on W. Then, (B, B>) can be defined by

t t
By =wi,, B2,t=/ Psdwl,s+/ I_Pszdw2,s'
0 0
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Obviously, for every £ = 1,..., N, there is some function ¢Z € L2([0, T1,R?) such that Con = fOT ¢f’tdw1,, +
Jo %, dwa, = w(gh).

The process w is an isonormal Gaussian process on H = L2([0, T1,R?) (see [31], Definition. 1.1.1). Using the
definition of the Malliavin derivative (see [31], Definition 1.2.1) and the chain rule [31], Proposition 1.2.3, we get the
following expression for the Malliavin derivative of &};:

N
—-1/2
DX, =2b, 'Y Mintendt.
=1

Since the components of ¢ are non-correlated with variance equal to one, the family {¢e}e5 n is orthonormal. As a
first consequence of this fact, we get that sup,, || X, ]| p,4 < oo for every p > 1. To show this, Rosenthal’s inequality
and the result of Lemma 3 can be used. As a second consequence, we obtain that the Malliavin covariance of X}, is

n n
ox, = 4b;1 Z)‘%,ngfz,n = 4bn_1“'2,n + 4bn_l Zk%n (an - 1)‘ (34
=1 =1

Let us introduce the random variable 7, that will play a role of truncation:

—(2 = 8pan(ch) "), +8(chy)~ IZAM Sin—1)-
=1

In this notation, we have oy, > ¢ + % and, therefore, 1{\,n|<1}|a;(nl| < 2/c¢. Thus, the condition (5) of Theorem 4 is
obviously fulfilled. Let us check now that 7, satisfies conditions (3) and (4) of the aforementioned theorem.
To verify condition (3) of Theorem 4, we remark that

N N
DTn = 16(Cbn)_1 Zkﬁ,ngi,n(f)e, szn = 16(Cbn)_1 Z)‘%,n(be ® ¢Z

=1 =1
Dkr,, = 0 for every k > 3. Therefore,

N N

1D 13 =256(cb) 2> At c2, PPt 5en =256(cb) 2 At
=1 =1

In view of the Rosenthal inequality, we get
ET[ Dt 17.] < C(p)b P (P> p/4
[” Tn”H] =C(p)by (/’L4n + Wap.n +/’Lgn)

for every p > 2. Using the definition of u ,, one can check that o , < ui/j . In view of inequality (23) and the
obvious bound 2, < Cry, we get

E7[IDw 5] < b, %, E7[| D% <CbPriP? wp>a4.

lhen]=
Similar arguments yield

E[t/]=E"[¢/] < C(1 4+ by "E[ra""?]) < C(1 4 b, """ + T35, PP[ A, (a)°]) < 00

>1/2>.

To check condition (4) of Theorem 4, we use the inequality

N
D ialeta—1)

P(|ta] > 1/2) <P(2 = 8ua,(chy) ™' > 0) + P(S(cbn)_l
=1
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On the one hand, since the event {2 — 812 (chy) 1 >0) = {Xz,n — ¢ < —c¢/2} isincluded in A, (a)¢, its probability is
o(bY) for every p > 1. On the other hand, combining the Tchebychev and the Rosenthal inequalities, for every k > 16
we get

P(S(cbn)

Thus, we proved that conditions (2)—(5) of Theorem 4 are fulfilled and that sup,, ||, .4 < co. Condition (6) is
ensured by Theorem 2. To complete the proof, it remains to check that sup,, |yl p.4 < 0o. This inequality can be
proved using the identity ), = b, ' (®2 + ®7), where &2 and ®; are the random variables defined in the proof of
Lemma 5. The proof is rather technical, but is based on the arguments that we have already used several times in this
and the previous sections. Therefore it will be omitted. (]

> 1/2) < Ch*E[iy? + ok ] < Coy YE[r ]

< Chy "M 4 ChT*P(An(a)°) = O(B2).

In the case when the sampling scheme is generated by two Poisson processes, we get the following consequence
of the last theorem.

Proposition 9. Let the sampling times of processes X1 and X, be generated by two independent Poisson processes
with intensities npy and np;, p1p2 > 0. If

o the sampling times are independent of the process X,

e the functions o1, 03 and p are Lipschitz continuous,
-1 .

® SUp;c0.7] ||,3,-[,, ]||p,4 <ooforall p>1,i,le{l,2},

then

sup = o(n_l/z), 35)

FeEM,y)NEX(C,n,r0,¢*)

E[f(n'?@, —0))] - fR f@)poR)dz

where

e 2 2/(2¢)

T v

(22 — brez + Ac%)}
+

is a probability density with

<2+2>/T 2.0, (14 p?)dr — /( )2 dt,
c=\|— — g O’ P. 01,:02.¢P,
rr p2/)Jo L ! p1+p2 s

1 1 T 3p2 42 +3
Kz(—2+—2)/ h(ey e+ L0 p2/ of 03 h(t)dr,
P1 12 0 pip; 0 S

1 1 T
A= (E + Z) /(; {U] tE(ﬁQI : +,322 [,0[) + o> ZE('BII Pt +'312 t) + ZE[lgl,tﬁz,z]}dt

Proof. Lemmas 16-19 (cf. Section 9) imply that the partitions generated by independent Poisson processes satisfy
Assumptions P1 and P2. Therefore, using Theorems 5 and 3, we get the desired result. (|
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7. Proofs of theorems and propositions

Proof of Proposition 6. Let us recall the relations

T
P -1 —1 2 2
nE vl(l)vz(J)KIJnjgoz(Pl +p, )/o o ,05,dt,
1,J

T
P _ .
n Yy v —2p;" / (o102, dt, i=1,2,
lel; e 0

T
P —
nY v(INJ)? — 2pi+py)”! / (01,02,0p1) dt
I, n—o0 0

proved in Hayashi and Yoshida [20]. The aim of the present proposition is to show that the rate of convergence in
these relations is 1/4/n and to get an exponential control of the probabilities of large deviations. Thus, let us denote
Ti=n)_; ;ui(H)v2(J)K;; and show that

P
Let N(x) = [nT/x] be the smallest positive integer such that N(x)x > nT and let us set L; = [iTN(x)~!, (i +
DTN (x)_l]. The intervals L; define a uniform deterministic partition of [0, T'] with a mesh-size of order x/n. Let

& be the event “for every i = 1,...,4N(x), the interval [ I 1{,@), (ft;zi{] contains at least one point from 17,% and one

T
T-20p7" +03") [ ook

n

X
> | < Cne/€.
f)

point from 173 > The total probability formula implies that

o [ el )=

where £¢ denotes the complementary event of £ and A(t) = 2( pl_l +pr; l)aﬁ 1022, ;- Easy computations show that
P(ES) < Cnx~'e /€ for some C > 0.

Let now /; be a point in L; such that f L h(t)dt = h(l;)|L;|. Let us denote by aj the left endpoint of the interval /
and define the random variables

T_
T —/ h(t)dt
0

X
- P ¢
> ns)+ ().

ng =nh() Y \NJIK1shgpeLy. i=1,....N(x).
1,J

In what follows, we denote by E¢ the conditional expectation given £. It holds that 7] — fOT ﬁ(t) dt =T +Tio +
Ti3 + Om|L1|?) on &, where

N(x) [N(x)/2]

T
Tu=E5[ZW?}— [[Fow Tu= Y (el ). s=23
i=l1

i=1

For evaluating the remainder term in 7, we have used the Lipschitz continuity of | and o7, as well as the fact that
rp <|Li|/20oné&.
Remark that in view of Lemma 4, for any p > 0, we have

o o0
E[r/] =n—P/ P((nr,)? > 1) dt §Cn_”f (ne™"") A1dt = CnPO(log” n). (36)
0 0
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On the one hand, since | ZN(X) ne

™ R nElr,1gc]
o] o] B o
i=1

i=1 B P((‘:)

| < Cnry, we have

Using the inequality of Cauchy—Schwarz, as well as the bounds P(£¢) < Cne™/€ and (36), we get [E€ [ZlN(f) nl—

E[ZN(T) 771l < Cne™/€ for some constant C and for every x > C logn.
On the other hand, in view of Lemma 15 presented in Section 9 below, we have

E[n;?]szaﬁ(lf)E[ 3 <|I| 2 ')}anE[(rn+n—l)(|Li|+rn)].

lI:ajeL;

Therefore, using (36), we get E[n?] = O(n~"1og> n) for every i < N(x). Using once again Lemma 15, we get

N(x) N(x)—1 . 1 10g3n
o] 8 wian] 2 ()] oo((5°)
i=1

i=2 lajeL; Jemr?

N@-1 log3n
= > nh(ll-)E[ > (|I|2+2|I|/(np2))]+0< )

i=2 l:ajel; n

Wald’s equality yields E[ZmleLi |I|k] =E[Ni(L))]- E[gk/(npl)k] + O(e_logZ"/C), for every k > 0 and for every
i < N(x) — 1. Here, Ni(L;) is the number of points of phn lying in L; and ¢ ~ &(1), the exponential distribution
with parameter one. Putting all these estimates together, we get

N(x)

N(x) N(x)—1 ) . 3
] 5 (2 22) -3 2) K o),
i=1

i npi p1 p2

Since I; has been chosen such that /(J;) |L;| = fLi h(r) dt, the last relation implies that 77 = Omn~! log3 n).
The advantage of working with 7?’s is that, conditionally to £, the random variables ngi, i=1,...,[N(x)/2], are
independent. Indeed, one easily checks that conditionally to £, n3; depends only on the restrictions of 2L and P2

onto the interval [%’E (IX))T, (é";,r(?)T ]. Since these intervals are disjoint for different values of i € N, the restrictions of

Poisson processes Pkn k =1,2, onto these intervals are independent. Therefore, ’731" i=1,...,[N(x)/2], form a

4
sequence of random variables that are independent conditionally to £. Moreover, they verify |7| < Cn|L; 1? = %

These features enable us to use the Bernstein inequality in order to bound the probabilities of large deviations of
71> as follows:

2

X
P (T > x//n) < 2exp| — <2e~¥/C
(| 2l= /f) - p( ca +xn—1/210g4n)> -

for every x > 1. Obviously, the same inequality holds true for the term 7;3. These inequalities combined with the
bound on the error term 77; complete the proof of (28).

Moreover, since 71, and 7}3 are zero mean random variables, conditionally to £, and £¢ has a probability bounded
by Cne™*/€ | it follows from the computations above that

T
E[Ti]=2(p;" + pgl)/o of,03,dt + O(n~"log’ n).

Similar arguments entail that E[2nu; ,] = ¢ + Omn! log3 n). ([
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Proof of Proposition 7. The assertion of the theorem follows from the following relations:

6
E Zv(l)} g h(t)3dt+(’)( = ”) i=1,2,

—lell;

6 T log® n
efyerno]o o [ uopaso(E).
_LZJ 2(p1+ p2)?
EZ (1N J)> (1)] 18p1 + 12 /Th(t)3dt+ 1°g3">
v v = —n"-F
S n2p1(p1+ p2)? Jo n3

18ps + 12p; ; og3n
E v(IﬂJ)zv(J)] =—/ h(r) dt+(9(
_IXJ: n2pa(p1 + p2)? n’

4 r log’n
E 10 DHvHv(J h(r)*d (’)( )
> ol 0 D)u(duC )} - pl/ 0 ar+0( %

-1,J

6p +4pip2+6p2 [T h(t)? log* n
EY v(IUJ)vl(I)vz(J)i|= 1 7oA 2/ Sda+o( =2,
L7y n=piyp; 0 P n

Let us prove in detail the fifth relation. The proofs of the other relations are based on similar arguments and are easier
than that of fifth relation.

Using the Lipschitz continuity of the function /4, one can check that v(I N J)v(I)v(J) = (a3 -|J|-[INJ|+
O N J|, where a; is the left endpoint of the interval 7.

In view of (36), we have E[Z, gt (1IN Jj < TE[r; 3= O(log ). On the other hand,

E[Z h(ap)’|1| Z |J||IﬂJ|:| =E[

Iell! Jer?

> h(a1>3|1|E’( DN J|>],

Ier! Jer?
where E/ is the conditional expectation given /. According to Lemmas 13 and 15, presented in Section 9 below,
(1-— e—npz\l\)(e—npzaz 4 e—np2(T— b:))

211
E’(Z |J||IﬂJ|)=np2 =

Jer? nr;

Now, let us show that

T _—E[Z hiap)’|1| }

n
P2 !

T
/ h}(1)dt + O(n™?),
n Plpz

(1 — e~mP2lllyg=npaas

1
:E[Z hiap)|1| e i|=(’)(n3),
2

IelT!

(1 — e=nP2lllye=np2(T=bp)

E::E[Z h(ap)’ 1) o i|=(9(n_3).

Ter! P2

To this end, we use the characterization of a Poisson process as a renewal process with exponential waiting times. Let
(¢k, k > 1) be a sequence of i.i.d. random variables drawn from the exponential distribution with mean 1/(np;). Then
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Ny, S' can be defined by Ny =inflk > 1: ¢y +---+ & >T}and §' =+ -+ &) AT fori =1,..., Ny. In this
notation,

Ni—1

Ni—1 §+1€ anS
_—E[ZhS’ lﬂ}w(w), T3] < I [I3E [Zl }+0(n3),

where ||/ ]|co = max;e[o,7] |7 (¢)|. Remark that N is a stopping time with respect to the filtration Fx = o ({1, ..., &),
k > 1. It is easily seen that

k—1

k1 .
M= Z (Sl) (&2 —E[¢2]), My =Y (Giv1 —Elgi])e
i=l1 1

i

are Fj-martingales for which the conditions of the optional stopping theorem are fulfilled. Therefore

Ni—1 Ni—1
. :_E (2] [Z n(s') ] A ||OOE§ ]E[Z e_ms}w( =
n

i=1

These relations imply that

LS

np2

T =

T T
/ ht) dt+0(n~3),  |Bl< / e dt +O0(n3) = 0(n ).
0 0

"2191172

In the above inequalities we used the fact that for any integrable function f on [0, T'], the equality E[Z f (§H] =
np1 fo £(¢)dt holds true.

The term 73 can be bounded in the same way as 7; by using the fact that if {z1,...,¢y} is a realization of a
homogeneous Poisson point process in [0, 7], then {T — #;,...,T — ty} can be seen as a realization of the same
Poisson point process. This completes the proof of the proposition. ]

Proof of Theorem 4. Let v, be some truncation functional to be defined later and let £ (x) = 1 + |x|?” (x € RY),
where m is an integer such that 2m > y 4 d. We have

E[f(Z)] =E[f @DV ] +E[f (201 —yn)] = /Rd f@)pa(x)dx +E[f(Z0 — ¥)],

where p,(x) = ﬁ fRd e iux Ao(u) du, with gg(u) E[elZnq,].

We will show below (cf. (38)) that the term E[f(Z,)(1 — v,)] is o(s,) and is negligible with respect to
E[ f(Z,)¥,]. To deal with this latter term, let us introduce the notation

1 A N . - .
hﬁ(x)=W/Rde WOy du, Q) = Wl ] + s, E[e iu - Vo],

n) =E[" Py (2], ha(w) = C(=10)A3 @) = W [e" ¢ ()] + saE[¢ (=18 (" Viu)| _y, - V]

Using the Integration By Parts (IBP) formula, we get

- 1 N 1 A
((xX)pn(x) = W/ T (u) du, LR (x) = ) /Rde Yy (u) due.
Further, there is a linear form &, (x, y)[-] of polynomial elements such that

C(x+y) = ¢ () + 3]+ & x, [y®?]
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forx,ye R4. We also notice that, for all u, y € R,
£(=i9,) (" Viu) = ¢(=id,) dye™” = 3y (£ (=i d)e™ ™) = 3y (" V5 (1) ="V L (»)iu + " IL ().
Leto(x) = f(x)/¢(x) and A, ={u € RY; lu] < sn_l}. Then
@2m) fR FO{Pn ) = @)} dx = A@) + 50 B0 + 52 C (1) + 53 D) + E(n),
where

An) = fR Cdepo) [ e Ry ()] — [ e 0] du

A

1
B(n) Z/ dx go(x)/ eiiubx {E[Ciu.'Xniu . yn/ eXp(isnM - VnS) dSlﬁnC(Xn)}
R4 Ay 0
— E[el" iy ~yoo§(X,,)]}du,
Cln) = fR drp() f e B[ Frap, 90 () [Val] — E[e" Y02 (Xoo) Voo 1]} dut
Din) = /R drp) / e[ 20, 13 (X, 5, V) [VE?]] du
Ap

£ = [ arow) [ e (@ — by du.
R A
Since
fR ,dre /R e E[eM Yyt (X)) ] du = @m) B[ (X)) ¥ng ()]
and [pa dx @(x) fpa € W, [ (x)]du = 2m) ¥, [¢¢ ], we have

|Am)| < @) [E[@(X) ¥ (X)] — alel 1| + F(n)
< QO E[e(X) (1 — )¢ (X)]| + F(n) + 6(sy)

from condition (6) of Theorem 4, where

F(n) = 2n)? /R Je)]dx x /A {[E[" Yy (0] + |[Wale" ¢ (0)]] } du

c
n

In what follows C denotes a generic constant independent of n and u and it varies from line to line.

To evaluate F(n), we need the explicit form of v,,. Let us denote by 1 a smooth function from R into [0, 1] such

that (1) = 1if |t] <1/2 and ¥ () =0 if |t| > 1. We can write

det[ld + snag_('nl(<){117 Yn) + s Xn))] =1+s, deta/;szz

with a certain functional K, satisfying, for every p > 1, the condition sup, [|K,llp,c—1 < oco. Let ¢, =

()Y (2s, deta/{,an). Obviously, ¥, € ﬂp>1 D.e—1; in order to prove it, replace ox, by oy, + k=11, differ-
entiate, and take limits in L”-spaces as k — oo. Furthermore, we infer that sup,, ||\, p,¢e—1 < oo for every p > 1. If

¥n > 0, then det(0 3, 0.z,) > 1/2 leading to

1
detUZ” > E detCFXn .
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By applying the IBP formula and the non-degeneracy assumption for A&, under truncation, we find that
sup,, |E[e" Y, 0 (X)]] < W for all u € RY. Combined with condition (6), this implies that F(n) = O(s2) =
o(s;). Besides,

[E[o(X) (1 — ¥ (X)]] < Cylll — ¥nllg = 0(sn). (38)

Here ¢ is arbitrary constant such that ¢ € (0, 1). Consequently, A(n) = 0(s;,).

Taking the limit of sup,, |E[¢(—i3,) (" Yiu)|y=x, - V]l < W we get
|E[¢(—i8,) (e iu)| V]| < _°
¢ u y=X x| = 1+|u|£72

for all u € RY. On the other hand, from the IBP formula in view of the uniform non-degeneracy of Z, under truncation

deduced from that of A}, by (37), it follows that sup,, |g, (1)] < % for all u € R?. From these estimates, we have

_ 1+|u
En) = O(s,%) = 0(sp,). Similar argument yields the estimate sup,, | D(n)| < oo.

To obtain C(n) = 0(1), we apply Lebesgue’s dominated convergence theorem in conjunction with the estimate
C

Sup|E[eiu-Zn Y (X)) [Vnl] — E[ei“‘)“/oo I (Xoo) [Vool]| < T+t

for all u € R?. In the same way, we can obtain B(n) = o(1). However, we have to use more elaborately the estimate

1
Xy . )
E[e i Yy /0 explis yns>dswn¢<xn>”sﬁw_z

sup 1,4, (1)
n

(C is independent of u) and its limiting version |E[el* Yoy - Vool (X))l < W

Combining all the estimates, we get fRd fx)pp(x)dx — fRd f (x)hg (x)dx = 0o(sy,) as n — oo. From the definition
of hg (x), it is easy to show that X, has a differentiable density pXOC and that hg (x)= dﬁ(x) — 8, AIV{E[ Vo | X0 =

x] pXOO (x)}. The existence of the integral fRd f (x)h?,(x) dx is ensured as a consequence under the assumptions of
Theorem 4. U

8. Convergence of martingales and quadratic variations

This section collects the proofs of technical results stated in Section 5. The major part of them make use of stochastic
analysis and aim at controlling quadratic variations and covariations of some martingales.

Proof of Lemma 5. Let us denote by @ the difference b, 12 O —0)—M " and write it in the form @! = b, Y 2(@,% +

cb,? ), where

@y =Y Kiy({Upn) -t} x {(Joo) - Ba}y + {(JB2) -t} x {(To1) - B1};),
1,J

@} =ZK11{(1/31)'f}T X {(J:B2)'t}r'
1,J

Since we will be interested in applying martingale limit theorems, it is convenient to decompose @fs in a sum of a
martingale and a bounded variation process. This is achieved by the It6 formula,

0 = ki (U0 - Uow) - Ba) + ({8 -1)Uon) - Bi) )

+Y K ({{((o2) - B)upn)} -t} + {{(Ton) - BI)(UB} - t},)-
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The last two terms in this expression need some further analysis. Let us introduce the notation ¢,%1 =
Y1 Kiit{((Jo2) - BB} - 1)1 Since ((J/02) - B2)s =0 fors € (0, 777",

¢21 ZK JJO'Q 2)Ii[ﬂ1’Tj—l + (I(Tj_l,oo):B{O]) -t

+ (L1 oo BI) - Br+ (1100 B1) - B2} -1},

—ZK,, {(J02) - BoYI By i) 17 + Y Kpy (1{(Jo2BlY) - (B2, B1))) 17

1,J

+ Y K (I{(Jo2B1y) - (Ba. B2)}) - 17 +0p (bn). (39)

Let us explain how the last op (b,) is obtained. In fact, the remainder term in the last equation contains five summands

which can all be treated similarly. Let us do it for one of them, which has the form ¥, =}, ; K7/ {([{(Jo2) - Bz},Bl[ll]]
By)1} - t7. We first use that

b= Ao BB B} -1y

1

:/ </ |:/ le(t)lm)(u)dt]gzudeu)ﬂl[l] dBy ;.

Then, by the Cauchy—Schwarz inequality and the martingale property of the stochastic integral, we get

T/ pst pT 2
E”[W,%]g/o </O [/ Zl,(t)lj(l)(u)dt] aiudu)(E”[(ﬁgll{s)4])‘/2ds
<c/ /[lellm)(u)lul)(ﬂ} duds <C Y[y (1)[F = cry

Lr

under the assumption that max;¢[o, 7] E[(ﬁH] t)4] and max;c[o,7] 02,; are finite. Now, interchanging the order of inte-
grations, the first summand in the right-hand side of (39) can be rewritten as follows

{((Jo2) - B) 1By g} - tr ={{(S" = """ V) Joupy g1 } - By (40)
Using the same kind of arguments, one can check that the term 4522 052 @,%1 admits the representation

P = ZKU (Uo1)- BI)(IB)} -1},
=Y Ki;({((r7 =177" V) I01By 1) - Bi},
i,J
+ 3 K1y (I{(Io1B) - (Ba. Br) + (o1 BLy) - (B B1)}) - 11+ 0p(by). (41)

Combining (39)—(41) and using that (B1, B1); = (B2, B2); =t, (B, B1)r = fot ps ds we get the desired result. O

Proof of Lemma 6. We will prove only the first relation, the proof of the second being quite similar. Consider the
case v = 1, the case v = 2 can be treated similarly in view of the relation (Bj, B2); = fot ps ds and the boundedness of

p. To simplify subsequent formulae, let us denote S[“] = b;l/z Zij K;j{(Joy - By)Iot} - (By, By). In other words,
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g1 s a random process indexed by ¢ € [0, T'] defined by

t u
b 2g"M = ZKIJ/ II(M)Gl,u/ 1;(s)o2,sdBy s du
17 0 0
1 13
~Y Ky / 1/(5)02,s / 1 ()01, dudBy,
1.7 0 s
t t
=/ ZIJ(S)Uz,s/ 1, W)or,dudBy .
0 7 s

The latter expression implies that conditionally to 7, £['!l is a Gaussian process with zero mean. Moreover,

t 2
ET[(g") 1Zf 1,(s)ah(/s 1,(])(u)al,udu> ds
<t ot llo? ] Zm 1 =cb,'r

where C is a positive constant. This yields the desired result.

Proof of Lemma 7. One easily checks that

/Hl nHZHd(Bl st—f Zh Kn(s)(J(TQ Bg)s(lo‘l Bl)sds
0

To prove the convergence of this expression, we apply the Itd formula to the product (Jo3 - B2)s({o1 - B1)s:
(Joz- Ba)s(Ioy - By)s = {(Joa- Bo)Ior - Bi} + {(Io1 - B)Joz - Bo} + {(ITh) -t} .

One can show that the contribution of the first two terms is asymptotically negligible, that is

t
/ Zhsk?j(s)({(.laz -By)Iloy - Bl}s + {(161 -Bp)Joy - Bz}s) ds LN 0.

n—oo
07y

Thus, the main term is

t
/Zhslefj(s){(ljh)-t}xds.
07y

781

(42)

(43)

(44)

To prove (43), we show the convergence in L?. More rigorously, using the notation K J(s) f K J(s)h ds and

interchanging the order of integrals, we get

! - 2
E”(/O ;thlnj(s){(J‘ﬁ'BZ)IUl'Bl}sds>
2
=E”({ZK"<Joz By)lo - Bl}>
t
4 . 2
S/O En[(Z K?J(M)(]O-Z'BZ)Lt]uO'l,u> ]du
1.J
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t ru . 2
:// (ZK;lJ(”)IuULquUz,v> dvdu
0Jo \97
T pT
SCb'?z/O/O e Y (Krs1p(l;(v)) dvdu < Cb;%r,.
1.J

Let us show now that the term (44) converges in probability. Simple algebra allows us to rewrite that term in the form

1 t LI | t LI | t 2
_ hil;(s)d _ Rl (s)ds | — — il ds ) ,
i ([ rroas) + S [ tiora) - 5( [ ntios)

which in turn is nothing else but [, > hshg svs<n VI + V] — VIN}(ds, ds’). The weak convergence of measures
stated in Assumption P1 completes the proof of the first assertion. The proof of the second assertion is quite similar
and therefore is omitted. (Il

Proof of Lemma 8. Using the representations of M" and N” as stochastic integrals, we get

=

t
(M", N"), = f (HI"Gy" + H"GE" py + HE "Gy " oy + HZ"G2") ds. (45)
0

Let us denote by G!- the first summand b;l ZI,J K17{((JB2)-t)(Io1)} in G and let us show that fot H;’"G; Ln gg
tends to zero in probability as n — co. Simple algebra yields

t t s N
/ H' MG ds = bﬂ—wz/ Z’SJKS/ J(I)uﬁz,udu/ J(1),02,,dBs , ds
05 0 0

0

t s
= b, / > 102 Brasy (s — asy) / J(1)402,4 dBo , s
0 I 0

t s §
-3
—|—bn /2/ ZISO'I%S/ J(I)u(ﬁZ,u —ﬁz,aj(,))d”/ J(I)MO'Z,M dB2*u ds
05 0 0
= /T],n +,T2,na

where we denoted by a () the left endpoint of the interval J (7). Let us show that both 77 , and 73, tend to zero in
probability. Indeed,

t t 2
EH[TIZ’n]an—3E17|:/O 022,.4(2](1)14/ Isoﬁs(s—aj(l))dsﬂz,am)> du]
I u

t 2
stﬁE”[ /0 (ZJ(I)u|1||1<1)||ﬁz,a,(,)|) du}scwrﬁ sup E[83,],
1

t€[0,7T]

and, after applying the Cauchy—Schwarz inequality several times,

t S Ky 2
E“[Tfn]sbe”[ /O leaﬁs< fo JDuBr — Prayg) du fo J(I)uaz,ude,u) ds}
1

t
< Cb;3E" [/ ZIS|J(I)|4ds} <b73
0
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Similar arguments yield the convergence to zero of the sequence E[( fot H!" G ds)2]. Thus fot H" G ds tends to
zero in probability as n — oo. The convergence to zero of the other terms of the sum in the right-hand side of (45)
can be shown similarly. ]
Proof of Lemma 9. Let us prove the first assertion, the proof of the second one being completely similar. Since

N"=G"". B +G"2. B, with G!" and G2" defined in Lemma 5, we have (N", B), = fot (G + G2 py) ds. Tt is
easily seen that

! t
f Gerde =ty ZKU / (W B2) - 1) Iiors + (T =TI7 v s) Lio1 5By sim1) ds
0 oy 0
t t
=/0 /0 (ﬂz,um,sl(u <s)+1(u > s)ol,sﬂz,s)v,f’J(ds,du)
t ) . ‘
+ b;l ZKU/O (TJ _Ti-ly s)+1§01,s(/32,5i_1 s,
07

Since B is an It6 process with ,3[0] ,6£ and B, [ being uniformly bounded in L?-norm, the expectation E/f [1By 5i-1 —
B2.s|] is bounded up to a constant factor by |/ |1/2. This implies that the second term in the last formula is

op(by, Z, 7K1y |I|3/2|J|) =0p (rz/2 —1) while the first term converges to fot ﬁzysal,XVI’J(ds) in view of Assump-
tion P1.

Identical arguments imply the convergence of fot G2 pg ds to f(; B1.502.505s V! (ds) and the assertion of the lemma
follows. O

Proof of Lemma 10. Since N* = G"" - B; + G>" - By, its quadratic variation is given by (N”, N") = [(G1")? +
2G"G2" p 4 (G*")?] - t. Using the semimartingale decomposition of 8, one checks that

t 2
/(Gg’") ds=b /(ZK”/ Ju,Bz,uduIsal,S> ds +o0,(r;b,?%)
0
t t 2
—2/0 leais</0 J(I)uﬁz,udu> ds +o0,(r;b,?)
1

= /[0 . lop Sﬂ2 ub2. urV’ .00 (ds du, du ) —i—o,,(rib;z).
N

Analogous computations show that

t
[@ s [ puaood, v (@050 o, (75,2),
N

'
J(D, 1), INT 3,
/ Gi’"GE’"pS ds:/ 352’u,317s/al’502,spsvt .1() (du,ds’, ds) —i—op(r;bn 2).
0 [0,¢]

Now, the desired result follows from Assumption P2. (]

9. Technical results on Poisson point processes

Lemma 11. For every A > 0 it holds that Y - k,(k+2) =272 —e* +1).

Proof. It follows from the equality 1/(k!(k +2)) = 1/((k + 1)!) — 1/((k +2)!) and the power series expansion of the
exponential function. U
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Lemma 12. Let &2 be a homogeneous Poisson point process on R with intensity A > 0 and let a € R. For every w,
let 1,(w) be the interval that contains a and that is an element of the partition of R generated by &?. Then |1,] is
distributed according to the law Gamma(2, 1).

Proof. W.l.o.g. we can assume that @ = 0. Since the restrictions of &2 on (—o0, 0) and [0, co) are two independent
Poisson processes, the law of |1,| coincides with the law of the sum of two i.i.d. random variables exponentially
distributed with parameter A. Thus the assertion of the lemma follows from the well known properties of the Gamma
distribution. O

Lemma 13. Let &2 be a homogeneous Poisson point process on R with intensity . > 0 and let I = [a,b] C R be

some interval. For every w, let us denote by N = N(w) the number of points of & (w) lying in I and by t; = t; (),
i=1,..., N, the ordered sequence of these points. Then

; - —|1]n
E[Z(Iiﬂ - li)2:| _2Ia—1+e )7
i=0

)L2
where we used t) = a and ty4+1 =Db.

Proof. Without loss of generality, we assume that I = [0, 1]. We use the fact that conditionally to N(w) = k, the
random vector (1, ..., #x) have the same distribution as (U(1), ..., Uw)), where Uy, . .., Uy are independent uniformly
in [0, 1] distributed random variables and Uy, ..., U, are the corresponding order statistics. Since the joint density
of (U(,‘), U(i+l)) is given by

k!

: i—1 k—i—1
- Ty,
(—Dc—i—nrt 7Y Ty

S Wiy Ugary) (X, ¥) =

the expectation E[(U41) — U;))?] is equal to 2/[(k + 1)(k 4 2)]. It is easily seen that E[U(Zl)] =E[(1 - Uy)*=
2/[(k + 1)(k + 2)]. Therefore,

al x (X 2 20 pe—hyk
E il —t) | = ——  |P(N=k) = —_—
[;(’“ 1)} Z(Z (k+1)(k+2)> V=0 X_:k!(k—l—Z)
i=0 k=0 \i=0 k=0
The desired result follows now from Lemma 11. |

Lemma 14. Let ¢ ~ &(h1) and P be a Poisson process with intensity Ay independent of . Let us denote by 1'[52
the partition of [0, ¢1] generated by 2% Then

611 + 412
E[cl > '”2}:7;\2@ wER
Jem? 1 2

Proof. By rescaling and by using Lemma 13, we get

202000 — 1 +e7228)
E JPe | = =2 .
[§j| | m} o

2
JelT;
Therefore,

2 2 2 _
EI:;I Z |J|2i| = A_ZE[glz] - )\_%E[gl] + )\—%E[gle 7»2{1] =

2
.1617{

42 2 m_ Gutan
a2 W2 A0+ 200 4

This completes the proof of the lemma. ]
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Lemma 15. Let I = [a, b] be an interval of [0, T1. If & is a Poisson point process with intensity A and I is the
partition of [0, T] generated by &, then

E[Z |J|K1J] =|I| +2)»_1 _)\—l(e—)ha —l—e_)‘(T_b)),
Jell

E[Z [J\I]-]JN I|] =r2(1 _ e—x|1|)(2 _oha —e—W—b))_

Jell

Proof. We can consider the Poisson point process &2 on [0, T'] as the union of three independent Poisson point
processes: P, on [0,a], Z;onl =[a,b]land P, on [b,T]. Lett; <--- <ty, (resp. ] <--- < tl’\/,h) be the points
of &, (resp. #p). Then E[)_; |J|K1;] =E[(a —tn,) + |I| + (t] — b)]. For every integer k > 0, conditionally to
N, = k, the random variable ¢y, has the same law as the last order statistic U of a sequence Uy, ..., Ui of i.i.d.
uniformly in [0, a] distributed random variables. Therefore, E[a — ty,|N, = k] =a/(k 4 1) and

—ak

0 k
(ara _, l-—e
E[a—tNa]zg — e =
k:ok!(k+l) A

The same arguments yield E[¢' —b] = A~1(1 —e~T=D)%) and the first assertion of the lemma follows. Using the same
notation, we have ZJ'J\” [JNI|=(a—ty, )(l{ —a)—i—(b—t]’\, )(l‘” b), where t{ S'.'Stll\/l are the points
of & lying in I. Thanks to the conditional independence of ty,,, (t1 , tN ) and t1 given N,, Ny and Nj, as well as the
representation by means of order statistics of the uniform distribution we get the second assertion of the lemma. [

Lemma 16. Let t > 0 and let & be a Poisson process on [0, t] with intensity . We denote by I1 the random partition
of [0, t] generated by . For every continuous function h: [0, t1*> — R, it holds that

/ ey [
AZ/ h(s,s)dsds — 2/ h(s,s)ds.
ren <1 A—o0o Jo
Proof. Let K be a positive integer and let as denote by

wi(8) = max{|h(s,s") = h(u,u')|: (s.5" u,u’) €0, T

s —u'| <8} (46)

the modulus of continuity of 4. Since % is continuous and [0, 1% is compact, we have wy,(t/K) — 0 as K — oo.
It holds that A Y~y [7, ; h(s, s ) dsds’ = 2f0t h(s,s)ds + 71 + Tz + T3 with

_AZ/ (s,s")dsds’ —th< ) >R

lell IxI Ie HK

s () £ 2)

leI'[K

t
T = 22 <” ”)—2/ h(s.s)ds.
0

where HiK is the restriction of the Poisson process & on the interval [(i — 1)¢t/K,it/K]. For the first term, easy
algebra yields

E[|Tl|]sx||h||ooE[Z|1|2—i > |1|2:|+)\wh(f/K)ZE|: > ]

Iell i=1 renk =l “renk
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This inequality combined with Lemma 13 implies that

hmsupE[|T|] < 11msup<k||h||oo 3 +Awh(t/K)—) =2twp(t/K).
A—00 s
In order to bound E[|73]], we evaluate E[|A ), ¥ 1% — % |]. The value of this term being independent of i, we

only evaluate the term corresponding to i = 1. Let {¢;, j € N} be a family of i.i.d. exponentially distributed random
variables with scaling parameter one and let N = min{k: {; + --- 4+ ¢ > npt/K}. Then

Note that E[g“]%,] = 6 by virtue of Lemma 12. In view of the Cauchy—Schwarz inequality and Wald’s identity [38],
Chapter VII, Theorem 3, Eq. (15), we get E[| 2?;1 ({1.2 =21 =< [Var({lz)E(N)]l/2 = O(Al/z). Finally, it is clear that
|73| < 2rwp(¢/K). Putting these estimates together, we get limsup, _, . E[|77 + T2 + T3] < 41w, (t/K). Using the
fact that wy, (¢ /K) tends to zero as K — oo, we arrive at the desired result. O

AN-1) 2

+§,2V+2
) K '

A

"

renk

Lemma 17. Lett > 0 and let 2',i = 1,2, be two Poisson processes on [0, t] with intensities A;, i = 1,2. Let IT' be
the random partition of [0, t] generated by &', i = 1,2, and let A\g = A X2/ (A1 + X2). For every continuous function
h:10, 11> — R there exists a constant C > 0 such that for every x € [C log Ao, C)L(l)/6] the inequality

x 1 X
A K > +Cx| = +wy| = < Chpe /€
p(pos [ o = a5, () =en

IxJ
holds for sufficiently large Lo, with wy,(-) being defined by (46).

'
s s’) —2/ h(s,s)ds
0

Proof. W.l.o.g. we assume that t = 1. Set 7 = A¢ Z,enlJenz Ky flx]h(s,s’) dsds’ and A(s) = h(s, s). Let us
denote by N(x) = [Ao/x] the smallest positive integer such that N(x)x > Ao and let us set L; = [iN(x)~!, (i +
1)N(x)~']. The intervals L; define a uniform deterministic partition of [0, 1] with a mesh-size of order x/Aqg. Let £
be the event “for every i =1, ..., 4N (x), the interval [ ;57 N @ f]\;r(?) ] contains at least one point from I7 I and one point

from 72" The total probability formula implies that

1 1
P('T—Z/O h(s)ds| > \/L)\_O> §P<‘T—2/O h(s)ds| > T >+P(£C),

where £¢ denotes the complementary event of £. Easy computations show that, for some C > 0, the inequality P(£¢) <
Chox~le=*/C holds true.

Let now /; be a point in L; such that fL[_ h(r)dr = h(l;)|L;| and let a; be the left endpoint of /. We define the
random variables

n =xoh() Y NI K \greryy, i=1,...,N(),
1,J

and write 71 =711 + 712 + 713 + O(ho|L1|wi(|L1])) on &, where

N(x) [N(x)/2]

1
711=E5[Zn?}—2 [li0a Tum Y (e Bl s=23

i=1 i=l1

Let us emphasize that for evaluating the remainder term in 7;, we have used the fact that r = max; .1 || vV
max;cm |J| < |L1]/2on €.
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On the one hand, since | ZN(T) n?| < Chor, we have

N(x) N(x)

o o AME[r1gc]

Es[zn"]_E[Z”’} S TRe
i=1

i=1 B P(g)

Using the inequality of Cauchy—Schwarz, as well as the bounds P(£¢) < Cioe™/€ and (36), we get IES [ZlN(f) nil—

E[ZN(X) n71l < Choe™ */C for some constant C and for every x > Clog\g.
On the other hand, in view of Lemma 15, we have

E[nf]gkoﬁ(li)E[ > <|1| + 21 ')]gcxgﬁ(li)(x;‘ﬂgl)m=0(xxgl).

l:ajel;

Using once again Lemma 15, we get

N(x) N(x)—1
E[Z nf] > Aofz(li)E[ > |1|~E”'<Z K11|J|)]+o(mgl)
i=1 i=2

Lajel; jenz
N(x)—1
=Y ,\oh(l,-)E[ > (|1|2+2|1|/x2>]+(9(xx0‘).
i=2 lajeL;
Wald’s equality yields
E[ > |I|"}:k!|Li|k%_k+O(A]_k) 47
l:ajel;

for every k > 0 and for every i < N(x) — 1. Putting all these estimates together, we get

N(x) N(x)—1 2Ll 2ILi| N
E[Z n?]= > n)»oh(l)< P )+o( =) 2hU)ILiI+ O(x2g").
i=1

i=2 i=1

Since /; is chosen to verify i_z(li)|Li| = fLi h(r)dt, we get 7y = O(xko_l).
The advantage of working with 1?’s is that, conditionally to &, the random variables 5> i =1,...,[N(x)/2],
are independent. Indeed, one easily checks that conditionally to &, n3; depends only on the restrictions of & ! and

21 onto the interval [(241'\,?;)) , (24]'\,'*(')?)) ]. Since these intervals are disjoint for different values of i € N, the restrictions

of Poisson processes 2k k =1,2, onto these intervals are independent. Therefore, 15;,i =1, ..., [N(x)/2], form
a sequence of random variables that are independent conditionally to £. Moreover, conditionally to &, they verify
In°| < Chor|L;| < Cx?/Ag. One can also check that E€[(7°)?] = O(x?A4?).

These features enable us to use the Bernstein inequality in order to bound large deviations of 77, as follows:

%2
/(2%o) 1/6
(5ol /) = 2exp( - 00 ) <20 vae 1))
C(Nx)x“hy "+ x°257"7)
Obviously, the same inequality holds true for the term 773. These inequalities combined with the bound on the deter-
ministic error term 77 complete the proof. O

Lemma 18. Let T > 0 and let (@,’1 i = 1,2, be two Poisson processes on [0, T'| with intensities np;, i = 1,2. For
every continuous function h : [0, T]3 — R, it holds that

2 P 6 8 6 T
n Z h(s,t,u)dsdtdu — St+t—+= h(s,s,s)ds.
rem! IxJ()xJ(I) =00\ Pl pip2 p; 0
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Proof. Let us denote 7, =n*Y ;. f]><J(1)><J(1) h(s,t,u)dsdrdu and let us consider the uniform partition {L; =
[@—1)/N,i/N),i=1,...,N} with N = [n'=¢] slightly smaller thar_l n (g is a small Rositive numb_er). For every
integer i smaller than [n'~¢], we define /; as the real number such that h(l;) =|L; |_1 le_ hyds, where hy = h(s, s, s).
The continuity of # implies that

N
Ty =n?(1+0(D) Y Y AT (D11, (@),

i=1 1

For every i, we set 17 =n? > l_z(li)|l||J(I)|21Ll. (ay). We first remark that
= 2 _ .
E[Zh(l,-)|1||](1)| 1Li(a,)]=1v 'O(E[?]) Vi=1,...,N.
I

Letnowi €2,..., N — 1 and I be an interval of IT! satisfying a; € L;, then ||J (I)|—|I| & =&)< (éf—N_l)Jr—i—
& —N 1., where &  and &5 are two random variables distributed according to the exponential distribution with
parameters np, conditionally to /7'. Moreover, conditionally to IT', & 1 and & are independent. Since N = O(n'—?)

and ETT' [(g;)“] — O(n—*), by the Cauchy—Schwarz inequality we have E/' (&5~ N=HA1=0@m2"*) forj=1,2.

This implies that E7' [|J(1)|2] = |11 + 4|1|(np2)~" + 6(np2)? + O(|I|n~'~2%). Combining this estimate with (47),
we get

_ 6 8 6 6 8 6 -
Bl = AL+~ S ) eaiiof ) = (4L s B [ast o
pt  pPip2 p3 pt pmp2 o ps) )L

By reasoning in a similar way, we get E[nl‘?n;] - E[n;?]E[n;] =0o(|L;|?) as soon as |i — j| > 2. Standard argu-
ments imply that Var[Zi n71 = O(N max; Var(n;)) + o(N2|L1|2). Since 77| < C(nrn)2|L1| for every i, we get
Var[); ni1=0(N|L; |2E[(nrn)4]) +0(1) = o(1) and the desired convergence property follows from the convergence
of 7, in L2. O

Lemma 19. Let T > 0 and let 9,’;, i =1,2, be two Poisson processes on [0, T] with intensities np;, i = 1,2. There
is a constant v(p1, p2) depending only on pi and pa such that for every continuous function h:[0, T]> — R

I

T
h(s, 1, u)ds dr du igou(pl,pz)/ hs, s, s)ds.
n—
Iel) Jel? 0

(< J(D)xINJ

Proof. The proof of this lemma follows from the invariance of the law of a Poisson process under scaling and trans-
lation, as well as from the independence of disjoint sets’ measures. It is similar to the proofs of preceding lemmas and
therefore will be omitted. |
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