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Abstract. We study functionals of the form

t t
g,:/o /(; |X1(S[)+"'+Xp(Sp)|7odsl o dsp,

where X1 (), ..., Xp(t) are i.i.d. d-dimensional symmetric stable processes of index 0 < B < 2. We obtain results about the large
deviations and laws of the iterated logarithm for ¢;.

Résumé. Nous étudions les fonctionelles de la forme
t t Y
Ct:./om/o |X1(sl)+«~—|—X,,(s,,)| dsy -+ dsp,

ol X1(#),..., Xp(t) sont des processus stables symétriques indépendants et identiquement distribués d’ordre 0 < B < 2. Nous
obtenons des résultats sur les grandes déviations et les lois du logarithme itéré.
MSC: 60F10; 60F52

Keywords: Large deviations; Riesz potentials; Additive processes

1. Introduction

Let X1(t),..., Xp(¢) be i.i.d. d-dimensional symmetric stable process of index 0 < 8 < 2. We use the notation X (¢)
for a stable process with the same distribution as X (), ..., X, (7). Thus

Ee*Xi — e~ >0, % eRY. (1.1)

In this paper we study

n tp o
{([0,[1]x-~~x[0,t1,])=/0 /0 1 X1(s1) + -+ Xp(sp)| T dsy -+ ds,, (1.2)

1Partially supported by NSF Grant DMS-0601783.
2Partially supported by NSF Grant DMS-0704024.
3Panially supported by grants from the NSF and from PSC-CUNY.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/08-AIHP181
mailto:bass@math.uconn.edu
mailto:xchen@math.utk.edu
mailto:jrosen3@earthlink.net

Large deviations for Riesz potentials of additive processes 627

and more generally
1 tp —
;Z([O,tl]x---x[O,tp])zfo /0 }Xl(s1)+---+Xp(sp)—z} dsy ---dsp (1.3)

for z € R?. We show below that ¢5([0,11] x - -+ x [0, 2,]) is finite almost surely if
0 <o <min{pg, d}. (1.4)

The random field X (t1,...,tp) = X1(t1) +--- + X, (zp) is known as an additive process, and its occupation measure
a for A € RE is the measure on R? defined by

na(B) =/ Lixy (s)++X(sp)eBy dst -+ dsp. (1.5
A

With this notation we have

1

{Z([O,l‘l] X -0 X [O,IP]) = /1;{[1 mﬂlo,tllex[O,tp](dx) (1.6)

so that £*([0, #] x --- x [0, #,]) is the Riesz potential of the occupation measure H[0,11]x -+ x[0,1,]- (In the terminology
of [5], ¢%([0, 1] x - -+ x [0, t,]) is the Riesz—Frostman potential of the occupation measure.)

Because they locally resemble stable sheets, but are more amenable to analysis, additive stable processes first arose
to simplify the study of stable sheets (see Dalang and Walsh [3,4], Kahane [9] and Kendall [10]). They also arise in
the theory of intersections and self intersections of stable processes (see Le Gall, Rosen and Shieh [16], Fitzsimmons
and Salisbury [7], Khoshnevisan and Xiao [13]). In addition, the study of additive processes has connections with
probabilistic potential theory. We refer the reader to Hirsch and Song [8], Khoshnevisan [11], Khoshnevisan and
Shi [12], Khoshnevisan and Xiao [13] for detailed discussion and further references. The present paper is a direct
outgrowth of [1].

We are interested in Riesz potentials for two reasons. First of all, they provide an opportunity to study functionals
of the paths which are quite singular. When d > 1, local times do not exist, and the Riesz potentials are an interesting
substitute as an object of study. The second reason involves generalizations of the polaron problem. Donsker and
Varadhan [6] show that for Brownian motion in R3

.1 1 ([ 1
lim —logEexp —/ / ————drds
=00 f t o |Xs—X,|

1
=sup{f f FWEO) 4 y——||Vf||%}- (1.7)
gel LRI JRS  |X — | 2

The object in the exponential involves a Riesz potential but here we have a single process as opposed to several
independent processes.

Theorem 1.1. Under (1.4), ([0, 1] x --- x [0, t,]) is jointly continuous in z, t1, ..., t,, almost surely.
We note for later reference that by scaling we have
z Py L (pB—0)/Bpz/t"P P
£ (10.117) £+ ¢ (10, 17). (1.8)

For0 <o <d let

Cd,a
|)u|d_‘7 ’

Pd—o(A) = (1.9)
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where Cyg o = 1=4227°T(452)/ T(%). Write

p= sup
Ifl2=1

/ [ fO+)fly)
R4

p
d _o(A)dA, 1.10
N TN ey y} #a=o () (10

where (1) = |A|# is the characteristic exponent of the stable processes. Clearly, p > 0. We will prove below that
p < oo under condition (1.4).

Our main theorem is the large deviation principle for ¢ ([0, #]7). By the scaling property (1.8) we need only consider
£([0, 117) in the following theorem.

Theorem 1.2. Under (1.4),

im ¢ B/o —
Jim 777 log P{¢ (10, 117) = 1} =

_ (pp—0)/o

where p is given in (1.10).

The next theorem treats the large deviations of

¢*([0, 117) =: sup ¢*([0, 117).

z€R4

Theorem 1.3. Under (1.4), when B =2

(ph—0) /o
lim t=#/% log P{c*([0, 1]7) > ¢ =_i<”ﬂ_(’) —Blo 1.12
[Jim ogP{¢* ([0, 117) = 1} A p (1.12)

while for B < 2, for some 0 < C1 < o0
limsupt /7 log P{¢*([0, 117) > t} < —Cy, (1.13)
t—>00
where p is given in (1.10).
We can also find a law of the iterated logarithm for £*([0, ¢]?) and ¢*([0, £]7).

Theorem 1.4. Under (1.4),

—a/B _ (c—pB)/B
limsupt_(pﬁ_”)/ﬂ(loglogt)_”/ﬁ;“([o, 117) = <z> <pﬂ G) o (1.14)
t—00 ,3 pﬂ

almost surely and when 8 =2

o\ /B pB—o (c—pB)/B
lim Supf(m‘}*ﬂ)/ﬂ (10g10gt)7"/ﬁ§‘*([0, t]P) — (_) ( ) p. (1.15)
t—00 ,B pﬂ

In the case B < 2, there is a constant 0 < Cy < 00 such that

limsup~PP=)/F (loglogt) =P £ *(10,117) = C». (1.16)

t—0o0

Even when B < 2, the following lower bounds

N\ B-)o
"(Pﬂ “) ~Blo

liminfs /7 log P{¢*([0, 117) > t} > —— 2 0
D

t—00 :8
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and

—o/p _o\e—rP)/B
lim sup¢~"*=F (loglog ) ~/P¢*([0,117) = (z) (pﬁ G) p
e B B

follow trivially from (1.11) and (1.15), respectively. We believe that (1.12) and (1.15) hold for all 8. In other words,
we believe that the constants C; in (1.13) and C; in (1.16) are equal to

o (P,B _ U)(I’ﬁ—o)/tf _pjo (0 >—0/ﬁ (17/3 o )(U—Pﬁ)/ﬂ
- o and | — 0,
B\ pB B pp

respectively.
We can obtain a variational expression for p. Let 8 <2 and set

&= m [ | Fof o (117)
Let

Fp={f e L*R)Ifll=1,E(f. f) < o0} (1.18)

We show below that under condition (1.4)

ogten &\
Ay =: sup {(/(Rd)p it |U l_[dxj —E&p(g,8) 1 <oo. (1.19)

geFp

Theorem 1.5. Under condition (1.4)
=Q2n) (AP, (1.20)

We now prove that p < oo under condition (1.4). This will follow from the next lemma and the fact that 8pd /o > d
by (1.4).

Lemma 1.6. Forany f,g,h withh >0

|f A +y)e()l P )‘/” .
d —o(M)d = h : 121
</Rd|:/Rd N e AND) V} AL el WA Y 1 e (1.21)

Proof. By Holder’s inequality

U [f(L+y)g)l dy}”
Re Vh(A+Y)/h(y)

(p—l)/p'f('x )/)g(J’)|1/ i|
|:/Rd| ( V)8 )| VA4 y)Jh(y) 4

p—1
[f A+ y)g()l
< (/Rd |f(k+y)g(y)|dy> /Rd GO 7P )T dy. (1.22)

By the Cauchy—Schwarz inequality and translation invariance,

/Rd [F G4 yem|dy <l fll2ligl. (1.23)
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Hence,

/[/ [f(A+y)g()] dyrwd 0 di
i [ Jra VREGF VR -

—1 —1 [fOL+y)g)l
<5 1glh fd</Rd G+ )PPy )PP dy><pd—a(/\)d)»

B i F(y)G()
=Caolf15 llgl / / [T dy da, (1.24)
where
o ]
F(y)=: 4(}1()/))13/2, G() = GO (1.25)
Sobolev’s inequality ([S], p. 275) says that
F(y)G(x
/ / FWEH 4y 4r < cIFIL 161, (126)
Rd JRd [A — V]

forany r,s > 1 with s~ +r~! =14 ¢/d. In particular,

F()GG)
dydr <C|F 1.27
fR ) /R STy 9 = CUF a1 ll2ayaso) (1.27)

and by Holder’s inequality

|F( )|2d/(d+o) & — | f(y)|24/dF0) da
re (h(y))rd/d+o)

<| | fP47E+e) [ (d+0)/d ||h_pd/(d+a) I (d+0)/o

< | FIRY T |npdie |7/, (1.28)

Thus
| Fllaasasor < If 2B |00, (1.29)
A similar inequality holds for G and g. Our lemma follows. ]

We next show that ¢*([0,#1] x --- x [0,1,]) is finite almost surely under condition (1.4). Let p,(x) denote the
transition density for the symmetric stable process in R¢ of index f. As usual, we define the S-potential density by

uﬁ(x)zf e P p,(x)dr. (1.30)
0
By independence

E(Z%([0,11] x -+ x [0, 1,]))

f tp 1 p
= (x;)dx;ds;
/0 /0 /(Rd)l’ X1+ xp, — 2| jl:[lps_/( J) J98J

p tp
ZR=1tjf / —S;
<e~J eV pyi(x;)ds;dx;
®dyp X1+ - +xp —z[° /1:[1 0 !
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p
Z".’_ltjf 1 1
<e~i= u (x;)dx;
< o |xﬁ,.,ﬂp_zr,jl:[l (xj) dx;

P

. 1
<eXiat /R —— (v, (1.31)

where (u! x - s« u') is the p-fold convolution of 1! with itself. u'(x) is integrable, monotone decreasing in |x|, and
asymptotic at x = 0 to u%(x) = C|x|~™>*(.(@=A) Hence (u' * - x u') is integrable and bounded except (possibly) at
x = 0 where it is asymptotic to C|x|~ ™ ©0.(d=PA) Hence (1.31) is finite if (1.4) holds.

Outline: In Section 2 we prove Theorem 1.1 and provide the general outline for our proof of the main result of
this paper, Theorem 1.2, on large deviations. The details are carried out in Sections 3-6. Section 7 is devoted to
the proof of the variational formula of Theorem 1.5, while in Section 8 we prove Theorem 1.3 on large deviations
for ¢*. Section 9 establishes Theorem 1.4 on laws of the iterated logarithm. Finally, the Appendix, provides certain
Sobolev-type inequalities which are needed for our proofs.

Conventions: We define

foy= f e £ (x) dx. (132)
Rd
With this notation
£ = @m) f e Oy dx, (133)
R
Fxg0)=FMZ0),  Fa) =0~ f0) %20, (1.34)

and Parseval’s identity is

(f, &)=~ . 2. (1.35)

If & € S'(RY), the set of tempered distributions on R?, we use F(®P) to denote the Fourier transform of @, so that for
any f € S(RY)

F@)(f)=d(]). (1.36)

It is well known, e.g., [5], p. 156, that ¢, € S’ (R?) for any 0 <o <d and

1
Flpi-o) = — (1.37)

X7
2. Killing at exponential times

We begin by citing [15], Lemma 2.3.

Lemma 2.1. Let Y be any non-negative random variable and let 0 > 0 be fixed. Assume that

T

for some k € R. Then we have

tlirgoz—l/" logP{Y > 1} = —0e*/?. (2.2)
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In [15], Konig and Morters assume that 6 is a positive integer. By examining their proof, we find that 6 can be any
positive number.
Using this lemma, Theorem 1.2 will follow from

B \PE-o)F
pB—o )

1 1 m
lim —log ———EZ ([0, 117) =log< +logp. (2.3)

m—oo m (m!)”/ﬁ

In this section we show that (2.3) follows from

.1 1 m
mlgnoo = log )P IE{([O, 1] x -+ x [0, r,,]) =logp, 2.4
where 11, ..., 7, are i.i.d. exponential times with parameter 1 independent of X.
In the rest of the paper, we use 71, ..., T, to represent independent exponential times with mean 1, and we use X,
for the set of all permutations on {1, ..., n}. We assume that {z, ..., 7} and {X(?), ..., X(¢)} are independent. We

begin with a useful representation of the mth moment of the random variable

;([0, 1] X< -+ x [0, rp]). (2.5)
Write ¥ (1) = |A|# and QW) =[1 + v (M)~
Lemma 2.2,

E[¢2([0, 711 x -+~ x [0, 7,1)"]

m k P m
=[] 5 TTo(Nmen) | Tlouer o o

reZnk=1 \j=1 k=1
and for any fixed t1, ...,t, >0
E[¢([0, 1] x -+ x [0, 2,1)"] < (11 - - 1,) PP~/ PPE[ £ ([0, 117)"]. (2.7)
The proof of Lemma 2.2 is given in Section 4.

Proof of Theorem 1.1. Using the multi-parameter version of Kolmogorov’s Lemma it suffices to show that we can
find § > O such that for all n and M we can find a C < oo such that

[[(10. 111 x -+ 10,11) — &7 ([0.17] -+ [0.1,]) ']
<Cl@ttseeoity) = (ot t)]” (2.8)
uniformly in (z, 1, ...,1p), (t1,...,1p,2) € R4 x [0, M]P. To this end it suffices to show separately that
E[|£2(10, 1] x - - x [0, 2,1) — ¢ (10, 111 % - -~ x [0, 1,1)|"]
<Cle =" (2.9)
uniformly in z, 7 € R?, (14, .., tp) €0, M1P and
B[ (10,11 -+ 10.1,1)  £5([0. ] - [0. 5, )"
<Cltt..oity) = (e )) (2.10)

uniformly in z € R?, (11, cotp) (1, tl’j) € [0, M]P.
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For (2.9) we note first that by the Mean Value Theorem, for any u,v > 0 we have |u™° — v7%| <
olu —v|max(u—°"!, v=°~1). Applying this to u = |x — z|, v = |x — 2’| we obtain

=217 = e =2 7| <Cle=2|(lk =27+ e =2 77). 2.11)
Interpolating this with the obvious bound
lx =z = |x=2| 7| < (x =2+ |x=2|7) (2.12)

we see that forany 0 <§ < 1

llx =zl = |x=2| 7| =C|z —z/|8(|x 27+ |x —z’|7o*8). (2.13)
Then writing
11 13
;;([o,tl]x.--x[o,zp])=/0 /Op [ X1(s) + -+ Xp(sp) —z| Tdsy -+ ds, (2.14)

and setting 0’ = o + § for § > 0 sufficiently small so that o’ satisfies (1.4) we see that

E[|Z (10,111 x - -~ x [0, 7,]) — ¢Z (10, 111 x - - x [0, 2,])|"]
< C"|z— 2" supE[¢Z (10, 1] x -+ x [0, 1,])"]
Z

< C"e™ |z — 2/ sup E[¢Z (10, 711 x -+ x [0, 7])"]
Z

P m
<ChetM|z —¢ f(Rd)m[ > ]_[ Q(Z x,,(j))} [ [ #a—o' ) dis. (2.15)
k=1

weXy, k=1

where the last step used (2.6). By Jensen’s inequality,

n k P n
/(Rd)n |: Z l_[ Q(Z )“T(J')>i| I_I(Pd—a’()»i)d)ui
i=1

ceX, k=1 j=1
< ()P~ 12[ ]"[QP(ZAU<,>)¢d or (1) d2
sez,  RY" =1

= (n!)” f( ]"[Qp(xk)god or (i = A1) da;

R =i
< mn)h? (/dwd—a/()»)Qp(?») d)») , (2.16)
R

where the second step follows from variable substitution and the last inequality used the fact that for any two positive
spherically symmetric and decreasing functions f, g

f * g(}) is spherically symmetric and decreasing. (2.17)
(The spherical symmetry is easy. To show that f x g(A) is decreasing it suffices to prove this for simple functions, and

then for indicator functions of balls centered at the origin in which case it is obvious.) Finally, the last line of (2.16) is
bounded if o’ satisfies (1.4). This completes the proof of (2.9).



634 R. Bass, X. Chen and J. Rosen

For (2.10) we note first that it suffices to prove a similar bound in which we vary only one of the ¢;. For definiteness
we vary f1. By Holder’s inequality, for any positive function f and any conjugate r, r’

, 1/r
/ FGs1,..,sp)dsy - ds, < A" (/ Fr(s1, ..y sp)dsy - ds,,> : (2.18)
A A
where |A| denotes the Lebesgue measure of A C (R )”. Hence with | > ti

|c3(10, 11] x -+ x [0, 2,]) — ¢%([0, £1] X [0, 2] X - -+ x [0, 2,])]
:gZ([z{,tl] x [0,] x --- x [0, tp])

1/ n T —ro Ir
<M|t; —t{| |X1Gs) + 4 Xp(sp)| 7 “dsy -+ dsy ) (2.19)
0 0

Choose a rational r > 1 so that ro satisfies (1.4). Then we can find arbitrarily large n so that n/r is an integer. For
such n we can obtain (2.10) as above, and this is enough for Kolmogorov’s Lemma. (In fact, using Holder’s inequality
we can then obtain (2.10) for all n.) O

We state (2.4) as a theorem. The proof is given in Sections 3-6.

Theorem 2.3. Under (1.4),

1
lim —log

n—oo n (n')P]E[g ([0’ Tl > x [0, TI’])n] =logp, (2.20)

where p > 0 is given in (1.10).

The hard part of Theorem 2.3 is the upper bound. However, it is easy to obtain a rough upper bound using (2.16).
Since we will need this in the proof of Theorem 2.3 we state this rough upper bound as a lemma.

Lemma 2.4.
1 P n
hnnlsolip p log )P /(Rd)n |:0§ 1(1_[1 Q (Z Ka(/)>i| ,1:[1 Pd—o (Xi) dA;
<log </ Pd—o (M) QF (1) d)\>. (2.21)
R4

Unfortunately, by examining the argument in (2.16)—(2.17), it is not hard to see that we do not obtain the correct
constant.

We now show that Theorem 1.2 follows from Theorem 2.3.
Proof of Theorem 1.2. Using (2.7)

E[¢ ([0, T1] x -+ x [0, 7,1)"]
o oo
— / .. / e—(tl-‘r-'--‘rtp)E[é-([o’ 1] x---x [0, [p])n] dfg - -- d[p
0 0

[;([() 1]P / / (t - p)(ﬁp—a)/ﬂpne—(n+-~+tp) dey -~ dt,

=E[¢([0, 1]1’)”][1“([3”}3;0”“)]17. (2.22)
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By Theorem 2.3 and Stirling’s formula,

1 1 0 D (Bp—0)/B
liminf — log ———E|[z ([0, 1]17)" | > lo, log p. 2.23
mint - tog Bl (0.107) 2 tog( 220 ) o @.23)
On the other hand, notice that T = min{ty, ..., 7} has an exponential distribution with the parameter p. Hence,

E[¢([0. 7] x - x [0.7,])]" = E[¢(10. 717)"] = E2PP=/P"E[¢ ([0, 117)"]
_ p—(ﬂp—a)/ﬂn—lr<1 N /"'PT_"n)]E[;([O, 1Y), (2.24)

where the second step follows from (1.8). By Stirling’s formula we have

Bp \ PV
Bp—o )

lim sup 1 log LE[Q‘ (10, 117)"] < 10g< +logp. (2.25)

n—oo N (n!)e/p

Combining (2.23) and (2.25) gives

(Bp—0)/B
bp ) +logp. (2.26)

1 Y n
Jim_—log(n!) 'PE[¢ (10, 117) ]=log<ﬂp_0

Finally, Theorem 1.2 follows from Lemma 2.1. ]

3. Lower bound for Theorem 1.2

In this section we prove

1
liminf — log
n—o00 n (n!)P

E[¢([0, 1] x -+ x [0, 7,])"] = log p. (3.1

Our starting point is (2.6). Let ¢ > 1 be the conjugate of p defined by p~! + ¢!

continuous, and strictly positive function on R? with || fllg.0a—s =1, where

=1 and let f be a symmetric,

1/q
1flg.pe—e = ([Rd | FO) pa—o (V) dl) . (3.2)
We have
n k P on 1/p
(/ [ > Q(Zxomﬂ Hsod_g(xi)dxi)
®Y | Gex, k=1 \j=1 i=1
n k n
> / > Q(Z Ko(j)) []r0)ga—s (i) dni
R Gex k=1 \j=I i=1
n k n
= [ 11 Q(Zx,») [ 00040 G di
®H" 2 \j= i=1
=n! /(Rd)n [T£0k = M-1)0a—0 Ok = 2-1) QO dAy -+ iy, (3.3)
k=1

where we follow the convention that Ao = 0.
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Define the linear operator 7 on £>(R9) as
Tg()=v0®) /R @ =D9aor =MV dy, g€ L2(RY). (3.4)

To show that 7 is well defined and continuous on £2(R%), we need only to prove that there is a constant C > 0 such
that

(h,Tg) < Cliglallhllz2, g heL*(RY). 3.5)

But

h.Tg) = / A;{ o F =D (7 = QGG Qs (r) iy

= /R FW9ao(r)dy /R VOMAWV QG+ )80+ y) di

p 1/p
< { fR d wd_aw)[ /R JOWhIOGF Pg0 ) dx] dy} . (3.6)

Hence by (1.21) (with f, g and & being replaced by g, h and Q™! respectively), (h, Tg) < || Ollpassliglizlihll2.

In addition, one can see that (h, Tg) = (g, Th) for any g, h € L>(RY). We now let g be a bounded and locally
supported function on R¢ with ||g|lo = 1. Then there is § > 0 such that f,¢s_,, Q > § on the support of g. In
addition, notice that Q < 1. Thus,

/( H f O = A= 1)Pd—o Mg — Ak—1) Q (M) dAg -+ - dy,

d
ROD" k=1

zs3||g||;3/ drg - dhy g(A1)
(Rd)n

x (l_[ vV Oi—1) f (hie = M=) @d—o (A — Ak—1)V/ Q(M))g(/\n)
k=2

=8llglHe. 7" 'g). (3.7)

Consider the spectral representation of the self-adjoint operator 7'

(¢, Tg) =/ O g (d0), (3.9)

where (1 (df) is a probability measure on R. Therefore

[} %) n—1

(¢, 7" 'g) =/ 0" g (d) > (/ ng(dé)) =(g, Tg)"", (3.9

—00 —0oQ
where the second step follows from Jensen’s inequality.
Hence,
| | n k P on 1/p
liminf—log—(/ |:Z HQ<ZXU(,')>:| H(Pd—o()\i)d)w)
n—oo n n!\ J(rdy vez kel = i

>log(g, Tg)
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=log //Rd 2 f=Mei—o(y =2V OV O()gW)g(y)drdy
=log /Rd fM)a—s (1) [/Rd VOA+y)VOW)gh+ y)g(y)dy} dx. (3.10)

Notice that the set of all bounded, locally supported g is dense in £>(R?). Taking the supremum over g on the
right-hand sides gives

P on 1/p
lzfg&f;bg—</(m)n[ > 11 Q(Zwﬂ Hw-au»dxi)
i=1

oeX, k=1

>log sup fd FMea—6 () [/ﬂ;d VOA+y)V/OW)Igh+ y)g(y)dy] di. (3.11)

ligll2=1 /R

Notice that for any g, the function

H(k)=/Rd VOA+y)VOWIg+v)gly)dy (3.12)

is symmetric: H(—X) = H(A). Hence, taking the supremum over all symmetric, continuous, and strictly positive
functions f with || fl4,4,_, = 1 (recall that the norm || - ||4,¢,_, is defined in (3.2)) on the right gives

P on 1/p
1brggcl)f; log — </(Rd)n|: Z l_[ Q(Z )»a(/)>:| H(Od—a()w')d)\z)

oeX, k=1 i=1

1 p
; log ‘ s‘}lp /Rd Pd—o (1) [/Rd VOGA+YIVOWIg+y)gy) d)/} da
llgll2=1
1
= —logp. (3.13)
p
From the relation (2.6), we have proved (3.1). O

4. Proof of Lemma 2.2

Before proving the upper bound for Theorem 1.2 we provide the proof of Lemma 2.2, since we will need several easy
generalizations of this proof. In the course of our proof we will use certain Sobolev-type inequalities which are proven
in the Appendix.

We first look at

n 7
E(H/O X165 +a;| ™ de)
=1

n
= ZE(/ H|X1(sj)~|—aj|_gds1~--dsn>
0<szp(y=<-

nexy S ET =
n
—0
=2 E / / [T Fenii + ax() 1™ Pongysu oy () = Xnj-n) dj | dsy -+ dsy
nex, 0<s7(1) < <Szm)=<T1 R Jj=1

n
=Y /Rd) Hlxn(nJran(nl [ Tu' ety = xnj—1) dxj. 4.1)

nED, j=1
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Here we recall that the notation u' (x) comes from (1.30).
Similarly, proceeding inductively we obtain

n 7 T B p
E ]‘[/ f [ X1Gs1) -+ Xp(sp )=z 7] [ dsr
i1 0 0 =1
j
= X1 +txpa, z|™?
N Z /Rd)np l_[ 71 (J) pmp(j) ™

STTpEXy

P n
x [TT T Gy = xm—1) dxa - (4.2)

=1 j=1

For f € S(RY) let us consider

Z / HIXl m () o+ X,y =2l

dynp
Tsees Tp €LY R

P n
X l_[ 1_[ S G Gy — Xtmi—1) dxi - (4.3)
=1 j=1
By (1.37)
/ 12177 £ (o) dx = / 94— (D F0) (4.4)
R4 Rd
and hence

/ Ix +al ™% f(x)dx = / e 0q_o (M) F (1) da
]Rd Rd

- / d( / 1ei*'(x+“> f(x)dx)(pda(k) da. (4.5)
R R¢
Therefore
P n
f . l_[ oy + o+ X =27 [T F Gmey = xtme-n) dxr

Ty, B I=1j=1

_ / IZ/ 1hjz

Ty Tp €Ly Rd)n

P n n
X (/ e‘Z./=1 ALy Gyt X pap () 1_[ 1_[ I CLm) — xl,m(jl))dxl,j> 1_[ Gd—o(nj)dA;

=1 j=1 j=1

n
n A (i
— / l_[ / 121:1 J XLy () 1_[ f(xl,ﬂ](j) _-xl,ﬂl(j—l))d-xl,j
T ez, ]Rd)” R‘])”

Tl j=1

n
x e 1 Zi=14 2 [ game (1)) i (4.6)
j=1
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Note that

n
i A 20
/(;Rdw el j=1 2 ¥n()) H F@n(y = X (j—1y) dx;

j=1

n
:/ elzjzlx”fl(”‘xjHf(x,'—x,'_l)dxi
(R)n ' ’

j=1

n
- /Rd ol L=t Ul A1) ) 1_[ f(xj)dx;
(RE)?

j=1

n n n J
~T17(0 o) ~T17(300)
= k=j j=1  \k=1I
with 77/ defined so that 77/(j) = 7' (n — j), V. Hence we obtain

Z /]Rd)npl_[|x] w () gy () T

HTTp€Xy

—0

)4 n
X H l_[ f GGy — X1m—1) dxg

=1 j=1

= Z /Rdw *iZ?=1 rjz 1_[(1_[ f(z A‘”l(h)) l_[ Vd—q ()»j)d)uj

=1

T yeees Tp€Xy j=1 j=1

P n
:/(Rd),, s M’Z[Z Hf(Zwﬂ [1¢d—0 ) di;.

rel, j=1 j=1

Assuming that f, fz 0 we see as in (2.16) that

/Rd),, [ > 1_[ f(Z)uﬂ(k)>:|pjnl:[1§0d—g()\.j)d)\,j

reX, j=1

< (n!)”( [ 0o W) (F)" dx)
R4

and by (4.8) withn =1

_ 1 P
p ————————eee
A;d(/’d—a()\)(f()\)) dr = fRd T ]:[ fGxj)dx;.

By (A.2) with o replaced by d — o

1 p
S — xj)dx; <C?
-/(]Rd)p lxg + -+ xp|° 1_[ fx) ”f”Pd/(Pd —o)°

Now, u!(x) is integrable, monotone decreasing in |x| and asymptotic at x = 0 to u®(x) = C|x|~™x0.d=F)

Ju! ”pd/(pdfo) <

639

4.7

4.8)

(4.9)

(4.10)

@.11)

Hence

4.12)
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if (d — B)pd/(pd — o) < d which follows from (1.4). Choose some g € S(R?) with fg(x) dx =1 such that both
g and g are positive, spherically symmetric and decreasing. (For example, we can take g to be the standard normal
density.) Set g.(x) = e~g(x/e). For any sequence &, — O let f, =g, * (ulgg\r) € S(R?). We see that

lim ||u' (4.13)

e - J “pd/(pd—o) =

and ]/(; =g (LTI * gg, ) converges pointwise to ul, Using (2.17) we can see that ]?r is positive, spherically symmetric
and decreasing. In view of (4.2) and (4.8), to prove (2.6) it suffices to show that

. o
rll>nc}o /(Rd)np l—[ 1 1) +- +xp wp(j) — z|”

P n
X 1_[ l_[ Jr & m Gy — XtmGi—1)) dxi

I=1j=1

= Z / nlmm(j)-i- X,y =2l
- Rd)np

HTTpE€Xy

P n
X 1_[ l_[ ' (X, 7y — Xy (j—1)) X (4.14)

=1 j=1

and

n J P n
A J e“z“”{z Hﬁ(Zmﬂ [Tea-o (i) d2;
RS reX, j=1 \k=1 j=1

:>

J P n
(Z,\ﬂ(k)ﬂ [[¢a-00j)da;. (4.15)

j=1

_ -1y Ajz
[t Pl

For fixed 71, ..., 7, € X, the difference between integral on the right-hand side of (4.14) and the left-hand side
of (4.14) for fixed r is

/(Rd)np l_[ X170y + o+ Xpz,y — 2O Fy l_[ l_[dxl j (4.16)

=1 j=1

with

n

p P n
Fo=T]]14' Crmey = xemii—) = T[T [ Gty = Xmci—1)- 4.17)
I=1j

=1 j=1 I=1j=1

Writing Ag—1yn+; = u' (X1.z(j) = X1.m(G—1))s Ba—tyn+j = fr &L () — X (j—1))» We can write

np t—1

np np np
Fo=]]A—=]]Brs=)_]]AA = B.) [] Brs- (4.18)
s=1 s=1

=1 s=1 s=t+1

It suffices to show that

n t—1 np P n
/(Rdw1"[|x1,nl(j>+-..+x,,,np<j>—zr“ [TA«Aa =B ] Br,s}l"[]"[ dxy,j
j=1 s=1

s=t+1 =1 j=1

(4.19)
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goes to 0 as r — oo. It is easy to see that the product in brackets can be written in the form needed for (A.3). More
precisely,

t—1
[TAsA =B H Brs—]"[Hz (4.20)
s=1

s=t+1
with
n
H = th,j(xl,m(j) = X1, (j-1))5 4.21)
j=1
where
u' if(l—n+j<t,
hij=3u'—f if(d—Dn+j=t,
fr if((l—Dn+j>t.

By (A.3) with o replaced by d — o, we see that (4.19) is bounded by

Il

n

1_[ hi,j (X1, () = Xt (i-1)

j=l1 pd/(pd—o)
p n
=C l_[ 1_[ hi,j (x1.75))
=11 j=1 pd/(pd—o)
P n
=C[TIT10ilpaspa-or- (4.22)

=1 j=1

Using (4.12) and (4.13) it is easy to see that this goes to 0 as r — oo, completing the proof of (4.14).
Let || fll p,g4_o,n denote the L” norm on R with respect to the measure ]_[7:1 @d—o(Xj)dA;. For any m € X,

any 1 < j <n and any function 4 on RY set

n J
hi‘[()"la .. '1)"}1) = nh<z)\-7{(k)>
j=1 \k=I

so that
J P n
/ [Z [1n (ZMI@)} [1¢d-0Gi)dr;
p
Z = (4.23)
TES, P@d—c st

Then the absolute value of the difference between the left-hand side of (4.15) for fixed r and the right-hand side of
(4.15) is bounded by

~ P
> uly = (s

Tex, P>Pd—o N
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and

Z’;\ln_(f/r\)n

Tex,

PsPd—o >N

Snlilﬁid—@idH

PsPd—o
n
{HuJ}Wm fm)|{ 1 f,-} :
Jj=1 Jj=m+1 P9Pd—o 1t
where foreach 1 < j <n,
YR
Uh. .o =u' D a ). A...njeR
k=1
J
Fi(h,.os Zxk . AL...,AjeRY
k=1
By (2.17)
m—1 n
H]‘[u,»}wm—fmn{ [1 f;}
j=1 J=m+l P:@d—o N

m—1

/ {]‘[god o Ojot = A (1 01" }god_gum_]—Am>|(»71—ﬁ)(xm)!”
R

X{ I1 ‘Pd—a@j—l—M)(ﬁ(Aj))”}dxl e dy

j=m+1

- n—m m—1
S(/]Rd‘pda(k)(fr(k))”dk) /[Hw o (ot =2 ()" }

X @d—o Oumt = A) | (1! = F) O | iy -+ dip. (4.24)

As in (4.10)=(4.11),

/Rd (pd—a()\)(?r()‘)) dr < C”f’”pd/(pd —o) 4.25)

so it remains to show that

m—1
i — o
lim Rd)m{l_[‘/’d o (o1 =2l ()"

r—00

X Qg Oon 1 = ) | (! = 7:)Go) | dy -+ diy =0 (4.26)
We use the uniform integrability of

m—1

Gr = [T 0)" (! = 7) )|

j=1
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with respect to the measure dit = [7_; @a—o (Aj—1 — ;) d2;. To see that G, is uniformly integrable it suffices to
show that for some & > 0

m—1
1+¢ _ _ p(1+e)
N
X Qo Ot — )| (1! = ) O [P dAy -+
m—1
< o (i —A; - A p(1+e)
~/(\1Rd)m { l:[ Pd— ( j-1 )( ( ))

% @i Om—t = ) { (1 )" (F 0)) " iy -+ i 4.27)

is bounded uniformly in » and this follows as before, using (2.17), (4.25) and (4.10)—(4.13). Since lim; . oo G, =0 we
see that (4.26) holds and this establishes (4.15).
Let

n
Un (V155 Yn) = / H Psj—sj1(¥Vj — yj—1)ds;. (4.28)
O=si<--<sp<t ;_|

To prove (2.7) we first note as in (4.1)

n H
E(H/O |X1Gs)) +a;|7 dsj>
j=1

Z]E(/ ]_[|X1(s,)+a,| dsn)
0=sr(1)<-=Sx(n)<t1

TeX, j=1

I
&0
T

- H (i) F ()|~ Gy - X)) . (4.29)

Similarly, proceeding inductively we obtain
n 1 tp o 4
E ]‘[/ / |X1(s1,) + -+ Xplsp,j) — 2 ]_[ds,,j
=170 0 =1
= / ]_[le mG) o X,y =2l
]Rd)np

P p n
[ Tuna Gemtye - xma) [T | dxr.s- (4.30)

=1 =1 j=1
Then as before we can show that

p P n
> ]_[|Xm<n+ 4 xpm,() = A ] Juna Gy, oo xme) [T ] des
=1

Ty Tp €Sy I=1j=1

n n
/Rd HCHZ/ ! ’Z[Z F, rl< n(l),-.~,zkn(k)>i| H@d—a()»j)d?»j, (4.31)
)n kzl

TeX, j=1

(R? s
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where

Fl’l,l()\']a"‘5)"n)

it Ay
=/ez-/—1 J y.,/ 1_[173 j—Sj— 1()’])ds]
0<s1<- <A,,<tj

n

= / [Te@s-nv*)ds; (4.32)
0<s1< <Anffj:1

which is non-negative. It then follows from the generalized Holder’s inequality that

¢ (10, 117)"])"” (4.33)

:|x~,

E[¢ (10,111 x -+ x [0, £,1)"
l=1

and (2.7) then follows from the scaling relation (1.8).
For future reference we note that (4.31) and the fact that F;, ; is non-negative shows that

supE[¢2([0, /1] x -+ x [0, £,1)" ] = E[¢ ([0, 111 x - - x [0, £,1)" ] (4.34)

5. Upper bound for Theorem 1.2

In this section we prove

lim sup llog E[;([O, T1] % --- x [0, r,,])”] <logp. 5.1

n—oo N (nh)P

Define the probability density 4 on R? as
d . 2
2sinx;
h(x)=c—1]_[<ﬂ> . x=(x1.....x0) €R?, (5.2)
- Xj

where C > 0 is the normalizing constant:

d 2 sin xi 2
C= dxy -+ dxg.
/Rd,lj[< Xk ) R

1

Clearly, & is symmetric. One can verify that the Fourier transform s
h(x) =/ h()e™ ¥ dx = 7'M (1_y g0 * 1_y 1) ().
]Rd ’ ’
In particular, 7 is non-negative, continuous, with compact support in the set [—2, Z]d, and
hO) <h©)=1. (5.3)

For each ¢ > 0, write

he(x) =e"9n(e7'x), xeR™
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For some constant k; , we have

kd,a kd,a _ Cd,o _

/Rd s — A[d—©/2) [s]d-@/D) ds = |[d—o ~ ¥d=o ). (5.4)

Let
ky.oh(e))

p.e(A) = B+ =D (5.5
and note that by (5.3) and (5.4)

. *9p.e(X) < 9p.0* 9p.0%) = @i—c (). (5.6
Let

o kaoh(ed) .
_ ix-A ;0 _ ix-A

0g,6(x) = /Rd e —/3 PN dr = .éxd e g (M) dA. 6.7
Then

050 (x) = /R | et e % pp.e (L) dA. (5.8)

Define
151 tp
gﬁ,g([O,tl] X - X [O,t,,]) :/ / 9§1£(X1(s1) +-~-+X,,(s,,))ds1 <o-dsp. (5.9
0 0
(5.1) will follow from the next two lemmas.
Lemma 5.1.
1

lim sup lim sup — log — pIE[(; —28)([0, 711 x -+ x [0, 7,])]" = —o0. (5.10)

B,e—0+t n—oo N (n!)
Lemma 5.2.

. 1 n

hnnlsolip ;log (n!)pE[Cﬂ,s([O, 1] x -+ x [0, rp]) ] <logp. (5.11)
Proof of Lemma 5.1. By (5.8) and (5.9)

25, (10,111 x -+ x [0, 1,])

1 tp
=/ <f / exp{ik~ (Xl(s1)+-~+Xp(sp))}dsl ds,,)
Rd 0 0
X 9p.e * g, (L) dA. (5.12)

Following the same procedure used for (2.6),

E[(¢ = ¢p.e)([0, 7] x -+ x [0, 7,])"]

n k P n
= f(w)n[z I1 Q(ngg)ﬂ [ [[9a-0 i) = 9. * 9. O] dix, (5.13)

ceZ k=1 \j=I k=1

where Q) = [1+y (M)~
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Note that

0<@i_6X) —ppe*ppe(X)
= (Qa—o (W) — 9.0 * ©p.00)) + (98,0 * 9.000) — ©p.e * Pp.: (V). (5.14)

By (5.4) we have

0=<9i—6)—p.0*p0)

1 1 1 1
— k2 _
= kd,a (/Rd Is — A|d—(©@/2) |g|d—(o/2) ds Rd B+ |s —A|d=0/D g 4 |5|d—(©/2) ds)
135

We also have

0 < pp,0*0p0R) — g * (1)

_e ( / 1 1 . / Ti(e(s — 1)) Ti(es) ds)
o\ Jrd B+ 1s =MD B4 15|70 Ja Bls — 24@7D B4 |54/

e 1 1—E(es)d 1—hes—2) 1 d s 16
Shdo\ | 15 S/ |5[d-0/2) s+ i |5 — A[d—©D (5= ¥ ) (5.16)

Fix y > 0 and choose 7 > 0 so that (see (5.3))

0<(1-h@)<y, ld=t (5.17)

By considering separately the regions s < 7/¢ and s > t/¢ we see that

1 —h(es) - 1 e\’ 1
|s[d=(/2) = y|s|d7(a/2) T 7 ) |s|d—(e/D=5

1 1
= 7’(|S|d—(a/2) + |S|d—(o/2)—3> (5.18)
for ¢ > 0 sufficiently small. Here we can take any § sufficiently small with ¢ + § < min(d, pf). Our lemma then
follows from Lemma 2.4 by first taking 8, ¢ — 0 with y > 0 fixed and then letting y — 0. ]

Proof of Lemma 5.2. Define

N tp
gﬁyg/’s([o, 1] x --- x [0, tp]) =/ / 92’8, *hg(Xl(sl) 4o X,,(s,,)) dsy --- dsp. (5.19)
0 0
Lemma 5.2 will follow from the next two lemmas. O
Lemma 5.3.
1

lim sup lim sup — log ]E[(g‘ﬂ,s/,g — gg,g/)([O, 7] x -+ x [0, rp])]n = —00. (5.20)

>0+ n—oo N (nhP
Lemma 5.4.

. 1 n

lim sup — log E[¢g.e6([0, 1] x -+ x [0, 7,])" ] < log p. (5.2D

n—oo N (nhP
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Proof of Lemma 5.3. Following the same procedure used for (2.6),

E[(¢per — £p.er,e) ([0, T1] X -+ x [0, 7,])"]

f Ry [ > ﬂ Q(Z kam)}p ﬂ (1= h(en)pp.e * 9p.e (i) ] dir

ceZ k=1 \j=1 k=1

/(Rd){ Z l_[ Q(Zko(/))} ﬁ [(1 —ﬁ(8k))¢d—a(kk)]d)»k (5.22)

ceX, k=1 k=1

by (5.6) and the proof follows as in the proof of Lemma 5.1. (]

Proof of Lemma 5.4 . Define
n tp 5
&5 (10,111 x -+ x [0,1,]) =/ / O (X1(s1) + -+ Xp(sp) —z) dsy -+ dsp. (5.23)
0 0
Let M > O be fixed but arbitrary. By definition, using the fact that both %.(z) and ¢ é o/ are non-negative functions
Be’ s([O, nlx---x[0, tp])

= Z/ he (yM+z)§’M+Z([o,n]x-.-x[o,tp])dz

yezd
< / Eg<z>’5,§ ([0, 111 x -+ x [0, 1,]) dz, (5.24)
[0, M1 ’
where
he@) = heGM+2),  T5 (10.0]x - x[0,15]) = Y Gy ([0, 1] x -+ x [0, 1,]) (5.25)
yez? yezZd

are two periodic functions on R? with the period M > 0.
By Parseval’s identity

/ Fe (@ (10,111 % -+ x [0,1,1) dz
[O,M]‘l ’

1 ~ 271
=d Z (/[AO’M]d hg(x)exp{—lﬁ(y -x)}dx)

yezd

~ 2m
X (/ {Eg/([O,tl]xn-x[O,tp])exp{l—(y~x)}dx). (5.26)
[O,M]d ’ M
By periodicity
~ 2
/ hg(x)exp{—i—n(y-x)}dx
[O,M]d M

2m
= Z/ he(zM+x)eXp{—1—(y ~x)}dx
ze7d [0.M1¢ M

27
= E hg —i . —zM dx
/ZMHO,M]d (X)exp{ IM(y (e ))}

z€Z4
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= Z/ hs(x)exp{—iz—n(yox)}dx
ZM+[0, M} M

ze74

—/ he (x) i 2%y L e =T 2 (5.27)
_Rdgxexp 1Myx X = sMy. .
Similarly, using (5.23)

Zx (10,1 0.1,]) {,27{( )}d
/[O’M]daﬂ,s/[,1]x-~~x[,p]explﬁy'x x

2
:/Rd g“g,g,([O,tl] x -+ x [0, tp])exp{lﬁn(y -x)}dx

27
= §B,¢" * 828, My (5.28)
[0,£1]x - x[0,2]
2T
X exp lﬁy-(xl(s1)+---+xp(sp)) dsy ---ds,

Hence,

/ R (10,011 % -+ x [0,1,1) dz
[0,M14 ’

1 ~( 2m 27
= FYzi Z h<5ﬁ)’)@ﬁ,s’ * @ﬁ,a’(ﬁy>

yezd

27
x/ exp{i—y~(Xl(s1)+~--+Xp(sp))}ds1 <o dsp. (5.29)
0,111 x[0,1,] M

Using the same procedure as the one used to derive Lemma 2.2 (in fact, here we can proceed more directly, as in [1]),
we can show that

E[/ ZS(Z)EE ([0, 7] x - x [0, 7,]) dz]
[0,m]4 ’

e (e G e

V1seosyn €Z4 \k=1 oceX, k=1

By [1], Theorem 4.1, (5.3), (5.6) and the fact that T is supported in the set [—2, 2]”’,

1 ~ o~ "
nlggo n log (n!)p]E|:/[O,M]d hg(z)gﬁse/([o’ alxex10.5,]) dz}

1 ~( 27 2
=log| — sup h<s—x>5o N0 ,e'<—x>
(M" 11, 501 XEXZ‘; 2 )9se ¥ s 5
21 21 i
x [Z Q(H(XwLy))\/Q(My)f(x+y)f(y)} )

yEZd

<log(M~pu), (5.31)
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where, setting a = 2\/6_1/8,
27
py = sup > ppox @ﬁ,0<ﬁx>
Hf”z’Zd=1 |x\§(2n)*1Ma
27 27 r
x| 2oyjel gyt )fel 5y ) fa+nrm| . (5.32)
yeZd
In view of (5.24),
. 1 _
lim sup — log E[;ﬂ,ggg([o, T1] x--- x [0, r,,])]" < log(M d,oM). (5.33)
n—oo N (n!)P
By Theorem 6.1 of the next section, letting M — oo on the right-hand side gives
1 n
lim sup —log E[g‘ﬂgg/,g([o, 7] x -+ x [0, rp])] <logp. (5.34)
n—o00 (n)P
O
6. The limit as M — oo
Theorem 6.1. Let p be defined in (1.4) and pyy be defined in (5.32). We have
limsup M % py < p. 6.1)
M— o0
Proof. For any x = (x,...,xq) € R4, we write [x] = ([x1], ..., [x4]) for the lattice part of x. (We also use the
notation [- - -] for parentheses without causing any confusion.) For any f € L2(Z%) with || fll. =1,
21 27 g
) @ﬁo*é@ﬂo( )[Z <ﬁ(x+y))\/Q(ﬁy>f(x+y)f(y)}
lx|=@m)~'Ma
f 950 % ( . m)
= 0 O\ =
izen a0\ M
27 r
[ [, / 27 a1+ [y1)>\/ Q(ﬁ[y])f([k] + [y])f([y])dy} ax
~(55) [y erneonlGi )
0 0
2n) Jpyza 0T 2n
MmN\ 2n[ M
N / Om|y+ —|7=A)]VOu©)
27 R4 M| 2m
p
M M M
X fll=A|+|=vI||f\|=v]|])dy | dA, (6.2)
21 21 27
where
oty =of 2= M, e RY 6.3)
M= M| 2% ’ ' '
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Write
M\ (M J
go(k)=<ﬂ> f([%kb LR,
We have
) _ (M o | M _
/Rdgo(k)dk_(zn> /Rdf <[2nx}>dx_/R () dr= )" A =1

xeZd

We can also see that under this correspondence,

() ] L)oo LD oo

Therefore, we need only to show that for any fixed a > 0

. 2n[ M
limsup sup 8,0 * £8.,0 > —A
M—o0 |gla=1/{}<a) T

M 2n[ M P
f QM )/+— —){|> QM(V)8<J/+M|:2—)L:|)8(V)‘1)’ da
7T

14

lgll2=1

To this end, note that by the inverse Fourier transformation the function

Up(h) = fR VOuy +0v0u(y)gly +1gy)dy

is the Fourier transform of the function

Y — —iA-x
Vi (x) = ) /Rd Uy (Me dx
1 .
= f ix gy / VO T Oue(y + Wg)dy
2m)¢ Jrd Rd
1 O
2
= G| |V en sty
Therefore

/ \/QM y+— —kD QM()/)g( [M Dg(y)dy
=5 [5))

—L/Rde p{lx —[— “‘/ ‘”mg(y)dy

~ 2n d

(6.4)

(6.5)

(6.6)

6.7)

(6.8)

(6.9)
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e (D)

< /
~ em? Ja

/{ e/ Om(y) g(y)dy

1 . .
+ o f et f e‘x'V\/QM(V)g(J/)dV (6.10)
2m)¢ Jra d
By Parseval’s identity and by the fact Oy <1,
1 , 2
—d/ / eV Oum(y)g(y)dr| dx
(2]‘[) R4 R4
=/ QMg (V) dy < / gdy =1. 6.11)
R4 R4

Hence, the first term on the right-hand side of (6.10) tends to 0 uniformly over A € R? and over all g € £2(R9) with
llglla =1as M — oo. The second term on the right-hand side of (6.10) is equal to

/R V() dr = Uy () = /ﬂé OO APV OnIg0+ 18 dy. 6.12)

Consequently, we will have (6.7) if we can prove
s oo (o[22
imsup sup 28,0 % 9p.0| | =
Moo ligla=1/{j3I<a) M| 2n
p
x UW VOMO-+ 1)V Ou(y)gh + y)g(y)dy} dx

p
< sup /{M }wda(k)[/Rd\/Q(kﬂ) Q(y)g(/\+y)g(y)dy} da. (6.13)

lglla=1

By uniform continuity of the function Q we have that Q /(-) = Q(-) uniformly on R?. Thus, given ¢ > 0 we have

sup |V oM+ 1)V Oouy) — VOO +1)Vow)|<e (6.14)

A yeRd

for sufficiently large M. Therefore,

ryl/p
{/{u }dk [/Rd ‘/QM(’\+V)\/QM(V)g(A+V)g(y)dV] }

pyl/p
ss{/ dx[/ g<x+y>g<y>dy]}
{I\|<a} R¢
I/p
+{/m }dk[/ VvOA+y)VOW) g(k+y)g(y)dy} } . (6.15)

Also, since ||g|l» =1,

)4
f d/\U g()\+y)g(y)dy} < Cqa?, (6.16)
{Irl<a) RY

where C; is the volume of a d-dimensional unit ball. (6.13) then follows using the uniform continuity of
8.0 * $8,0(A), and finally (5.6). O
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7. A variational formula

The goal of this section is to prove the Theorem 1.5. We begin with the following lemma.

Lemma 7.1. (1.19) holds under condition (1.4).

Proof. By (A.2), with o replaced by d — o

1
/ [17_, &%x)) lﬁld /v
_—y=te X
®Rdyp |X1 4o+ xpl® !
J

=1

<Clg? de/(pdfcr) = C”g”%pd/(pdfa)'

We then use the fact that for some ¢ < 0o

1 f l2paypa—o) < €l Fllzpaspator.  f € S(RY),
and for any r > 0

2pd/(pd-+o)
1712

(r + |A|P)Pd/(pd+o) |f,‘\()\)|2pd/(pd+0) da
wa (7 + [AF)PA/pd+e)

—pd/(pd
<[ +11P)7" [ +a)||(pd+o)/a

d/(pd ) 2pd/(pd+o)
X ||+ 1) PP T PO

Now if || f]2 = 1 then
d/(pd+0)| 74~ |2pd/(pd+0o)
[ (r 4 112) PP F presirdtery

— (r +gﬁ(}c’ f))Pd/(Pd-HT)
and

—pd/(pd
hpr=|(r+ |)»|ﬁ) pdfipdre) H(pd+<r)/<f

1 o/(pd+o)
= ————dx .
(fl.kd (r + [n|Bypd/o )

Since pf > o this is finite and lim,_, o 2, » = 0. Together we have shown that

<c r+E5(g.8))
/Rd)P 1+ xp[7 [Tax; pr (r+&p(2.9)

Jj=1

Our lemma follows on taking r sufficiently large so that ¢

d d
RiPdrepd <

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

O

Let H be a Hilbert space with norm || f||. We say that a (possibly unbounded) functional L on H is positively

homogeneous of order k if for any A e R! and f e H

L) =ML,

The following simple lemma will be very useful.

(7.7)
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Lemma 7.2. Let L, L be positive and positively homogeneous functionals on H of order 2. For any 6 > 0 let

OL(f) —L(f))

A@®) = sup (OL(f)— Z(f)) = 5 (7.3)
Ifl1=1 feH (WAl
and assume that A(0) is continuous. Let
L(f)
J= s L(f)=sup ———~— (7.9)
|\f|\2+uzl()f) 1 ! feH IFI2+L(f)

and assume that J < oo. Then

1
A<7) = 1. (7.10)

Proof. Fix ¢ > 0 and choose g € H with ||g||> + Z(g) =1 such that

L(g)>J —e. (7.11)
Then
A( 1 >><(J—s>—1L<g>—Z<g)>
J—e))~ lgl?
— 1 —_— T
LW —e=Le) _ (7.12)
1-L(g)

By the continuity of A(#), on taking & — 0 we see that A(}) > 1.
On the other hand, by (7.9), for any f € H

LH<I(IFIP+LH) (7.13)

so that

A<;> = sup (J7'L(f) - L()))

Ifi1=1
< ”}s;nlp](r‘f(||f||2 +L(f)) - L(H) =1. (7.14)
(]

Proof of Theorem 1.5. We take H = L2(R?, dx), L(f) = &(f, f) = @)~ [ | f(1)[*¥ (1) dA and

p 1/p
L(f)=</R 1_[}1|f(x])| l_[ ) . (7.15)

pd |xX1 4+ xpl®

If f.(x) =&%2 f(ex) then L(f.) =&°/PL(f), and L(f.) = ePL(f). Thus

A0) = sup 1(9L(f> —L(f))

= sup (OL(f.) —L(f.))
[l fll2=1

= sup (0e7/PL(f) —PL(S)). (7.16)
1£1=1
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Taking & = 01/(B=2/P) we see that
A@B) = 0P/B=2/P) A(1) (7.17)

which shows that A(6) is continuous and that we can write (7.10) as

J=(A) P -
Recall that
O+ ) T
B d _o(A)dA. 719

Setting f = g/+/T + ¥ and using the notation Q = (1 + )~ we have that

p= sup /[/ (Qg)()»-l-)/)(Qg)(J/)dV} @d—o(A)dAr
(g,0g)=1JR4

= sup / [(02) * (0] (—W)pa—o (1) da, (7.20)
(g.0g)=1JR4

where f(y) = f(—y). Then, using F to denote the Fourier transform on R?, by Parseval’s identity, which can be
justified as in the proof of Lemma 2.2,

p=sup (2n)‘d/ F([(08) * (09)]") () Fpa—o (x) dx. (7.21)
(8,08)=1 R4

Using the facts that F(f * g) = F(f)F(g), F(fg) = 2n)~?F(f) * F(g) and (1.37), and using the notation f*” for
the p-fold convolution product of f with itself we see that

p= sup (@m) 4rtY / [102P] () — dx

(g.08)=1 |x|”

= sup @mr=h / 27 0 a, (7.22)
e [h3+@n)dLhy=1 R? x|

where in the last line~we set h = (27[)_ng so that g = Q‘lﬁ and therefore (g, Qg) = (ﬁ, Q‘rﬁ) = (ﬁ, 1+ 1#)7[) =
(27[)d||h||% + 2m)Lh). By a change of variables we see that

[17_ IhGepi* 2
p=  sup (27:)—61/ ALy 1™ l_[dxf @n)-d P -
IR 13+Lh)=1 Rpd | X1 =+ - _|_xp|a

and consequently by (7.18)

=0 ~(Aam)" . (7.24)

8. Large deviations for ¢* ([0, 1]7)

By Theorem 1.2, the non-trivial part of Theorem 1.3 is the upper bound.
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Lemma 8.1. Forany (1, ...,1,), M < 00 and any y > 0 sufficiently small so that o’ = o + y satisfies (1.4), there is
ac=c(M,$) > 0 such that

Y =290, 1] x -+ x [0, £, /7
supEexp{c sup <|(§ EOHA0, 7] x - x [ p])|) }<oo @.1)
x yeB(x,M) ly —x[¥
y#x
and
Y —5)([0, o x [0, I/p
sup]Eexp{c sup <|(§ ¢, ul % all Tp])l) }<oo (8.2)
x yeB(x, M) ly —x|¥
y#x
Proof. By (2.15) there is a Co = Co(¢, ¥, p) > 0 such that
Y =90, 4] x .- x [0,2,D]"
sup]E‘@ OWOnTx = x10BDF_yren w=o,1,2,.... (8.3)
y#2 ly =zl

Recall that a function ¥ : R — R™ is called a Young’s function if it is convex, increasing and satisfies ¥ (0) = 0,
limy_, 00 ¥ (x) = 00. The Orlicz space Ly (§2, A, P) is defined as the linear space of all random variables X on the
probability space (§2, A, P) such that

I Xlle = inf{c > 0; E¥ (c7'|X]) < 1}. (8.4)

It is known that || - ||y defines a norm (called the Orlicz norm) and Ly (£2, A, P) becomes a Banach space under | - ||y .

We now choose the Young function ¥ such that ¥ (x) = p(x) — p~! exp(ijl) where p(x) = exp{xl/p} when
|x| > (ijl)”, and for 0 < |x| < (ijl)” we define p(x) as the tangent line to y = exp{x!'/P} at the point
((pT_l)P ,exp(pT_l)). (This complicated definition is due to the fact that p(x) = exp{xl/ P} is only convex for
x| > ("T“)P.) By (8.3) there is ¢ = ¢(¢, d, p) > 0 such that

[(¢7 = ¢3)(10,01] x - x [0, 2,]) ||, <cly —z" Vy.z. (8.5)

By a standard chaining argument (see, e.g., Lemma 9 in [2]), for any y’ < y, M < oo, uniformly in x

167 =)0, 1] x -+ x[0,1p])]
sup

/
yeB(x,M) ly —x|¥
yEx

(8.6)

'4

which leads to (8.1), after renaming y’ as y. The proof of (8.2) is similar, as one can easily see that (2.15) holds with
all #; replaced by 7;. O

Now choosing y so that (8.1) holds, pick A so that (1 + yX)/p = /0. By (1.4) we have that A > 0. It then follows
from (8.1) that for some C < oo andall r > 1

sup P{  sup }{X([O,l]/’)—{"([o,l]p)|281‘]

xeR4  “yeB(x,et™*)

*([0, 117) — ¢Y ([0, 117 ot
Ssup]P’{ sup [£*([0, 117) — ¢ ([ ])IZ _k}
xeRd  yeB(x,et™*) lx — yl¥ gve—y
< Ce_(gt/(gyfw»))l/ﬁ _ Ce_(g/gy)l/lit(HV?»)/ﬂ _ Ce_(g/EV)l/ptﬁ/a. (8.7)
Consequently,
lim limsupt_ﬂ/” log sup IF’{ sup |;" ([0, l]p) - ;y([O, l]p)| > 8t} = —00. (8.8)
0% 1—o00 xeRd  'yeB(x,et—7)
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We first consider the case of 8 = 2, the case of Brownian motion. By (8.8), for some A > 0 we have that for any
§>0

lim limsupz~2/° log sup IE”[ sup  [¢*([0, 117) — ¢ ([0, 117)| = (St} = —00. (8.9)

e>0% 1—o00 xeRd yeB(x,et—*)

Since the supremum of a continuous Gaussian process has Gaussian tails, see for example [17], Corollary 5.4.6,
we have

lim limsupr=/logP{ sup |Xi(s)) 4+ X,(sp)| > M7} = —oo. (8.10)
p g p pp

M—oo (500 Styensp=<l

When SUp;, s, <l [X1(s1) + -+ Xp(sp)| < MtY% and |x| > 2M¢tY/°,

¢*([0,117) <. (8.11)
Thus
P{ sup ¢*(10.117) = 1]
xeRd
=P s ¢*(10.17) =1}
|x|<2Mtl/o
+]P’{ sup |x1(s1)+~--+x,,(s,,)|thl/”}. (8.12)
Syeees sp=<l

The cardinality of an &7 ~*-net on the ball of radius 2M1'/? is of the order O(td(}““’_l)). This gives

Pl sup  £*(10.117) =]

|x|<2M¢tl/o

= Crt0+ D Lsup P{C*(10,117) = (1 - o)1}

xeRd
+sup P{sup  [e¥(10,117) = 7 (10, 117)| = 8¢} ). (8.13)
xeR4  “yeB(x,et™)
Therefore,
limsup =2/ 1og]P>| sup ¢* ([0, 117) = t} < max{a, b, c}, (8.14)
—00 xERd

where

a =limsupt~2/° log sup P{¢*([0,117) = (1 — &)t}

t—00 xeRd
b=limsupt > log sup P{ sup [¢*([0,117) — ¢*([0, 117)]| = 5;}, (8.15)
—00 xeRd yeB(x,et)

c=limsupt’2/”logP{ sup |X1(s1)+---+Xp(sp)| > Mtl/"}.

I—00 Slsm»spf]

Letting M — oo and then ¢ — 0 on the right-hand side, by (8.9) and (8.10) we have

limsupz /7 logIP’l sup £*([0, 117) = t}

t—00 xeRd

<limsupt =%/ log sup P{¢*([0, 117) > (1 — &)t}. (8.16)

t—00 xeRd
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Using (4.34) and (2.25)

. 1 1 " Bp (Bp—o)/B
limsup — log G)oTF sup E[¢*([0, 117)"] < log(/3 )

n—oo N xeRd p—0

The (easy part of the) proof of [15], Lemma 2.3, then shows that

_ (pB—o)/o
limsupz~#/° log sup P{c*([0,117) = 1} < _z(p,B 5 cr) pPlo
p

t—00 xeRd ,3

With 8 =2 we have

limsups =%/ log sup P{¢* ([0, 117) = (1 — 6)¢}

100 xeRd
_ o\ @p-a)/o
< (s (2P=C -2,
= 2\ 2p
Thus
limsupz—%/° log]P’{ sup £*([0,117) = t}
100 xeRd
2p—o)/o
<—-(1- 5)2/02 2p-o o,
= 2\ 2p

Letting § — 0% gives (1.12).
We now consider 8 # 2. We will show that there exists ¢; > 0 such that

1/p
E(exp(cl[ sup £*([0, 7] x -+ x [0, rp])} )) < 00.
zeR4
It will follow from this that for some ¢, < 0o
/
E({ sup {x([o’ 7] x -+ x [0, ‘cp])]n p) < n!cg‘
zeRd
for all n. Hence, taking n = mp
E({ sup £*([0, T1] x -+ x [0, rp])}m) < (mp)lch™ < (mHPcy.
z€Rd

Using (2.24) and Stirling’s formula as in (2.25) we obtain

. 1 1 % n
Zlog —— p
h;nsup " log (D)o 7P IE[;“ ([O, 1] ) ] <4 < 00.

Then once again the (easy part of the) proof of [15], Lemma 2.3, will show that for some 0 < C < 0o

limsupz—#/7 log P{¢*([0,117) >t} < —C.

—0o0

Thus it only remains to show (8.21).

+logp.
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(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

Lemma 8.2. Let X; be a d-dimensional symmetric stable process of order B and t an independent exponential of

parameter 1. Then there exists a constant ¢y such that for D > 0,

IP’(suplxxl > D) < %.

S<T

(8.26)
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Proof. It is well known, [14], Proposition 2.2, that the density of X, satisfies

pt,x,y) <ct/|lx — y|d+ﬁ.

(A better estimate is possible for larger 7, but this is not needed.) Integrating over |y — x| > D, we obtain

ct
P*(1X; — Xol = D) < D (8.27)

We now obtain an estimate on the exit probabilities. Let § = inf{s : |X;| > D}. If sup;, | Xs| > D, then § <t and
either | X;| > D/2 or | X;| < D/2, so that | Xg — X;| > D/2. Thus

P(sup|X,l = D) = P(1X,| = D/2)
s<t
+P(S <1,|X, — Xs| = D/2).
The first term on the right is bounded by cz/D? using (8.27). The second term on the right is bounded by

t t
/ P(1X; — X,| = D/2)P(S eds) < 20/ (t —s)/DPP(S € ds) < 2ct/DP
0 0

using (8.27) again and the Markov property of X.

Finally,
o0 o0 Ct
]P’(sup|Xs|zD>:/ e*’]P’(sup|XS|zD>dt§/ e ' —dt
s<t 0 s<t 0 D#
<c¢/DP
as desired. O

Lemma 8.3. Suppose for each z € R? there is a random variable Y such that z — Y? is continuous, a.s., and there
exist 5, A and B such that

EeA" " < B, zeR?, (8.28)
EeAlV Y V=P < g /R, (8.29)
Then there exist ¢ and ¢y such that for every M > 1

Eexp(clA sup |YZ|) <M B. (8.30)
lz|I<M

This follows by a standard chaining argument; we give the proof for the sake of completeness.

Proof of Lemma 8.3. Let O = B(0, M)N2 %z and Q = Uk Qk. Since z — Y* is continuous, it suffices to bound

Eexp(clA sup |YZ|). (8.31)
cleQ

If z € O, we write
z=z20+@1—z0)+(z2—z1)+---.

Here z; is the point of Q; closest to z, with some convention for breaking ties. Since z € Qy for some k, the above
sum is actually a finite one.



Large deviations for Riesz potentials of additive processes 659

If |Y?| > A, then either the event R holds: |Y*°| > A/2 for some zg € Qp, or for some i the event S; holds:
|Vt — Y| > 1/20i? for some pair z;, zi41 With z; € Q;, zi41 € Qis1, and |z; — zi 41| < v/d27".
Since there are at most M¢ points in Qy, using (8.28) we see the probability of the event R is bounded by

cBM4e=A*2,

For each i, there are at most ¢ M242¢'1d pairs z;, z;+1 as in the definition of the even S§;, so the probability of the
event S; is bounded by

cBM*2cid sup IE"(“m+1 — YZ;| > M . ) (8.32)
i—alevar-i \ Izt =zl T 20i2(Jd271)?
< cBM¥2did exp(—c”L) (8.33)
20i2(y/d2-1)}

If we sum over i the probabilities of the events S; holding and add to that the probability of the event R holding, we
obtain

P(sup |YZ| > A) < cBM?de=*A,

z€Q
Our result follows from this. (]
We now prove (8.21). Let X!, i =1, ..., p, be independent d-dimensional symmetric stable processes of order 5.

We write simply ¢ for ¢*([0, 71] x --- x [0, 7, ]) and Z; for sup . |X§|. We will choose ¢ later.
It follows from (2.6) and (2.16) that there exists ¢, such that

sup Eexp(ca|¢?]"”) < oo, (8.34)
zeRd

and using (8.2) and the fact that lal/P — b1/P| < |a — b|/P, we can choose ¢ such that also

sup Eexp(czHCZ’l/p — ’Czlil/p|/|z —z”a) < 00. (8.35)
7,7/€Rd
Write
Eect suP: [£°17 E[ecl sup. 1517 pax Z1 < 1] (8.36)
Tlsisp T
o0
+ Z]E[ecl sup: (€177 ok < max 7Z; < 2’<+1] (8.37)
1<i<p
k=0
o
=1+ J. (8.38)
k=0
Now write
I< E[ecl Suplz\§2p|§z‘l/p] +E[ecl SUP|z>2p |§z|1/”; max Z < 1] =1"+1". (8.39)
I<i<p

Provided c| < 3, then I’ is finite by Lemma 8.3 with Y2 = |¢?|'/P If |z| > 2p and maxi<j<p Z; < 1, then

|Zv+- 4+ Z,— 2l = p,
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and hence

-5 1 Y PTG | 1
1" < Eec1P /P (zy-tp) /P :/ e Yo 1 eC1P /P (tymtp) /P dey --- dt).
R

P
"
Since (f1 -+ 1,)/P < maxj<j<pt; < 25?:1 tj we see that
)V
Eec ™)’ < 00 (8.40)
if ¢ is small enough.

Combining with the estimate for I’ shows that I is finite, provided c| < ¢ and c; is sufficiently small.
We turn to Jy and write

z(1/p
I §E[eclsuP'z‘5”2k+l l£%| 2K < max Z; E2k—i—1:|

l<i<p
z|1/p
—G—E[ecl SUp| . jok-+1 127 2K < max Z; S2k+1]
I<i<p
/ "
= ‘Ik + Jk .

For J; we apply Hélder’s inequality with % + % and r and s to be chosen later. Then

z 1/
T < (B S Prel=pk! Iz Il/”)l/r (IP’( max Z; > 2k)> /s

I<i<p
1/s
< (czz‘”‘)]/r<2%g>

by Lemma 8.3. We now choose r and s so that i := /s — 2d/r > 0, and hence 2%#/5 > 27%22dk/ ‘This proves Ji is
summable in k.
To handle J;/, if maxj<j<, Z; < 2%+1 and |z| > p2%t2, then

and hence

” 2k+1y—a/p l/p. k
Jy < E[ec‘(” ) EmeTp) P lliliegip Z; =2%|.

Using Cauchy—Schwarz, we obtain

J <er 2™ ”P( max Z; > 2").

I<i=<p

The second factor is less than or equal to ¢/2%#, which is summable in .
Finally we choose c¢; small enough that c¢1r < ¢, and the proof of (8.21) is complete.

9. Laws of the iterated logarithm

The upper bounds in (1.15) and (1.16) and therefore the upper bound in (1.14) follows from Theorem 1.2, the scaling
property given in (1.8), and a standard procedure using the Borel-Cantelli lemma. It remains to prove that

~o/B g
limsupt(pﬁﬂ)/’g(loglogt)‘T/ﬂg‘([O,l]P)Z<%> (pﬂ d p 9.1)

(c—pB)/B
t—00 pﬂ )
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almost surely.
We first prove that

. s , , B — (pB—o)/o iy
61_1)r61+11[§10£)1ft log]P’{ 1nf e ([O t] )>t }> _E( Y. ) P . 9.2)
Using (8.2) and Chebyshev’s inequality we have that for any & > 0,
lim sup limsup 7~ log]P’{ sup |( 0—¢ (10, 1] x -+ x [0, T,1)| = stp] = —00. 9.3)
50+ 100 ly|<s
On the other hand,
IP’{ sup ‘({0 =) (10, Tl x -+ x [0, 7)) | = st”}
ly|=é
o0 o0
:/ / (1)
0 0
IP{ sup ‘({O —¢")(10, 1] x -+ x [0, 1,])]| zet”}drl e dt)
lyl<é
t t
>f / o (tp)
T Ja—en Ja—ex
x ]P{ sup [(¢% = ¢¥)(10, 1] x -+~ x [0, £,])| zet”}dtl e dt)
ly|=<é
> (ef(lfs)t . e*’)p
; 0_ »y P
x (1—8):51511?..,%5:]}»{@?55 ("= ) (10,01 -+ x 10, 1,]) | z o7}, 9.4)
So we have
1imsuplimsupt_1 log inf IP’{ sup | { —¢ )([O, ] x---x[O0, tp])| > etp] = —00. 9.5)
§—0t t—00 (=e)r=ty,...tp=t |y|<8
Forany rand (1 —¢)t <n1,...,1p, <1,
|1‘n<f {y([O t]”) > ll?f ;y([O 1] x---x[0, tp])
y <
>¢ ([o,n]><~~-><[o,tp])—lslllpal(;o—cy)([o,n]x~--x[0,tp])|
yl=
> ¢0([0, 1 —o)t]") - ‘51|1p6 1(¢° = ¢)(10,4] x -~ x [0, 2,,])]. (9.6)
yl=<
Hence,

inf ([0, ¢]7) > ¢?
P inf,¢*(0.017) 2 7}

|x[<8

+ inf <I]P’{ sup |( 0—¢ (10,111 x -+ x [O,tp])|zst”]

(—-e)=n,... |x|<é

>P{c([0. (1 —&)t]”) = (1 + &)t?}. (9.7)
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Consequently,
max[liminfr " log P inf ¢*([0,117) = 7},
=00 lyl<é

limsupz~! log inf <1P{ sup |(§O — &) (10,111 x -+ x [0, 2,])] Zet”}}

00 (1—e)t<ty,....1p ly|<8
> liminfr~'log P{¢°([0, (1 - )r]") = (1 + )"} (9.8)
Notice that by the scaling (1.8)
P{c0([0, (1 — )1]") = (1 + &)} = P{¢°(10, 117) = (1 + &) (1 — &)~ PP=/F10/F) 9.9)

so that by Theorem 1.2,

lim 1~ '1ogP{¢°([0, (1 — &)t]") > (1 +&)t?}

=00

_ (pB—o0)/o
=—(+eblq- S)—(Fﬂ—ﬂ)/ﬁg (M) p Pl 9.10)
B\ pp

Let § — 07 in (9.8). By (9.8), (9.5) and (9.10) we obtain

lim liminffllog]P’{ inf ¢7([0, 117) > tp}
t—00 [y|<é

§—0t 11—

_ (pB—o0)/o
>—(1+ rS)/—‘5/0(1 _ 8)—(17/3—0)/02(17'670) p—ﬁ/d_ 9.11)
B\ pB

Letting € — O™ on the right-hand side leads to (9.2).
We now come to the proof of (9.1). For each k > 1, write t; = k¥ and define

XicW=X;jtr+1)—X;t), t=0,j=1,....,p,k=1,2,.... 9.12)
Let ¢ ([a, b]?) be the Riesz potential of the additive stable process
Yk(sl,...,Sp)=X1,k(S])+~~+Xp,k(Sp). (9.13)

Then for each k, {¢}, x € R?} 4 (¥, x e R4}
Let § > 0 be a small number which will be specified later. Write Y = X (fx) + --- + X ,(#x). A rough estimate
gives that with probability 1, the inequality

-1 Tk+1 i
|[Yp| <2786 ———— (9.14)
loglog 41

eventually holds. Therefore

¢ ([t te4117) = ¢4 (10, 11 — 117)

= inf ;y [0, trg1 — te]” ©.15)
|y1<8(tgt1/loglog tyi1)/# k( )

eventually holds, almost surely.
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For each k, by the scaling (1.8),

inf & (10, k1 — 1]?

|y1<8(tgt1/ loglog tyi1)/B k( )
d .

inf £(10. 101 — 1:17)

(9.16)

B |y1<8(tyt1/loglog ty41) /B
(Bp—0)/B _ 1 | )
) inf ¢”([0, ! (1 — 1) loglog 1e.41]7)

d < let1
loglog 1 ly|<8
Let 6 > 0 satisty
B a/p o\ ~(P=a/P)
0 < <—) (1 - —> 0. 9.17)
o Bp
We have
inf g (10, kg1 — 1]7) = OI,Eiﬁ_a)/ﬂ(lOglOg tk+1)0/ﬁ}
(9.13)

|

[y1<8(tky1/loglog sy 1)'/8

= P{li?fa £([0, 1) (tra1 — o) loglogti1]”) = 9(10g10gtk+1)”}.
yi=

Using the scaling (1.8) once again
P{li?f ¢ ([o. tk;ll (tr1 — ti) loglog t1]”) = 9(loglogtk+1)p}
= IP’{ inf ([0, ti (et — 1007 loglog tig1]”) = (0717 10g10gtk+1)p}. (9.19)
lyl=sol/e
By (9.2), therefore, one can take § > 0 sufficiently small so that
liminf - log P| inf 2 ([0, tegr — 117
k—oo loglog i1 Iy|<8(txy1/loglog ti) /8 G (10, e )
> 187~ (log log tk+1)"/ﬁ} > 1. (9.20)
Consequently,
> inf & (10 141 = 117) = 615577/ loglog 1. )7/ | = 00 9.21)
X IY1<8(tk41/loglog f1)V/P
Notice that
inf (10, tkgr —117), k=1,2,..., (9.22)
|¥1=8(tk+1/ loglogt1) /8
is an independent sequence. By the Borel-Cantelli lemma,
limsupz, 57 ~"P (loglog 11.41)~/* inf (10, 41 — 17) = 6 as (9.23)
k—o0 [¥1<8(tk+1/loglog t1) /P
By (9.15),
(9.24)

limsupz, 37 ~P (loglog k1) ™/ P ¢ ([tk, tr4117) = 0 as

k— 00
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Consequently,
limsupt~#P=/F (loglogt)~"/F ¢ ([0,1]7) > 0 ass. (9.25)
t—00
Letting
N o \ (PP
o1& 1—— P (9.26)
o Bp

proves (9.1).

Appendix: Sobolev-type inequalities

Lemma A.1. Forany q > 1 and integer p > 1

p

| f1%- % fpllg < Cpl_[”fl”pq/((pfl)qul) (A1)
=1

and forany 0 <o <d

P
/ Hl 1 fl(xl)d de
®yp X1+ -+ xp|970

Furthermore, for any n and any Fy = Fi(x; j; 1 < j <n),1 <1 < p we have

p
/aRd)"PHle ot xp, |donF’Hdel‘f

<C? H I fill pa/((p—1yd+0)- (A.2)

< C?T T F N pap-nyd+o)- (A3)
=1

and more generally, for some C < oo independent of 7 € R?

n

Jeo Mt = LA T T,

=1 j=lI=I

p

<C? l_[ VEill pay((p—1yd+0)- (A4
=1

Proof. We prove (A.1) by induction on p. The case p = 1 is trivial. Thus assume (A.1) holds for all p <m — 1. Since

tl=rl 45 ' —1whent=gq,r =mqg/((m — 1)qg+1),s =mq/(m — 1+ q), it follows from Young’s inequality,
[51, p. 275, that

I f1- % finllg < Cll fillmg/m=1yg+0 1f2 % -+ % fillmg/im—1+4)- (A.5)
By our induction hypothesis and using the fact that

(m —1)mg _ (m—-=Dmg mq
(m—2mg+m—1+qg m—D2g+m—1 (m—1g+1

(A.6)
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we see that

m
2% fnllmgson—149) < C"™ T T fillmag/on-1yg+1) (A7)
1=2

which completes the proof of (A.1).
To prove (A.2) we write

/ 1., fitx) ” / A x-* f)O) A8
R Rd)z

dyp |x1 44 xpldO |x — y|4=o

and apply (1.26) with r = pd/((p — 1)d + o) so that s = pd /((p — 1)o + d) to obtain

/ H1p=1 JiGxr) ﬁdx
1
@y X1+ xpl 70

< Cllfillpasp—vda+o) 1 2 * - * fpll pas(p—1)o+a)- (A9)

Then using (A.1) and the fact that

(p—Dpd . (p—Dpd _ pd
= = (A.10)
(p—2pd+(p—Do+d (p—-1¥+(p—-—1Do (p—1d+o
we obtain (A.2).

We next prove (A.3). By (A.2)

/(Rd)'wnlm +otxp il UHFIHdelJ

I=1 j=li=1

. 1
<
\/(\Rd)(n l)p l_[ |_x1 J + -+ xp’j|d7(7

p
F
/ [T |Fil _ l_[dx”
(

Réyp |X1,1+ o+ xp 1970

X

l_[ lﬁldxl,f

j=21=1

< / - !
RGO i WA xp 4o

x ]_[ I Eil pa/((p—1)d-+),x0. ]_[ ]_[dxz i (A.11)

j=21=1

where

1/q
| Fillg,x , = (/d |Fi(x,j;1<j Sn)|qd)w,1) .
Rdp

Inequality (A.3) then follows by iterating this step. For example, the next iteration will bound (A.11) by

[T :
(Rd)(1=2)p =3 |x1’j + .-+ Xp,j |d—<r

x H 1FL | pa /(p—1yd-+0) 20,0302 H l_[dx, i (A.12)

j=31=1
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where now

v 1/q
”Fl”q,xl,l,xl.z = (/ ”Fl”q,xu dxl,Z)
R4

1/q
= (/ ‘Fl(xl,ﬁ I1<j< n)’q dx; dx1,2> . (A.13)
R2d

It should be clear that this will lead to (A.3). '
Now let TZZ "/ denote translation of x;, jbyzandsetT = ]_[?:1 Tzl’/ . Then using (A.3) and the translation invariance
of Lebesgue measure

n
1
/(R")"le:[llxl,j—l- “+xp, —Z|dal_[ l_ll_ldxu

j=1l=1

B /<Rd>np1_[|m,+ A Xp, |doHTFlHde1,

p p
< Cpl_[ 1T Fill pay(p—1)d+o) = Cpl_[ N Eill pa/((p—Dyd+0) (A.14)
I=1 I=1
which is (A.4). O
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