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Abstract. We consider the periodic planar Lorentz process with convex obstacles (and with finite horizon). In this model, a
point particle moves freely with elastic reflection at the fixed convex obstacles. The random scenery is given by a sequence of
independent, identically distributed, centered random variables with finite and non-null variance. To each obstacle, we associate
one of these random variables. We suppose that each time the particle hits an obstacle, it wins the amount given by the random
variable associated to the obstacle. We prove a convergence in distribution to a Wiener process for the total amount won by the
particle (normalized by ,/n log(n)) when the time n goes to infinity. Such a result has been established by Bolthausen [Ann. Probab.
17 (1989) 108-115)] in the case of random walks in Z2 given by sums of independent identically distributed random variables.
We follow the scheme of his proof. The lack of independence will be compensated by some extensions of the local limit theorem
proved by Szasz and Varju in [Ergodic Theory Dynam. Systems 24 (2004) 257-278]. This paper answers a question of Szdsz about
the asymptotic behaviour of ZZ;& s, where (gg)g is a sequence of i.i.d. centered random variables (with finite and non-null
variance) and where Sy is the number of the cell at the kth reflection.

Résumé. Nous considérons le processus de Lorentz dans le plan avec des obstacles convexes disposés de maniére périodique (nous
supposons de plus que I’horizon est fini). Dans ce modele, une particule ponctuelle se déplace a vitesse unitaire et sa vitesse obéit a
la loi de la réflexion de Descartes a ’instant d’un choc contre un obstacle. La scene aléatoire est donnée par une suite de variables
aléatoires indépendantes de méme loi, centrées, de variance finie non nulle. Chacune de ces variables aléatoires est associée a un
obstacle. Nous associons a la particule une somme qui évolue avec le temps. Cette somme est nulle au départ. A chaque fois que
la particule touche un obstacle, elle gagne la valeur de la variable aléatoire associée a cet obstacle. Nous montrons que la somme
totale gagnée au temps n (normalisée par /nlog(n)) converge en loi vers un processus de Wiener lorsque n tend vers I’infini. Un
tel résultat a été établi par Bolthausen [Ann. Probab. 17 (1989) 108-115)] dans le cas de marches aléatoires sur 72 avec des pas
indépendants et de méme loi. Nous nous inspirons de son travail. Nous remplagons I’hypotheése d’indépendance de [Ann. Probab.
17 (1989) 108-115)] par des extensions du théoreme limite local établi par Szdsz and Varju in [Ergodic Theory Dynam. Systems 24
(2004) 257-278]. Ce travail apporte une réponse a une question de Szdsz concernant le comportement asymptotique de Zz;é sy
ol (¢¢)¢ est une suite de variables aléatoires indépendantes identiquement distribuées, centrées, de variance finie et non nulle et ou
Sk désigne le numéro de la cellule dans laquelle se trouve la particule a I’instant de la kéme reflexion.
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1. Introduction
A Lorentz process is a model in which a point particle moves freely (with unit speed) with elastic collisions at the sur-

face of fixed obstacles. We consider a planar Lorentz gas with Z2-periodic configuration of strictly convex obstacles.
We will moreover suppose that the horizon is finite which means that the time between two consecutive reflections is
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uniformly bounded. This model is a particular billiard model in an infinite-volume domain. The corresponding billiard
flow and billiard transformation are introduced in Section 1.1.

Because of the Z>-periodicity, this model is naturally related to a billiard model in a domain of T? = R?/Z? (see
Section 1.2). Since the early work of Sinai [23], this billiard system has been studied by many authors ([4-7,10] and
others).

We associate with the point particle (of the Lorentz process) a null amount at the beginning. We suppose that, at
each reflection time, the particle wins the (real) value associated with the obstacle met. We suppose that the values
associated with the obstacles are independent identically distributed with null expectation, finite and non-null variance.
We suppose moreover that these random variables are independent of the motion of the point particle of the Lorentz
process. Our main result (stated precisely in Section 1.3) is that:

(i) If Z, is the total amount won by the particle before the nth reflection, there exists Sy > O such that

Zini] . . .
— converges weakly to the standard Wiener process (as n goes to infinity).
( % nlog(n))tzo g y p (asng y) ~
ii) If Z, is the total amount won by the particle before time t, there exists > 0 such that (—Z2—
(i1) t M p B1 (/31 nlog(n))tzo

converges weakly to the standard Wiener process (as n goes to infinity).

Now let us introduce precisely our model and state our exact results.

In R?, we consider a finite number of convex open sets Oq, ..., Oy, with boundary C3-smooth and with non-null
curvature. We repeat these sets Z>-periodically by considering U; ; = £ + O; foralli € {1,..., 1} and all £ € Z>. We
suppose that the closures of the U; ¢ are pairwise disjoint. For any £ € Z?, we call £-cell the union UiI:I Ui ¢. The
random scenery is given by a sequence of independent identically distributed real-valued, centered random variables
(8i,0))ieq1,....1y,eez2 With finite and non-null variance. The value of the random variable ¢ ¢) is associated to the

obstacle U, ¢. Let us consider a point particle moving in the domain Q := RZ\ Uilzl Urezz2 Uie with unit speed
and with elastic reflections off d Q. We associate with the particle an amount equal to 0 at time 0. This amount only
changes at reflection times: the particle wins ¢; ¢y each time it hits U; ;. We are interested in the asymptotic behaviour
of the amount when “the time” goes to infinity. We will envisage “the time” in two ways: continuous time and discrete
time. We will define Z; as the total amount won by the particle before time ¢ and Z, as the total amount won by the
particle before the nth reflection time.

1.1. Billiard flow (M1, w1, (Yy)y) and billiard transformation (M, v, T') in the plane

We call configuration of a particle at some time its position-speed couple. When a reflection occurs, there is coexis-
tence of two configurations: one corresponding to the incident vector and one corresponding to the reflected vector.
To avoid ambiguity, we only consider reflected vectors. Hence the set of configurations (position-speed couples) will
be:

Mi={(q.9) € Q xR ||§] = 1:¢q €30 = ii(q). B) > 0},

with 7i(g) the unit vector normal to dQ at g € dQ oriented to the inside of Q. The billiard flow (Y;), is the flow on
M such that Y;(q, ¥) = (qr, U;) is the configuration at time ¢ of a particle with configuration (g, v) at time 0. The
billiard flow preserves the Lebesgue measure (17 on M. Now we only consider reflection times. Let M be the set of
reflected vectors off 0 Q:

M:={(g,9) €9Q x R%: ||| =1 and {ii(¢), ¥) > 0}.

A point (g, V) € M is parametrized by (i, 7, ¢, £) if ¢ — £ is the point of d0; with curvilinear absciss » and if ¢
is the angular measure of (ii(q), V) taken in [—7%; Z]. The billiard transformation T maps a configuration y € M
at a reflection time to the configuration 7' (y) =y’ corresponding to the next reflection off 3 Q. This transformation
preserves the measure v given by dv(q, v) = cos(¢) dr dg, with the parametrization (i, r, ¢, £) of (g, V) € M.

We define the function 7: M — [0; +oo[ by: (g, V) := min{s > 0: g + sv € dQ}. The quantity (g, V) corre-
sponds to the distance to go until the next reflection off 0 Q. Here, we suppose that the billiard system has finite hori-
zon, that is, sup t < 4-00. We already know that this system is recurrent (see the works of Conze in [8], of Schmidt in
[21] and of Szdsz and Varji in [24]) and that it is totally ergodic (see [22] and [19]). Other results have been established
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by Dolgopyat, Szdsz and Varjd in [9]. The billiard flow (M, p1, (¥);) can be represented as the special flow over
(M, v, T) with roof function t. Let us specify this. Let us define M, = {(y,s): yeEM;0=<s< 7(y)} endowed with
the measure [i1 given by: di1(y,s) =dv(y)ds. Let (Y;), be the flow defined on M by Y, (y s) = (y,s +t) with the
identifications (y, 7(y)) = (T (y). 0) Let A: M; — M, be given by: A((g, V), s) = (g + sv, v). This bi-measurable
function satisfies: ¥; = A o Y, oA land A (1) = 1.

1.2. Billiard transformation in the torus (M, v, T)

Let us define M = {(q, ) e M: g € U;_,90;} and T: M — M with T(q, 7) = (¢', ¥') if there exists £ € Z> such
that 7 (g, v) = (¢’ + £, v). Let v be the probability measure on M proportional to the restriction of v to M. The study
of the dynamical system (M, v, T) is complicated by the discontinuities of the transformation 7'. But it is known that
T is C2- -regular on M\ (RoyUT~1(Ry)), where the set Ry := {(¢g, V) € M: (v,1(g)) =0} is the set of tangent vectors.

It is easy to see that the billiard system (M, v, T') is a cylindrical extension of the billiard system (M, ,T) by
some function @ : M — Z2. For any (g, V) € M and any ¢ € 72, we have T(q + £, V) = (q + 0+ ®P(q,v), V) with
(q',v)=T(q,v)and T"(q + £,0) = (gp + £ + Z” ! & (T* (q ), Uy) with (g, Un) = T" (g, V). In the sequel, we
identify M with M x 7?2 by the one- to -one map [1: M x 7> M given by: Iy((g, V), £) = (q + £, v). We notice
that the image measure of v by I1; " is proportional to b ® » ,.72 8¢ (where & is the Dirac measure in £). Let us
consider the asymptotic covariance matrix X2 associated with @:

-1
15 .
2. 1 _ k
by ._ngrfchvv<—ﬁ;¢>oT )

Because of the recurrence of the Lorentz gas, the matrix X2 is invertible. Let us write:

n—1
VxeM, Sy(x):=0 and S,(x):=) ®oT ).
k=0
We will also define the random variable Z; on M equal to the index i € {1, ..., I} of the obstacle O; met by the

particle at the kth reflection off an obstacle. We have: 7y = Zy o T*.
1.3. Lorentz gas walk in a random scenery

Let us consider a sequence of independent identically distributed random variables (¢; ¢);— .. s ¢ez2 defined on some
probability space (£20, Fo, Pp). We suppose that ¢; ¢ has zero mean and is square integrable with variance o> > 0. We
define the sequence of random variables (Z,), on the direct product (£2, F) := (M x £, B(M) ® Fy) by Zo =0
and, for all n > O:

V(x, lo) € M x Z*, Yo € 20, Z,(ITo(x, £o), ®) ZCIA(x) 2045 (x) (@).
k=1

The quantity Z, (X, w) corresponds to the total amount won at the nth reflection by a particle with initial configura-
tion X, if the scenery is determined by w. We are interested in the asymptotic behaviour of Z,, when n goes to infinity.
We establish a result of convergence in distribution with respect to any probability measure (hv) ® Py on (£2, F).

Theorem 1. Let h: M — R be any positive v-integrable function such that | y hdv = 1. The sequence of processes
« m/det(zz YL length(9 0, ))2

_,(length(30;))2nlog(n)o?
the probability measure (hv) ® Pg).

Z\nt])1=0)n>1 converges weakly (in D([0, 00))) to the Wiener process (with respect to



Planar Lorentz process in a random scenery 821

With the same proof, we can answer the question of Szdsz by proving that the sequence of processes

((\/ T;lozz()ii ZL’”J 1,85,)1=0)n>1 converges weakly (in D ([0, 00))) to the Wiener process (with respect to the same
probability measures (hv) ® Pp). ~
For every real number r > 0, we define the random variable Z; on the direct product (£2/, F') := (M x

20, BIM1) @ Fop) by:
V(g,9) e M, Vs €[0,7(q.0)), Yo € 20 Zi((q + 59, ), ©) = Zii(r45.(4.5 (¢ D), ©),

with

n—1

i(u, (q,0)):= sup{n > 0: Zr oTX(q,0) <u

k=0

(representing the number of reflections before time u for a particle starting with configuration (g, v) at time 0). The
quantity Z; (Y, w) corresponds to the total amount won at time ¢ by a particle with initial configuration ¥ € M if the
scenery is determined by w.

Corollary 2. Let g: M1 — R be any positive |11-integrable function such that f/\/h gduy = 1. The sequence of

74/det(Z2) (X1 length(380,)? [ T db 5
L, (length(d 0;))2n log(n)o
(with respect to the probability measure (gi1) @ Py on My x $29).

processes ((\/ Zut)1=0)n>1 converges weakly (in DI[0, 00)) to the Wiener process

2. Proof of our results
2.1. Tools

In [24], Szdsz and Varju establish a local limit theorem for @. In particular, they prove that: v(Sy = 0) ~
(2my/det(Z2)k)~L. As said briefly in the abstract, we use the scheme of the proof of Bolthausen [3]. We will com-
pensate the lack of independence by two refinements of this local limit theorem (see Appendix A for the proofs).

Proposition 3. There exist two real numbers C > 0 and t1 € (0, 1) such that, for all non-negative integers n, m and
k and for all i, j,i', j' € {1,...,1} and for all Ni, N> € Z2, we have:

m
Ct|

|Covis (N Zy=i 5, =Ny To=i")s W m=1. Sumk—Swim=Ns Typmsr=i"))| < GEDRED

Let us recall some hyperbolic properties of the billiard transformation. For v-almost every point x in M, there exist
two unique maximal C!-curves y*(x) and y“(x) such that:

V=0 y'(x)c M\ JT"(Ro) and Jim length(7" (y* (x))) =

n>0
and

¥n=0 y“a)cM\| JT"(Ry) and im length(7 " (y" ())) =

n>0
Moreover, there exist C>0andéc (0, 1) such that:
for v-almost every x, Vn > 0, length(T" (y* (x))) < C8" and length(T " (y*(x))) < CH".

The curves y*(x) are called stable curves and the curves y“(x) are called unstable curves. Let us notice that, for all
n >0, §, is constant on each stable curve.
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Proposition 4. Let any real number p > 1. There exist C > 0 and Ko > 0 such that, for any positive integer k, any
measurable set B such that, if x € B then y*(x) € B, for any integer r > 0 and any measurable set A union of
connected components of M\ \J;_o T " (Ro), for any N € 72, we have:

B(AN{Sitr — S, = Ny T30 (y) - PAVE) iy

Vdet(22) 2wk

< ko (PBFIADVB (NI INBY _z2-tvny e , PBYP
= Ko 32 ﬁ+k3/2 e +7k2 )

with |[N|» = (n* + m®)Y2 if N = (n, m).

ey

The proofs of these results use Young’s construction [25]. The fact that, by our method, we cannot take p = 1
will complicate our calculations. In the independent case as in other friendly cases (such as subshifts of finite type),
such estimations hold with p = 1. The condition p > 1 comes from the fact that the Young norm does not dominate
Il - lloo but can be chosen so that it dominates || - ||, for any arbitrary real number ¢ > 1. Since p and g are such that
p~ ' 4+ ¢! =1, the condition 1 < g < +oo implies 1 < p. Hence the fact that we take p # 1 is due to the method
used here and might certainly be improved by another approach.

2.2. Scheme of the proof of Theorem 1

Let us notice that, for every (x, o) € M x 7%, Z,(ITo(x, £y), -) has (with respect to Pp) zero mean and its variance is
o2V, (x) with V,(x) := Zz,ezl 1;5,=s, and 7, =7,} (x). Hence the study of V,, will be useful.

Proposition 5. We have:

S (length(90:))?
(1 length(90))?mty/det(22)

E5[Vi] ~n— 100 conlog(n)  with co :=

Proof. We have: E;[V,] =n + 22{:1 Z;}(n —k)v(Zy =1, Sk = 0,7y =i). But, according to Proposition 4,
(0(Zy=i))*

v(Zo=1i, S, =0,Z; =1i) is equivalent to
(Zo =1, Sk k=1 4 274/ det(Z2)k

when k goes to infinity. ]

The following technical result is proved in Section 2.4:
Proposition 6. We have: Var;(V,) = On? log(n)).

These two propositions ensure the convergence in probability (with respect to hv) of (V,/(nlogn)), to co as n
goes to infinity. For all (x, £g) € M x 72 and all w € £20, we have:

1
Zy(Mo(x, €0), @) = D Y~ & ey (@)Ni e (1) (x),

i=1¢ez?

with Ni¢(n)(x) := 3 7_; Lis,—¢ and To=i) (x). We have: V,(x) = Y 1_, 3,72 (Ve (n)(x))2. For all £ € Z2, let us
define:

Nem)(x) := ) 1ig—p) (x).

k=1

We clearly have: Ny(n)(x) = Dl N ¢(n)(x). This will be useful in our calculations:

,,,,,
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(1) Convergence of the finite-dimensional distributions.
Letm>1,aq,...,a, e Rand0 =1y <t <--- <t,. We have:

m m 1
Zaj(ZLij —Zintj 1)) =ZZ Z aj(Nie(ntjl) = Nee(|ntj=1]))&iere-
j=1 j=li=lgez?

Following [3], we will apply the Lindeberg theorem (see Theorem 7.2 in [2]). For (x, £¢) fixed in M x 72, this random
variable taken at ([T (x, £o), -) is a sum of independent (but not identically distributed) random variables (with respect
to Pg). We will prove in Section 3 that we have:

Proposition 7. For v-almost every x € M, for any a > 0, SUP; 1. I:eez? Nie(n)(x) = o(n?).

Hence, according to the Lindeberg theorem, for b-almost every x € M, for all £y € Z?, the random variable:
Y i1 @i (Zine (Mo (x, €0), ) = Zie; ) ITo(x, L), -))
\/Zl 1 ez (T ajWNie(lnt; ) (x) = Nie(lntj-1])(x)))?0

Zy (Mo(x, Lo), -

converges in distribution (with respect to Pp) to a Gaussian centered random variable with variance 1 (as n goes
to infinity). Hence, by Lebesgue’s dominated convergence theorem, Z,, converges in distribution (with respect to
(hv) ® Py) to a Gaussian centered random variable with variance 1 (as n goes to infinity). Moreover:

Proposition 8. The sequence of random variables

coo?nlog(n)

<Z,~’_1 e (X aj(Nie(lntj]) —M,Z(Lmjll)))202>
n>1

converges in probability (for hv) to Z;":l (aj)z(tj —1tj_1) as n goes to infinity.

Proof. Since the random variables considered here only depend on x € M and not on the number £ of the cell, it
Uan
coo2nlog(n)
probability to 1, which is an immediate consequence of Propositions 5 and 6. But it is more complicated when m > 2.

Let us notice that:

XI: Z (iaj (Nie(Lnz1) —M,e(Lntjlj))> =A+T,

i=1¢ez? \j=1

is enough to prove the result for the measure v. Let us notice that if m = 1, this means that converges in

with A= 31 Yy Y1 (@) 2N (Intj ) — Nie(Lntj—11))? and

Lnt;] Lnt ]

I
ZZZZ Z ajaj Z Z V5= 7y=i.8,=0.T, =i}

i=1 gez? 1<j<j'<m k=lntj_yJ+1 K'=lntj_y]+1
Lnt;] [ntjr]
=2 Z ajal,-/ Z Z 1{5k=sk/sIk=Ik’}'
1<j<j'<m k=|nt;—1]+1 k’:Lntj/_ljJr]

e First, let us notice that we have: E;[A] = 27:1 (aj)z]Eg[VL,,th,ijlJ] and

5 ntm | —nn |
Bs[F] < (lail+---+lanl)” Y kP(Sx=0) <O(m),
k=1
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since P(S; = 0) = O(%) (according to the local limit theorem of Szasz and Varji [24] or to our Proposition 4).
Hence, we have proven that:

E; [i ) (i, (Nie(Int; 1) —M,e(tnw))>2]oz

i=1¢ez? \j=1

is equivalent to coo?n log(n) ZT:] (@p)?tj —tj—1).

e Now, let us prove that Var(ZiI:1 D rer? (ZTzl aj(Nie(lnt;]) — J\/},Z(Lntj_lj)))2) is in o((nlog(n))?). We have:
Var(A + I') < 2(Var(A) + Var(I')). Let us start with bounding Var(A). Let us notice that we have A =
Y (@j)?Aj with

I
Z Z (Nie(Lnt;1) Ni,e(Lntjfu))z'
i=1 gez?

Let j =1,...,m. We have: Var(4;) = Var(VLij_LmjflJ). Hence, according to Proposition 6, Var(A) is in
O(n? log(n)). Now we have to bound Var(I"). Since E;[I"] = O(n), it is enough to bound E;[I"%]. We have:

Lnt_,'j Ll’ll‘j/J 2
E‘—}[[Q] §4m4 Z (Cljajr)zE,j[< Z Z l{Sk—Skqu—Ik/}) :|

1<j<j'<m k=|_ntj,1j+]k/=|_ntj/_lj+l

Lnt; | Lnt /]

< 4m* Z (ajaj/)z Z Z ‘_)({Skl = Sk’1 and S, = Ské})'

I<j<j'=m ki ka=Lntj 1141 ki ky=|nt;_ ]+1

In the proof of Proposition 6, we estimate this quantity and prove that it is in on? log(n)) (see the estimate of the
terms Aj and A3 in Section 2.4). O

This ends the proof of the convergence of the finite dimensional distributions (for the probability measure
(hv) ® Po).

(2) Tightness. Let us notice that the distribution of (Z, (I1y(x, £o), -)), with respect to Py does not depend on
£o in Z?. Hence, the tightness with respect to (hv) ® Py follows from the tightness for v ® Py. Following [3] and,
according to Theorem 8.4 of [2], let us prove that, for every € > 0, there exists A > 0 such that, if n is large enough,
then we have:

(V®]P>o)(sup|Z | >)L\/W) %

i<n

Let ¢ > 0. For any n > 1, let us define: Z := max;—,...,
([31, pp- 114-115). We will be able to use this argument since Var(Z,) = O(mlog(m)) and since

n Zi. Let us recall the general argument given by Bolthausen
Vlﬂ
mlog(m)

verges in probability to co > 0. For any real number p > /2, any integer m > 1 and any (x, £9) € M x Z?, since
Varg, [Z (ITo(x, €0), )] = 02 Vi (x), we have:

Po(Z2 (Mo (x, £0), -) = v/ 02V (X)) < Po(Zm (MTo(x, £0), =) = (0 — V2)V/ 02V (1))
+Po(Z},_, (Mo(x. £o). -) = p/ o2V, (1))
x Po(Z% 1 (Mo(x, £0), ) — Zm (Mo(x, €0), -) > v/2v/02 Vi (x))
< Po(Zn (Mo(x, €0), ) = (p — V2)V/0 2 Vi (x))
+ %Po(Z;; (Mo(x, €0),-) = Vo2V (x))

con-
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(see [3], this comes from an argument of [17]). The same holds if we replace Z, by —Z,,. Hence, we have:

@eP( max 1212 p\/oVn) <20 © o) (1Zn] = (p = V2V Vi)

,,,,,

But, from Proposition 8, we know that converges in probability to ¢y > 0. Let € > 0. According to Propo-

Vin
mlog(m)
sition 5, we have: E;gp,[(Z, )2] < bnlog(n), for some b > 0. Let p > 22 and A = p/coo?. Let us take § = %
There exists m1(§) such that, if m > m(§), then we have: v({V,,, < w}) << and V({Vip > 2comlog(m)}) < i

Hence, for sufficiently large p and every m > m(8), we have:

.....

-l>|°v

,..‘,

=20 ®P0)<|Z | = «/—(j— ﬁ),/coazm log(m)) + %

<S
_ﬁv

if p is large enough (since Var(Z,,) = O (mlog(m))).

2.3. Proof of Corollary 2

Let us write Zt(”) = /Cogznlmz |n¢] With the constant ¢ defined in Proposition 5. According to Theorem 1, Z ()
converges in distribution to the Wiener process W in the sense of D([0; +00)) with respect to hv ® Py with h(y) :=
J7 ¢(A(y, 5))ds. For all (¢, 3) € M, all s € [0; 7(q, 9)[ and all n > 1, we have:

Znt ((q + 50, 1_)))3 w) = Znﬁ(nl+s,(q,17))/n((('Iv 6)a CU)-

Let us define: ¢, (1) ((g + s9), w) := M . We know that ("(’" ))t>0 converges in probability to (f =)r=0

(in D([0; +00))) with respect to v (see, e.g., [20]). Hence, (¢,(t)); converges in probability to (+——= T @ )t>0 (in
M

D([0; 400))) with respect to g1 ® Py. This ends our proof, according to a classical argument (see [2], p. 145 and
Theorem 4.4).

2.4. Proof of Proposition 6

Let ai be the largest eigenvalue of X 2 and let ap be any real number satisfying ag € (0, (Gi)_l). We will use

Proposition 4 and the fact that there exists by > 0 such that, for every x € R, we have (|x|, + I)clg)e*f<(22)71x’x>/2 <

boe—90x)/2 and therefore:

INl2 | IN3 e~ ((EDTINNY @) o o—ao(N.N) /2K
NN
We have:
Varg(V,) =4 ) S [5Sk = S0 Ty =Te,. Sty = Se, and T, = To,)
0<ki<li<n—10<ky<flr<n—1

— V(Sk;, =S¢, and Zy, =Z¢, )V (S, = Se, and Iy, 2152)].
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Let us define the event Ey ¢ := {Sx = S¢ and I = Z;}. The variance of V,, can be rewritten 841 + 842 + 8A3 +4A4
with:

Al = Z [‘_}(Eklvzl N Ek2,€2) - ‘_)(Ekl,ﬁl)‘_}(Ekz,Kz)]y
0<k; <€) <ky<flr<n—1

Ay:= > [P N Ei) = 5(Eky ) (Bl )]s
0<ki<ky<li<lr<n—1

Az = Z [‘_’(Eklll N Eky ;) — ‘_’(Ekl,el)\_}(Ekz,ez)],

0<ki<ky<tlr<li<n—1

Agi= Y [0(Eko) — (0(Er0)]

O<k<t<n-1

e Control of A;.
Let 0 <kj < {1 <kp < ¥y <n — 1. According to Proposition 3, we have:

I’Crf2h
(6 — k1) (€2 —kp)

|\_}(Ek1,21 N Ekz,fz) - \_)(Ekl,el)\_}(Ekz,@z)| <

Hence: |A{| = O(nlog?(n)).
e Control of Aj.
— Let us start with the control of the product of the probabilities. We have:

1 1
> D(Eky0)0(Erpiy) <c Y YIS —
0<k; <ky <) <€r<n—1 O<ky<ky<tlj<ty<n L~ "1E27R2
< Z ¢
- (ma +m3)(m3 +my)
m],mzzo
m3,mgq>1

mi+my+m3+mg=<n

< Z c(n—(my+m3+mg)+1)
(mz +m3)(m3 +my)
m220
m3,mg>1
ma+m3+ma<n
- cn—Gkk+2—m3)+1)
= ) -

k,=1 max(1,k+£€—n)<m3<min(k,£)

n

n k
5222%522@—“1):0(#).
k

k=1 (=1 =1

— Now it suffices to estimate:

Z V(Se; — Sk, =0and S¢, — S, =0).

0<ki<kr<li<lr<n—1

For any choice of 0 < k| <k < £; < {2 <n, we have: ¥(Sp, — Sy, =0and S¢, — Sp, =0) =), V(Sk, — Sk, =
x, 8¢, — Sk, = —x and S, — S¢, = x). The sum is taken over x € 72 such that x| < |D@||oo min(ky — ki, €1 —
ko, €2 — £1). According to Proposition 4 for 1 < p < 3/\/§, we have:

D(Sk, — Sk, =X, S, — S, = —x and S, — Sp, = x) < Ko(A + B)
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for some universal constant 150 > (0 and with

A = e—a0(x.x)/@ka—ki+1)) V(Se; — Sk, = —x and S¢, — S¢, = x)
’ ky —k;+1

3

_ (0(Sy; — Sk, = —x and Sg, — Sg; =x))!/P

B :
(kp — k1 +1)3/2

Analogously, we have:
D(Se, — Sk, = —x and Sg, — S, =x) < Ko(A' + B')
with

A e ol PSSy =x) o (5(Sn — Sy =)
4 — k2 (61 — ko)3/2

In the same way, we have:
(S, — Se, =x) < Ko(A” + B”)

with:

e a0(x.x)/2t2—E1)) 1
A= and B':= —— .
£y — £ by —€1)3/2

* Terms with (A, A’, A”). The sum of these terms over (x, ki, k2, £1, £2) is less than:
e~ [1/ @k —ki+1))+1/(2(€1—k2))+1/(2(£2—£1))]ag (x.x)

Z Z (ko — k1 + 1)1 — ko) (€2 — £7)

X 0<ki<ky<tli<lr<n-—1

in(k, — k 1,61 —kp, by — ¢
<c Z min(ky — ki + 1,41 — ko, €2 — £4)
(k2 — k1 + 1€ — ko) (€2 — £1)

* Terms with (B, B’, B”). The sum of these terms over (x, k1, k2, £1, £2) is less than:

k2130213213

min(k2, 12, m?)
cn E < 6¢cn E .
3/2p3/2 3/2p?) — 3/(2p%) p3/(2p?) 11,3/ (2p2
pi by KPP 3 2P L 131D (310D 3 )

This is in O(n*) since 1 < p < 7

* The remaining terms correspond to (A, A’, B”), (A,B’,A"), (A,B’,B"), (B,A’,A"), (B,A’,B") and
(B, B’, A”). The sum over (x, ky, k2, £1, £3) of these terms is less (up to some fixed multiplicative constant)
than:

min(k, £, m?) min(k, £2, m?)

2: 1/ppl/pp3/2 1/(p2) p3/2,,,3/ (2
i KPP kHmenk (P?) ¢3/21,3/2p)

(The first term corresponds to (A, A’, B”), (A, B', A”), (B, A’, A”) and the second one to the others.) We
have:

min(k, ¢, m? K1/ p=1/2¢1/p=1/2,,4—4/p
gy mmkbmd) oy o).
k1/pgl/pm3/2 ATEE

1<k,l,m<n 1<k.l,m<n
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since 1 < p < 8/7. Now let us estimate the second term:

K1=1/2p) p2(1/(4p) 201/ (4p?)

: k’ez’ 2
2 lr;:lgf 312 Zl/(; LS /() 323/ @) =0(r?),
k+€+m5nk P m P k+l+m<n kY p2)gs/2m 4
since 1 < p2 <5/4.
e Control of Aj3.
— First we have:
D = 1 1
) B(Sky = S,)0(Sk, = Sty) < ¢ )3
el - kl 62 — k2
Oski<ky<tz=ti=n-1 0<ki<kp<lr<f;<n—1
nilp_ln—pp—ﬁ nflp—ln
=c — =cC — <0(n%log(n)).
<ed ) T se) ) =0 log(w)
p=2 =1 p=2 (=1

— We have to estimate:

> (S, =S¢, and S, = S¢,).

0<kj <ky<y<fi<n—1
We have:

V(Sk, =S¢, and Sk, = Sp,) = V(0 = Spqk4e—1 and Sy, = Sp4k)

= 0(Sn =2, Spik — Sn=0and Sy ix4r-1 — Sk = —X)
x

with m =k, — k;, k =4y —ky and £ = €| — £5 + 1. The sum is taken over the x in 72 such that: [X|oo <
[|@ || oo min(m, £). According to Proposition 4, we have:

(S =X, Sptk — S =0 and Sy se-1 — Sk = —x) < K1 (A+ B +C),
for some universal constant K 1 and with:

e~ 0X)/Cm5(§ =0 and Sgro—1 — Sk = —x)

A= ,
m
e a0tex)/ @55 =0 and Sgp_1 — Sp = —x)/P
B = 3 s
m3/2
Co— D(Sy =0and Sgyp_1 — Sp = —x)/P

m2

Moreover, since @ o T (g, %) = —® o T¥~ (¢, ') (with ¥ such that (ii(¢), ') = —(7i(q), V), (® o T ) has
the same distribution as (—® o TX); (with respect to v). Hence, we have:

—t+1 0
E(Sk=()and5k+z1—Sk=—x)=D< Z @ oT/=0and Z CDoTi:—x)
jm—k—t42 =042

=V(S¢—1 =x and Sg1¢—1 — S¢—1 =0).
Hence according to Proposition 4 for 1 < p < /8/7 and since v(S; =0) = O(k~1), we have:

D(Sk=0and Skso—1 — Sk =—x) < K2(A'+ B+ C'),
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for some universal constant 152 > (0 and with:

| e/ | ealrn)/@0 S
Yc e P Temar M ST @
* The term with (A, A”) is less than: e_amx"x)/(z::,fe_ W&/ The sum of these quantities over (x, k1, m, k, £), is
less than:
min(m, £) m!/2¢1/2
O(n Z kmt ) = O<n Z kmt :O(n2 10g(n)).
m,k, m,k,

e 490 (x.x)/(2m)efa0 (x,x)/(20)

* The term with (A, B') is: . The sum of these terms over (x, k1, m, k, £) is less than:

me2K17p
min(m, £) 1
ofn X2 P0Y o,y 1)
3211/ 1
k.t me/ kP m.k,t m~/Ck\/P

= O(nnl/2 log(n)nl_l/") = O(nz),

since | —1/p <1/2.
* The term in (A, C') is:

e—ao.x)/2m)
me2k/p

min(m, £2) (m)'/2 ()12
O(” Z mO2k1/p ) —O(n Z ml2k1/P
m,k, ¢l m,k,l

= O(ny/nlog(m)n'~"/7) = O(n?)

. The sum of these terms over (x, ki, m, k, £) is in:

since | —1/p < 1/2.
* The terms with (B, A’), (B, B’) and (B, C’) are less than:
(x,k1,m,k,£) is in:

O(n Z S ) =O(nﬁn1_l/pn1_l/(p2)) =O(n2)
&L

w3200 Pk (PP
m,k,

efao(x,x)/(Zm)

—~———— . The sum of these terms over
m3/2¢1/p 1/ (p?)

since p? < 4/3.
* The term with (C, A’) is:

e—ap(x.x)/2tp)
m2el/pil/p

min(¢, m?) (m2)3/4¢1/4
O(” 2 ngl/pkl/p) —O(” D T
m,k, Ll m,k,l

— O(nﬁnl+l/4—l/pnl—l/p) — O(I’lz)

. The sum of these terms over (x, ki, m, k, £) is in:

since p < 8/7.

* The terms with (C, B) and (C, C’) are less than: . The sum of these terms over (x, ki, m, k, £) is

1
m23/2pk1/p?

less than:
. €2, 2 24\3/4 @2 1/4
Onzmm( m)2 :Onz(m) ()2
m203/2pk1/p m2¢3/2pk1/p
m,k, ¢l m,k,l

= O(ny/nn273/@Pp1=1/1)) = O (n?)

since p < 6/5 and p? < 4/3.
e Control of A4. We obviously have A4 = O(nz).
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3. Proof of Proposition 7

Since, for all integers m > 1, f)(supZEZzJ\/g(n) > ¢en?) < 2nmaxt + l)2 SUpy 72 W, Proposition 7 will

follow from the following lemma and from the first Borel-Cantelli lemma:
Lemma 9. Forall k > 1 and all g > 0, we have: sup,.y, E,;[(/\/'g(n))k] =on?).
Proof. Let ¢ € Z2. We have:

E,;[(/\/'@(n))k] <k Z v(Sj =45, =Sj,...,Sj =Sji_y)-

0<ji<—<je<n—1

But, according to Lemma 13 of Section A.4, for all m > 2, there exists C,, > 1 such that, forall 0 < kj <--- <k,
and for all o € Z2, we have:
Ch

D(Sky =t Sty = Skys v s Sty =Sk, ) < : O
(S o =Pk b = Sk = T D s =k D) - G — ke £ 1)

Appendix A. Proof of the extensions of the local limit theorem

Let 1 < p < 2. We use the Young towers [25] and Nagaev’s method [15,16]. Nagaev’s method has been extended espe-
cially with the contribution of Le Page [14], Guivarc’h [11], and Guivarc’h and Hardy in [12]. It has been generalised
by Hennion and Hervé in [13].

A.l. Young towers

In [25], Young constructs an 1nteger d and two dynamical systems (M, 7, T) and (M v, f) such that (M, v, T) is an
extension of (M D, Td) and of (M D, T) that is, there exist two measurable functlons 7:(M, 5, T)— (M, v, T
and 7: (M, 9, T) > (M D, T) such that: T o T =T% 07, v = (1)x(D), # o T = To# and D = (7)+(D). Let us
give some useful details. Young constructs a well-chosen set A = (Uy uery N (UV sers ¥ %) where I'}f is a set of

unstable curves (of T) and where I' is a set of stable curves (of ') such that each y* € I'y meets each y" € I'y at
exactly one point. Then she constructs a well-chosen return time R(-) for 7 in A and a family (A;);>o of pairwise
disjoint subsets of A (with positive measure) such that:

e we have V(A \ Uizo A;)=0with A; = (Uy"erj; y"n (UV‘YGF,-S y*®), with I € I'y;
e on A;, the return time R is equal to a constant r;;
e A; is contained in a connected component of M \ U;i:o T (Ry) and we have: T"i (A;) = (Uyueriu) N (UySeFj‘)’

with I C I'}.

Let us notice that ZR() Yoo T/ is equal to some constant L; on each A;. Using the fact that the billiard system
in the plane (M, v, T) is totally ergodic (see [8,19,21,22]) we can adapt Young’s construction in such a way that
Ly=(0,0),L;=(,0), Ly =(0,1) and r1 and r; and r3 — 1 are multiples of r( (the idea is to adapt the construction
of the first four sub-parallelograms Ag, A1, Ay and A3z and then to follow Young’s construction, cf. Appendix B).
This observation gives another way to prove the non-arithmeticity than the proof given by Szdsz and Varju in [24] (see
our Lemma 11).

Now, we take d to be the biggest common divisor of the r;. With our adaptation, d is equal to 1 (this fact is not
essential here but it simpliﬁes formulas). We take: M :={(x,0): x € A, L € Z4,€ < R(x)} and T(x,0) = (x {4+ 1)
if ¢ < R(x)—1and T(x R(x) —1) = (TR (x), 0). We do not give the constructlon of v here. The system (M D, T)
is obtained from (M, D, T) by quotienting A along the stable curves: M= {(x,0): x eyy, L €Zy,t < R(x)} fora
fixed unstable curve y ' belonging to I} and with T:(x, )~ (¥(x)N Yy » £)- Let us notice that if a measurable
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function g: M — C is constant along the stable curves, then there exists a unique g : M — C such that gom=goT.
In the following, we will consider the function ¥y : M — C such that:

Yor==Pom.

Young defines a separation time (-, -) on M such that if §(x, y) > n, we have §(x, y) =n + §(T" (x), Tn (y)) and the
sets 7 (7 1 ({x})) and 7 (7 ~' ({y})) are contained in the same connected component of M\ U;=0 T~J(Ry). Moreover,
if x and y belong to the same 7 (A; x {0}), then §(x, y) > r;. For any B € (0, 1) and any ¢ > 0, Young defines the
functional space:

Vig.e) = | f: M — C measurable, || flv,,, < +oo},
where [| fllv,, = I1flg,e,000 + I fll(8.6,1)» With

1) = FO e
%Ae
pEG.D)

&€
’

and ||f||(/3,a,h) ‘=sup ess sup

; . ? —e
/1l (.e.00) = sup [l f| 4, lxe
€20 €203, 5eA,,5(2,5)20.545

where Ag is the ¢th floor of the tower M G.e., Ag ={(x,q) € M: q = ¢}). We suppose that g € (0,1) and ¢ > 0
are such that there exists Co > 0 such that we have: || - || p/-n ) < Coll - ||V(,3,€) and such that the following strong

ergodicity property of P is true (the existence of such B and ¢ is proven in [25]). It is easy to prove the following:
Lemma 10. If g belongs to V(g ¢y and if h belongs to V(g.0), then gh belongs to V(g ¢y and we have:

lghlvi., < 181V 1l -
A.2. Transfer operator

The adjoint operator P of g > goT on L2(D) is a continuous linear operator on Vg ) satisfying P1=1. Moreover,

P is strongly ergodic: there exist two real numbers Cy > 0 and 71 € (0, 1) such that, for all integers n > 0 and for
all f € V(g,¢) such that fM fdb =0, we have: ||P"f||y(ﬂye) <Cit" ||f||y(/3£). Moreover, there exist inverse branches

x of T and a function « such that IS(g) x)= ZX k(x(x))g(x(x)). The inverse branches are such that T(x(%) =%
and:

if5(2,9) =0, then  §(x(®). x(3)) = 1+3@&. ). (A1)

There exists ¢, > 0 such that, for any X and any y, we have:

</< (x) >
log| —=
Kk (y)

In the sequel, we use the operators family (ﬁu)ueRz given by ﬁu(h) = ﬁ(exp(i(u,l/f))h). We write S’m for
ZZ’;OI ¥ o T*. Since we have P™(f x g o T™) =g x P™(f) (for all integers m > 0), it is easy to prove that:

0O<k@® =1, Y k(x(®)=1 and < fiED, (A.2)

X

Vm =0 P"(h)= P"(wSmp).

Let B be any complex Banach space. We define the set 5" of continuous C-linear maps from B in C. We endow
this set with the norm || - ||z given by: ||A||g = SUP|| £y 5=1 |A(f)|. We denote by Lz the set of continuous C-linear
endomorphisms of B. We endow this set with the norm | - || z,; given by: || Pz, = supy rjz=1 1 P(HIB-

Theorem A.1 (Multidimensional version of Theorem IV.8 of [13]). Let g be a positive integer. Let B be a complex
Banach space. Let Uy be an open subset of R containing 0. Let m > 1 be some integer. Let (Q(1)):cu, be a family
of continuous linear operators on B such that the application t — Q(t) is in C"™(Uy, LB) and such that there exist
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two subspaces F and H of B with: B=F ® H, Q(0)(F) € F, Q0)(H) S H, dim(F) =1 and Q(0),F =id|F, the
spectral radius of Q(0)y being strictly less than 1.

Then there exists an open set Uy containing 0 and contained in Uy, there exist three real numbers n1 > 0, n2 > 0,
c1 > 0 and four functions » € C™(Uy,C), v e C"™(Uy, B), ¢ € C"™(Uy,B') and N € C™ (U, Lg) such that, for all
t € Uy, we have, foralln > 1,

Q)" (h) = 2(1)" (1) (M) v(1) + N(1)" (h),

with Q(t)v(t) = A(t)v(t), Q) P (t) = A(t)(i)(t) @) w@) =1, |A2@®)|=1—n1 and, forall k =0, ..., m, for all
it,...,ix€f{l,....,q}and alln > 1, ”dz ot (NOgs <c1(X —n1 —n2)".

Idea of the proof. This is the multidimensional version of Theorem IV-8 of [13] which is based on the implicit
functions theorem (see Chapter XIV of [13]). O

Since the coordinates of ¥ = (1, ¥2) belong to V(g,0) and according to Lemma 10, we have:

Lemma A.2. The map t — P, is in C®(R?, ,CV«”)). Moreover, for all t € R?, for all integers my > 0 and m> > 0

. gm1tmy my_,m D i my_,m
with m| +my > 1, we have: T Pt( )= Pt(lml+mzw1 11/,2 2y = P(1m1+m2e1(t,l/f)1/,l l‘pz 2.
1 %n

We apply Theorem A.1 to Q(¢) = ﬁ, and B = Vg,¢). We have A(0) =1, v(0) =1 and ¢ (0) = 1. Moreover, since
m > 2, according to Corollaries III-11 and III-12 of [13], we get: VA(0) =0 and Hess A(0) = — X2, where X7 is
the limit of the covariance matrices sequence (Cov‘;(%))nz 1. Let b > 0 be such that [—b; b]? is contained in the

set Uy given by the Theorem A.1 for Q = P. We also suppose that there exists some constant @ > 0 such that, for all
u e [—b;b1%, |h| < exp(—afu, u)) and %(22% u) > a{u, u). Moreover, let us prove the following:

Lemma 11. The spectral radia of (ﬁt)te[—n;n]z\[—b; p2 are uniformly bounded by some constant strictly less than 1.

Proof. To this purpose, as Szasz and Varju do in [24], we use Lemma 4.3 of Aaronson and Denker in [1]. According
to this result, it is enough to prove that, for all uel[—m; \ {(0,0)}, I3 has no eigenvalue on the unit circle. Let
u = (uy,uz) € [—m; )% Let us suppose that P, has an eigenvalue of modulus 1. We will prove that u = (0, 0). Let us
suppose that there exists f € V(g ¢) non-identically equal to zero and A € C with |A| = 1 such that: Pu( f)=Arf v-as.:

° Thf modulus oj [ is b-a.s. equal to some constant cy. Indeed, D-almost surely, for every £ > 0, we have: | f| =
(PO < PE(I D). Since imy— 400 [PV (1 f]) — Esl1 £y, =0, we conclude that, D-almost surely, | f| <
E;[1£11. Hence g = E;[| f|11 — | f| is D-a.s. non-negative with null expectation.

e V-a.s.,Vn >0, ei<"’3">f =Mfo T". Let E be the set of y € M such that |lf)|=ci.Letx € nnzo T-"(E) be

such that, for every integer n > 0, (ﬁu)”(f)(f‘"(x)) = k”f(f"(x)) and (ﬁ”lE)(f‘”(x)) = 1. For every integer
n > 1, we have:

)\'nf(rl’\—vn(x)) — pn (ei(u,§n)f) (fn (x)) — Z Kn(y)eiw,ﬁn(y))f(y).

y: T =1"(x)

Moreover, Zy: 1 (y)=Fn (x) kn(y) =1, |A”f(f""(x))| = ¢1 and, for all y such that f""(y) = f""(x), we have:

kn(y) >0 and |e®Sn) £(y)| = ¢;. Hence, for all y such that 7"(y) = T"(x), we have: A" f(T"(x)) =
SITRAC) )) £(y). In particular, we can take y=x.
o fis v a.s. equal to some constant fy on Ao. Let y and z be two density points of Ao such that, for P-almost every
w e Ag, we have: | £ (w) — fFO| < [ fllg.emB ™Y and | f () = f@1 < 11 fll .. Forany N = 1, we
consider two points yy and zy such that:

— yy and zy belong to ﬂ;vzo T (7 (Ag x {0})) and hence S(yN,zZN) > Nro;
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—1fON) = F@I < 1 FllgenmBSONVA) and f(yn)e VM) =3 N10 £ o TNO(yy) and f(zy)e! SNV =
)\‘Nr()f ° f*Nr()(ZN)

— [F@NO(yn)) = FOI <IN, [ f (TN (zy)) — f@L=1/N.

Since Sy, (i) = Swi (@), we have: | f(9) = f(2)| < % + £ () — f(zx)| and therefore f(y) = f (2).

e Conclusion. Let x in # (Ao x {0}) be such that f(x)e®S0@) — 370 £(F70(x)) and f(x) = f(F0(x)) = fo. Since
S =Ly=(0,0) on 7 (Ag x {0}), we have: fy= foel Lo} = )70 f and so A0 = 1.

Let y be in #(A; x {0}) such that f(y)e'™ S ) = AT F(TT(y)) and f(y) = F(T"1(y)) = fo. We have:
foei"l = foei<”’L1> = A"l fo. Since r; is a multiple of rg, we get: exp(iu1) = 1 and so u; = 0 (u is the first co-
ordinate of u).

Analogously, by taking A; instead of A, we conclude that u, = 0. Hence u = (0, 0). O

A.3. Proof of Proposition 3

Let us write A, for {Zp = u}. For all integers n > 1, we have to estimate:

COV(IA;I{SH=N1}1A,~/ o Tn’ {lAjl{Sk=N2}1Aj/ o Tk} (@) Tn+m)_

¥ (x) =¥ (). Hence, 1// is in the functlonal space V(g,¢) and its norm is less than 3|| P || . Moreover there exrst four
measureable subsets A,, A, , AJ, A . of M such that, for all u =i,i’, j, j’, we have: 1A o =14, om and 1A
belongs to Vg o) (indeed, 14, is constant on the stable curves and moreover if §(x, ) > 1 then 1; (x) =1; (y)) We

use the operators P and P, defined previously and the fact that:
Pr(gxhoT™) =hx BM"(g) and Eg[(P)"(g)]=Es[e“Sng].
We have:

Es[14,1(s,=n}14, © T”{lAjl{SFNz}lAJ,/ o TF} o T

_ 1 / f e—i(u,N1>e—i(l,N2>
(275)4 [—m; 7] J[—m;n]?

) Ey[1; @901, o1, o PrmeleS o frimy o o Frmtk] dy de
i i J i

1 —i(u,N1) =il Na) Ak 5 5
= — ' VRSN, )P, P, P*P1; du dr.
2 /[_mn]z /[—n;n]2e € o[ ( Aj/) 1 Aj { Ay u ( Ai)}}] u

Lemma 12. There exists K > 0 such that, for any function h € V(g ¢) and any non-negative integer k, we have:

. IAllv,
I SRR St
[—m;m)? ) +1
Proof. According to Theorem A.1 applied to Q = P and to Lemma 11, we have:
[ Bl ae= [ Ry, der 0@ I,
[-m;n]? i [—b;
- O“)/[ & dt O v, )

=0~ e M dv + O(8"|hllv,,,)- O

iy, /
[—bVk; bk
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We come back to the proof of Proposition 3. Let us write: g, =1 13; (1;). According to Lemma 12, to Lemma 10

and to the properties of P, we have:

‘COV(]AI. l{Sn:Nl}lAv/ o T", {IA -I{SkzNz}lA_// o Tk} o fn-i—m)’

a0 o g B0, 1L (P~ Bate)

me HP'"(gu Es(ga])y,, , du

g f I B, du<B— Tt
Tk AT AT e T T e D+ 1)
This ends the proof of Proposition 3.

A.4. Consequences

Lemma 13. For any m > 2, there exists Cy,, > 1 such that, for every 0 < k) <--- <k, and for any o € 72, we have:

Cm

D(Sk; = s Sty = Skys -+ o s Sky = Sk_,) < :
Sy fa =2k b = Sk = G D s = 4 D) - G — ke £ 1)

Proof. We have:

V(Sk, =, Sk, = Skys -3 Sk, = Skp_y)

1 —i 8
_ iur,0) g (u1,8k,) Wuj S —k; ) Aok
e 1 || =V o TR | duy - - - duy,
(27[)2 /([n;n]z)"’ |:

CO k _km 1 m 1 km 2 pkr—k pk
= (2m)2m /([—n;n]Z)m “ ( Um—1 ( ’ (Puz2 l (Pull (1))))) HV(,‘S,e) duay - dut.

We conclude with the use of Lemma 12 and with an easy induction. ]
Let us notice that, since u — v, and u — ¢, are C! and since u — A, is C3 with VA(0) =0and Hess A(0) = —-32
we have:
| M B Lo 1 () — e K PEs ]|y, = O((lul + lulPk)e™ D iy, )

for every u € [—b; b]? and every integer x > 1. Hence, modifying slightly the proof of Lemma 12, we can get:

LI PSP 10 W L
Q)2 Jiminp k2my/det(22) v, = kvk

Therefore, according to the proof of Proposition 3 (with m = 0), this gives: v(S, =0, Sy4x — Sn = 0) ~4 k> 400
m used by Dolgopyat, Szadsz and Varjud in [9]. But, for general sets A and B as in the hypotheses of Proposi-
tion 4, with this estimation, we only get:

_ v(AYv(B _
D(A n T—(k-l-r)(B) N {Skpr — Sy = N}) _ Me—((fz) IN.NY/ @0 | _ O((D(B))l/pk_3/2).

Vdet(22)2nk

This estimation is not sufficient for our purpose.
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A.5. Proof of Proposition 4

Let A be a subset of M union of connected components of M \ Ui T~ (Ry). Let k be an integer larger than 3.
Let B be a measurable set such that, if x € B then y*(x) € B. There exists a measurable subset A of M such that
140m =1; o7. Let us prove that IP"(A)ly., is bounded (uniformly in r and in A). For any X € M, we have:
13r(f)()2) = Zxr{]_[z;(l)x(f"k(xr CONY S (xr (X)), where the sum is taken over the inverse branches x, of 77, Let £
and y in M be such that: §(%, ¥) > 0. We have: §(x» (%), xr(9)) =S§(X,9) +r >r and x, (%) belongs to A if and only
[Tizo < (P00 ()
TTZb < (T* G- ()

= Z (ﬁ K (TH(x-(3))) + ﬁ "(fk(Xr@)))>cK fis(_x;)

k=0 k=0

}35(,’?-5‘)

if x,(9) belongs to A. Hence, according to (A.2) of Section A.2, we have: |log( )| < ¢k = and:

|PrA @) — PrA ()

Hence, we have: ||13’(1A)||V(/3,8) <1+ 21‘1‘}3. There exists B € M such that we have 15 o = 150 7. Let us recall
that we have @ o m = v/ o 7. Because of the construction of the separation time §, if §(x, y) > 1, then ¥ (X) = ¥ (3).
Hence, the coordinates of v are in the functional space Vg o) and so in V(g ¢) and its norm is less than 3||® . For
any integer k > 1 we have:

5(AN{(Sktr — S, = Ny N T~ * ) (B))
R
- (@2n)?

—L —i(u,N)mz 1. pk(pre1.
= 202 /[m]ze Es[1;P,(P"(15)]du,

/ efi(u,N>Eﬁ[1Alé ° fk+rei(u,§k) ° f‘r] du
[—m;7]?

with P, (h) := P(exp(i(u, ¥))h) and since PX(f o T* x g) = f x PX(g). We will use the fact that: |Eg[gh]| <
IgllLray Il Loro-ny < Collglr@ylhllvy,, and that: [1zllLp@) = 9(B)'/P. According to Theorem A.1 and
Lemma 11, we have:

5(AN{S@tr) — Sy = N} N T~ 1 (B))
1

T en?

R

~k(@n)? /[—bﬁ;bﬁ]z

/ e MRk (P (1L)Es[13u,ddu +O(84)5(B) /7
[—b;b]
e N i (P AD)Es 3, ) du+ O3 )5 (B) /7.

(Z‘zu,u)

e Let us estimate the error done when we replace )J; v bye™ /2 in this formula. Let us notice that we have:

2 2
,\/;/ﬁ — (e u/w?,u/m/z)k = ke~ (/D) =Dk A, (1) + By (),
with Ay (u) = Y e—(Z7u/Vku/NK)/2 qnd 1B ()| < @e—am,u)(k—z)/k(ku/ﬂ _ e—(zzu/ﬁ,u/«/l?>/2)2_ Since

A — e~ (P02 — (13, we have:

11

L 5 (1)) Es[14 _of Layr
Py /[_bﬁ;bﬁ]JBk(u)gbu/\/l;(P A)Es(15v,, /1] du _O(kzv(B) )
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Upruju

We will approximate Ag(u) by A} (u) := ézq L7 0) lk3/2j/' We have: |Ag(u) — Ap(w)| < C‘Z—l;l.

1, ],] du[/dujduj/
Hence, we have:

1
(2m)* /[—bf bVRR
<Ok ?)u(B)"/?.

e D G (4 ) — AL G0),, e (BT (L) s[4, )| du

Now, we notice that we have:

1
@n)? /[bf sbVk?
— O( ) (3)1/17

e‘<1/2)<22"»“><’<—1>/’<|A;(u)| x |¢u/ﬁ(ﬁ’(1A))Eﬁ[1évu/ﬁ] — 5(A)D(B)| du

and.
l f—b bk

v(A)v(B) —i{u/EN) o—(1/2)(Z2u,u)(k—1)/k v(A)v(B)
_W Rze i(u/ e / u,u / ui,ujuj,du+0 T
v(A)v(B) 1 33l1/k ( N ) +O<l_)(A)l_)(B)>

T Q2T 0X0X 90X \ VK K2

with ¥ (X) := f , e X)e—(/D(X 2uu)k=1/k 4y We have:

e—i(u/\//;,N>e—(l/2)(Ezll,u>(k—1)/k‘—)(A)\—}(B)ui/ujuj/ dl/l

27 k _ _ 2y—1
Wk(X)Zi(—l>e (k/(k=1)(ZH ™' X.X)/2

Jdet(2?)

Since we have |m(X)| <C(Xl|»+ |X|2)e Ez)le'XVz, we get:

_ P (N (N INBY e,
0X:0X,0X; \Vk)| = \ V& | kP

e Hence it remains to estimate:

11

- —i(u/Vk.N) o= (Z2u,u)/2 P10 Es[1 40 1d
k (2'JT)2 /[—bﬁ;hﬁ ¢M/N/Z( ( A)) B u/\/E u

e Using a Taylor expansion, we observe that if we replace %/ﬁ(ﬁr(l,&))Eﬁ[lé Uu/ﬁ] b

Ci(u) = B(A)D(B) + <%

we make an error in O(kiz)\_}(B)l/p.
e We have:

Vo (0) (P (1)) 0(B) + b(A)E;[1 gVU(O)]>,

R Ly | R 0l = O3
[t]oo>

e Hence we have to estimate:

11 i(u/Vk, N)e —(Z2u,u)/2
- C d
k (27)2 /Rz ko) due.
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This quantity can be rewritten: G + H with

G D(A)D(B)lp( N )

em*k - \Vk

and

. N A A
H:= m<vw (—) Ve (0) (P (1)D(B) + D(A)]EQ[IEVU(O)]>

vk
with
. 2 27 2y—1
lI/(X) :zf e—l(u,X)e—<Z u,u)/2du — e—((Z‘ ) X,X)/2.
R2 Vdet(X?2)

But we have:
27

Jdet(22)

VY (X)=— e_<(22)71X»X>/2(22)—1X'

Hence we have:

e e<(22)1N,N>/(2k)<(22)1N
27k3/2/det(22)\ vk

Therefore, there exists some constant K > O such that:

, V¢(0)(13’(1A))D(B) +V(A)E;[15 Vv(O)]>.

K : N, o
|H| < k3—/]2e_<(22) ‘N’NW’O—'\/]'; (5(B) + D(A)B(B) /7).

This ends the proof of Proposition 4.

Appendix B. Adaptation of Young’s construction

Young’s construction for billiards uses the estimates of [7]. Because of the complexity of the construction, we only
explain the needed changes without giving all the details.

(1) Construction of A. Let ko be some fixed integer large enough. Let us define: K = {x: |p(x)| € Ukzko(% — kiz)}.
We take a well-chosen point x©@ and three well-chosen real numbers A > 1, § > 0 and §; > 0. We consider the set

£2 of points z € y”(x(o)) such that fy"(x<0>) o cos(p)dr < 6. For all n > 1, we define:
x) 7

Qu=|ye2:Vi=0,...,n;d(T" (y), ROUT ' (R)) UK) = 2811, "}

and 200 = (),>1 £2,. We define A = (Uysepjx Y9N (Uyuepx y*), where I'} := {y{ (), y € 2o} and where y; (y)
is the set of points z € y*(y) such that fl/s("hy _cos(gp)dr < 6 and where I'} is the set of unstable curves y* such that:

e y" intersects each y* € I'};
e forall y e dy* and forall z € y* N nyef,ﬁ y¥, we have: f(V”)lv _cos(p)dr >4,
e foralln >0, T—n (y) is contained in at most three adjacent [;’s with, for all £ > ko,

I e )EMTE 1 <n 1
=1G,r, oS <¢<-————1,
L R A R EN) L

I i )e]\7[ TE+ 1 - n+ 1
k=10, P —= fp<—=+ -5
= e 2 T k2=t T T TR
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and Iy = (G, r. ) € M- lg| < § — ).

The set A is compact and has positive measure.

(2) There exists Ny such that, for any m > Ny, we can follow Young’s construction of a return time R(-) in A with
values in mZ . Let us notice that the construction is still true for a return time with values in 1 + Z% m.

(3) Let ap be a positive integer such that £2 \ UZO:O T—* (Rp) is composed of at least five connected components
with positive length. Let us write A, A;, A; three such components “away” from 952.

(4) Let us give some explanations concerning our adaptation. Actually it consists essentially in an adaptation of
the argument of Young in [25], p. 642:

e Modification of the result (xx) of [25], p. 642. For the proof of this result, Young refers to Theorem 3.13 in [7] (see
also Lemma D.2.2.2 in [18]). Thanks to the total ergodicity of the billiard transformation in the plane [8,19,21,22],
we can adapt the proof of this result to prove the following statement (in which we use some notations of [25]):

(xxx) Given g9 € (0, 6) and M > 1, there exists no = no(€o, M) > 1 such that, if y is a homogeneous unstable
curve with p(y) > go and if £ belongs to {(0, 0), (0, 1), (1, 0), (0, —1), (—1, 0)}, then there exists g € {1, ...,np}
such that 79¥ (y) contains a homogeneous segment y’ which u-crosses the middle half of Q with > 2§ sticking
out from each side and such that (S‘IM)IT"’M(V’) =/.

e The “technical nuisance” met by Young (see p. 642 of [25] and also Lemma D.2.2.5 in [18]) still exists and can be
solved as in [25] by the use of:

(+ 4+ +) Let &g € (0,8) and M be some positive integer. There exists R] = Rj(g9, M) > 0 such that,
for every homogeneous curve y contained in £2,) (with n > Ri) such that 7W+oM y is homogeneous (with
g €{l,....no(g0, M)}) and p(T™™ (y)) > &9, we have p(T"*OM () \ TOHOM (y 0 Q2,4 ) m)) < 8.

e Let L be in Z? and M be a positive integer. First let us get y € £2,,s such that 7™ () is a homogeneous unstable
curve (with m > R} (M)) such that p(T"™M (y)) > 9. We have (Sym)jy = L + (a, b) for some (a,b) € Z*. If
(a,b) = (0,0), we apply (x * %) with £ = (0,0) and then (+ + +). If (a, b) # (0,0), we apply “(* * x) and
(++ +)” several times: |a| times with £ = (—sign(a), 0) and |b| times with £ = (0, — sign(b)).

This gives y’ C §2,,7y such that Tm'M (') contains a homogeneous segment which u-crosses the middle half
of Q with > § sticking out from each side. This gives a part of A with a return time in A equal to m’M and with
Sym = L on this part.

(5) Return time for the points in By := Uys ers: ysndo 7,EQ(A N y*). Using the preceding adaptation of [25], we
construct Ag € By with positive measure and an integer o > max(ag, No) such that, on Ag, R(-) =rp and S,,(-) =
0,0).

Following Young’s construction, we construct a return time multiple of rg on By \ Ag.

(6) Return time for the points in B := nyerj‘; V‘YOA#@(A N y*). Analogously, we construct A; C By with
positive measure on which the return time is equal to an integer r; > 1 multiple of ro and on which we have: S, (:) =
(1, 0). We follow Young’s construction with m = r for the remaining part B \ Aj.

(7) Let By ==, sc rs:ysnAyze (AN ¥%). We construct A, € B, with positive measure and an integer r, > 1
multiple ot r; such that R(-) = and S,,(-) = (0, 1) on A,. We follow Young’s construction with m = r, for the
remaining part By \ A».

(8) For the remaining part A \ (Bg U B; U B,), we adapt Young’s construction to get a return time with values in
1+ rzZi.

Acknowledgments

I am particularly grateful to Domokos Szasz for our discussions that have led to the idea of this question. I am also
grateful to Tamds Varju for our interesting discussions. I also thank Sébastien Gouézel for having assented to check
a technical point with me. This work is partially supported by the ANR project TEMI (Théorie Ergodique en Mesure
Infinie).



Planar Lorentz process in a random scenery 839

References

[
2]
3]
[4]
(5]
(6]
7]
(8]
(9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]
(18]

(19]
(20]
[21]
(22]

(23]
[24]

[25]

A. Aaronson and M. Denker. Local limit theorems for partial sums of stationary sequences generated by Gibbs—Markov maps. Stoch. Dyn. 1
(2001) 193-237. MR1840194

P. Billingsley. Convergence of Probability Measures, 1st edition. Wiley, New York, 1968. MR0233396

E. Bolthausen. A central limit theorem for two-dimensional random walks in random sceneries. Ann. Probab. 17 (1989) 108-115. MR0972774
L. A. Bunimovich and Ya. G. Sinai. Markov partitions for dispersed billiards. Commun. Math. Phys. 78 (1980) 247-280. MR0597749

L. A. Bunimovich and Ya. G. Sinai. Statistical properties of Lorentz gas with periodic configuration of scatterers. Commun. Math. Phys. 78
(1981) 479-497. MR0606459

L. A. Bunimovich, Ya. G. Sinai and N. I. Chernov. Markov partitions for two-dimensional hyperbolic billiards. Russian Math. Surveys 45
(1990) 105-152. (Translation from Uspekhi Mat. Nauk 45 (1990) 97-134.) MR1071936

L. A. Bunimovich, Ya. G. Sinai and N. I. Chernov. Statistical properties of two-dimensional hyperbolic billiards. Russian Math. Surveys 46
(1991) 47-106. (Translation from Usp. Mat. Nauk 46 (1991) 43-92.) MR1138952

J.-P. Conze. Sur un critere de récurrence en dimension 2 pour les marches stationnaires, applications. Ergodic Theory Dynam Systems 19
(1999) 1233-1245. MR1721618

D. Dolgopyat, D. Szdsz and T. Varji. Recurrence properties of Lorentz gas. Duke Math. J. 142 (2008) 241-281. MR2401621

G. Gallavotti and D. S. Ornstein. Billiards and Bernoulli schemes. Commun. Math. Phys. 38 (1974) 83—-101. MR0355003

Y. Guivarc’h. Application d’un théoréme limite local a la transience et a la récurrence de marches aléatoires. In Théorie du potentiel (Orsay,
1983) 301-332. Lecture Notes in Math. 1096. Springer, Berlin, 1984. MR0890364

Y. Guivarc’h and J. Hardy. Théorémes limites pour une classe de chaines de Markov et applications aux difféomorphismes d’Anosov. Ann.
Inst. H. Poincaré Probab. Statist. 24 (1988) 73-98. MR0937957

H. Hennion and L. Hervé. Limit Theorems for Markov Chains and Stochastic Properties of Dynamical Systems by Quasi-Compactness.
Lecture Notes in Math. 1766. Springer, Berlin, 2001. MR1862393

E. Le Page. Théorémes limites pour les produits de matrices aléatoires. In Probability Measures on Groups (Oberwolfach, 1981) 258-303.
Lecture Notes in Math. 928. Springer, Berlin, 1982. MR0669072

S. V. Nagaev. Some limit theorems for stationary Markov chains. Theory Probab. Appl. 2 (1957) 378-406. (Translation from Teor. Veroyatn.
Primen. 2 (1958) 389-416.) MR0094846

S. V. Nagaev. More exact statement of limit theorems for homogeneous Markov chains. Theory Probab. Appl. 6 (1961) 62-81. (Translation
from Teor. Veroyatn. Primen. 6 (1961) 67-86.) MR0131291

C. M. Newman and A. L. Wright. An invariance principle for certain dependent sequences. Ann. Probab. 9 (1981) 671-675. MR0624694

F. Péne. Applications des propriétés stochastiques des systeémes dynamiques de type hyperbolique: Ergodicité du billard dispersif dans le
plan, moyennisation d’équations différentielles perturbées par un flot ergodique. These de 1’Université de Rennes 1, 2000.

F. Péne. Applications des propriétés stochastiques du billard dispersif. C. R. Math. Acad. Sci. Paris. Sér. 1 Math. 330 (2000) 1103-1106.
MR1775918

F. Pene. Averaging method for differential equations perturbed by dynamical systems. ESAIM Probab. Statist. 6 (2002) 33-88. MR 1905767
K. Schmidt. On joint recurrence. C. R. Acad. Math. Sci. Paris Sér. I Math. 327 (1998) 837-842. MR1663750

N. Simanyi. Towards a proof of recurrence for the Lorentz process. In Dynamical Systems and Ergodic Theory (Warsaw, 1986) 265-276.
Banach Cent. Publ. 23. PWN, Warsaw, 1989. MR1102720

Ya. G. Sinai. Dynamical systems with elastic reflections. Russian Math. Surveys 25 (1970) 137-189.

D. Szész and T. Varju. Local limit theorem for the Lorentz process and its recurrence in the plane. Ergodic Theory Dynam. Systems 24 (2004)
257-278. MR2041271

L.-S. Young. Statistical properties of dynamical systems with some hyperbolicity. Ann. Math. 147 (1998) 585-650. MR1637655


http://www.ams.org/mathscinet-getitem?mr=1840194
http://www.ams.org/mathscinet-getitem?mr=0233396
http://www.ams.org/mathscinet-getitem?mr=0972774
http://www.ams.org/mathscinet-getitem?mr=0597749
http://www.ams.org/mathscinet-getitem?mr=0606459
http://www.ams.org/mathscinet-getitem?mr=1071936
http://www.ams.org/mathscinet-getitem?mr=1138952
http://www.ams.org/mathscinet-getitem?mr=1721618
http://www.ams.org/mathscinet-getitem?mr=2401621
http://www.ams.org/mathscinet-getitem?mr=0355003
http://www.ams.org/mathscinet-getitem?mr=0890364
http://www.ams.org/mathscinet-getitem?mr=0937957
http://www.ams.org/mathscinet-getitem?mr=1862393
http://www.ams.org/mathscinet-getitem?mr=0669072
http://www.ams.org/mathscinet-getitem?mr=0094846
http://www.ams.org/mathscinet-getitem?mr=0131291
http://www.ams.org/mathscinet-getitem?mr=0624694
http://www.ams.org/mathscinet-getitem?mr=1775918
http://www.ams.org/mathscinet-getitem?mr=1905767
http://www.ams.org/mathscinet-getitem?mr=1663750
http://www.ams.org/mathscinet-getitem?mr=1102720
http://www.ams.org/mathscinet-getitem?mr=2041271
http://www.ams.org/mathscinet-getitem?mr=1637655

	Introduction
	Billiard flow (M1,µ1,(Yt)t) and billiard transformation (M,nu,T) in the plane
	Billiard transformation in the torus (M,nu,T)
	Lorentz gas walk in a random scenery

	Proof of our results
	Tools
	Scheme of the proof of Theorem 1
	Proof of Corollary 2
	Proof of Proposition 6

	Proof of Proposition 7
	Appendix A. Proof of the extensions of the local limit theorem
	Young towers
	Transfer operator
	Proof of Proposition 3
	Consequences
	Proof of Proposition 4

	Appendix B. Adaptation of Young's construction
	Acknowledgments
	References

