Annales de I’Institut Henri Poincaré - Probabilités et Statistiques

2010, Vol. 46, No. 4, 1001-1024 ANNALES

DE LINSTITUT
DOI: 10.1214/09-AIHP337 HENRI
© Association des Publications de I’Institut Henri Poincaré, 2010 POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Heat kernel for random walk trace on Z> and Z*

Daisuke Shiraishi

Department of Mathematics, Faculty of Science, Kyoto University, Kyoto 606-85 02, Japan. E-mail: daisuke @math.kyoto-u.ac.jp
Received 24 February 2009; revised 8 August 2009; accepted 11 August 2009

Abstract. We study the simple random walk X on the range of simple random walk on 73 and Z*. In dimension four, we establish
quenched bounds for the heat kernel of X and maxy<x<p | Xy | which require extra logarithmic correction terms to the higher-
dimensional case. In dimension three, we demonstrate anomalous behavior of X at the quenched level. In order to establish these
estimates, we obtain several asymptotic estimates for cut times of simple random walk and asymptotic estimates for loop-erased
random walk, which are of independent interest.

Résumé. Nous étudions la marche aléatoire simple sur I’ensemble des points visités par une marche aléatoire simple sur 73
et Z*. En dimension quatre, nous établissons des bornes presque siires pour le noyau de la chaleur de X et pour maxo<x<p | Xk|
qui nécessitent des termes correctifs logarithmiques. En dimension trois, nous montrons que X a un comportement non diffusif
presque stirement. Pour démontrer ces résultats, nous obtenons des estimées asymptotiques pour les temps de coupure de la marche
aléatoire simple et pour la marche a boucles effacées qui sont intéressantes en elles-mémes.
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1. Introduction and main results
1.1. Introduction

The problem of the simple random walk X on the range (trace) of the simple random walk on Z¢ has received attention
both in the literature of physics and mathematics (see Section 1.2, for a precise definition of this process). Recently,
several papers have studied the behavior of X [2,3]. For example, for an electrical network on a locally finite graph,
it is shown in [2] that the trace, the set of edges traversed by the associated random walk, considered as an electrical
network with unit conductances placed along each edge, is recurrent a.s.

Given the general recurrence result of [2], it is natural to study further properties of X when the original graph
is Z4. For d > 5, X behaves in a diffusive fashion similar to the simple random walk on Z. Roughly speaking, the
intersections of the original simple random walk path are sparse and give no effect on the asymptotic behavior of X.
See [3] for details. On the other hand, since the original simple random walk path intersects itself more complicatedly
for d <4, it is interesting to consider this problem when d = 3, 4. (Note that when d = 1,2 the recurrence of the
original random walk easily implies that the range of the random walk is equal to the whole lattice a.s., so the law
of X is the same as the original random walk.) For d = 4, it is shown in [3] that logarithmic corrections are required
in describing the asymptotic behavior of X compared to higher dimensions. Indeed, in [3], annealed bounds for the
heat kernel of X and maxo<k<, |X| are obtained and they require extra logarithmic correction terms to the higher-
dimensional case. (Here | - | denotes the Euclidean distance.)
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In this paper, we establish further properties of X for d = 4 and obtain an upper heat kernel estimate of X for d = 3.
For d = 4, we prove quenched bounds for the heat kernel of X (Theorem 1.2.1) and maxo<x<y | X«| (Theorem 1.2.2)
with logarithmic corrections. For d = 3, our heat kernel estimate (Theorem 1.2.3) shows anomalous behavior of X at
the quenched level. Indeed, it allows us to conclude that d; > 1, where d; denotes the quenched spectral dimension
of the random walk X (see (1.1) for definition) which contrasts with d > 4 where d; = 1. Thus, in the language of
statistical mechanics, our results provide further justification for the claim of [3] that the critical dimension of the
random walk on the range of random walk is 4.

It has recently been established [1,8] that in order to obtain heat kernel bounds, it is enough to obtain estimates
on volume and effective resistance. Thus, applying these results, to obtain our conclusions, we are only required to
consider volume and resistance. To deduce upper and lower bounds for the volume, it is useful to estimate the cut-times
and loop-erasure of the original simple random walk, respectively (cf. [3]). There are many deep results regarding cut-
times and the loop-erased random walk (see, for example [9—12]), but unfortunately some of the estimates we need do
not appear in the literature. We thus establish a number of further estimates for cut-times and the loop-erased random
walk (for example Corollary 2.2.4, Proposition 4.2.4), which are of independent interest.

Throughout this paper we use c, c1, ¢, ... to denote arbitrary positive constants, depending only on dimensions,
which may change from line to line. If a constant is to depend on some other quantity, this will be made explicit. For
example, if ¢ depends on 8, we write c;.

If g(x), h(x) are functions we write g ~ h if they are asymptotic, i.e.,

. h(x)
m — =

li
x—00 g(x)

1.

We write g < h if there exist ¢y, ¢ > 0 such that
c18(x) <h(x) <cpg(x) forallx.
1.2. Framework and main results

Let S = (S;)n>0 be the simple random walk on 74 starting from 0, built on underlying probability space (£2, F, P).
Define the range of the random walk S(w) to be the graph G(w) = (V (G(w)), E(G(w))) with vertex set

V(G(@) = {Sn(w): n >0},

and edge set
E(G(@)) := {{Su (@), Sps1(@)}: n =0},

where w is an element of £2. (For simplicity, we often omit w.) Let pg(x) be the number of bonds that contain x, i.e.,
ng(x) =t{{x. v} € E(G)}.

We extend pg to a measure on G by setting ug(A) = > ugx) for ACg.
X€A
We denote the simple random walk on G(w) by

X = ((X)nz0, PY“, x € V(G(w))),

and its heat kernel (transition density) with respect to LG (,) by hg(w) (x,y),ie.,

hy @ (x,y) =PI (X, = y)———.
" T UG ()

To define X we introduce a second measure space (2, F), and define X on the product £2 x £2. We write @ to denote
elements of £2.
The following theorems are our main results in this paper.
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Theorem 1.2.1. Let d = 4. For each § € (0, 1), there exist a ¢ > 0 and §21 C 2 with P($21) = 1 satisfying: for each
w € 21, there exists N1(w) < oo such that

n~2(logn) 3> <hS“(0,0) < cn"2(logn) ™0 Vn > Nj(w).

Theorem 1.2.2. Let d = 4. For each § € (0, 1), there exists §2o C 2 with P(§2;) = 1 satisfying: for each w € §27,
there exists No(w, @) with Pog(w)(Nz (w, w) < 00) =1 such that

!4 (logn)!/24=8 < 1Tf§n|xk| <A ogn) 312+ Y > No(w, @),

where | - | denotes the Euclidean distance.

From the above results, we see that for d = 4 the process X and its heat kernel do not satisfy the same scaling
results as in the higher dimensional case, but exhibit logarithmic corrections to the leading polynomial order.
When d = 3, we have the following result that shows the anomalous behavior of X.

Theorem 1.2.3. Let d = 3. There existar > 0 and 23 C §2 with P($23) = 1 satisfying: for each o € §23, there exists
N3(w) < 00 such that

hS@0,0) <n %" (logn)”  Vn > N3(w).
Define the quenched spectral dimension of the random walk X by the limits

g(w)
2logh 0,0
ds := lim 2loghy, (©.0)
n— 00 —logn

(1.1)

when it exists. From Theorem 1.2.1 and Theorem 1.2.3, we conclude that d, = 1, P-a.s., for d =4 and d; > % > 1,

P-a.s., for d = 3. Thus, we see that the critical dimension of this model is 4. We cannot determine the exact value of

dy for d = 3. Numerical simulations suggest that d; &~ % in this dimension [6].

We now begin to prove main theorems. We will give the full proofs of Theorems 1.2.1, 1.2.2 and 1.2.3 in Sec-
tions 2—4 respectively.

2. Proof of Theorem 1.2.1
2.1. Upper bound

In this subsection we will prove the upper bound of Theorem 1.2.1. By [8], Proposition 3.1, we need to estimate
the lower bound of volume. We first give some notions that are used in the proof. Recall the setting described in
Section 1.2. Let d = 4. For a finite simple random walk path A = [A(0), ..., A(m)] of length m, assign a self-avoiding
walk path LA in the following way. Let

o0 =sup{j: A(j) =1(0)},
and fori > 0,

o; =sup{j: A(j) = A(oi—1 + D}.
Let

[ =inf{i: o; =m]}.
Now define

A(i) = (o),
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and
La=[10), A1), ..., A0D].

This self-avoiding path clearly satisfies (LA)(0) = A(0) and (LL)(I) = A(m).
We let dg (-, -) be the shortest path graph distance on G.

Proposition 2.1.1. If d =4, there exists ¢ > 0 such that

P( max dg(0, Sy,) > cn(logn)_1/3) = O((logn)_5/3)

1<m<n
Proof. For each n, choose
O=jo<ji<---<jm=n

such that (j; — j;_1) ~n(logn)~2, uniformly in i. (Note that this choice of {};} is same as that used in the proof of
[9], Theorem 7.7.5.) Then m ~ (log n)z. Erase loops on each interval [j;_1, j;] separately (i.e., take L(S[ji—1, ji]))-
Let Y be the indicator function of the event “Sy is not erased in this procedure” i.e.,

Yie =1{L(S[ji—1. k1) N Slk+1, jil=o} for ji_y <k < j;. 2.1)

Let 0 <[ <n and let i be such that j;_; <[ < j;. Since there is a path from 0 to S; which does not pass the loops
arising on each interval, we see that

Ji—1

dg(0.8) <> Yi+ (i — ji—1). (22)
k=0
Therefore,
n
max dg (0, S)) < Z Yi + 2n(logn) 2. (2.3)
1<i<n 0

It follows from the proof of [9], Theorem 7.7.5 and [10], (1.2) that

n
E (Z Yk> = n(logn)_1/3,
k=0

and hence by (2.3), for ¢ > 0 sufficiently large,

n
P( max dg (0, ;) > Cn(log”)fm) =P <Z Y +2n(logn) 2 = cn(logn)l/3)
1<i<n =0

n
< P<Z Y, > %n(logn)_l/3>

AT () o)

- Var(}_y_o Yr)
T EQ oY
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Using the estimate

Var(z Yk> =E <Z Yk)O(n(logn)_z),
k=0 k=0

(see proof of [9], Theorem 7.7.5), the proposition is proved. ([
Let
Bg(x,R) = {y: dg(x,y) < R}, x€G, R e(0,00).
We have the following result for the bounds on volume.
Proposition 2.1.2. Let d = 4. Then there exists ¢ > 0 such that
P(ug(Bg(0, cnlogn)~'7)) < n) = O((logn)~>"3). (2.4)
Proof. It follows by Proposition 2.1.1 that
P(Mg(Bg(O, cn(logn)71/3)) < rn) < P(/Lg({S}Z 0<li< n}) < rn)
+ P(lrgf?n dg(0, 8) > cn(logn)—1/3) (2.5)
< P(8{Si: 0 <l <n} <rn)+0O((logn)~>"3).
But it follows from [4], (2.22) and [5], (4.1) that there exist p € (0, 1) and ¢ > O such that
E(8{S;: 0 <l <n})~ pn,
Var(8{S;: 0 <1 <n}) =én+0(n'?*(logn)).
So, if we choose r sufficiently small so that r < % then the right-hand side of (2.5) is bounded above by

4Var(8{S;: 0<l<n))
E@#{S;: 0<1<n})?

+0((logn) ™) = O((logn)™/3).
By a simple reparameterisation, we have (2.4). d
Using these propositions, it is now relatively straightforward to prove the second inequality of Theorem 1.2.1.

Proof of the upper bound of Theorem 1.2.1. Fix n € N and we define Ry so that n = R%(log Ro)'/3. Then Ry ~
nl/z(logn)_l/ﬁ. On the set

{16 (Bg (0. Ro)) = cRo(log Ro)' "3},
we have
1€.(0.0) < ¢(Ro(log Ro)'/3) ™!
<2¢(n'*logm)'7®) .

(See [8], Proposition 3.1. We apply this as v(R) = cR(log R)!/3 and r(R) = R.)
Therefore, by Proposition 2.1.2, for ¢ sufficiently small,

P(h§(0,0) < 2¢(n'?(log n)1/6)_1) > P(1g(Bg(0, Ro)) > cRo(log Rp)'/?)
=1-0((logn) 7).
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Let nx = |ek|. Then, since > (log ny) 3 < oo, by the Borel-Cantelli lemma there exists K{(w) with P(K| <
00) = 1 such that

hgf,f’) 0,0) < ZC(n,lc/z(lognk)]/6)71 Vk > K| (w).

This implies that the upper bound of Theorem 1.2.1 holds for the subsequence nj. The spectral decomposition gives
that hzgn(w) (0, 0) is monotone decreasing in n. So, if n > Nj(w) := eK1@ 4 1, let k > K (w) be such that ny <n <
Ni41. Then

h$@0,0) < hg;;» (0,0)
< 2c(n,i/2(lognk)1/6)71
< &(n'2(logn) /%)~ 0

2.2. Lower bound

In this subsection we will prove the lower bound of Theorem 1.2.1 by analysing the cut-times of S, where we call a
time k a cut-time for S if S[0, k] N S(k, co) = &. In four dimensions the set of cut-times

T := {k: S[0,k]N S(k, 00) = &},

is an infinite set, P-a.s., so we can write 71 < 7> < - - - to represent the elements of the set of cut-times 7. We let J;
be the indicator function of the event “j is a cut-time” that is, J; = 1 if S[0, j]1N §(j, 00) = &, and write

n
Ry=)_1Jj.
j=0

We write C,, to represent the nth cut-point S7; . In order to prove the lower bound of Theorem 1.2.1, we need the upper
bound of volume (see, for example, [8], Proposition 3.2). However, it is clear that ug(Bg(0, n)) < 87T,,. Thus, we start
by a considering the upper bound of 7;, (or lower bound of Rj,).

Our main estimates for the lower bound of R, is given in Proposition 2.2.3. This can be proved by using the fact
that “short-range” and “long-range” intersections of random walks are asymptotically independent in four dimensions.
In order to establish this proposition, we need Lemmas 2.2.1 and 2.2.2. So we will show these lemmas first, and then
Proposition 2.2.3.

Fix § € (0, 1). We write

ain = |n(logn)’®| fori=1,23. e
Lemma 2.2.1. Let d =4. Then,
P(S[0, 71N S[ay », 00) # @) = O((logn)™'?).

Proof. Let S', S? denote independent simple random walks starting at the origin in Z*. It follows from the proof
of [9], Corollary 4.2.5 that

P(S[0, n]1 N Sai », 00) # @) = P(S'[0, n]1 N $?[a1,, — n, 00) # 2)

< c(logn)~ IZ Z s} =57). (2.7)

i=0 j=ajn—n
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By the local central limit theorem of [9], Theorem 1.2.1, the right-hand side of (2.7) can be bounded above by

n o0 1
c(logn)_lz Z m:o((lognrl—“).

i=0 j=aj,— O
Let
Ay :={S[0,n] N S[ay,n, 00) = @, S[0, a1,,] N S[az,,, 00) = }. (2.8)
By Lemma 2.2.1, we have
P(AS) = O((logn)~'?). 2.9)

If we also let

5 1{S[0, j1NS(j,a1nl=2}, 0<j<n,
Ji= . s : 2.10
! {llS[al,n,J]ﬂS(J,OO)=®}, axn < j <azn. (2.10)

Then it is easy to see that J; = fj on the event Aj.

Lemma 2.2.2. Let d = 4. There exists ¢ > 0 such that

n
i logl
P J; <cnllogn)™'/2 :o( Of Og”>, @.11)
=0 ogn
o loglogn
Pl 3 J; <enlogn)™2 ) =o =221, (2.12)
P logn

Proof. The proof of (2.11) and (2.12) are similar, we will only prove (2.11). Let 0 < j < n. It is well known that
E(J;) = P(S[0, j1N S(j, 00) = @) ~ é(log j) /2

for some ¢ > 0; see Introduction in [11], for example.
Therefore, by Lemma 2.2.1,

E(J}) < E(Jj) + P(SI0, j1N Sla1n, 00) # @) ~ &(log j)~'/2,
and hence

E(Jj) ~&(log j)~1/2. (2.13)
Therefore, letting ¢ = 4:, we have

n
P(ij Scn(logn)1/2> < P( jj =< 5
J

j=0 j=0

3
&1
S
~.
Il =
=)
ol
\/
SNS—

- 4Var(2’}:(3 Jj)'
EQX i Jj)?
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To complete the proof of (2.11) it remains to establish that
1. 1L ? loglogn
Vi Ji|=E Ji] O .
o(27)-o(27) o)
j=0 j=0
We have
n n 2 n 2
Var(Z J,») = E((Z Jj> ) —E (Z J,-)
j=0 j=0 j=0
n

=ZE(ij2)+2 Z E(j]jk)

Jj=0 0<j<k<n

-3 EU)? -2 Y EUHEU.

j=0 0<j<k<n

and

ZE(jiz) =Y EU*=Y_EUp)-Y EUJp*<n+1.
Jj=0 j=0 j=0 =0

Therefore we only need to consider
Y EUjln- Y. EUNEW.
0<j<k<n 0<j<k=<n
Let A={(j,k): 0<j <k <n}and a, = [n(logn)~°|. We write
Al={(. kb eA: 0<j<anl,
Azz{(j,k)eA: ap <j <k<n—an},
A=, k) eAn—a, <k <n},
and partition A2 into two sets:
AL ={(j. k) € A% k— j > 2a,},
A2 ={(j, k) e A k — j <2a,).

Since tA! + 1A% + A3 <4n’(logn)~?, the sum over A' U A2 U A3 can be bounded above by

n 2
4n*(logn)™ = E(Z fj) O((logn)™®).

Jj=0

For the sum over Ai, we need to be a little careful. Let (j, k) € A%r. By independence,

E(J;Ji) < P(SLj — an, j1INS(j, j +an]l =2,
Slk—an, kINSk, k +a,] = @)
= P(S[j — an, jINS(j, j +anl=2)

(2.14)
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x P(S[k — an, k1N S(k, k + a,] = 2)
= b2,

where b, := P(S[0, a,]1N S(a,,2a,] = 2).
On the other hand, the following holds for a, < j <n,

N logl
E(J}) :bn<1 —o( o8 Og”)) 2.15)
logn
Indeed, let
U ={8[0, j1N S(j, 00) = &},

{810, j1N0 S(j. a1.n] = 2},
{SL = an, /1IN S, j +anl = 2},

v
v

sothat U ¢ V C V. Then,

1_0(1oglogn> _ PW) - P(V)’
logn P(V) =~ P(V)

where the first equality is due to [9], Lemma 7.7.3. This implies (2.15).
Since b, ~ ¢(log n)~1/2 (see, for example, [9], Appendix A), we can combine this with the above results to con-

clude
i) FVET logl
S {EGI - EGpEGD) < Y {bﬁ—lﬁ(l_o( Olgoogn>>}
n
(e (jhoeAl g
= Y bio(%)
logn
(j.kyeAl
logn

n 2
~ loglogn
=E(E Jj) O< )
o, logn 0

The key result in four dimensions in this paper is the following proposition.

Proposition 2.2.3. Let d = 4. There exists ¢ > 0 such that

P(Rg,, < cn(logn)™'/%) = O((logn)™'7?). (2.16)

Proof. By (2.9), the independence of Z?:o J ; and R j,and Lemma 2.2.2,

Jj=axn

n as n
P(RaM < cn(logn)_l/z) < P(Z Jj+ Z Jj < cn(logn)_l/2>

j=0 J=a2.n

n as n
< P(Z Ji+ Y Jj<cn(logn)~'? A holds)

j:0 J=a.n
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+ P (A does not hold)

n as n
< P(Z fj + Z fj < cn(logn)_l/2>
=0

j=92,n

+0((logn)~"'?)

n a3z.n
< P(Z fj §cn(logn)_l/2)P( Z fj §cn(logn)_1/2)

Jj=0 J=azn

+O((10gn)_1_6)
= O((logn)™'7%). O

The following is an immediate corollary.
Corollary 2.2.4. Let d =4. (a) Recall R, = Z?‘:o J is the number of cut-points on the first n points of S. We have

Var(R,) = E(Rn)zO(loglﬂ)

logn
(b) There exists ¢ > 0 such that for each 6 € (0, 1),
P(T, > cn(logn)'/*73%) = O((logn)~'). (2.17)

(c) There exists ¢ > 0 such that for each § € (0, 1),

P(ng(Bg(0,n)) = cn(logn)'/?+3%) = O((logn)™'~?). (2.18)
Proof. Part (a) can be proved in the same way as (2.14). Part (b) is readily obtained from Proposition 2.2.3. Since
ng(Bg(0,n)) < 8T,, part (b) implies part (c). O

Let

16(0,n) = inf{n >0: X, ¢ Bg(0, n)}
and the function Rg(-, -) be the effective resistance on G when we suppose that a unit resistor is placed along each
edge. We are now in a position to prove the lower bound of Theorem 1.2.1. To establish it, we need the following
proposition.

Proposition 2.2.5. Let d = 4. There exist ¢ > 0 and ¢ > 0 such that for each § € (0, 1),

P(en?ogm ™ < E§ (:g.m) = sup EJ (t(0,m) < &n*(logm)!/>)
xeBg(0,n)

=1—0((logn)~'7%2), (2.19)
Proof. We adapt the argument of [3], Lemma 4.3. It is easy to check that for x € Bg(0, n),

E (tg(0,m) < R (x, Bg(0,n)°) g (Bg (0, )
<2npg (Bg (O, n)),
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and therefore the right-hand side inequality of (2.19) is a straightforward consequence of Corollary 2.2.4(c). For
left-hand side inequality, we consider the following events

Ay = l sup dg(0, Sm) < Cln(logn)l/6+35}

0=m=Ts,
A3z = {1g(Bg(0,n)) = can(logn)'?}.
By Corollary 2.2.4(b), Propositions 2.1.1 and 2.1.2, it follows that for ¢ sufficiently large and c; sufficiently small,
P(A2N A3) =1 —0O((logn)~'79/2).
But applying an argument from the proof of [3], Lemma 4.3, it is possible to deduce that on the set A> N A3, we have
EY (g (0, c1n(logn)/+3%)) > c3n*(logn)'/?,
for some ¢3 > 0, which completes the proof. (I

Proof of the lower bound of Theorem 1.2.1. Let

Ag = Hzcwz(lognr” <ES(wg(0.m) < sup EY9(zg(0,n)) < C4n2(1ogn)‘/2+5}
x€Bg(0,n)

As = {Mg (Bg(O, n)) < CSn(IOgn)1/2+6}.

By Corollary 2.2.4(c) and Proposition 2.2.5, we can choose c3 > 0 sufficiently small, ¢4 > 0 and ¢5 > 0 sufficiently
large so that

P(A4N As) =1 —O((logn)~'79/%). (2.20)
Assume that A4 and As hold. Then using the Markov property, we have

2c3n2(logn) ™ < EY (15(0,n))

< esn?(logn) ™2 4 PY (1g(0,n) > c3n(logn)™?)  sup  EY(15(0,n))
x€Bg(0,n)

< e3n*(logn)™? + PY (1g(0, n) > c3n?(logn)~2)can? (logn) V/2+2.
Therefore,

2 —26
g ) _2s c3 n-(logn) _ _1/2-38

PO (‘L’g((), l’l) > c3n (logn) ) > aW = C6(lOng) ,
where cg = g—i.

By the Chapman—Kolmogorov equation and the Cauchy—Schwarz inequality,

—28\2 2
P§ (tg(0,n) > c3n?(logn) %) < P§ (X | can2togn)-2¢| € Bg(0.1))

2
S { Z hﬁ?nZ(]Ogn)fZSJ (07 )’)IJ«Q({)’})}

yeBg(0,n)
g
= UG (Bg , n))hZchnz(logn)’z‘sJ ©.0)
< esn(log n)1/2+8hg 0,0,

2| c3n*(logn) =2 |
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and therefore,

2

G 6 -1 ~3/2-75
"\csn2togm21 (0 0) 2 s (logn) '

With a simple reparameterisation we can conclude that on the set A4 N As,
h3,(0,0) = cyn ™2 (logm)—3/>7%,

for some c7 > 0. So, using the Borel-Cantelli lemma first and then using the monotonicity of hzgn (0, 0) as in the last
part of the upper bound of Theorem 1.2.1, we deduce that there exists N1 (w) with P(N| < 0o) such that

n~121ogn)3?% < hzgn(w) 0,0

for all n > Nj(w). This completes the proof of the lower bound of Theorem 1.2.1. (]

3. Proof of Theorem 1.2.2
3.1. Lower bound

Let d = 4. In this subsection we will show the lower bound of Theorem 1.2.2. Let § € (0, 1) and recall that 7 =
(Ty)n>1 1s the set of cut-times and C,, = St,. We define the events

0 =1{1g(0,n) < n*(logn)"/*},

A~1 = {{Sm: O S m S T|_n(10gn)*l/675j} C Bg(O, n)}v
Ag:{

max Cul = n'(logm) /=4,
1<k<|n(logn)~1/6-3]

where | - | in A, denotes Euclidean distance in R*. Then on the event Ag N A| N As,

ax Xml >  max  |X,l
1<m<n?(logn)!/2+28 l<m=<tg(0,n)
> max |Ck|

1<k<|n(logn)~1/6-38]

> nl/Z(IOgn)l/6—48’ 3.1

where we use the fact that any path from 0 to Bg(0, n)“ passes through all cut-points in Bg(0, n). Therefore, by a
simple reparameterisation, we have

max |X,,| > n1/4(logn)1/24_98/2.
n

1<m<
So all we need is to show that each A; occurs with probability which is high enough to apply the Borel-Cantelli

lemma.
First, we consider A».

Lemma 3.1.1. Let d =4 and n > 0. Then it follows that

P(T, <n(logn)!/*7) = O((logn)~'77).
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Proof. Recall that R, denotes the number of cut-times up to time n whose expectation is estimated as E(R;) ~
cn(log n)~1/2 for some & > 0 and variance is estimated in Corollary 2.2.4(a). We have

P(T, < n(logn)'>™") < P(R|qiognyt/2-1) = 1)
< P(RN > %N(loger/z*")
< P(RN —E(Ry) = iN(log N)—l/”")
< 16 Var(Ry)(N?(log N)~'+21) ™!
= O((log N)" "2 oglog N),
where N = |n(logn)!/?77]. ([l
We have the following proposition for As.
Proposition 3.1.2. Let d =4 and § € (0, 1). Then, there exists cs > 0 depending only on & such that
P(Ay°) < cs(logn) ™' =%/°.
Proof. Note that

A ICy| < n1/2(1ogn)1/6—45}. (3.2)

‘ C [ max
\_n(logn)*l/6*2‘3J§k§ \_n(logn)*l/6*‘sj
82
Letn:= %5 and
ki = [n(logn)~1/6720H3G=Dm | =y — 1 ],
where j is chosenas j =1+ L%J. Note that
§—8><3(j—n<s.
Notice that
[ki(log ki)' />, ki log ki) /*F7] 1 [kiy1(log ki) > 7", ki1 (logki 1) /2] = @
for each i. By (3.2),

P(A°) = P( max |Cy,| < nl/z(logn)l/G*%)

I<i<j
< P(Ty, ¢ [ki(logk)'/*™" k;(logk;)'/*™™], forsomei =1,..., j)

+ P( max_|Cy. | < n'/>(logn)!/6=%,
I<i<j

Ty, € [ki(logk)'/*™", k;(logk;)'/>*7], for all i = 11) (3.3)
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By Corollary 2.2.4(b) and Lemma 3.1.1, the first term of the right-hand side of (3.3) can be bounded above by

.

Z (Ti, ¢ [kiQogkn)'/>™", k; (log ki) /*17)) <c2(logk) 1=n/3

i=1 i=1

< cj(logn)~' =3
< cé(logn)—l—‘*z”,

where ¢ > 0 and ¢’ > 0 do not depend on §. We will explain how to bound the second term.
First by the definition of k;, this term is bounded above by

( inf 1Sl < n'/2(logn) /5% forall i = 1,...,j)
ki (log k;) /21 <m <k; (log k; ) 1/2+1

S| <n2(log )64 forall i = 1]) (3.4)

< P( inf
n(logn)1/3=26+Gi=41 < <p(log )1 /3-2+Gi-2n

By the Markov property, for each 1 <i < j,

P( inf 1S, znl/z(logn)l/f’—”)
(1/2)n(10g n) 1/3=-25+@Gi—4)n §m§2n(log n)1/3725+(3i72)11

> P(lSL(1/2)n(logn)1/372ﬁ+(3i74)nJ | > nl/z(logn)l/6_26)

x inf P* (181 = n'/*(logn) /73 for all I > 0). (3.5)

[x|=n'/2(logm) /62

By using the local central limit theorem of [9], Theorem 1.2.1 and gambler’s ruin estimate, (see, for example, [9],
Proposition 1.5.10), the right-hand side of (3.5) is bounded below by

(1 —0O((logn)~®/2%))(1 — O((logn)~?*)) = 1 — O((logn) ~*/?). (3.6)
Now we estimate (3.4) by using (3.6). Let
7 ==inf{m € [n(logn)'P=2+C=1 n(1ogn)!P=2HEI=20]: |5, | < n'/2(logn) /0~
foreachi=1,..., j. Here we use the convention inf & = +oc. Then by the strong Markov property at 7;_1,
(3.4) = P(7; € [n(logn)!/3=2FC=0n 1 (1ogn)!/3=2+C=20] foralli = 1,..., j)
< P(7; € [n(logn)' 3725 C=0n n(logn)!/F=2HGI=Dn] foralli =1,...,j — 1)

x 1S,n] < nl/z(logn)1/6_45). (3.7

max P"( inf
|x\<nl/2(10gn)1/6_45 (l/z)n(logn)1/3—26+(3j74)nSmSzn(log,1)1/3—26+(3j72)n
By (3.6), if |x| < n'/?(logn)'/9=%% then

P"( inf 1S an/z(logn)l/6_48)
(1/2)n(10g”)1/3—25+(3j—4)r; §m§2n(log n)1/3—25+(3j—2)n

1
> P"( inf 1S | > —nl/z(logn)1/6_35)
(1/2)n(logn)1/3-25+Gj=Hn <m<2n(logn)1/3-28+(Gj=2n 2

= P( [ — 31 = n'/(logm)/0=)

in
(1/2)n(logn) 1/3-25+Bj-Hn <y <2n(logn) 1/3-254+(3j—2)n

=1—0((logn)~?/2?),
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Therefore (3.7) is bounded above by

P(t; € [n(logn)'/3720FCI=Dn 1y (1og n)!/3=20FCI=2m] forall i =1,..., j — 1)

x O((logn) /2.
So, by iterating this argument, we can deduce that (3.4) is bounded above by cs(logn)~3/2. O
Next we consider A 1.

Proposition 3.1.3. Letd =4 and § € (0, 1). We have

P(A;°) = O((logn)~179/6).
Proof. By Proposition 2.1.1 and Corollary 2.2.4(b), there exists ¢ > 0 such that

P(AL) = P(Tyuogm-115-s) = enllogm)'/37002)

+ P( max dg(0, Sm) > n)

05m§cn(10gn)1/3*‘3/2

= 0((logn)~'7%%). O
Finally, we will consider A~o. Denote

F:={ EY(zg(0,m)) <n(l 1/2”}.
xeglga()é,n) x(rg( n))_n (logn)

Note that by (2.20),

P(F)=1-0((logn)~'7%/7). (3.8)
Proposition 3.1.4. Let d =4. For w € F, we have

Py (Ag°) < es(logn) 2,
where cs > 0 is a constant depending only on §.

Proof. By applying the Markov property at L%(% — Dn?(logn) /2428,

i 5(2
PY(A))=rpPY (‘L’g((), n) > b (5 — 1>n2(logn)l/2+25J,‘rg(0, n) > nz(logn)l/z"’za)

<Py <‘[g(0, n) > E(% -~ 1>n2(logn)l/2+25J>

)
x  max PY9(1c(0.n)> —n?(logn)!/?+2 ).
x€Bg(0,n) x(g( ) 2 (logn)

On the set F, we have

8 8 ! 2
Py (rg(o,n) > Enz(lognﬂ/z*”) < (y%logn)”“”) EY (zg(0.m) < S (ogm) ™,
for each x € Bg(0, n). So, by iterating this argument, we deduce the claim. (]

Now we finish the proof of the lower bound of Theorem 1.2.2.
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Proof of the lower bound of Theorem 1.2.2. Let § € (0, 1) and ¢s > 0 be the constant depending only on § as
described in the above argument. We sketch the proof (see the proof of [8], Theorem 1.5 (I)(c) for details). By Propo-
sitions 3.1.2, 3.1.3, 3.1.4, (3.8), and the Borel-Cantelli lemma, we see that there exists N'(w) with P(N' < 00) =1
such that

@ Py (160 (0, ) < n*(logn)"/>*%) > 1 — ¢s(logn) 2,
(b)  {Sm(@): 0<m < T,q0gm-1/6-5) (@)} C Bg(w)(0, 1),

(©) max |Ck(w)| > n1/2(log n)1/6-4
1<k<|n(logn)=1/6=4]

for all n > N’(w). Then, by the Borel-Cantelli lemma (with respect to the law Pog (‘”)), there exists N'(w, @) with
PJ ({@: N'(w, @) <o0}) =1

such that

) TG (0,n)(@) < n*(logn)'/*T2

(b) and (c) hold for all n > N'(w, ®). Therefore, it follows from (3.1) that the desired lower bound holds for each
w € {w: N'(w) < oo} and @ € {w: N'(w,®) < 00}. |

3.2. Upper bound

In this subsection, we will show the upper bound of Theorem 1.2.2. Let § € (0, 1). We define the events B; as follows,

By = {1g(0,n) > n*(logn) 19372},
By ={T41 < cn(logn)1/2+5},

B = sup Sl =n'(logm) 4}

0<m<cn(logn)!/2+3

On the event By N By N By, we have

| Xm| < = max  |X]
OSmgnz(10gn)*10/3*‘S 0<m=<tg(0,n)
= sup |x]

T xeBg(0.n+1)

< sup |Sul
0<m=<Ty41

= sup [Sm |
O0<m<cn(logn)!/2+s

<n'?(ogn)/4+3. (3.9)

Therefore, by a simple reparameterisation, we have

1/4 13/124(5/4)8

max | X, <n
0<m=<n

(logn)

So, once we have good estimates for each P(BiC ) then, by a similar argument to that of Section 3.1, we can deduce
the upper bound of Theorem 1.2.2.
By Corollary 2.2.4(b), there exists ¢ > 0 such that

P(Bf) = O((logn)_l_8/3),
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and it is a straightforward consequence of the large deviation estimate (see, for example, [9], Lemma 1.5.1) that
P(BS) = O(e~(oem™),

Therefore, all we need is to estimate Pog (w)(Bg) on a good subset of £2.
Leta =34 115 and B = % + 45. We define 151 and ﬁz as follows,

F = { sup  dg(0, Sp) < n(logn)1/6+8]

0=<=m=<T,
Fy:= {712(10gn)_2’3_2‘S < E§ (tg(0,n(logn)™*))

= sup EY (1 (0, n(logn) ™)) < n*(logn)'/2~26+ }
x€Bg(0,n(logn)—F)

Note that by Proposition 2.1.1 and Corollary 2.2.4(b),

P(F))=1-0((logn)~'7%°), (3.10)
and by Proposition 2.2.5,
P(F>) =1-0((logn)~'=%/7). G.11)

The following proposition gives that on the event F} N B, Pog @ (Bg) is small enough to apply the Borel-Cantelli
lemma. Therefore, we complete the proof of Theorem 1.2.2 by showing this proposition.

Proposition 3.2.1. Letd =4 and § € (0, 1). For w € I*:l N 152, we have
Py (1g(0,n) < n?(logn)~1%3~13%) = O((logn) ')

Proof. Our argument is similar to that in [3], the proof of Lemma 4.3, so we only sketch the proof. By the strong
Markov property,

Py (vg(0, n(logn)"/%**) < n®(logm)~™)
< P§ (tg(0,n(logn)~#) < n*(logn)™®)

X sup ng (rg (0, n(logn)l/6+5) < nz(logn)_“).
xeBg(O,n(logn)*/S)

Let Ty := inf{m: X,, = 0}. Then, as in the proof of Lemma 4.3 in [3], we have

-1
Pog (tg(0, n(logn)'/%+) < n?(logn) ™) < Pog (‘Eg (0, n(logn)#) > n*(log n)*"‘)

x sup PY (tg (0, n(logn)/6+%) < 1). (3.12)
xeBg(O,n(]ogn)_ﬁ)

But by the Markov property,
ES (v (0, nlogn)™#)) < n(logn)™
+ P§ (g(0, n(logn) %) = n*(logn) ™)

x sup Exg (tg(0,n(log n)f‘g)),
x€Bg(0,n(logn)=F)
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and therefore, we have
Py (v (0, n(logn)~F) = n*(logn)™®)

E§ (15(0, n(logn)~#)) — n*(logn)~®

> 5 : (3.13)
SUP.c 35 (0,n(logn)—#) Ex (7g(0, n(logn)=F))

]/6+8)c

On the set F; N F, since any path from x € Bg(0, n(log n)~P) to Bg (0, n(logn) passes through C,, and Cy,,

we have
sup pY (rg(O,n(logn)1/6+8) <T)
x€Bg(0,n(logn)—F)

Rg (0, x)
) Rg(x, BQ(O, n(logn)l/6+3)c)

< sup
xeBg(0,n(logn

Rc (0,
< swp  DOM
xe€Bg(0,n(logn)~—F) Rg (Cu, Con)

1 -8
< m — (logn)_ﬁ.
n

On the set F| N F>, the right-hand side of (3.13) is bounded below by

n®(logn)=2#=2% — n?(logn)=« 1 n*(logn) =22
nZ(IOgn)l/2—2,B+8 - nZ(IOgn)l/Z—Zﬂ-hS

_ 1/2-38

(logn)™

N = N

where we use o = 28 + 34 in the first inequality. Putting these estimates into (3.12), for w € F N 14:2, we have

P (16(0, n(logn)"/+%) < n®(logn) =) < 2(logn)/*35=F = O((logn)~'7?). 0

4. Proof of Theorem 1.2.3

In this section we will prove Theorem 1.2.3. As in the proof of the upper bound of Theorem 1.2.1, we need to estimate
the lower bound of g (Bg(0, n)), and do so by considering the loop-erased random walk.

4.1. Setting and notation

Letd =3 and « € (0, 1). We choose
O=jo<ji< - <jm1=n

such that j; =i [n“] for each i, where m = inf{k € N: k|n®] > n}. Define Y} as in (2.1), namely,
Yi = H{L(SLji1.K) N Sk, jil =@} for jiy <k < j;.

Using (2.2), we see that

jmfl
dg (0, §) < Y, «. 4.1
max dg( 1)_;0 i +n (4.1)
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So we need to estimate E(Zi”‘:’o1 Yir) v n®. In the next subsection we will show the following for a suitable choice

of .

jm—l
E (Z Yk) vn® < cn”logn)?, 4.2)

k=0

where ¢ and a are some positive constants. By definition of Y, we have
Ji Ji
E Z yk>=E Zyk) Vi=1,2,....m—1. (4.3)
k=ji—1 k=0

Therefore, we will consider E (Zilzo Yi).
We give some notations. Let 0 < k < j; and define w; = L(S[O0, k]), that is the path obtained by erasing loops on
S[0, k]. We define random variable Z; by

Zi = P (o N ST, j1 — k1= 2), (4.4)

Then we have E(Y;) = E(Zy). Let Qy be the nearest neighbor of Sy with QO ¢ wy which maximizes P (w; NS[1, j1 —
k — 1] = ©). If there is more than one such points choose one arbitrarily. If each nearest neighbor of Sy is in wy, choose
Qy arbitrarily. (Note that this Qy is denoted as T} in the proof of Theorem 7.5.1 in [9].) Define

6(0)=sup{j§j1: S,-:O},
o(i)=sup{j<ji: S;=S(ci—1+1)},

for 1 <i <ip where o (ip) = Ji.

Let
w0 if Y, =0,
k=10 +1)—0o@) if Yo=1 and k=o(i) for some i.
Then
J1—1
Z Wi < n?. 4.5)
k=0

4.2. Estimating the amount erased
By applying the argument used in the proof of [9], Theorem 7.5.1, we have the following proposition.

Proposition 4.2.1. Letd =3 and 0 <2r < j; — k. Then

1o .
P(Wi=2r+1]8;,0<j<k)> ngrk(Qk, QW) PO (SIL, j1 —k—2r — 11N (0 U{Q1}) = @), (4.6)

where
g (x,y)=P*(S[0, 1N =2, S =y).
Moreover, on the event {Z > n_4}, we have
3 (Qx, Q1) = eZir P (logn) >, 4.7)

for some ¢ > 0.



1020 D. Shiraishi

Proof. We will sketch the proof (see [9], the proof of Theorem 7.5.1). Let O < 2r < j; — k. By definition of Wy and
the Markov property, we have

PWy=2r +115;,0<j<k)=P(Yi=1,k=0(),0( + 1) — (i) =2r + 1, for some i
S;,0<j<k)
> P(Skt1 = Ok, L(S[0,k]) N S(k, j1] =2,
Sk1 = Sk420+1, Se1 ¢ STk +2r +2, j111S;,0 < j <k)
> éPQk (S10,2r1 Ny = B, S5 = Q)
x P2(S[1, j1 —k —2r — 11N (w U{Qk}) = 2).
For (4.7), we assume Z; > n—4. By the large deviation estimate (see, for example, [9], Lemma 1.5.1)
PO (IS, — Okl = 5r'2(logn)) < ce™>1em = ¢y,
Therefore, it follows that
PO (IS, — Okl < 5r'2(logn), S[0, r1 N wi = @)
> P(S[0,r] Nwy = @) — P2(|S, — Okl > 5r'*(logn))

> =7,

| =

SO

1
Z PQk(S[O,V]mwk=®,Sr=x)2§
|x—Qk|<5r1/2(logn)

Zg.

Hence, by the Cauchy—Schwarz inequality, it follows that on the set {Z; > n’4},

55 (Qk. Q1) = > 4% (Q. x)?

[x— Qx| <5r1/2(log n)
> cr_3/2(10g n)_3Z,%. O
In order to establish (4.2), we need to estimate
PO (S[1, j1 —k—2r — 11N (wx U{Qk}) = 9) (4.8)
by using Zj. For this purpose, we now make some preparations. Let 0 < § <« < 1 and y > 1 (the exact values of
these numbers will be determined later). We estimate (4.8) for 0 <k < j; — Lnﬂj. Let N = (j1 — k)l/z(log n)~Y and

Ev =inf{j = 0: |S; — Okl > N}.
First, we will bound this hitting time as follows.

Lemma 4.2.2. There exists ¢ € (0, 1) such that
PO ey > ji — ) < e
Proof. We have

POy > ji—k)=P%(IS; — Qk| <NVj=1,.... j1 —k)
=P(IS;|<NVj=1,...,j1 —k).
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By the large deviation estimate (see, for example, [9], Lemma 1.5.1), the right-hand side can be bounded above by
P(|S|_IN2J - S\_(Z—])NZH < 2NVI = 1, ey (logn)z}/) < C(lo‘gn)zy .
for some ¢ € (0, 1). O

Now we define ¥ > 1. Let ¢ € (0, 1) be the constant in Lemma 4.2.2. Define p > 0 such that ¢ = e™* and write
y = % Vv 1. Then since 2y > 1,

P (En > j1—k) < e—p(logn)ZV < e—2py(ogn) < n=3. (4.9)

We are now in a position to estimate (4.8) by using Z; and with these preparations in place, it is easy to conclude
the following proposition.

Proposition 4.2.3. Let d =3 and

0<k<ji—|nf],

(4.10)
Gi—k)(1—Qogn) 719 <2r +1 < ji —k
Then, on the event {Z}, > n_4}, we have
PO (S[1, j1 —k —2r — 11N (wx U{Ok}) = @) = EZk,
for some ¢ > 0.
Proof. Assume that k£ and r satisfy (4.10). We have
PO(S[1, j1 —k—2r — 11N (wx U{Qk}) = 9)
> PO (S[L, ji —k—2r — 11N (0 U{Qk}) = 2.6 = j1 —k —2r — 1)
> POH(S[1,681 N (0k U{Qk}) = @) — PO (6w < ji —k —2r — 1), @10

Since j; — k —2r — 1 < (ji — k)(logn) =271, a straightforward large deviation estimate gives
PUEN < ji—k=2r—1)=0(n").

So on the event {Z; > n~*}, we have only to consider the first term of (4.11). By using the strong Markov property,
we have

P(S[1,En]N (wr U{Qk}) = @) = cP2(S[1, En] Ny = 2),

s

for some ¢ > 0, cf. [12], Lemma 2.1, for example. By Lemma 4.2.2, it follows that on the event {Z; > n™*}
POk(S[1, En] Ny = D)

> PO (S[1,En1 Nk =2, En < j1 — k)

= POH(SIL j1 =K Ny = ) = P (Ex > ji — k)

>Z— O(n_s)

> ¢Zy,

for some ¢ > 0. U
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We can combine Proposition 4.2.3 with Proposition 4.2.1 to conclude the following; if k and r satisfy (4.10), then
on the event {Z; > n_4}, we have

P(Wie=2r+1|S;,0<j <k)>cZir>*(ogn)=. (4.12)
We finish this subsection by showing (4.2).

Proposition 4.2.4. Letd =3 and 0 < B <a < 1. Recall y = % V 1. Then there exists ¢ > 0 such that the following
holds

Jm—1
E(Z Zk> < cn'"P/6(logn) By T13/3 4 pl—e/3+B/3, (4.13)
k=0

Further, the right-hand side of (4.13) attains the minimum cn®/'°(logn)?Y+13/3 ywhen o = 19—0 and B = %, so that
(4.2) holds.

Proof. Let 0 <k < j; — [n?]. Then by (4.12),

EW) =Y @r+ DE(P(We=2r+15,,0 < j <k))
r
> cZ/E(Z,‘:’r_l/z(logn)_3; Zi > n_4)
r

= c(logn)_3E(Z,§; Zip > n_4)Z/r_l/2,

r

for some ¢ > 0, where the summation Zr’ is over all r with 2r + 1 satisfies (4.10). By a simple calculation, the last
expression is bounded below by

CE(Z}; Zi = n™)(ji — k) (logn) 213
> CE(Z}; Zi = n= )P (logn) =213,
for some ¢ > 0. Therefore, by (4.5),
J1—1

n® >y " E(Ws)
k=0

J1—Lnf]

> EW

k=0

v

Ji=lnf]
PP logn) =B 3" E(Z Zi=n™Y).
k=0

v

This implies

< cn® PR (logn) 1 - nf, (4.14)
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for some ¢ > 0. So by (),

jmfl m—1 ji
Y E(Z) < E(Z})
k=0 i=1 k=ji_
m—1 Jji
= Z E(Z})
i=1 k=0
J1
=m—-1)) E(Z})
k=0
< cn' P2 (logn)?r 13 4 pleth, (4.15)

and by using Holder’s inequality we can deduce (4.13). It is easy to check that (4.2) holds when o = % and 8 = % ]

Remark 4.2.5. It is quite likely that the estimate (4.14) is not sharp. We expect that the following holds for each
O0<B<a<l,

J1
> E(Z}) < cn® P (logn)® . (4.16)
k=0

4.3. Proof of Theorem 1.2.3

In order to complete the proof of Theorem 1.2.3, it is enough to prove the following proposition. Indeed, once the
proposition is proved, we can apply similar argument as in the proof of the upper bound of Theorem 1.2.1.

Proposition 4.3.1. Let d =3 and & > 0. Then we have
P 11g (Bg(0.n°Qogm) 19/ 10)) < en) = O((ogm '),
for some ¢ > 0.

Proof. By (4.1), Proposition 4.2.4, and Chebyshev’s inequality,

P( max dg(0, §) = n®1%(log n)<2y+13)/3+<1+s>)

1<i<n

jmfl
<P (Z Y +n%/10 > n9/10(logn)(2V+13>/3+(1+8>>
k=0

IA

Jm—1
E (Z Y + n9/10)n—9/10(10gn)—(2y+13)/3—(1+8)
k=0

=0((logn)~'7).
Therefore,
P(Mg (Bg(O, n9/10(10gn)(2)/+13)/3+(1+8))) < cn)

<p (Mg (Bg (0. n%/0(log n) @ +13/3+(15))) < ¢

max dg(0, S;) < n9/10(logn)(27’+13)/3+(1+8)) + O((logn)flf‘g)

1<i<n

< P(ﬁ{Sk: O0<k=<n}< Cn) + 0((10gn)—1—5)'
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But by [7], there exist ¢ > 0 and ¢’ > 0 such that

E(jj{Sk: 0<k< n}) ~cn,
Var(jj{Sk: 0<k< n}) ~c'nlogn.

So we can complete the proof by taking ¢ = % ]
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