Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
2009, Vol. 45, No. 4, 1065-1084

DOI: 10.1214/08-AIHP195

© Association des Publications de I’Institut Henri Poincaré, 2009

ANNALES
DE LINSTITUT
HENRI
POINCARE

PROBABILITES
ET STATISTIQUES

www.imstat.org/aihp

Quantitative recurrence in two-dimensional extended processes

Francoise Péne! and Benoit Saussol

8Université Européenne de Bretagne, Université de Brest, laboratoire de Mathématiques, CNRS UMR 6205, France.
E-mail: francoise.pene @univ-brest.fr; benoit.saussol @univ-brest.fr

Received 21 January 2008; revised 22 September 2008; accepted 17 October 2008

Abstract. Under some mild condition, a random walk in the plane is recurrent. In particular each trajectory is dense, and a natural
question is how much time one needs to approach a given small neighbourhood of the origin. We address this question in the case
of some extended dynamical systems similar to planar random walks, including 72 -extension of mixing subshifts of finite type. We
define a pointwise recurrence rate and relate it to the dimension of the process, and establish a result of convergence in distribution
of the rescaled return time near the origin.

Résumé. Sous certaines conditions, une marche aléatoire dans le plan est récurrente. En particulier, chaque trajectoire est dense, et
il est naturel d’estimer le temps nécessaire pour revenir dans un petit voisinage de 1’origine. Nous nous intéressons a cette question
dans le cas de systemes dynamiques étendus similaires a des marches aléatoires planaires, notamment celui des 7Z2-extension de
sous-shifts de type fini mélangeants. Nous déterminons une vitesse de convergence ponctuelle que nous relions a la dimension du
processus et nous établissons un résultat de convergence en loi du temps de retour a 1’origine, correctement normalisé.
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1. Introduction
1.1. Motivation

Let us consider a recurrent random walk or a recurrent dynamical system (with finite or o -finite invariant measure).
Given an initial condition, say x, we thus know that the process will return back ¢ close to its starting point x.
A basic question is when? For finite measure preserving dynamical systems this question has some deep relations to
the Hausdorff dimension of the invariant measure. Namely, if 7, (x) represents this time, in many situations

1

gdim

T (x) ~

for typical points x, where dim is the Hausdorff dimension of the underlying invariant measure. This has been proved
for interval maps [15] and rapidly mixing systems [1,14]. Another type of result is the exponential distribution of
rescaled return times and the lognormal fluctuations of the return times [4,9].

In this paper we are dealing with systems where the underlying natural measure is indeed infinite. This causes the
return time to be non-integrable, in contrast with the finite measure case. However, the systems we are thinking about
have in common the property that, in some sense, the behaviours at small scale and at large scale are independent.
The large scale dynamics being some kind of recurrent random walk, and the small scale dynamics a finite measure

1Supported in part by the ANR project TEMI (Théorie Ergodique en mesure infinie).
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Table 1
Recurrence for ZX -extensions. B denotes the ball of radius ¢, v is a Gibbs measure on the base and d is the Hausdorff dimension of v

Dimension 79-extension 7! -extension 72-extension
! log /7. loglo
Scale im OB Te = lim DEVTe =d lim 08 0BT =
e—0 —loge e—0 —loge | e—0 —loge X
_t -
Local law v(V(Bg)Te >t) —> € SIE)T]OV(V(B(L:)4/TS >1) < THBi v(v(Bg)logrey > 1) — Tipr
Lognormal fluctuations ed Te &d JTe &4 logz.

preserving system. We provide results in three different cases: two probabilistic models (with some hypothesis of
independence) and an infinite measure dynamical system (a Z?-extension of a finite measure dynamical system).
The first case treated in Section 2 is a toy model designed to give the hint of the general case. Then, in Section 3
we consider the case of planar random walks. Finally, in Section 4 we give a complete analysis of the quantitative
behaviour of return times in the case of Z2-extensions of subshifts of finite type. The recurrence for Z>-extensions of
subshifts of finite type essentially comes from Guivarc’h and Hardy’s local limit theorem [8]. It was proven afterwards
by Conze [6] and Schmidt [16] that it is also a consequence of the central limit theorem.

1.2. Description of the main result: 7>-extensions of subshifts of finite type

We emphasize that this dimension 2 is at the threshold between recurrent and non-recurrent processes, since in higher
dimension these processes are not recurrent (except if degenerate). It makes sense to show how our results behave
with respect to the dimension. For completeness, we call the non-extended system itself a Z%-extension. In this non-
extended case, the type of results we have in mind (see Table 1) have already been established respectively by Ornstein
and Weiss [13], Hirata [9] and Collet, Galves and Schmitt [4]. The case of Z?-extension is completely done in Sec-
tion 4. The case of Z!-extension can be partly derived following the technique used in the present paper.” The essential
difference is that the local limit theorem has the one-dimensional scaling in ﬁ, instead of % in the two-dimensional
case. The following table summarizes the different results as the dimension changes. The first line of results cor-
responds to Theorem &, the second to Theorem 9 and the third to Corollary 10. We refer to Section 4 for precise
statements.

2. A toy model in dimension two

We present a toy model designed to posses a lot of independence. It has the advantage of giving the right formulas
with elementary proofs.

2.1. Description of the model and statement of the results
Let us consider two sequences of independent identically distributed random variables (X,),>1 and (¥),>0 indepen-

dent one from the other such that:

e the random variable X is uniformly distributed on {(1, 0), (—1, 0), (0, 1), (0, —1)};
e the random variable Yy is uniformly distributed on [0, 112.

Let us notice that §,, := 22’:1 X (with the convention Sy := 0) is the symmetric random walk on 7% We study a kind
of random walk M,, on R2 givenby M,, =S, + Y;,.

2For Z!-extensions, the method easily gives the three results presented in the table. However, the result on the local law is not sharp. The determi-
nation of the precise law will be the object of a forthcoming paper.
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Another representation of our model could be the following. Let § = R? and consider the system Z? x S. Attached
to each site i € Z? of the lattice, there is a local system which lives on S and o, is ai.i.d. sequence of S-valued random
variables with some density p, independent of the X,,’s. Then we look at the random walk (S,, 0;,), thinking at o,, as
a spin.

We want to study the asymptotic behaviour, as ¢ goes to zero, of the return time in the open ball B(My, €) of
radius ¢ centered at My (for the euclidean metric). Let

Te i = min{m >1: |M,, — My| < 8}.
We will prove the following:

loglog 7,

“logs COnverges to the dimension 2 of the Lebesgue measure on R* as € goes to zero.

Theorem 1. Almost surely,

Theorem 2. For all t > 0 we have:

1
4w/t

lirr(l) P(A(B(Mo, ¢))log T, <1)
£—

2.2. Proof of the pointwise convergence of the recurrence rate to the dimension
First, let us define R := min{m > 1: §,, = 0}. According to [7], we know that we have:

P(R| > s) ~ é as s goes to infinity. Q)]

We then define for any p > 0 the pth return time R, in [0, 1)? by induction:
Rpy1:=inf{m > R, S, =0},

Observe that R, is the pth return time at the origin of the random walk S, on the lattice, thus the delays between
successive return times R, — R,_1, setting Ry = 0, are independent and identically distributed. Consequently:

P(R, — Rp—1 > s) =P(R;| > 5). 2
The proof of Theorem 1 follows from these two lemmas.

loglog R,

Togn — lasn— o0.

Lemma 3. Almost surely,

Proof. It suffices to prove that for any 0 < o < 1, almost surely, en' <R, < 2nen ™ provided n is sufficiently
large. By independence and Eq. (2) we have

P(log Ry <n'~*) <P(¥p <n.,log(R, — Rp-1) <n'~*) =P(logR; <n'~*)".

According to the asymptotic formula (1), for n sufficiently large

n
1—a\" T —ntn%/2
P(logR; <n'™%)" < (1 — 2n1°‘> <e /2

The first inequality follows then from the Borel-Cantelli lemma.
Moreover, according to formulas (2) and (1), we have anl P(log(R, — Ry—1) > n!t®)) < +00. Hence, by the

Borel-Cantelli lemma, we know that almost surely, for all n sufficiently large, we have R, — R,,_1 < e”l+d. From this
we get the second inequality. O
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Let T, :=min{¢ > 1: |Yg, — Yo| <&}.

log T

e BTae) lase— 0.

Lemma 4. Almost surely,

Proof. Since (Y;) is an i.i.d. sequence independent of the X} s, the random variable T, has a geometric distribution
with parameter A, := A(B(Yy, €)) = nte?. For any o > 0 we have the simple decomposition

“(

The first term is directly handled by Markov inequality:

log T

“loghs 1‘ g “) =P(T: > 2 ) + (T <2, 11).

P(T, > A;'7%) <22,

while the second term may be computed using the geometric distribution:

I+ot-|

P(T, <27 =1— (1 — a0
=1- exp”k;H“] log(1 — A¢)]
< —[a; " log(1 — &)

= O(1%).
Let us define €, :=n~1/%. According to the Borel-Cantelli lemma, _kfng ;2 converges almost surely to the constant 1.
€n
The conclusion follows from the facts that (¢,),>1 is a decreasing sequence of real numbers satisfying lim, o0 &1 =
0 and lim,,_, ; o sgiu =1, and 7, is monotone in €. O
n

Proof of Theorem 1. Observe that whenever B(M, ¢) is contained in (0, 1)2, we have 7, = Ry, . The theorem follows
from Lemmas 3 and 4 since

logl loglog Ry, logT: logh
oglogt, loglog K, logle Og8_>1x1><2

—loge  logT. —logh, loge

almost surely as € — 0. ]

2.3. Proof of the convergence in distribution of the rescaled return time

log 7,

Proof of Theorem 2. Observe that Tog Ry

we have

converges almost surely to 1. Let £ > 0. By independence of T, and the R,

Fe(t) :=P(x(B(Yo, &) log Ry, <t) =Y P(T, = ”)P(log R < )\%)

n>1
Since T; has a geometric law with parameter A., F;(¢) is equal to G, (¢) with:
t
Gs(t):=) 8(1—8)"""P(logR, <~ ).
5(t) ; (1-9) (og ,,_8)

First, we notice that the independence of the times between the successive returns gives for any u > 0 that

P(R, <u) < P(k max Rp — Ri_; < u) —P(R, <u)".

=1,..., n
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Let o < 1. Using the inequality above and the equivalence relation (1) we get that for any § > 0 sufficiently small,

5\" 1
Gs(t) < Za(l - 5)"—1<1 —a“7> = TTan/t +0(9).

n>1

This implies that limsup,_, o F¢(¢) < %n/,

Fix A > 0 and keeping the same notations observe that we have F,(t) > H,_(¢) with:

Hs(1) == Z 8(1—8)"‘1P<10an§§>.

1<n<A/$

Note that the independence gives in addition that for any u > 0

P(Ry <u)>P( max Re— Rio <u/n) =P(Ri <u/n)".
=1,..., n

Let « > 1. Using the inequality above and the equivalence relation (1) we get that for sufficiently small § > 0

n—1 bl " n—1 2]'[8 n
Hs(t) > Z §(1—6) (l—am> > Z §(1—5) (l—a 7).

1<n<A/s 1<n<A/S

Evaluating the limit when § — 0 of the geometric sum and then letting A — oo we end up with liminfs_.q Hs(z) >

—1+ln 71 which gives the result. z

3. Random walk on the plane
3.1. Almost sure convergence

We now consider a true random walk on R2, S, = X1 +- - - + X,, where the X;’s are i.i.d. random variables distributed
with a law p of zero mean, with (invertible) covariance matrix X2 and characteristic function /i(¢) = f e du(x).
Let 7, be the first return time of the walk in the e-neighbourhood of the origin:

T, 1= min{n >1: |8, < 8}.

Let 2* = {Vn > 1, §,, # 0}. We notice that outside £2* the return time 7, is obviously bounded by the first time
n > 1 for which S,, = 0. Therefore, we will only consider the asymptotic behaviour of 7. on £2*.

Theorem 5. Assume additionally that the distribution | satisfies the Cramer condition

1imsup|,&(t)| <.

|t]— 00

loglog 7,

N .
Then on 2* we have lim,_, ¢ —Togs

=2 almost surely.

We remark that a kind of Cramer’s condition on the law is necessary, since there exist some planar recurrent random
walks for which the statement of the theorem is false (the return time being even larger than expected). We discovered
after the completion of the proof of this theorem that its statement is contained in Theorem 2 of Cheliotis’s recent
paper [5]. For completeness we describe the strategy of our original proof. A key point is a uniform version of the
local limit theorem. Indeed we need an estimation of the type P(|S,| < &) ~ Cnﬁ, with some uniformity in & (for some
¢ > 0). We will follow the classical proof of the local limit theorem (see Theorem 10.17 of [3]) to get the following
(see Section 3.3 for its proof):
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Lemma 6. There exists a > 0, &9 > 0, an integer N, a sequence «,, — 0 such that, for any n > N, any ¢ € (0, &9) and
for any A € R? we have

2 -2 2
YA A —

. _ 2
with y = i

Then, this information on the probability of return is strong enough to estimate the first return time to the e-
neighbourhood of the origin.
Proof of Theorem 5. For any o > %, using &, = 1/log* n, we get that P(]S,| < &,) is summable. By the Borel-
Cantelli lemma, for almost every x € £2*, for all n large enough, we have 7, (x) > n and thus:

logl 1
liminf —2 08" _

loglog ¢, (x) -
n—>oo loglog®n a’

liminf
n— 00 - log En

which implies by monotonicity and the fact that « is arbitrary that liminf,_, ¢ log_lolg%m > 2.

Let o < % To control the limsup, we will take n = n, = fexp(a_l/“)]. Let y' <y and m = (log 8)4. We use
a similar decomposition to that of Dvoretsky and Erdos in [7]. Let Ay = {|Sx| <ec¢andVp=k+1,...,n,[S, — S| >
2¢}. The Ay’s are disjoint, hence by independence and invariance, and according to Lemma 6, for ¢ small enough, we

have:

n n n n )
&€
1> P(A) = Y P(ISkl < &)P(rae >n—k) = Y P(ISk| < &)P(rae >n) > Y Y2 P(re > n).
k=m k=m k=m k=m
Hence we have P(t; > n) < ce7logn < ce!/®=2_if n is large enough. Let ep = p~2/(@=2)_ By the Borel-Cantelli

loglogze), 1 L
“loge, S By monotonicity and the fact that «

is arbitrary we get the result. ]

—1 .
lemma we have logz,, <¢, /® almost surely, hence limsup,,_,

3.2. Limit distribution of return times in neighbourhoods

We introduce a slight modification of the model. Let ¢ > 0. Let M be uniformly distributed on the ball B(0, ¢) and
independent® of the sequence (S,) introduced in the Section 3.1.

We define the random walk M,; = M{j + S,,. We are interested in the limiting distribution of the first return time in
the ball B(0, ¢):

Te =inf{n > 1: |M,‘f‘ <8}.

Theorem 7. Under the hypotheses of Theorem 5, the random variable £*1og 7. converges in distribution to a random

variable Y with distribution P(Y > t) = P2 (t>0).
1424/ det(Z2)P(2*)

Proof. To simplify notations, we omit the indices .
Upper bound: Fix R > 0 and an integer K > 0. Let

r={vi=1,....,K, M; # My and |M;| < R}.

3Using if necessary a larger probability space, let U be a random variable uniformly distributed in the ball B(0, 1) and independent of the sequence
(S5). Then one can take Mg =eU.
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Using the same decomposition as in the proof of Theorem 5, we have

n
IE”(F):Z]P’(FQ“MH <e—2wandVe=k+1,...,n, |M¢| =& —2v}),
k=0

where n is equal to Lexp(s%)J for some t > 0. Let v = &% and A = ZIWZZ N B(0, e — 3v). Notice that the sets

Q4 = (a —v//2,a + v/+/2)* with a € A are pairwise disjoints and contained in B(0, & — 2v). Let m = (loge)*.
Hence we have

P(r) =P(rn{ve=1,....n M| >¢})

n
+ Z ZP(FO{Mke Quand¥e=k+1,....n, My ¢ B0, e —2v)})
k=m ac A

>P(In{ve=1,....n, |Mg| > ¢})

n
+ D Y P(Irn{MyeQqandVe=k+1,....n, S¢—S; ¢ B(—a.e —v)})
k=maeA

n
>P(I' N {z >n}) + Z ZP(F N{Mp€ Q))P(Ve=1,...,n, S¢ & B(—a,e—v))
k=maecA
by independence (since m > K whenever ¢ is sufficiently small). Note that
P(I" N {Mk € Qa}) =/ P(Sk—x € —xk + Qo) APy, ... Mx) (X0, - .., XK).
{V¥i,xi #x0,|xi | <R}
According to Lemma 6 we get
14,2

y'v
2k

Vk=m P(I'N{My € Qu}) = P(I')

for some fixed y’ < y, provided ¢ is sufficiently small. Hence we have

SOX P n{Mie Qu))P(VE=1,....n,S; ¢ B(~a,e —v))

k=macA

n 14,2
YV
z; EAIP’(F) T P(Ve=1,...,n, My ¢ B(0,8)| Mo € Qq)
=mac

n / 2
>3 Y BT B(My € Q)P(VE=1,....n, My ¢ BO, &) Mo € Q,)
k=macA k

n ()
>y Pt ZS (P(VE=1,....n. My ¢ BO.2)) — P(e —4v < |Mo| < £))
k=m

> P(I")y'ne log(n) (1 + o(1))P(Zs > n) — o(1).
Therefore since e2logn =1 + o(1) we get

P(I') = P(I' N {T > n}) + y'utP(ID)P(Z; > n) +o(1)
>P({%. > n}) —P(31 <i < K, |M;| > R) + y'utP(I"P(% > n) +o(1).
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Hence we have

1 P(I+P3E1<i<K,|M;|>R)
limsupP| 7, > exp < :
e0 g2 I+ y/'mtP(I)

Taking R — oo first then K — oo we obtain

r P($2%)
limsupP( 7, > exp <— .
60 g2 1+ y/mutP($2%)

This holds for all y” < y, which gives the upper bound.
Lower bound: We only provide a sketch proof since the arguments are very similar. Let m = | (loge)*], n =
Lexp(t/ez)J, v = 2. We have:

m nlogn—n nlogn
P <P(I'N{E >nlogn}) + Y pe+ > p+ D>, pi
k=1 k=m k=nlogn—n

where py =P(I' N{|My| <e+2vandVe=k+1,...,n,|My| > e+ 2v}).
By Theorem 5 we have

m

Y e <P(I' Nz =m)) <P(I\ 2%) +0()
k=1

since almost sure convergence implies convergence in probability.

Next, taking A’ = 722 NB(0,&+3v), O, :=[a —v/+/2,a+ v/+/2]? and using the same arguments as for the
upper bound we get
nlogn—n nlogn—n
Z < Y. Y P('n{MieQuandVe=k+1,....n, My ¢ BO.2 —2v)})
k=m aeA

<P(I)y'ne*log(nlogn — n)P(Z: > n) + o(1),

where now Y’ > y.

Finally,
nlogn nlogn nlogn )// 82
Yooom=s Y, P(ro{iMml<e+))< >0 P =o(1).
k=nlogn—n k=nlogn—n k=nlogn—n

Putting these estimates together we end up with
P(I) <P(I' N {7 > n}) + o)) + P(I"\ 2%) + P(I")y'ntP(Z > n).

This gives

liminf[P’(fg . exp<%>> _ P = PA\ 29 +o(l)
e=0 € 1+ y/7uP(I)

And the conclusion follows as for the upper bound. O
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3.3. Proof of Lemma 6

Proof. Fix A € R%. Lete > 0. Let n > 2. Forany 0 < a < b, let h, (¢) be the piecewise affine function equal to 1 on
[—a, a], to 0 outside [—b, b] and with slope ﬁ in between. Let Hy (X1, Xx2) = hg p(x1)hg,p(x2). Let us notice that
we have He_¢/p ¢ < 1[—@,3]2 < Hg ¢1¢/n and thus

E(Hs—e/n,e(Sp — A)) <P(1Sy — Aloo < &) SE(Hg,eqe/n(Sp — A)).

For any H € L' (R?) we define its Fourier transform H and its inverse Fourier transform H by:
) 1 , L
YueR® H(u)= I H(x)exp(—ixu)dx and H(u)= H(—u).
T JRr2

. . .. . . N 2 .
With this definition, we immediately get that ||H, pllrc = %HHM,H = % and after an easy computation

IH| 1 < (a+b+ 32)2

Let us notice that we have for all x € R2, Hyp(x) = H a.b(x). Hence with the use of Fubini’s theorem we have

v

E[Hap(Sy — A)] = E[Aup(Sn — A)]

1 . .
]E[g /IRZ Hap(u) exp(iu(S, — A)) du:|

1 N
=5 | 0 OE[exp(i(S, — A))] du

1 2 : n_—iu
=5 - Hyp(u)(E[expiuX))])"e Adu.

Denote the characteristic function of X by ¢ (1) = E[exp(iu X1)]. Because of the hypothesis on the distribution of X1,
we know that, if u is non-null, then |¢ (u)| < 1. Let us recall that we have:

1
dpu)=1-— EEzu -u+ g(u)Ezu -u, with lin%)g(u) =0.
u—
Let us fix some 8 > 0 such that:

1
5—22u~u
4

1
Yu € B(0, B) ‘q&(u) — <1 — 52214 : u)
and such that:

1 2
sup |¢(u)| <1- Zaﬂ ,

lull2>p

where « is the smallest modulus of the eigenvalues of X2 Now we take (a,b) = (¢, & + %) or (a,b) = (¢ — %, €).
Hence we have:

Ol,le’l_l/3 n
4

2 2,2/3
< <3s+ 4_n> exp(—a'B " ) 3)
€ 4

‘/l lo>pn—1/6 ﬁ“’b(“)(¢(u))”efiu,4 du
ul2>Bn~

< ||Hapllp1 (1 —
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Hence, it remains to estimate the following quantity:

n

) o | ) -
/ Ha‘b(u)(d)(u)) € iuA du = —/ Hg,b(v/ﬁ)((ﬁ(v/\/;l)) e lvA/ﬁdU.
BOpl) B(O,pn!/3)

We will compare this quantity to % fR2 ﬁa,h(O) exp(— % X2y v)e_i”A/ﬁ dv. First we have:

o N N R {qﬁ(v/ﬁ)" - exp(—lzzv - v) } dv
B(O,ﬂn1/3) 2

n

1 5 n—1_, 1 v\,
<- A, exp( - —— 3% v )| g1 —= v|d
_”/I;(O,ﬂnm)‘ w0/}l Xp( an = v)[n&(«/ﬁ) ’ v] ’

Hypllzo 1
< Hapllz> sup gl(w)f 6XP<—§EZU'”)[22”'U]‘1U
R2

n weB(0,pn=1/6)
462 I _, 2 &?
<— sup g1(w) expl —=2“v-v [Z v-v]dvf—/cn, 4)
" weB(,pn=1/6) R2 8 n
with lim, . g1(#) =0 and lim;,—, 4 5k, = 0.
Second we have:
1 1 . N
—/ exp(——22vov>|Ha’b(v/\/ﬁ)—Ha,b(0)|dv
n B(O,ﬁn1/3) 2
1 A v 1
< - sup |VHa,b(w)‘oo/ Q exp(——Ezv . v) dv
M B0, pn-1/6) B(,pn'/3) /1 2
1 2eA(B(0, 2¢ v 1 g2
§—M ﬂexp —— %0 dv < —«;, 5)
n 2n R2 /1 2 n
with lim,—, 400 k;, = 0.
Third we have:
1 1 . 2
—/ exp<——22v . v) |Ha,p(0)| dv < 8—/{,/1/, (6)
n RZ\B(O,ﬂnlB) 2 n

with limy,— 40 & =0.
Hence, since H, ,(0) = ﬁ |Hypllg1, to estimate E(H, (S, — A)) we are led to study the quantity

| Hypll 1 2 exp(— X ~2A - A/(2n))
ndmn? Vdet X2 .

. 2
To conclude we notice that || Hy pll ;1 — 4¢2| < 10%. (Il

H 1
M/ exp(—ivA/\/r_l)exp(—EEzwv)dv:
R2

n4mn?

4. Case of Euclidean extensions of subshifts of finite type
4.1. Description of the Z2>-extensions of a mixing subshift

Let us fix a finite set 4 called alphabet. Let us consider a matrix M indexed by A x A with 01 entries. We suppose
that there exists a positive integer ng such that each component of M"0 is non-zero. We define the set of allowed
sequences X' as follows:

Y ={w:=(0)nez: ¥n € Z, M(wy, wps1) = 1}.
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F3(z.m)

vyﬂz, m)

W

pla)= (L1 Ldre (2, -1)

\\&’ )

Fig. 1. Dynamics of the 72-extension F of the shift.

We endow X' with the metric d given by
d(w, o) :=e",

where m is the greatest integer such that w; = a)l’ whenever |i| < m. We define the shift 6 : X — X by 0((wn)nez) =

(wn+1)nez. For any function f: ¥ — R we denote by S, f = Z'g;& f 08¢ its ergodic sum. Let us consider an Holder

continuous function ¢ : X — Z*. We define the Z?-extension F of the shift 6 by (see Fig. 1)
F:EXZZ—>EXZZ,
(x,m) > (0x,m + @(x)).

We want to know the time needed for a typical orbit starting at (x, m) € X x Z? to return e-close to the initial point
after iterations of the map F. By translation invariance we can assume that the orbit starts in the cell m = 0. More
precisely, let

T.(x) =min{n > 1: F"(x,0) € B(x,&) x {0}}.
Observe that F"(x, m) = (0"x, m + S,¢(x)), thus
To(x) =min{n > 1: S,¢(x) =0and d(0"x, x) < ¢}.

Let v be the Gibbs measure associated to some Holder continuous potential /2, and denote by 0}% the asymptotic
variance of # under the measure v. Recall that a}% vanishes if and only if 4 is cohomologous to a constant, and in this
case v is the unique measure of maximal entropy.

We know that there exists a positive integer mq such that the function ¢ is constant on each mg-cylinder.

Let us denote by a(g the asymptotic covariance matrix of ¢:

1
2 _ .
o, = nllrfoo Cov, <_ﬁ Sn<p>.
We suppose that [y. ¢ dv =0.

We add the following hypothesis of non-arithmeticity on ¢: We suppose that, for any u € [—1; ]> \ {(0, 0)}, the
only solutions (%, g), with & € C and g: X — C measurable with |g| = 1, of the functional equation

goog=hre?

is the trivial one A = 1 and g = const.
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Note that this condition implies that aj is invertible. If this non-arithmeticity condition was not satisfied, then the
range of S, ¢ would be essentially contained in a sub-lattice and we could make a change of variable (and eventually
of dimension) to reduce our study to the corresponding twisted Z“-extension (where a is the rank of O'(z). Moreover,
we emphasize that this non-arithmeticity condition is equivalent to the fact that all the circle extensions 7}, defined by
T,(x,t) =(0(x),t +u-¢@(x)) are weakly-mixing for u € [—T; 712\ {(0, 0)}.

In this context, we prove the following results:

Theorem 8. The sequence of random variables 10_5;11%

sion d of the measure v.

converges almost surely as ¢ — 0 to the Hausdorf{f dimen-

Theorem 9. The sequence of random vc/lgriables V(B (-))log . (-) converges in distribution as ¢ — 0 to a random
variable with distribution function t = —£2-1. t), with B := — 1
fi I+81 (0,+oo)( ) B 21\/@

Corollary 10. If the measure v is not the measure of maximal entropy, then the sequence of random variables

log 1 e . . .
%&iw converges in distribution as ¢ — 0 to a centered Gaussian random variable of variance 20,12.

In the case where v is the measure of maximal entropy, then the sequence of random variables £? log t, converges
in distribution to a finite mixture of the law found in the previous theorem, that is, there exists some probability vector
o = (o) and positive constants B, such that the sequence of random variables £? 1og T, converges in distribution to
a random variable with distribution function Zn oy, %’gnll(oﬁoo) ).

Example 11. We provide an example where the function ¢(x) only depends on the first coordinate xg, that is,
@(x) = @(x0). On the shift ¥ ={I, E, N, W, S}~ the function ¢ given by ¢(I) = (0,0), ¢(E) = (1,0), o(N) = (0, 1),
o(W) =(—1,0) and ¢(S) = (0, —1) fulfills the hypothesis.

The remaining part of the section is devoted to the proof of these results. In Section 4.2 we recall some preliminary

results and prove a uniform conditional local limit theorem. In Section 4.3 we prove Theorem 8 and in Section 4.4 we
prove Theorem 9 and Corollary 10.

4.2. Spectral analysis of the Perron—Frobenius operator and local limit theorem

In order to exploit the spectral properties of the Perron—Frobenius operator we quotient out the “past.” We define:
3= {w:= ()nen: Yn €N, M(wy, wpy1) =1},
d((@n)nz0. (@}) ) = e~ "

with 7((wn)n>0, (0),)n>0) = inf{m > 0: wp,, # w),} and
é((a)n)nZO) = (Wn+1)n>0-

Let us define the canonical projection I1: X' — > by T((wn)nez) = (@n)n>0- Let D be the image probability measure
(on ) of v by I1. There exists a function  : 3 — 72 such that Yoll =¢of™,
Let us denote by P : L2(D) — L%(D) the Perron-Frobenius operator such that:

Vf,ge L*(H) /X Pf(x)g(x)dd(x) = /): f(0)go00(x)dd(x).

Let n € (0, 1). Let us denote by B the set of bounded n-Holder continuous function g : > — C endowed with the
usual Holder norm:

) lg(y) —g(x)]
lglls:=llglloo + sup —5—"—-.
x#y  d(x, y)"
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We denote by B* the topological dual of B. For all u € R?, we consider the operator P, defined on (B, || - || 5) by:
P.(f):=P(e"V f).

Note that the hypothesis of non-arithmeticity of ¢ is equivalent to the following one on ¥r: for any u € [—; w]* \
{(0, 0)}, the operator P, has no eigenvalue on the unit circle.

We will use the method introduced by Nagaev in [11,12], adapted by Guivarc’h and Hardy in [8] and extended
by Hennion and Hervé in [10]. It is based on the family of operators (P,), and their spectral properties expressed in
these two propositions.

Proposition 12 (Uniform contraction). There exist o € (0, 1) and ¢ > 0 such that, for all u € [—T; 7]? \ [—58; ,8]2,
for all integers n > 0 and for all f € B, we have:

|PECH| g < ca I flIB.

This property easily follows from the fact that the spectral radius is smaller than 1 for u # 0. In addition, since P
is a quasicompact operator on B and since u — P, is a regular perturbation of Py = P, we have:

Proposition 13 (Perturbation result). There exist « >0, 8>0,¢1 >0, c2 >0, 0 € (0,1), u — A, belonging to
C3([—/3; /3]2 — C), u — vy, belonging to C3([—ﬂ; 5]2 — B) and u +— ¢, belonging to C3([—ﬂ; 5]2 — B) such
that, for all u € [—B; B1?, for all f € B and for all n > 0, we have the decomposition:

Pun(f) = )\un¢u(f)vu + N,Zl(f),
with:

(D) [INS (OB < 2| flIBs
2
) |)¥u|§e_cllul andC1|u|2§U$u-u,

(3) with initial values: vo =1, ¢9 =V, VAy,—9 = 0 and D%h,—0= —05.

This result is a multidimensional version of IV-8, IV-11, IV-12 of [10], in this context.

The next proposition is essential to our work. It may be viewed as a doubly local version of the central limit
theorem: first, it is local in the sense that we are looking at the probability that S,¢ = 0 while the classical central
limit theorem is only concerned with the probability that |S,¢| < e4/n; second, it is local in the sense that we are
looking at this probability conditioned to the fact that we are starting from a set A and landing at a set B on the
base. For any integer g > 0, we call g-cylinder of X' any set of the form {y € X: d(x,y) <e™ 9} (i.e,{ye X: Vi=
—q,...,q, i =x;}) for some x € X.

Proposition 14. There exists a constant c3 > 0 such that, for all integers n > k > mq and all g > 0, all g-cylinders A
of X and all measurable subsets B of X, we have:

V(A)D(B)
2nt(n — k), /det(02)

D(B)ke™

_ —n (pnk -1
V(AN{Se=0no~" (0" (1T~ (B)))) — —03(n—k)3/2'

Proof. We want to estimate the measure of the set Q = A N {S,¢ =0} N6 (PXIT~! B). Since A is a g-cylinder,
6~9A = IT~' A for the cylinder set A = IT0~9A. Next, since ¢ o 60 =1/ o IT we have the identity {S,¢ o 80 =
0} = {S, ¥ o IT = 0}. Thus using the semi-conjugacy 6 o [T =11 06

9_‘1_m0Q =@~ Mo (H_lA) N {Sn'lﬂ oll 069 = 0} me—n—q-‘,—(k_mo)(n_lB)
=171 (670 (A) NS,y 047 =0} ng=natk=mo)(py),
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Since v is integer-valued, the relation 1o (k) = # f[—n,n]z el* dy for any k € 7?2 gives, by invariance of v,
~ ~ 1 ~
=FE;(1;00m015 007~ k=mo)_____ f exp(iu - Sy 009)d
v(Q) u( io° BO e xp(iu - Sy 069) du
1

- %) Hq+n—(k— : 5
_W/[nﬂzﬁﬁ(léoemﬂgoeq n=(k=mo) exp(iu - Sy 0 69)) du.

We then estimate the expectation a(u) = E; (- - -). Using the fact that the Perron—Frobenius operator P is the dual of 5
we get
a(u) = Eg(Pq (IA o émO) exp(iu - S,¥)1p o én—(k—mo))
=E; (P} (PI(1; 00™)1p 0 g~ k=m0))
= B (BE (15 P40 P (10 670))).

Let us denote for simplicity £ =n — (k — my). We first show that for large u, the quantity a(u) is negligeable. Using
the contraction inequality given in Proposition 12 applied to P,‘(1), the fact that || P4 (1 400" =<1+ el(@+mo),

and the fact that |E,[P,F~0 (1391l < d(B)| g5, we get whenever u ¢ [—8, B1°,
la@)| <E; (15 P PY(1; 06™)) = O(D(B)a'e™). @)

We then estimate the main term, coming from small values of u. The decomposition given in Proposition 13 gives
for any u € [—8, B1?

a() =rspu (P4 (150 0™))E[PA (Apv)] + By [ PE"0 (15 N4 (P(1506™)))].

ay(u) az(u)

Notice that the second term is, by inequality (1) in Proposition 13, of order
ar(u) = O(D(B)a'e™). ®)
Moreover, since u — v, and u — ¢, are C 1-regular with vg = 1 and ¢y = D, the first term has the estimate
a1 () = 1, D(AE [P0 (15)] + O, lulD(B)e™)
=A5D(A)D(B) + O(AE|uld(B)ke),

where the second estimate is obtained by reintroducing the unperturbed Perron-Frobenius operator P in P,
By [P0 (15)] = D(B)| = [Eg (0¥ — 1)1p)| < |ul(k — mo) ||y | oD (B).
In addition, using C 3 smoothness of A, and Proposition 13 (the bounds (2) and initial values (3))

AL —ex —é 2 Ay — —l 2
" p 2%”‘“ u — €xXp 2%”'”

= O(Le™ P |y P) = O (e 4P )
for the constant ¢4 = ¢1 /2. Thus

< (exp(—cilu?) "

ai(u) = exp<—§ ou- u)a(A)ﬁ(B) + o(e—cﬂ‘“'2 |u|D(B)ke).

By the classical change of variable v = u+/¢ and Gaussian integral one easily sees that

/ (zz)d 1/ <12>d 27 +o(1>
eXp| — 50U -u Jdu = — expl —zo,v v |dv = —/—— —— .
(.57 2 NN 2 ¢,/deto? e
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Proceeding similarly with the error term one gets as well

2 1 2 1
lule 4 gy = — lvle~ V" dy = 0(—).
/[—ﬁ,ﬂP S NN 612

Combining these two computations gives by integration of the approximation of a; (u) obtained above that

/ ay(u)du = . 713(3)1(6”‘1 )
B8P / 2
[-8.8] V4 deto‘(/J

¢3/2
From this main estimate and (7) and (8) it follows immediately that

! / (w)d L 5o +0< P(B)ke™ )
—_— alu Uu—= ——7 v —_— .
Q)2 Ji—x,ap 21l deta(g (n —k)3/2

a(A)ﬁ(B)+o<

4.3. Proof of the pointwise convergence of the recurrence rate to the dimension

Let us denote by G, (¢) the set of points for which n is an e-return:
G,(e):= {x €X: S,¢(x)=0and d(@”(x),x) < 8}.
Let us consider the first return time in an e-neighbourhood of a starting point x € X:

Te(x) ::inf{m >1: Spe(x) =0and d(@m(x),x) < 8} :inf{m >1:xe Gm(s)}.

Proof of Theorem 8. Let us denote by Ci the set of k-cylinders of X. For any § > O denote by C,‘z C Ck the set
of cylinders C € Cy such that v(C) € (e_(d+8)k, e_(d_‘s)k). For any x € ¥ let Cx(x) € Ci be the k-cylinder which
contains x. Since d is twice* the entropy of the ergodic measure v, by the Shannon-McMillan—Breiman theorem, the
set

Ky ={xeX: Vk=N,Ci(x)eC}}

has a measure v(K /’2,) > 1 — § provided N is taken sufficiently large.

e Let us prove that, almost surely:

liminf

loglog z, -y
e—~0 —loge —

Leto > 5 and0 <8 <d— é Let us take ¢, :=log™“ n and k,, := [—loge,]. According to Proposition 14, whenever
k, > N we have:

V(K3 N Gulen)) < v({x € K: Spp(x) =0and 0" (x) € Cx, (x)})

< Y v(CNn{Sup=0yno"0" (975 C))
cecy

v(C)v(C) v(C)ky,ekn
<6 3 |M S ro( M) |

C eC,‘in

4Note that we are working with the two-sided symbolic space X.
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Observe that for C € C,‘fn we have

ky eMkn _ aloglognlog®n _ O(8d+6) _ O(v(C)),

ﬁ ﬁ n
hence it follows that

v(C)? 1
v(K}s\,ﬂGn(an))=O< Z . >=O<W)

5
CeCkn

Hence, by the Borel-Cantelli lemma, for a.e. x € K¢, if n is large enough, we have: x ¢ G, (g,). Hence, if in addition
x is not a periodic point, then for any » large enough, we have: t,, (x) > n. This readily implies that:

logl 1
lim inf Q808 T, >— ae,
n—oo  —loge, o

which proves the lower bound on the liminf since (¢,,), decreases to zero and lim,,_, 4 %
n

e Let us prove that, almost surely:

loglog 7, _

lim sup I
—loge

e—0

Let0)<a < 5 and § > 0 such that 1 — ad — a8 > 0. Let us take ¢, :=log"%n and k, := |—loge, ] + 1. For all

L=1,...,n,wedefine:

Ap(e):=Ge(e) NO Yz, >n — £},
Let us take L, := [log® n], with a > 2a(d + 8 + n). The sets Ay(¢) are pairwise disjoint thus:

n

1= " w(Aeen) = Y D v(CNAen)).

£=0 t=Ln e,

According to Proposition 14, we have

v(CNAg(en) = v(CN{Sep =0} NOE(C N {ze, > 1 — £}))

v(C) ( kyen )} 1
=|——=+0 v(C N iz, >n}
|:27l7\/det0'2 =k, ) 1€ —ky ( § )
1
> c’sg+5ﬁv(C N{z, > n})

— Rn

forany C € C,fn provided k, > N; indeed, the error term is negligible since:

k, e"kn <(10g logn) log“”n> d
= =ol(e, + ),
VA —ky, log“/2(n) ( " )

since @ > 2a(d + 8 4+ n). This chain of inequalities gives

_ -1
v(K}s\,ﬂ{rg>n})§ Z v(Cﬂ{rs>n})50<<8Z+310gZ _k]: ) >
CeCf}1 ! !

1
= O(logl—ad—a5 n)
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Now let us take n,, := [exp(p?/ 1794=99) | We have:

Z v(K]‘i, N {rgnp > np}) < +o00.
p=1

Hence, by the Borel-Cantelli lemma, almost surely x € K 8 we have:

loglog 7¢, ) 1
limsup ————% < —.
p—+oo —log €n, o

&n
&n

This gives the estimate limsup since (&), decreases to zero and since lim_, 40 =
P

4.4. Fluctuations of the rescaled return time

Recall that Ci(x) = {y € X: d(x, y) <e k). Let Ry(y) = min{n > 1: 6" (y) € Cx(y)} denote the first return time of
a point y into its k-cylinders Ci(y), or equivalently the first repetition time of the sequence of symbols y_, ..., ¥k
of y. There have been many studies on this quantity; among all the results we will use the following:

Proposition 15 (Hirata [9]). For v-almost every point x € X, the return times into the cylinders Ci(x) are asymp-
totically exponentially distributed in the sense that

—t

' t
kgngo VCk(X) (Rk() > m)

for a.e. x, where the convergence is uniform in t.

Lemma 16. Let x be such that limy_, oo ve, (x) (R (+) > e~! forallt > 0. Then, for all t > 0, we have:

t ) _
v(C(x))” ™

" 1
1’ B = 9
(Jmveu (’e - ex"(u(@(x)))) I+ pr

. 1
with = ——.
p 2nv/deto?

Proof. We are inspired by the method used by Dvoretzky and Erdos in [7]. Let & > mq and n be some integers. We
make a partition of a cylinder Cy(x) according to the value £ < n of the last passage in the time interval O, ..., n of
the orbit of (x, 0) by the map F into Ci(x) x {0}. This gives the following equality:

n

V() = 3 v(Cr) N {Se =01 N0~ (CL@) N (e > n — £})). ©)
£=0

Upper bound. Let nj, = |e/"(C«™) | First we claim that:

limsup v To—k >np}) < .
im sup oo ({tet > ni}) T B

Let a > 25 and L; = e*. According to the decomposition (9) and to Proposition 14, there exists ¢} > 0 such that,
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for k sufficiently large, we have:

ng
U(Ck(x)) > V(Ck(x) n {Te—k - nk}) + Z ﬂU(Ck()C))U(Ck(X) N {Te—k > Ylk})

= 0—k
ke (Cr(x) N {Tek > g — £})
€ — k)32
=Ly

Nk

> v(Cr(x) N {Tek > ni}) (1 + By (Cr(x)) Z ﬁ) — ¢ v(Cr(x))keheak/2,

=Ly
Hence, we get:

V(Crx) N{Tek > mid) _ 1 — ¢ kekn=a/2)
V(Ci(x)) T4 B(CR () Yk, 1/ =k

The claim follows from the fact that a > 27.

Lower bound. Let b = liminf _Tl log v(Cy(x)) > 0. Without loss of generality we assume that the Holder exponent
n is such that b > 2n. Let g = Le’/”(ck("))J, nx = |qx log(gx)], myr = ny — qx and choose § > 0 such that 2n <
b(1 — §). We now claim that:

liminf o > .
klglil(;loka(x)({te £ > qr}) = 1+ Bt

Let us denote by Ay (k, x) the sets involved in the decomposition (9):
Ag(k, x) 1= Cr(x) N {Sg = 0} N O™ (Ch(x) N {Tek > ny — £}).
For £ =0 we have
v(Ao(k, x)) < v(Ck(x) N {te-k > qk}). (10)

Let My = |v(Ci(x))~'+%]. We first show that the contribution from small £ is negligible. According to the expo-
nential statistics for return times, there exists &x, with limy_, ;o &x = 0, such that we have (remember that the A, (k, x)
are disjoints):

My

D (A, x)) < v(Ci(x) N {Rk < My})
(=1

< v(Ck(x))(l — exp(v(Ck(x))a) + sk)
=o(v(Cr())). (11)

We now estimate the measure of A, (k, x) for large values of £. According to our local limit theorem (Proposition 14),
forall £ = M +1,...,n;, we have:

V(Cr (X)) (Cr(x) N {Te—k > ng — £}) te ke"kv(Ck(x) N {te—k > ng —£})

Ag(k, < 12
v(Ar(k, ) < B - 3 T (12)
main term error term
Observe that the sum of the error terms is controlled, for some constant c5 > 0, by
ke™ v (Cy(x)) —148 —1/2
S < esv(Ce)ke™ (v(Cr) T = k) T =0 (v(Crw))). (13)

—13/2
0> M+1 (=K
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On the other hand the sum of the main terms may be estimated for non-extremal values of £ by:

my mk
§ UGOMGO N =m =) 0 )G N (s > ) S —— (14)
(=M +1 t-k ET

and for extremal values of £ the simple bound below holds:

o~ V(CkDV(Cr() N {Tek > ng — £)) SR
> = <v(CW) Y
L=mi+1 L=mp+1
—k
< cﬁv(Ck(x))zlogC:; — k)
= o(v(Ck(x))). (15)
Using the decomposition 9 and putting together formulas (10)—(15), we get:
ng 1
V(Cr(x)) < v(Cr(x) N {Te—t > qi}) (1 +Bv(Cr(x) Y m) +o(v(Ck(x)))
{=Mi+1

< v(Cr(x) N et > qi}) (1 4 Br(Cr(x)) logng) + o(v(Ck (x))).

This proves the claim, which achieves the proof of the lemma. a

Proof of Theorem 9. Since the exponential statistics of return time holds a.e. by Proposition 15, Lemma 16 ap-
plies a.e. and by integration, using the Lebesgue dominated convergence theorem, we get that

t 1
1. 1 —_ . fr—
ki)n;ov(ogte k() > v(Ck(~))> Ty
forall t > 0. ([l

Proof of Corollary 10. Non-zero variance. Let us write:

¥ loglog T« (-) — kd
k= .
Vk

In this case v is a Gibbs measure with a non-degenerate Holder potential &. The logarithm of the measure of the
k-cylinder about x is, up to some constants, given by the Birkhoff sum lef:fk h oo/ (x) of h on the orbit of x. It
log(v(Cy () +kd

Vk
converges in distribution to a centered Gaussian random variable of variance 205. It is enough to prove that Yy + Xy
converges in probability to 0. This will be true if Y, + X} converges in distribution to 0. This follows from Theorem 9
and from the formula:

is well known that such sums follow a central limit theorem (e.g., [2]). This readily implies that X =

loglog 7o (-) + log(v(Cy))
7 )

Zero variance. In this case the potential is cohomologous to a constant and the measure v is the measure of maximal
entropy, which is a Markov measure. Denote by 7 the transition matrix and by p the left eigenvector such that pwr = p.
The measure of a cylinder Cy (x) is equal to py_, ]_[I;;l_ K Toxjxj - Since the function log 7y, has to be cohomologous
to the entropy, the measure of a cylinder Cy (x) simplifies down to

Y+ Xy =

V(Cr(x)) = Qg™ HFDI2,
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where Q = (Q;;) is a (constant) matrix. Proceeding as in the proof of Theorem 9, we get that

1
lim v(e ™ logt,« > 1) = lim Vetijogr _,opydv= pipj————.
Pl e i’jZEAk_)OO R e *dlogt 4> i,jZEA 1+ 8Q;jt
(Il
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