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Abstract. We consider a simple random walk of length N, denoted by (S;);¢(1,..., N}, and we define (w;);>1 a sequence of
centered i.i.d. random variables. For K € N we define ((y;K, ce )’iK))izl an i.i.d sequence of random vectors. We set § € R,
A >0and & > 0, and transform the measure on the set of random walk trajectories with the Hamiltonian A ZIN= 1 (w; +h)sign(S;) +

B Zf:_ K va: 1 Vi] 1;s,=j}- This transformed path measure describes an hydrophobic(philic) copolymer interacting with a layer
of width 2K around an interface between oil and water.

In the present article we prove the convergence in the limit of weak coupling (when X, 4 and B tend to 0) of this discrete model
towards its continuous counterpart. To that aim we further develop a technique of coarse graining introduced by Bolthausen and
den Hollander in Ann. Probab. 25 (1997) 1334-1366. Our result shows, in particular, that the randomness of the pinning around

the interface vanishes as the coupling becomes weaker.

Résumé. On considere une marche aléatoire simple de taille N, que ’on note (S;);¢(1,..., N}, €t on définit (w;);> une suite de

variables aléatoires i.i.d. et centrées. Pour tous K € N U {0} on définit ((yl._K, e, yiK)),»zl une suite de vecteurs aléatoires i.i.d.

On pose B € R, A > 0 et h > 0, et on transforme la mesure de I’ensemble des trajectoires de la marche aléatoire avec le hamilto-

nien A Z,N: 1 (w; + h) sign(S;) + B Zj;_ K Z,N: | J/i/ 1;5,=j}- Cette mesure perturbée décrit un copolymére hydrophobe(phile) en
interaction avec une bande de taille 2K autour d’une interface huile-eau.

Dans cette article nous prouvons la convergence dans la limite d’un couplage faible (quand A, & et 8 tendent vers 0) de ce modele
discret vers son homologue continu. Dans ce but, nous développons une technique de coarse graining introduite par Bolthausen et
den Hollander dans Ann. Probab. 25 (1997) 1334-1366. Ce résultat montre en particulier que le caractere aléatoire de I’accrochage

autour de I’interface disparait a mesure que le couplage s’affaiblit.
MSC: 82B41; 60K35; 60K37
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1. Introduction and main results
1.1. A discrete model of copolymer with adsorption

We consider a copolymer of N monomers, and an interface separating two solvents (for example oil and water). The
interface runs along the x-axis. The possible configurations of the polymer are given by the trajectories of a simple
random walk § = (§;);>1 of length N such that So =0 and (S; — S;—1);>1 is an i.i.d. sequence of Bernoulli trials
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satisfying P(S; = £1) = 1/2. We let A; = sign(S;) when S; £ 0 and A; = A;_ otherwise. In size N we take into
account the interactions between the polymer and the medium by associating with each trajectory S the Hamiltonian

HY'Y, (8) = kZ(w,+h)A +8 Z Zy, Lisi—j)» (1.1)

j=—K i=1

where A, h >0, B € R, w = (w;);>1 is an i.i.d. sequence of bounded and symmetric random variables and y =
((yf’( ey yiK ))i>1 1s an i.i.d. sequence of random vectors (w and y being independent). We stress that w and y are
defined under the probability P and that the variables yf ey le are independent but can have different laws. This
Hamiltonian allows us to define the polymer measure P ;s/x 5 88

APV on o SXPCHNE 5, (S) (1.2)
_ N . .
P N

This discrete model has already been investigated in physics (see [14] or [22]) and mathematics (see [13]) in the
case K = 0 and under the name copolymer with adsorption. This model is very natural, because it interpolates between
two classes of models that have received a lot of attention in the literature:

e The pure pinning model, which is obtained by setting A = 0. In this case only the interaction with the layer around
the origin is activated. This model has been studied in the case K = 0, for instance in [2,3,15,17].

e The random copolymer model, which is obtained by fixing 8 = 0. In this case only the interaction between the
monomers and the two solvents is activated. It has been studied for instance in [4-6].

In general, these two models undergo a localization—delocalization phase transition, which results from an energy-
entropy competition. In fact, in both cases, some trajectories are energetically favored with respect to the others. In the
pinning case, it concerns the trajectories that remain close to the interface to touch the sites that carry a positive reward
B yiJ as often as possible. In the copolymer case, forevery i € {1, ..., N} w; +h > 0 (respectively w; + & < 0) means
that the ith monomer is hydrophobic (resp. hydrophilic) and therefore, the energetically favored trajectories cross the
interface often to put as many monomers as possible in their preferred solvent. In both cases, these favored trajectories
are localized in the neighborhood of the interface. Therefore, they carry much less entropy than the trajectories which
wander away far from the interface.

At this stage we introduce the free energy of the system that will be a key tool to define the localized and delocalized
regimes. Thus, for N € N and every disorder (w, y) we define <Dw v a

1
Nlog Z}@ZE,A,h =& (B, A h). (1.3)

We recall that (w, y) are defined under the law P and we denote by @y (8, A, h) the quantity E(cﬁz’y(ﬂ, AL h)).
Henceforth, we assume that E(exp(myl" [)) <ooforevery BeRand j € {—K,...,K}.

Proposition 1.1. For every g € R, A >0, h > 0, there exists a non random real number, denoted by @ (B, A, h), such
that P almost surely in (w, y)

Jim @7 (B, 0 ) = @B, 2 h).

This convergence occurs also in L', which entails the convergence of ®n (B, x, h) to ® (B, A, h) as N tends to co. The
limit @ (B, L, h) is called the free energy of the model.

This proposition has been proven in different papers for quantities similar to Z N ﬁ 5..n (see [10] or [11] for example).
In our case, the difference comes from the fact that the disorder is spread out over a layer of finite width around
the interface, but the proof remains essentially the same and is left to the reader. We also notice that @ (8, A, h) is
continuous and separately convex.
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1.2. The continuous model

We define in this section the continuous counterpart of the discrete model. In size ¢, the configurations of the poly-
mer are given by the set of trajectories of the Brownian motion (Bj)se(o,,]- The Hamiltonian associated with every
trajectory B is

t
Néf’{,h(B) =A/O A(s)(dRg + hds) + BLY, (1.4)

where L? (or L; when there is no ambiguity) is the local time spent at 0 by B between time 0 and time 7. As in the
discrete case we set A, h > 0, B € R and A; = sign(B;). We denote by [P the law of R = (R;)s>0, which is a standard
Brownian motion, independent of B such that dR; plays the role of w;. ~

As in the discrete case, we define the polymer measure of length 7 by perturbing the law P of the Brownian motion
B as follows

dﬁ';;\l’h . exp(ﬁé';!h(B))

= = (1.5)
Rt
ap Zﬂ,k,h
For every t > 0 and every disorder R we introduce the free energy of the system of size ¢, denoted by DR as
1 ~ ~
?lothﬂ’ﬁgh:@,R(ﬁ,)»,h). (1.6)

We also denote by &, (8, 1, h) the quantity E(BR (8, 1, h)).

Propgsition 1.2. Forevery B € R, A >0, h > 0, there exists a non random real number, denoted by 5(,3, A, h), such
that P almost surely in R

lim @R (B, 1, h) =P (B, 1, h).
t—00

As in the discrete case this convergence occurs also in L', and therefore @ (B, A, h), which is the free energy of the
model, is the limit of @;(B, A, h) as t tends to co.

A proof of Proposition L2 in the case B = 0 is available in [10]. This proof is adapted in [18] to cover the case
B # 0. We also notice that @ (8, A, h) is continuous, separately convex and non-decreasing in .

1.3. Localized and delocalized regimes

In the discrete and the continuous model, the free energy gives us a tool to decide, for every (8, A, h), whether
the system is localized or not. Observe that if we set Dy ={S: S; > K Vie {K +1,...,N}} and use P(Dy) =
(14 0(1))c/+/N and the law of large numbers we have P-a.s.

o 1 N K i
(B, 3, h) > liminf — log E| exp Ay i+ h)+BY v | 1ipy | = b (1.7)

i=1 i=1

We will say that the polymer is delocalized when @ (8, A, h) = Ah, because the trajectories in Dy essentially de-
termine the free energy, and localized when @ (8, A, h) > Ah. The (B, A, h)-space is divided into a localized phase,
denoted by L, and a delocalized phase, denoted by D. It is now well understood (see in particular [11] and [13]) that
such a free energy dichotomy does correspond to sharply different path behaviors.

In the continuous case, by considering the subset 5: = {B: By > 0 Vs €[1, 1]}, a computation similar to (1.7)
shows that @ (B, A, h) > Ah. Therefore we can use the same dichotomy used in the discrete case to characterize £
and D.
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Critical curve
For y, w, R, K and g fixed, both for the discrete and continuous models there exists a critical curve A +— hf 1)
(Eﬂ (1) in the continuous case), which divides the (A, h)-space into £ = {(A, h): h < hﬂ AM}Yand D ={(A,h): h >
h’S (A)}. In fact, by differentiating with respect to 4 we obtain for every N > 1 and ¢ > 0 that @y (8, A, h) — Lh and
CD, (B, A, h) — Lh are non-increasing in h. Therefore @ (B, A, h) — Ah and cb(ﬂ A, h) — Lh are also non-increasing in
h and we can simply define i () = inf{h > 0: ®(B, A, h) — Ah =0} and ki () = inf{h > 0: &(B, %, h) — 1h =0}.
The scaling property of the Brownian motion entails the equallty @ (aB, ar,ah) = a*® (B, A, h) for every a > 0.
From this it follows that hcﬂ () = AKf with Kf = inf{h > 0: @(,3, 1, h) — h = 0}. Notice that the quantity Kf} can
be viewed as a critical curve in the (B, h)-plane for A = 1 and is non-decreasing in 8. Moreover, since (8, h) —
5(,3, 1, h) — h is convex, we prove easily that g Kf is convex.

Remark 1.3. Observe that for some values of . and B the critical value hf (X) can be infinite. In Section 2.4, we give

certain conditions under which this happens. We prove also, for the continuous model, that Kf < 00 and Ef A) <o0
forall B e R.

As a consequence,  — K, 5 is continuous on R because it is convex and finite.
1.4. Discussion of the model and main results

Before studying more in depth the mathematical properties of the model, we recall that one of the physical situations
that can be modelled by such systems is a polymer put in the neighborhood of an interface between two solvents
(see [6]). Nevertheless, the models considered up to now do not take into account that such an interface has a finite
width, that is to say, a small layer in which the two solvents are more or less mixed together. In this sense, the model
developed here gives a more realistic image of an interface. Moreover, this model allows us to consider other physical
situations. For instance, a case in which micro-emulsions of a third solvent are spread in a thin layer around the
interface.

Former results about the model

We can roughly classify the results available for polymer models in two categories. On the one hand the results
concerning the path behavior of the polymer. In fact, the separation between the localized and delocalized phases has
an interpretation in terms of trajectories of the polymer. We refer to [1,5,11,13,23] for sharp results about the path
behavior of the copolymer in £ and we refer to [12] for further results in D. On the other hand, the results concerning
the free energy (@): this problem arises only in £ since @ is constant in D. In this last category, we can mention for
instance the strong results about disordered pinning obtained recently in [2], in particular concerning the comparison
between quenched and annealed critical curve at weak disorder.

Regularity and scaling limit of the free energy

For both the copolymer and the pinning model the free energy @ is complicated inside £ and an important question
is to figure out if another phase transition can occur inside £. The answer is partially given for the case K = 0in [13],
where a proof of the infinite differentiability of the free energy inside £ is given. This proof is based on a result, that
was first given in [5] and [23] for the copolymer without adsorption and asserts that in £ the laws of the polymer’s
excursions are exponentially tight. From this tightness, certain correlation inequalities are deduced that are sufficient
to prove the infinite differentiability of the free energy inside L. Therefore, there is no other phase transition, at least
of finite order, inside the localized phase.

The scaling limit of the discrete model is also a question that has been closely studied recently. In fact, in the case
of the copolymer without adsorption (8 = 0), a continuous model is introduced in [6] and it turns out to be the limit
of the discrete model at high temperature, i.e., when the coupling parameters A and & tend to 0. The results in [6] deal
with the case of w taking values £1 and focus on the free energy, i.e,

1
lim —2<D(0 akx,ah) = @(O,A,h). (1.8)
a—>0a
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This has been generalized in [12] to a large class of random variables w and it is of interest in terms of universality of
the Brownian limit as we are going to explain. Effectively, it shows that, when the coupling constants become weak,
the Brownian models “attract” any discrete model, regardless of its charge distribution. The proof is based on a coarse-
graining method. In fact, for fixed parameters (aA, ah) the N steps of the polymer are partitioned into blocks of finite
and constant size L(a). It turns out that the characteristic size of the excursions for a small is of order 1/a?. Then,
by choosing L(a) of order 1/a?, one can, block by block, approximate the free energy per steps of the discrete model
by the one of the continuous model. When N tends to oo the number of blocks tends to oo, but an ergodic property
of the blocks allows us to convert the approximation per block into the convergence (1.8) involving the discrete and
the continuous free energies in infinite size. In [6] it is shown that the convergence occurs for the slope of the critical
curve at the origin as well, i.e., lim) ¢ h?(k)/k = K?.

Main results

In this article, we extend the scaling limit of the free energy given in [6] to the model of a copolymer with adsorption
introduced above. We aim particularly at understanding how the random pinning is modified at high temperature.
Some zones in the interacting layer around the origin carry a large number of high rewards and play a particular role
from the localization point of view. Indeed, the chain can target these zones when it goes back to the origin in order to
maximize the rewards. Consequently, some zones favor the localization of the polymer more than others (see [3] and
[17]). Here the question is whether the passage to a very weak coupling preserves the randomness of these rewards or
leads to a complete averaging of the disorder.

We answer this question in Theorem 1.4. In fact, by generalizing the limit (1.8) to the case 8 # 0 we prove the
convergence of the discrete model to the continuous model, when the parameters tend to 0 at appropriate speeds.
The associated continuous model has a pinning term at the interface, given by the local time at 0 of the Brownian
motion B. Therefore, the randomness of the pinning term vanishes in the weak coupling limit.

In what follows, we will use the notation

K
o= E() (1.9)

With the limit (1.11) given in Theorem 1.4, we prove that the partial derivatives of (A, 8) > hf (1) at the origin with
respect to any vector (1, 8) (8 € R) are only determined by the quantity 8 X. This is also an important result in terms
of universality of the continuous limit with respect to the disorder y. In fact, it shows that the shape of the critical
surface close to the origin only depends on X'.

.....

assume without loss of generality that E(w%) =1.

Theorem 1.4. Let € R, A >0,h>0and X = Y5 E(y]). Then

1 ~
lim — @(ap,ar,ah) =SB, A, h) (1.10)
a—0 a
and
5B
. he (9
lim ———— = KF¥. 1.11
50 3 ¢ (1.11)

We can derive from Theorem 1.4 some relevant information concerning two particular cases of the model. In a first
part we consider the influence of a deterministic pinning term on the critical curve of a copolymer without adsorption.
In a second part we consider the case of an homopolymer with adsorption.
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Fig. 1. Phase diagram of the copolymer with the 3 regions £, £, and D introduced in Section 1.5.

1.5. Two particular cases

Influence of a depinning term on the critical curve
We consider here the copolymer model with a deterministic pinning term, i.e., K =0, ylo = 1. Up to now the sensi-
bility of the critical curve A hg(k) to the presence of a pinning or depinning term is only very partially understood.

Effectively, in the case (A, h) € D, one can prove that choosing 8 large enough is sufficient to obtain & < hcﬁ ),
namely to pass from a delocalized regime to a localized regime. It can be done for instance by restricting the compu-
tation of the free energy to the random walk trajectories that come back to the origin every second steps. This leaves
open the question whether a small 8 can transform the critical curve.

The situation does not get easier when (A, h) € L. In this case, it is useful to divide £ into the two regions £
and £, separated by the curve A > k(L) = (3/41) logE(exp(4Aw;/3)) (see Fig. 1). In fact, the localization strategy
displayed in [4] to prove that A(X) < h?.()») is not sensitive to the presence of a depinning term. This strategy consists
in coming back to the origin only to target rare stretches of negative w;. These rare stretches are of length /, and the
energetic contribution of each of them is of order / whereas the depinning term contributes an energy O(1). Thus, for
h <h() (.e., (A, h) € L3), we can not choose 8 < 0 such that & > hcﬂ()\).

The case (A, h) € L is harder to investigate and we must recall that the strict inequality i(A) < hg(ﬂ) is not
rigorously proven for the moment. However, some numerical evidences in [7] show that £ is not an empty set and
contrary to what we just said about D and £, the influence of a depinning term in the region £; is not understood
at all. This leads to the following open problem: for (A, #) € £, namely when A(A) < h < hg(k), can we find a large
enough depinning term B < 0 that leads to a delocalization, i.e., h > hcﬁ n)?

From this point of view, Theorem 1.4 is an improvement in the knowledge of the depinning influence in £;. Indeed,
even if Theorem 1.4 does not directly answer this open problem, it connects it to another problem that may be easier to
solve. Effectively, if one can prove, for example with an exact computation in the Brownian setting, that the continuous
critical curve is sensitive to a depinning term, i.e., K f <K ? for certain 8 < 0, then Theorem 1.4 will entail that the
same B < 0 satisfies h?ﬁ i) = Kf A(1 4 o(1)). This would prove that £ shrinks under the influence of a depinning
term, at least for A small.

The homopolymer with adsorption
By fixing A =1 and w; =0 for i > 1, we can model a homopolymer instead of a copolymer. Effectively, in this case
the polymer only consists of hydrophobic monomers, and its Hamiltonian is given by

N K N

Ry Ai+B Y D v Ls=p (1.12)

i=1 j=—K i=I

This type of model, which we call A-model, with a pinning term at the interface in competition with a repulsion effect
(given here by h ZlN= 1 Ai), has already been investigated in the literature (see [8] or [14]). It has been proven, for
instance, that some properties of the #-model can be extended to the wetting model by letting the parameter % tend
to oo (see [18]).
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The free energy of the #-model is denoted by @ (8, i) and the localization condition is as before: (8, h) € £ when
®(B,h) > h and (B, h) € D when @ (B, h) = h. The critical curve of the h-model, which separates the (&, 8)-plane
into a localized and a delocalized phase, is denoted by «.(8). This curve is increasing, convex and satisfies x.(0) = 0.

At this stage, we must recall that w is assumed to satisfy ]E(wlz) =1 in Theorem 1.4. Therefore, this theorem can
not be applied directly to the A-model. However, the proof of Theorem 1.4, that we give in Section 3, can easily be
extended to the ~-model, so that (1.10) can be restated in this case as

oo ) ~
lim — @ (ap,a’h) =P(BE, h), (1.13)

a—>o0

where @ (8X, h) denotes the free energy of the continuous limit of the z-model. The Hamiltonian of this continuous
limit is given by

t
h/ Ayds +BYL,, (1.14)
0

which is remarkable because the disorder disappears. Thus, we can compute explicitly some quantities related to P.
For instance, we state the following proposition for the case ¥ = 1.

Proposition 1.5. Let B € R and h > 0. Then,

hr B
TRy ifh < B

B, =h ifh=p> and SBh) =
Since h?/(28%) 4+ B2/2 > h when h < 8%, we obtain the continuous critical curve, i.e., k.(8) = 8% for £ =1 (see
Fig. 2).
Thanks to Proposition 1.5 we can give the asymptotic behavior, as 8 tends to 0, of some quantities linked to the
discrete model. For instance, for the general #-model, i.e. with X' not necessarily equal to 1, we can state the equivalent
of (1.11), that is

. ke(B) 2
gl_l‘)rlo ,32 =X (1.15)

Proving (1.15) requires us to restate Theorem 2.3 (introduced below) for the ~-model. This does not present any
further difficulty, that is why we will not give the details here. Notice that the limit 1.15 conforms to our intuition
that a stronger pinning along the interface enlarges the localized area and, consequently, increases the curvature of the
critical curve at the origin. It is also confirmed by the bounds on the critical curve found in [18].

h
' Rel() = B2

D: L:

(3, h)|=h BB h) =45+ 5
. 5

Fig. 2. Phase diagram of the continuous homopolymer with adsorption.
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Still with Proposition 1.5, we can differentiate @ (h, B) with respect to 8 and we find the asymptotic behavior of
the reward average in the weak coupling limit. Indeed, if & < B2, then by convexity of @y in 8 we can state that, a.s.

iny,

h2
li li _Eahw
L D op s VR

j=—K i=1

The same derivative with respect to & gives an approximation, for a small, of the time proportion spent by the polymer
under the interface, i.e.,

ahw[Zz IA:| le_h'

lim lim Ey B N 257

a—0N—o0

1.6. Organization of the paper

In Section 2, we will state and prove some technical results that turn out to be useful in the proof of Theorem 1.4.
More precisely, in Section 2.1, we consider the local time spent by the random walk in a finite layer around the
interface after N steps. We rescale the latter by +/N and we prove its convergence, in terms of exponential moments,
towards the local time spent at the origin by the Brownian motion between times O and 1. In Section 2.3 we introduce
the Theorem 2.3, from which Theorem 1.4 will be deduced. Theorem 2.3 is essentially technical and consists in
comparing the continuous free energy and the discrete free energy when the coupling is weak. Finally, in Section 2.4,
we provide some conditions of finiteness for 4. and }TL

Section 3 is essentially dedicated to the proof of Theorems 1.4 and 2.3. Thus, in Section 3.2 we explain how
Theorem 1.4 is deduced from Theorem 2.3, whereas the rest of Section 3 is dedicated to the proof of Theorem 2.3.

The Appendix is dedicated to the exact computation of @ asserted in Proposition 1.5.

2. Preparation
2.1. Technical lemma

Lemma 2.1. For every K € N and every (f—k, f-k+1,--., fx) in R2XF! the following convergence occurs:

ol ) £

where L(l) is the local time in O of a Brownian motion (B;)s>0 between 0 and 1.

Proof. First, we prove the following intermediate result. For every K € N

K
Jim ——= Z f(])zls j}LéW( Z fj)L?- (2.2)

]——K i=1 j=—K

For simplicity, we only prove that ﬁ(zl{\;l 1(s5.—0}, ZIN=1 1(s5,=1)) converges in law to (LY, L(l)) as N 1 oo. The proof
for 2K + 1 levels is exactly the same. For this convergence in law, we use a result of [19], saying that we can build,
on the same probability space (W, A, P), a simple random walk (S;);>0 and a Brownian motion (B;),>0 such that P
almost surely

lim sup Lj|=0 (2.3)

J
n—00 ; \/_|U
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with U,{ = Z:’:I 1i5,—j) and L;, the local time in x of B between O and n. Equation (2.3) implies that \/LZ(U,? —
LO) and ﬁ(U,} - L,ll) tend a.s. to 0 as n 1 oco. Therefore, the proof of (2.2) will be completed if we show that
f (Ln, L ,ll) converges in law to (LY, L(l)). By the scaling property of Brownian motion, we obtain that, for every n > 1,

(L

" L,ll) has the same law as (LO, L}/ ‘/ﬁ). Thus, since L’l‘ is a.s. continuous in x = 0, we obtain immediately the

a.s. convergence of (LY, L}/ ‘/ﬁ) towards (LY, L(l)). This a.s. convergence implies the convergence in law and (2.2) is
proven.
Since the function exp(x) is continuous, (2.2) gives us the convergence in law of Wy = exp(ﬁ Z;;f x i x

Zf\/: 1 Lis,=j)) to exp((Zfz_ xf j)L(l)) as N 1 oo. The uniform integrability of the sequence (Wy)n>1 will therefore
be sufficient to complete the proof of Lemma 2.1.

We will obtain this uniform integrability if we can prove that supy | E (WI%,) < 0o. By the Holder inequality, it is
sufficient to prove that for every b > 0 and every j € Z we have the inequality

N
b
sup E | exp —E 1(5,=; < 0. 2.4
Nzl ( (VNizl{ ]})>

We let ky = ZlNzl 15,—0y and 7; =inf{n > 1: S, = j}. Thus by the Markov property we can write

(exp(fZI{g ]}>> < E(exp( 1z <N Zl Si=j) )) E(e (b/f)(l+kN)) (2.5)

and it just remains to prove that for every b > 0 the sequence (E[exp(bky/ VN ) n>0 is bounded from above inde-
pendently of N. To that aim, we notice that ky < ko < N and write the obvious inequality

. Wael
E[eXp(%)} < Y V6D p(kyy € [kV2N, (k + DV2N]). 2.6)
k=0

With the help of [9] we can compute an upper bound of P(kay € [kv2N, (kK + 1)4/2N[). Indeed, for every k <
v/ N /2] we obtain

max(|(k+1)v/2N|,N)

(L=1/N)--- (1= (j = D/N)
Pk kvV2N, (k+1)vV2N P(Sy =0 . QT
(kaw € [kV2N, (k+ DV2N]) < ,-:Lkzm Sy =0 ema—o=nan; >

The function x — log(l — x) 4 x is decreasing on [0, 1) and consequently, for every j € {|[kv/2N], ..., max(|[(k +
1)v/2N ], N)}, we have log(1 — j/N) —log(l — j/2N) < —j/2N. Therefore,

(=N (=G =D/N) f—i ex (_1(1—1)><ex (_(k—1)2>
A—1/CN) (= —12N) ~ PNy | TP\ T gy ) =P A

i=1

Moreover | (k 4+ 1)/2N| — |ka/2N] < +/2N + 1 and there exists a constant ¢ > 0 such that P(Soy =0) <c/+/2N
for every N > 1. That is why Eq. (2.7) becomes

12
P(koy € [kV2N, (k+1)m])52cexp(—(k 21) >

This result allows us to rewrite (2.6) as

kan - blk+1) ,—(k—1)2/2
E[exp(b—)]f 2celktD = k=1)7/2
NgARED
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and the r.h.s. of this inequality is the sum of a convergent series. Therefore, the sequence (Wy)n>o is uniformly
integrable and the proof of Lemma 2.1 is completed. O

2.2. Excess free energies

We define the quantities ¥ (8, A, h) = N (B, X, h) — Ah and l17t B, A, h) = 5, (B, A, h) — Ah. They converge respec-
tively to W (B, A, h) = @ (B, A, h) — Ah and ¥ (B, A, h) = B (B, A, h) — Ah, which are called excess free energies of the
polymer. Therefore, to decide whether the polymer is localized or not, it suffices to compare ¥ or ¥ with 0. Moreover,
since ZlN:l (w; +h) =hN +0o(N) when N 1 oo, P-a.s., we can subtract this quantity from the Hamiltonian (1.1) and
associate ¥y with

Nﬂ“_—z,\Z(w,+h)A + B Z Zyl 15—}

j=—K i=1

with A; = 1if A; = —1 and A; = 0 otherwise. Similarly, l1~/, (B, A, h) is associated with
~ t
HE, = —n/O 13, <0)(dRs + hds) + BLY,
and ¥ and ¥ are continuous, separately convex and non-increasing in 4. Moreover v is non-decreasing in f.

2.3. Technical theorem

Remark 2.2. Stating Theorem 2.3 requires a slight modification of the Hamiltonian. In fact, let (81, B2) € R? and
define

h={je(-K,....K}: E(y{)>0} and L={je{-K,....,K}: E(y]) <0}

Then, ifIE(ylj) #0 forevery j e {—K, ..., K}, we define

Nﬁlﬂw—ﬂlzzy I(s5,= }+ﬂzzzy Iis5,= }+A2<wl+h>A (2.8)

jely i=l1 jeh i=l1

The associated free energy W (1, B2, A, h) is defined as in Proposition 1.1, and satisfies ¥ (B8, A, h) =¥ (B, B, A, h).
Thus, in what follows, we will use the notation W (B1, B2, A, h) if B1 # B2, otherwise we will use W (B, A, h). We let
T=X+Z,withZ1 =3, E(y{) and =3, E(y]).

Theorem 2.3. Suppose E(ylj) £0forevery je{—K,...,K}.If B #0, B2 #0, and (i1, 12) € R? satisfy
w1 > P12+ P22y > o,
and p > 0,h >0, >0, 1> 0 satisfy (1 + p)h' < h, then there exists ag > 0 such that for every a < ag
1 ~
¥ (@pi.app, ak,ah) = (1 + )W (i1, A, ')

~ 1
T (a2 0o ) = LW (apy, app, an, ak). 2.9)
a
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2.4. Conditions of finiteness for h. and he

One particular discrete model
We give here some more details about one particular case, namely K = 0 and )/10 = 1. Welet ¢ () = log(E(exp(Awy)).
The Jensen’s inequality allows us to write

N

1 ol
(B2 h) < lim —logE |:exp (Z(;(—zx) —2Ah) A +BY 1{3,.:0}”. (2.10)

i=1 i=1

The limit in the right-hand side of (2.10) is computed in [17] and is equal to O for & large enough, as long as 8 < log 2.
This means that hf (A) < oo for B < log?2. In the same spirit we can let & tend to oo and write the lower bound

N

) 1

(B, A h)> ngnoo ~ logE [CXP (ﬂ 21: 1{5,-_0}> 15,0 vie(t,..., N}}:| . (2.11)
1=

The r.h.s. of (2.11) is strictly positive for 8 > log2, and therefore h? (L) = 0o when 8 > log2.

The continuous case
In the continuous case we can assert the following general result.

Proposition 2.4. For every € R we have Kf < 00. As a consequence, for every B € R and ). > 0 we have
7B
he (A) < oo.

The proof of this proposition involves the discrete case mentioned above and the Theorem 2.3.

3. Proof of theorems and propositions

3.1. Proof of Proposition 2.4

In this section we assume that Theorem 2.3 is satisfied. Since § — Kf is non-decreasing in §, the proof of Proposi-

tion 2.4 will be completed if we can show that K, f < oo forall B > 0. Therefore, we let 8 > 0 and for any & > 0, we let

N N
o1
T(B,h)= lim —logE [exp(—zh ; Ai+B ; 1{5,:0})}. (3.1)

It is proven in [17] that Y (8, h) > 0 when h < k.(B) and T (B8, h) =0 when h > «.(B). The critical value is also
computed in [17], i.e.,

1
Ke(B) = —(Z)log(l —4(1 —exp(=B))). (3.2)

We recall the particular discrete case introduced in Section 1.3, namely K = 0 and ylo = 1. We assume also that w;
is a Bernoulli trial taking the values 1 and —1 with probability 1/2. We let 8 > 0, & > 0 and we can apply the second
inequality of Theorem 2.3 to this particular discrete model with the parameters p = 1/2, up = 8, f1 = f2 =28 and
h'=h/2.Since ¥} = 1 and ¥, = 0 in this case we obtain for ¢ small enough

T(B1,h) < 1+21/2‘1’<2aﬁ,a,aﬁ>. (33)
a 2

Moreover, Eq. (2.10) gives ¥ (2aB, a,ah/2) < T (2ap, —¢(—2a)/2 + a*h/2). Eq. (3.2) gives k.(2aB) = 4a*B* +

o(a?) whereas —¢(—2a)/2 + azh/2 =a%(h — 2)/2 + o(a?). Therefore, by choosing / large enough and a small

enough we have that the r.h.s. of (3.3) is equal to 0. This shows that Kf < oo for all B > 0 and the proof of Proposi-

tion 2.4 is completed.
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3.2. Proof of Theorem 1.4

Part 1: proof of the convergence (1.10)
In this section, we prove that the convergence (1.10) is a consequence of Theorem 2.3. This proof is divided into
3 steps. In the first step, we show that (1.10) is satisfied when A > 0, 2 > 0, 8 # 0 and every pinning reward ylj has
a non zero average. In the second step, we prove that the result can be extended to the case in which some ylj have a
zero average and consequently to the case 8 = 0. Finally, in the last step, we will consider the case & = 0. We recall
that proving (1.10) with @ and @ or ¥ and ¥ is completely equivalent.

Step 1. First, we consider the case A > 0, h > 0, 8 # 0 and E(ylj) # 0 for every j € {—K, ..., K}. We can apply
the first inequality of Theorem 2.3 with the parameters p = 1/n, i’ = h/(1 + 1/n)?, 1 = po = B and pu(v) =
BX1+BXr 4+ 1/v (nand v e N — {0}). It gives, for every integer n and v strictly positive, that

1 1 h
hznjgp zlll(a,B ai,ah) < (l—i— ) (m(v) A, m) (3.4

At this stage, we let successively n and v tend to oo, and, by continuity of ¥ in h and B we obtain limsup,_, 1 Ja® x
Y(aB,akr,ah) < (BX, X, h). The lower bound is proven with the second inequality of Theorem 2.3. Indeed, if we
choose w2 (v) = X1 + BX> — 1 /v and keep the other notations, we obtain

- 1\? 1 1
ll/(uz(v), A, h(l + —> ) < <1 + —) liminf—zdf(aﬂ, ak,ah). (3.5)
n n a—0 a

We let n 1 0o, and after, we let v 1 oco. In that way, we can conclude that lim,_, ¢ l/azllf(aﬂ, ak,ah) = l1~/(,32, A h)
which implies (1.10).

Step 2. We prove the convergence (1.10) when A > 0, h > 0, g # 0 and there exists j € {—K, ..., K} such that
IE()/1 ) = 0. For that, we choose 1 > 0 and small enough, such that, ]E(y[ + n) #0 forevery j € {—K, ..., K}. With
these new variables we can use the result of Step 1 with X', = X' + (2K + 1)u. Since the free energy lI/ associated

with the variables yl.j + p is larger than ¥, we obtain

1 1
limsup — lll(a,B ak,ah) < hm —lI/ (aB, akr,ah) = (/3(2 + 2K + l)u),k,h).
a—0 a

As ¥ is continuous in B, we let u | 0 and write limsup,,_, l/azlll(aﬂ, ak,ah) < li(,BZ‘, X, h). Thus, it suffices to
do the same computation with —u < 0, and we obtain the other inequality, i.e.,

1 ~ ~
liminf =¥ (af, ar, ah) > lim U(B(Z — 2K +Du), A, h) =W (BE, A, h).
a—0 a u—0

Therefore, we can say that lim,_, ¢ al—zlll(a,B, ai,ah) = G/(ﬂZ‘, Ah).

As a consequence, (1.10) is satisfied when the variables yij are all equal to 0. Therefore, it is also satisfied when

B=0. _
Step 3. It remains to prove (1.10) when & = 0. Since ¥ and ¥ are non-increasing in 4, (1.10) with A >0, 7 > 0
and B € R (proven in Step 2) implies

1 1 ~
liminf =¥ (ap, ar,0) > liminf =¥ (ap, ak,ah) =W (BX, A, h).
a—0 a a—0 a
We let 2 | 0 and by continuity of ¥ in h we obtain

1 1 ~ ~
liminf — @ (aB, ax, 0) = liminf — ¥ (aB, ar,0) > U (BZ, 1,0) = B(BX, A, 0).
a—0 a? a—0 a?
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To prove the opposite inequality, we just notice that @ is non-decreasing in /. Effectively

N
A
= E[E}G:?Lh (ﬁ ZA,)}, (3.6)
(B:2,0) i=1

and by symmetry of the laws of the random walk and of the variables {w;};=12

0Py
oh

, we can transform w; in —w;, and

yeee

(A1,..., AN) in (—Aq, ..., —Ay), without changing (3.6). It gives
0Dy _ 0Dy
h 1.0 h 150y

Therefore, this derivative is equal to 0 and since @y is convex in h, @y is non-decreasing in 4. Then, the
convergence of @y to & implies that @ is also non-decreasing in h. The Step 2 gives, for h > 0, that
limsup,_, a%d)(aﬁ,a)\,ah) < @(BX, 1, h). Since @ is non-decreasing in h, the former inequality implies,

limsup,_, ¢ alzq)(aﬂ, axr,0) < 5(/32, A, h). Then we let i |, 0 and the proof of the convergence (1.10) is completed.

Part 2: proof of the convergence (1.11)
In this section, we assume that Theorem 2.3 is satisfied. We consider g # 0. We prove the convergence (1.11) by
applying Theorem 2.3 with particular parameters. However we have to take into account the fact that there may exist

j €{—K,..., K} such that E(y{) = 0. Therefore, as we did in Step 2 of the proof of (1.10) we consider u > 0
small enough, such that, E(yij + u) # 0 and ]E(yij — ) #0 forevery j € {—K,..., K}. Then, we use the result of

Theorem 2.3 with the variables yi] +ufori>1and j e {-K,..., K}. We denote by ¥, the associated excess free
energy and we let X, = ¥ + (2K + 1)u. Then we denote p = 1/n, 1 = BX, +1/n,h= (1 +2/m) K", h' = K!"',
B1 = P2 =P, and L = 1. For a small enough, the first inequality of Theorem 2.3 gives

1 2 T+l 1\~ 1 41
;%(aﬂ,a,a(lwt;)l(f " /”)5<1+;>w(ﬂ2u+;,l,l(f " /">. (3.7)

By definition of KC(.'), the right-hand side of (3.7) is equal to zero. Moreover ¥ < ¥, for u > 0. Therefore, we have
the inequality limsupaﬁoohfﬁ(a)/a <1+ 2/n)Kf2"+]/n. Then, we let n 1 oo and p | 0 and since x — K} is
continuous in 8%, the former inequality becomes limsup,_, , h?ﬁ (a)/a < Kf ¥ 1t remains to prove the opposite

inequality. To that aim, we apply the second inequality of Theorem 2.3 with the variables yij —p fori > 1 and
j €{—K,..., K} and with the parameters p = 1/n, up = BE_, —1/n,h = K> —1/n, ' = (K!'* =2/n)/(1+1/n),
B1 = B2 =P, and A = 1. For a small enough we obtain

~ 1 BE_,—1/n 1 1+1/n a BE_—1/n 2
lp(ﬁz—u_;,lch ! ——>§ a2 You aﬂﬂ,m K. " -——=1) (3.8)

n n

Therefore, since the Lh.s. of (3.8) is strictly positive and since ¢ > y_,, for all u > 0, we can write the inequality
liminfy oo 1% (@) /a = (KE> 7" —2/u)/(1 + 1/n). Finally, by continuity of x > K around X, we let n 1 00
and u | 0 and it completes the proof of (1.11). _

As in the Step 2 of the proof of (1.10), the case y/ =0foralli>1andall j € {—K,..., K} gives us directly
(1.11) in the case 8 = 0.

3.3. Proof of Theorem 2.3

Remark 3.1. We will only consider in this proof the case 1 > 0 and B, > 0. Indeed, if for instance By <0, we
transform all the variables (yl-j){izl,jeh} into (_Vi]){izl,jeh} and we take — B instead of B .

First, we define a relation (previously introduced in [6]), which is very useful to carry out the proof.
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Definition 3.2. Let f; . s(a,h, p1, B2) and g;.cs(a, h, B1, B2) be real-valued functions. The relation < g occurs if
for every B3 > B1, B2 > B4, p > 0, and h > h' > 0 satisfying (1 + p)h’ < h, there exists 8y such that for 0 < 8 < &
there exists £y(8) such that for 0 < & < gq there exists ag(e, §) satisfying

lim sup ft,s,g(a, h, ﬂ], ﬂ2) — (1 + p)gt(1+p)2,s(1+p)2,6(1+p)2 (Cl(l + p), l’l/, ﬂ?,, ﬂ4) < 0 forO <a<ap. (39)
t—0o0
In this proof we consider some functions of the form

1
Fres(a,h, B, B2) = E[; log E (exp(aHy e 5(a, h, Bi, ﬂz)))],

and we denote

o F! s h, B, B2)=5W 2 (aPi,ap, a, ah)

o F/ s h.pr.p) =Y (B 21+ P22 1. h).

The proof of (2.9) will consist in showing that F 1 « F7 and F7 « F! (denoted by F I~ F7). To that aim, we will
create the intermediate functions F3, ..., Fg associated with slight modifications of the Hamiltonian to transform, step
by step, the discrete Hamiltonian into the continuous one. As the relation ~ is transitive, we will prove at every step
that F! ~ F'*1 to conclude finally that F! ~ F7.

3.4. Scheme of the proof

To show that F! <« Fit! we let H' = H' + H' and, by the Holder inequality, we can bound F' from above as
follows

Ft"’w(a, h,B) < E[logE(exp(a(l + ,O)HI))] + [logE(exp(a(l + ,O_I)H”))].

—  _E
rd+p) t(1+p7h

Thus, if we choose H! = H'*t1

t(140)2,e(140)2,8(1+p)2 (d(l + ,0), h/, /33, ﬂ4), we obtain

Fli,s,(S(aﬂ hv ﬂl’ ,32) - (1 + 'O)Ftia-li—p)z,s(l+p)2,5(l+p)2 (a(l + p)v h’/v 1335 134)

—1\ gl
< mE[logE(Cxp(a(l +p )H ))]

Then, it suffices to prove that limsup,_, ., 1/¢1og EE (exp(a(1 + p~')H'"))) <0 for a, & and § small enough.

We can assume without problem that €/a?, §/¢ and ¢/8 are all integers. In this way we avoid the brackets in the
formulas.

3.5. Step 1

The first Hamiltonian that we consider in this proof is given by

t/a® t/a? t/a®
HY @ h, B ) ==23 Aiwi+ah)+ 1Y > v/ ls=p+ B2y > v Ls=j.
i=1 jel i=1 jehi=1

with A, =1if A;=—1land A; =0if A; = 1.

We define some notation to build the intermediate Hamiltonians (see Fig. 3).
e 00=0,iy =0and i}, =inf{n > oye/a’ +5§/a*: S, =0},
o m=inflk > 1: i} >t/a’},
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Fig. 3. Example of construction of (0% )ke(1,...,m} and (ig)ke(1,...,m) for one particular trajectory of the polymer.

o iy =i fork <m and iy, =t/a?,
o opr1 =inf{n > 0: ixy1 €1(n — 1)e/a?, ne/a?]},
o I =](Uk,1)8/a2, oka/az] nJo, t/az], Sk+1 =Sign Aj 1.

We define the first transformation of the Hamiltonian

m t/a?
) _ . .
H,(’g)’(;(a, h, B1, B2) = _zzsk[z w; +a/’l|[k|:| + 2,31 Z )/ijl{si:j} + B2 Z J/ijl{sl.:j}
k=1 iely i=l jel JeD

and we want to show that F; < F». To that aim, we denote

t/a® m
H" = —ZZAi(wi + ah) +2Zsk Z w; +a(l + p)h’|7k|>

i=1 k=1 iely
t/a* ) t/a? )
H B =B DD v Ls=iy+ Ba— B Y. Y ¥ Lisi=i (3.10)
jely i=1 jeh i=1

and it remains to prove that limsup,_, ., % log EE(exp(a(l + ,0_1)H Iy < 0. We integrate over the disorder y and the
third and forth terms of the right-hand side of (3.10) give some contributions of the form

t/a? -
exp(Z ZlogE[exp((ﬂp - ,32+p)61(1 + pfl))/i])] 1{5,-—;}) for p=1and p=2.

jely i=1

Since E(exp(Mylj |)) < oo for every j € {—K,...,K} and A > 0, we can write a first-order Taylor expansion of
log E(exp(Aaylj)) when a | 0. It gives

log E(exp(Aay{)) = AaE(y/) + o(a). (3.11)

We assume in this proof that E(ylj )# 0 forevery j € {—K, ..., K} (see the assumptions of Theorem 2.3) and there-

fore {—K,...,K}=11 UI,. Forevery i € I, E(ylj) > 0, and B; — B3 < 0. Thus, by (3.11), we obtain, for a small
enough, that

t/a2

> logE((B1 — B3)a(l+p ")y Yys=jy <0. (3.12)

jely i=1
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The sum over I, satisfies the same inequality for a small enough because 8> — 84 > 0 and ]E(yj ) <0 when j € I».

Therefore, we can remove the third and fourth terms of H'/ in (3.10) and by rewriting )" t/a Toas ) ila? D icl,» We
can rewrite H'! as

mt/a2 mt/a2 mt/a2
T==23" > wiAi —s0) = 2a(l+p)h' Y Y (A —si) —2a(h— A+ p)h') Y " A
k=1 iely k=1 il k=1 iely

Thus, we integrate over the disorder w which is independent of the random walk. But, since E(w;) = 0 and
E(exp(Alwi])) < oo for every A > 0, a second-order expansion gives that for every ¢ € R there exists A > 0 such
that for a small enough

log E(exp(caw; (A; — sx))) < Aa*|A; — skl (3.13)

Finally, we have to prove, for A > 0 and B > 0 and for §, €, a small in the sense of Definition 3.2, that

l/a t/a
hmsup—logE|:exp(Aa2 D) sk — Al — Ba* ) 4, )} 0. (3.14)

k=1 jeT, i=1

This is explicitly proven in [6] (p. 1355), and completes the Step 1 because the proof of F, « F is very similar and
consists essentially in showing (3.14).

3.6. Step 2

In this step we aim at transforming the disorder w into a sequence (w;);> of independent random variables of
law Np, 1. To that aim, we use a coupling method developed in [21] to define on the same probability space and for
every j € N\ {0} the variables (wi);c((j—1)e/a2+1,..., je/a?} @nd some independent variables of law N, 1, denoted by
(Wi)je((j—1)e/a?+1,..., je a?}» SUch that for every p > 2 and x > 0

je/a®
o (Ap)Pe p
]P’( Z w; — W; zx) < ) E(wl). (3.15)
i=(j—1)e/a%+1

These constructions are made independently on all blocs {(j — 1)e/a®> 4+ 1, ..., je/a*}. Thus, we can form the third
Hamiltonian as follows

t/a?
HY (a.h ﬂl,m)——zZsk[Zw,+ah|1k|}+2ﬂ1Zy, Ls—jy+ B2 > v Lisi=jy-

k=1 ielg i=l jeh jeh
To prove that F? < F3, we need the Hamiltonian H". It takes the value
)
H" = H2 @, h, B B = HY) oy s (@001 B3, Ba). (3.16)

As in Step 1 (see (3.12)) we delete the two pinning terms in H! and it is sufficient to consider

—2Zsk2<wl—w,>+zazsk — (L+ p)h) [T

k=1 iely

m ok (j-‘:-l)s/a2 c
ssz( RIS w,-—wi—(h—umh/);).

k=1 Jj=or—1+li=je/a?+1
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We want to prove that limsup,_, o, 1/t log EE (exp(a(l + p~')H)) < 0. By independence of (w, %) on each blocs

{(j—De/a*>+1,..., je/a?}, it suffices to show that for every C > 0 and B > 0

e/a

2
E|:exp(Ca
i=1

E wj ——Ibi

— Be>:| <1 for ¢ and a small enough.

We prove this point as follows,

E|:exp (Ca

By using (3.15) and the fact that E(w'f) < R¥, we obtain that for every j and k > 1

o

We consider (3.18) with N =5, and we use (3.19) to obtain

CJag T k
E[exp(Ca )} <e¥CVae 4 T Z(gmM) ,
a &

k=5
Therefore, for ¢ > 0 fixed, there exists K (g, a) > 0 which tends to zero when a tends to zero, and satisfies

E|:exp (Ca

This implies (3.17), and completes the Step 2 because the proof of F3 « F? is exactly the same.

e/a®

E w; — lbi

i=1

e/a®

E w; — W;

i=1

):| < ZeCa(k+l)a/«/—P<

k=N

>k— CNﬁS.
Ja

je/a?

| ke AR Ja)k
2w 2%) gLt
i=(j—1e/a+1

e/a?

E wj ——Ibi

i=1

e/a?

E wj ——Ibi

i=1

)} < (1+ K (s, )V,

3.7. Step 3

(3.17)

(3.18)

(3.19)

In this step, we make a link between the discrete and the continuous models. For that, we take into account the number
of returns to the origin of the random walk, and the local time of the Brownian motion. We define, independently of
the random walk, an i.i.d. sequence (l’f )i>0 of local times spent in 0 by a Brownian motion between 0 and 1. The law

of this sequence is denoted by x. Then, we build the new Hamiltonian

m m
. - (B1Z1 + P2 Z)V8
Ht(,t),s(a,h,ﬂl,ﬂz)z—Zzsk Zwi+ah|1k|>+ Pr2 52 2 Zl{c

k=1 Niel, k=1

(3.20)

As usual, to prove that F3 <« F4, we consider H in which we can already remove the term —2a(h — (1 +

p)h) kazl sk | Tx | because it is negative. Therefore we can bound H I from above as follows

PonF T s PR S BB
k=1

k=1 jelji=ip_1+1 k=1 jelp i=iy_1+1

To prove that limsup,_, , +log EpgyE(exp(a(l + p~1)H)) < 0, we first apply the Holder inequality (with the
coefficients p = g = 2), and then we integrate over the disorder y. Therefore, it remains to prove for x = 1 and 2
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that

hm sup - log Epgy |:exp<z Z Z log E(exp(2aB:(1+ p~ )yij))l{si:j}

k=1 jel, i=i}_1+1
—2B2V8 2 (1 +,0_1)llf):| <0. (3.21)

For simplicity, in what follows we will use E instead of Epg,. We begin with the proof of (3.21) in the case x = 1.
To that aim, we recall (3.11), that gives

logIE(exp(Zaﬂ] (1 + ,o_l)yij)) = 2]E()/1j)a,31 (1 + ,0_1) + o(a). (3.22)

Therefore, we can choose B” such that f; < B” < B3 and a small enough to obtain for every j € I; the in-

equality log E(exp(2aB; (1 + p’l)y[ ) <2aB”(1 + ,o’l)IE(y1 ). Finally, since IE()/1 ) > 0 for every j, we can re-
place (ix)kefl,...my by (if)kef1,...m}y (see the notation at the beginning of Step 1), and it remains to prove that for
B>A>0

m . iy
limsup — ! logE[exp(Z (Aa Z E(ylj) Z 1i5=jy — BJE):J’;))} <0. (3.23)

oo k=1\  jer i=iy_ +1

For simplicity, we will use the notation E(ylj ) = f(j), and consequently X; = ) jen f(j). For every N,

we build a new filtration, i.e., Fy = (T(Al'xl U a(l',...,l{v)) with Ay = o(Xy,..., Xy) and the random vari-
able

exp(Ypy Aa Yoy, F(DEv e il + 1if}: Sy=j} — BVEZ1 Y 0n, 1)
uNE(exp(Aa Y jc;, f()El €10, (8 +e)/a?): S; = j} — BVEZ)N

N =

where u is a constant > 1. We will precise the value of u later, to make sure that My is a positive super-martingale
with respect to (Fn)n>0. To that aim, for every j € {—K,..., K} we introduce P]{, =t{u e {iy_, + Ligh
Sy = j}, and we define the new filtration (Gny)n>1 by Gy—1 = o (Fy_1 U O—(Xl'x,_]'f‘]’""XiX]71+(8+8)/a2’l{V))'
Then, we consider the quantity E(My|Fy—1) and by independence of the random walk excursions out of the origin
we obtain

W E@exp(Aa Yy, f()Ph — BVEEIY) Fy 1)

EMy|Fn—1) =My— .
e b (A0 X, 1) 31 €10 G+ )/ S = 1 — BVAZIIL)

(3.24)

We define ty = inf{i > iy _, +( + )/a’*: S; = 0} and notice that 1y > iy (see Fig. 4 for an example in which
IN > llv\,)
Therefore, we can write P,{, < B{ Nt Bg N with

8+
BfN—{UE{iXI—HLl» ot 8} Sv=j} and
. d+e .
BéN—{UE{llvv_l-f-a—z‘f‘l,-n,tN}: Sv:]}~ (3.25)

We denote by C the quantity E[exp(Aa Zjell f(j)P,{, — BﬁEll{V)lFN_l]. Thus, since B{  1s measurable with
respect to Gy—_1 and since Fy_; C Gy—1 we can write

c< E[exp(Aa > FG)B - BJSEII{V)E[exp<Aa 3 f(j)B-z"N> ‘GN_I} )FN_I}.

jeh jeh
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§/a® +¢e/a?
LN iN In
° : ° ° '/ 5 ’/
on_1€/a® —€/a® on_1€/a? on_1€/a® + §/a?

Fig. 4. Example of 1y > i}.

We recall that Ay =0 (X1,..., Xx) and welet T = E(exp(Aa Zjell f(j)B{ NG N—1). The fact that the local times

at, ..., {V ) are independent of the random walk allows us to write the equality 7" = E(exp(Aa ) _ jel f@ )Bi Il

Aiﬁm +(5+¢)/a2)- The strong Markov property can be applied here. In fact, if (Vy,)n>0 is a simple random walk with

Vo= Si]l\»,_l+(5+£)/az, and if s =inf{n > 1: V,, = 0}, we can write
T = Ev[exp(Aa dorGeliell, . sk v =j}>:|.
Jjeh

Thus, if we denote f =max;¢y, {f;}, we can bound 7" from above as

Y <Ey[exp(Aaftfi€(1,....5}: Vie{—K,...,K}})] (3.26)

1
respect to the starting point, therefore we can consider that V is a reflected random walk. That is why it suffices to

bound from above the quantities W (x, a) = E(exp(Aaff{i € {1,...,s}: |Vi| €{0,..., K}})) with x € N. Moreover,
the Markov property implies that W (x,a) = W (K, a) for every x > K, and W(x,a) < W(K,a) if x < K because
the random walk starting in K touches necessarily in x before reaching 0. Therefore, we can write an upper bound of
C,ie.,

We want to find an upper bound of 7" independent of the starting point S;,, | | (54¢)/42- The r.h.s. of (3.26) is even with

C< E[exp(Aa > FG)B - Bﬁzllfv) ’FN_l}W(K, a),

jeh

and since the excursion of a random walk is independent we can assert that B{ w is independent of F_. Hence,

E|:exp<Aa > FG)B] - B«/glllfv> ‘FN1:|

Jjeh

8
- E[exp(Aa 3 f(j)tt{i c {o, #} S; :j} _BVsx, l{Vﬂ,
a
J€h
and (3.24) becomes E(My|Fn-1) < My_1W(K,a)/u. But W(K, a) tends to 1 as a | 0 and becomes smaller than
w for a small enough. That is why for a small enough (My) >0 is a super-martingale. Since the stopping time 1, ;>

is bounded from above by 7/a?, we can apply a stopping time theorem and say that E(M,,) < E(M;) < 1. Then, to
complete the proof of (3.23), it suffices to show that, for §, ¢, a small enough the quantity V; . ,, defined in (3.27), is
smaller than 1.

. 5+ .
Vs.o :,uE|:exp<AaZf(])ﬂ{l c {o, a—zg} S; =]} —B«/Sz‘ll})] (3.27)

Jjeh
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We recall that the random walk and the local time [ ]1 are independent. Therefore,

Vsoa= uE[exp(Aa > f(j)j:t{i € {0, (Sa#} S; = j}>i|E[exp(—B«/521111)].

Jjeh
By Lemma 2.1, we know that

lim Vs .q = nE[exp(AvE + e Z11{) | E[exp(~BVo 211}
a—

Since X1 is fixed, it enters in the constants A and B without changing the fact that B > A. For every x in R we denote
f(x) = E(exp(xl})). The law of ] is known (see [20]), and the derivative of f in O satisfies f'(0) = E(]) > 0.
Therefore, a first-order development of f gives f(Av/S +¢) =1+ f/(0)AV/S +&+ 0(v/§ +¢) and f(—B+/3) =
1 — f/(0)BV/$§ + 0(+/3). If we take & < 82, we obtain

F(AVE+e) f(—BV38) < 1+ f(OVS(AVT+38 — B) +0o(3). (3.28)

Since B > A, the right-hand side of (3.28) is strictly smaller than 1 for § small enough. For such a §, for ¢ < 82 and
for > 1 but small enough we obtain lim,—o V5.4 < 1. As a consequence, for @ small enough, V5., < 1. This
completes the proof of (3.23), and therefore, the proof of (3.21) for x = 1.

The proof of (3.21) for x = 2, is easier than the former one. Indeed, ]E(yl.] ) < 0 for every j € I», and therefore, if
we choose B” such that 8y > B” > Ba, the first-order development of (3.11) gives, for a small enough,

log E[exp(2aB2 (1 + ,O_I)Vij)] <2ap"(1+ p_l)]E(Vlj)'

By following the scheme of the former proof (for x = 1), we notice that it suffices to replace {u € {i;_, +1,i;}:
Su=jtbylueliy_, +1,i{_, + @+ €)/a*}: S, = j} in the definition of My. Moreover, there is no need to
introduce p > 1 in the definition of My, which is in this case a positive martingale. The rest of the proof is similar to
the case x = 1.

The proof of F4 < F3 is almost the same, we just exchange the role of 81, 82 and B3, B4 in the definition of H I,
Consequently, the role of A and —B in (3.23) are also exchanged, and, as in the former proof, Lemma 2.1 implies the
result.

3.8. Step 4

We notice that the quantities m, o1, 02, ..., Oy, 1, 52, - . ., Sy, can also be defined for a Brownian motion on the interval
[0, 7]. In fact, we denote og = 0, z9 = 0, and recursively zx4+| = inf{s > oxe + 8: By = 0} while oy is the unique
integer satisfying zx4+1 € ((0k+1 — 1)¢, ok+1€] and sx41 = 1 if the excursion ending in zx41 is in the lower half-plan,
Sk+1 = 0 otherwise. Finally, we let m; = inf{k > 1: z; > t} and z,,, = ¢. At this stage, we want to transform the random
walk that gives the possible trajectories of the polymer into a Brownian motion. For that (as in [6]), we deilote by Q the
measure of (m,/az, 01,02, ...,0m,51,582,...,8y,) associated with the random walk on [0, t/az] and by Q the measure
of (m;, 01,02, ...,0m,81,5,...,5n) gssociated with the Brownian motion on [0, #].

As proven in [6] (p. 1362) Q and Q are absolutely continuous and their Radon—Nikodym derivative satisfies that
there exists a constant K ; ¢.5 > 0 such that for every 6 > 0

. dQ m
lim 1 K/ .s=0 and (1-K)"<—=<(1+K)". 3.29
limlimsup K ;=0 and (1 - K')" < 95 < (1+K) (3.29)
We recall that x is the law of the local times (/ 11, lf, e, 1’1"), which are independent of the random walk and con-

sequently of Q. Moreover, [I¢] = (0x — ok—1)e /az. Hence, Eq. (3.20) gives that a - Hz(,t), s(a, h, B) depends only on
(m,/az, 01,02, ...,0m,51,52,...,5,) and (ll, l%, e, l{”). That is why we can write

1
Fl sa,h, B, po) = E[; log Eyeo[exp(aH? s(a. h, ﬂ))]}-
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At this stage, we define F5 by replacing the random walk by a Brownian motion, namely by integrating over x ® 0
instead of x ® Q. We define

1 do
HY (@, h, 1. p2) = H(a, h, ﬂl,ﬂz)-l-—log(dg)

and therefore,
5 aHY @ pr.po) 1 aH® (a,h,B1.B2)
F sa h, B, p2) =E 10gEX®Q[ res @PLPD T =B ;logEX@)Q[e res (@IPLPDT

Now, we aim at proving that F’ 4 « F5. To that aim, we calculate H” i.e.,

(C)) (%) /
H Htga(aa hvﬂlvﬂz) Ht(1+p)2 8(1+,0)2 8(1+p)2(a(1+10)7hs/337ﬁ4)

2 /
= ——(h =1+ p)l) Zsk(ak —ok-1)e

k=1
" 1 dQ
_BX — B1)X2) ————log
+((B1 = BIZ1 + (B — P ) kZ TSR]
2 N o
S—;(h—(1+p)h)zsk(0k—0'k—l)5_a(1+p)l a0

k=1

We do not give the details of the end of this step because it is done in [6] (pp. 1361-1362). To prove that F5 < Fi, we
consider the density dQ/dQ in H, and (3.29) can also be applied. It completes the Step 4.

3.9. Step 5

From now on, we integrate over y ® é in F3 and consequently the term log(dé /dQ) does not appear in H®
any more. Ill this step, transform the local times (ll, e, lll‘, ...) into the local times of the Brownian motion that
determines Q. We recall that L, is the local time spent at 0 by (B;)s>0 between the times 0 and .

But before, we define (R;)s>0 a Brownian motion, independent of B, and we emphasize the fact that, for every
ke{l,...,m},

~ D -
azw=%fw%€md&w=m—%m. (3.30)
il
Then, we can rewrite the fifth Hamiltonian as

mi

2
H) 5@ h. pr.po) =~ Z[sk(Rakg — Roy_ye + h(0x — 0x_1)€) —
k=1

) X
éL%ﬁlﬁﬂ. (3.31)
We define the sixth Hamiltonian as,

mi

2
Q5@ h. i p) = == [sk(Roye = Roy e + hlox — o-)e) | +
k=1

B1X1+ B X
Ut S by
a

At this stage, we notice that F> and F® do not depend on a anymore. Hence, to simplify the following steps, we
transform a bit the general scheme of the proof. In fact, from now on, we will denote, for i =5, 6 or 7,

, ~[1 .
Ffos5(h, B, 2) = E[; log Eg[exp(H, . 5(h, B, ﬁz))]} (3.32)
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with Hl e.s(h, B1, B2) =aH, L. é(h B1, B2). Therefore, to prove that F' <« F/ we use

/i i J
H" = Ht,s,é(hf :31’ ﬂ2) - 1 +pHt(1+p)2,€(l+p)2,5(l+p)2(h/’ ,837 ,34), (333)
and we show that limsup,_, ., 1/t log IEE(exp((l +p~HHM) <0.
We want to prove that F> < FO but, by the scaling property of Brownian motion, it is not difficult to show that for
i=S5o0rb6
E;(l+p)2,£(l+p)2,8(l+p)2(h’ Bi.B) = 1+ p)H, . s((1+ p)h, B1. B2). (3.34)

Therefore, by (3.33), we can write H = H; 5(h B, B2) — 18’5((1 + 0)l', B3, Bs). Thus, since (1 + p)hi’ < h and
— Y iy sk(ox — ox—1)e < 0, we obtain

T<pz 8211 ﬂgzlth—Lv +B3Z1(Liss — L)

m m
+BIVE Y I = BaZa ) Ly Lo,
k=1 k=1

with z’jf =z, for every j <m and z;, =inf{t > 0,,_1& + §: B, = 0}. Finally, by the Holder inequality, it suffices to
prove, for B > A, that

m

llmsup—logE[exp(AZ\/_lk B Ly — Lzzl>:| <0, (3.35)
= k=1 k=1

1 m m
hmsup—logE|:exp<AZL —Ly —BZJEZ{‘)} <0 (3.36)
=00 k=1 k=1

and

1
lim sup —logE[exp(B(L,.Hs t))] =0. (3.37)
11— 00

We denote by C; the first time of return to the origin after time ¢. Proving (3.37) is immediate because C; is a stopping
time with respect to the natural filtration of B, we can therefore apply the strong Markov property to obtain, for every
u € [t,t + 8], the equality E(exp(B(L;+s — Ly,))|C; =u) = E[exp(BL4+s—y)]. Thus, we can write

t+6
E[exp(B(Li+s — L1))] = / E[exp(BLy+s5-u)]dC;(u) < E[exp(BLs)]. (3.38)
t

This implies (3.37), and it remains to prove (3.35) and (3.36). We define a new filtration, Fy = o (0 ((By)s<zy,) U

oll,..., lf’ )). We notice that (z},)n>0 is a sequence of increasing stopping times, and consequently, Fy is an in-
creasing filtration. We denote by My the quantity

exp(A Y0y VIf =BY3L Ly — Ly )
Elexp(—BLs + AVSIHIN

= (3.39)

which is a super-martingale with respect to Fy. Effectively, L and (l]f)kzl are independent, (Ly — Lz )s>?, is in-
dependent of Fy (because By =0) and LZ}»V+l — Lz, = L3 45 — Lyy,. Thus, since E(exp(—B(Lz, 15 — Lz2))) =
E(exp(—B(Ls))), we obtain E(My1|Fn) < My.Moreover, m; is a stopping time with respect to Fy and is bounded
from above by #/§. Therefore, to prove (3.35), it suffices to show (as in Step 3) that for B > A and é small enough,
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= L|exp - 5)] < 1. Moreover, Ls an ave the same law and are independent. I'hat 1s why we
V = E[exp(AV/Sl} — BLs)] < 1. M Ls and /8! have th 1 d are independent. That is wh

can write V = E[exp(A\/Sl ll)]E [exp(—B o 11)], which is strictly smaller than 1 for § small enough (as proven in
Step 3).

We prove (3.36) in a very similar way. Effectively, since szvv . — Lz, =Lz qs4e — Loy, we prove that the in-
equality (3.35) is still satisfied when A and — B are exchanged. Therefore, the proof of F° <« F© is completed. To end
this step, we notice that (3.36) and (3.35) imply directly that F® < F. Thus, the proof of Step 5 is completed.

3.10. Step 6

Let w1 =121 + B2 2> and u3z = B3 X1 + BaX>. This step is the last one, therefore, the following Hamiltonian is the
one of the continuous model, i.e.,

t
7
A (1. o) = —2/ 15,0y (dRs + hds) + 1 L.

For simplicity, we define (¢s)sc[0,r] by ¢s = sk for every s € (ox—1¢, oxe]. In that way, ZZ’ZI Sk (Roy, — Roy_yye T
h(oy — og—1)e) = fot ¢s (AR + hds). Moreover, the scaling property of Brownian motion gives, for i =6 or 7,

=@
Ht(l+p)2 e(14p)2, 3(1+p)2(h B, ,32) =+ p)Hz e, 6((1 + p)h, B, ,32)

Hence, to show that F® « F7, we consider (as in Step 5) the difference

n_g® =D
HY =H, s, B1, B2) — sz(1+p)2 e 4200402 (1 B3, Ba),

which is equal to ﬁfi)’(;(h, B, B2) — ﬁ;?)a((l + p)i’, B3, B4). Thus, we can bound H™ from above as follows
I t t
==2{ (¢s — 1{B,<0)) dRs — 2/ (hos — (14 p)h' 1, <0y) ds + (1 — u3) Ly,
0 0

t t
H"< -2 / (¢s — 1y, <0)) ARy — 2h / (¢s — 1B, <0)) ds + (1 — u3) L.
0 0

We want to prove that limsup,_, ., % log IEE(exp((l + p~1HT)) <0 and after the integration over ]E, it remains to
prove that for A > 0 and B > 0 and for §, ¢ small

1 t
lim sup " logE[exp(A/o lps — (B, <0y ds — BL,>:| <0. (3.40)

t—0o0
Asin Step 3 (see Fig. 4), we notice that between z;_; and zj, if we find an excursion of length larger than § + ¢, it is

necessarily the one which ends at z; and gives the value of si. It means that, apart eventually from the very beginning
of such an excursion (between z;_1 and ox_1¢), sx and ¢; have the same value along the excursion. Finally, we obtain

t
/ 1B, <0} — Pslds < Py s, +me, (3.41)
0

where P, , s.¢ 1S the sum between u and v of the excursion lengths which are smaller than § + . The term me allows
us to take into account the formerly mentioned situation between z;x—; and o} _1¢.

Thus, with (3.41) and the Holder inequality, we can show that the inequality (3.40) occurs if, for §, & small, we
have

1 1
lim sup —log E[exp(Aam BL,)] <0 and lim sup —log E[exp(APo 18,6 — BLt)] <0. (3.42)

t—00 —>0o0
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We begin with the proof of the first inequality of (3.42). To that aim, we recall that, for every k < m, we have
Zk > Zk—1 + 8. Therefore, we can write

m
Aem — BL; < Asm — By Ly 15— Ly, + B(Liys — Ly).
k=1

From Eq. (3.37) and the Holder inequality we deduce that the term B(L;+s — L;) does not change the result. For
this reason we just have to consider the quantity 1/71og E[exp(}_ ;- Ae — B(L;,_,+s — L, ,))] when ¢ 1 co. As in
(3.39), we define the martingale

1

My =
(Vs S)N

N
exp (Z Ag — B(Ly 45 — Zkl)) with V. 5 = E[exp(Aa — BL(;)]. (3.43)

Since m is a stopping time bounded from above by /4, it is sufficient to show that V, 5 < 1 for §, ¢ small enough. It is
the case because E[exp(—BLs)] < 1 for every B > 0. Therefore, we take ¢ small enough and it completes the proof.

It remains to prove the second part of (3.42). Notice that Py ;5. = ka 1 Pzi_1,2.8,¢ and that for every k <m
Py 1 .z.8,6 < 2(8 + &) (still because there can not be more than one excursion larger than § + ¢ between zx_1 and zi).
Therefore, we obtain the following upper bound

m
APt —BL <240 +&)m—BY Ly 15— Loy + B(Liys — Lo).
k=1

As in (3.37) the term B(L;4+5 — L;) is removed, and it remains to consider 1/¢ log E[ka=1 A(e+68) —B(Ly 45 —
L;,_,)] when t 1 co. To that aim, we build again the martingale

1 N
My = (D, )N exp ZA(8+8) B(Lz_y+s = Lzyy) (3.44)

with D, s = E[exp(A(8 + &) — BLs)]. The term m is a bounded stopping time, therefore, it suffices to show, for §, &
small enough, that D, 5 < 1. To that aim, we choose ¢ < §, and it remains to consider the quantity E[exp(2A8 — B Ls)].
Moreover, Ls =p /S$L1, and if we denote f(x) = E[exp(xL1)], we can use a first order development of f in 0. It
gives f(—B+/38) =1 — f/(0)B\/8 + £ (8)+/8 with f/(0) > 0 and lim,_, & (x) = 0. We also know that, exp(2A44) =
14 2A8 + &(8)8 with lim,_, ¢ & (x) = 0. Hence, for ¢ < § and § small enough, we obtain E(exp(2Aé — BLs)) =
exp(2A8) f (—B+/8) < 1. The proof of Fs < Fs is exactly the same and the Step 6 is completed.

Appendix
A.1. Proof of Proposition 1.5

The computation of @ is based on the fact that @ (B, h) is equal to the quantity s +1im;, oo 1/7log E(exp(—=2h I~ (1) +
,BLO)) where I'~(¢) = fo (B, <0} ds. When 8 < 0 we can conclude immediately that <15(,3 h) = h. Therefore, in what
follows we consider 8 > 0. Moreover the joint law of (1"~ (¢), L,) is available in [16] and takes the value

btexp(—tb?/(8t(t — 1)))
Aut3/2(t — 1)3/2

dP(I‘*(z),L?)(T’ b) =1o<r<t)1lp>0) dbdr. (A.1)

From now on, we will denote R; = E(exp(—2hI"~(t) + ,BL?)), and with (A.1) and the new variables s = 7/¢ and
V= b/ﬁ, we obtain

_ [ vexp(Buv) [! exp(—v?/(8s(1 —5)))
R,_/O 7/0 exp(—2hst) 21— 5)372

ds dv. (A.2)
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In this computation we delete the constant terms because they do not change the limit. We can write fol of (A.2) as

the sum of A;(t) = fol/z and A, (t) = fll/z. Then, we introduce the new variable u = s(1 —s) in A;(¢) and A;(¢), and
we obtain

and

174 exp(h (VT —4u — 1)t — v?/(8u))
A1) = du
w321 —4u
14 exp(—h(v/T—4u + 1)t — v*/(8u))
Ax(t) = du.
w321 —4u
It gives immediately the inequalities A{(#) < A1(f) + A2(t) <2A(¢). Therefore, instead of studying the conver-

gence of 1/¢ log R(¢), it suffices to consider 1/t 1log S(¢) with S(¢) = fooo vexp(Bv+/t)A;(t) dv. We apply the Fubini
Tonnelli theorem which gives

(M exp(hty/T—4u) [ v?
S(1) _/0 m](; vexp(,Bv«/? - 5) dv du exp(—ht). (A4

Thus, for every u € [0, 1/4], we change the variables of the second integral of (A.4). To that aim, we denote r = v? /u.
After that, we transform the variable u# into x = 4u, and we obtain

(A3)

1 T—x) [2° V4 —
1/ MU0l AR dx exp(—ht). (A.5)
0

SW=y N NG

4
The constant factor 1/4 can be deleted and thus, by considering (A.5), for every ¢ > 0, we can write the following
lower bound,

1 o1 ¢ exp(ht/1 —u) o0 8
ll}gg}f;logS(r)—i—hzhtril)lorolf;[log/() \/l__—mdu—i—log/o e dr| >hv1—e.

Thus, we let ¢ tend to 0 and we obtain
N |
liminf —log S(¢t) + h > h. (A.6)
t—>o00 t

But we can also bound liminf;_, o % log S(¢) + h as follows. The Laplace method allows us to find the asymp-

totic behavior of Y(x) = fooo exp(B+/rxt/2 — r/8)dr when x tends to oco. Since B > 0, it gives Y(x) ~y o0
c/xt exp(B2xt/2) with ¢ > 0 that depends on B and we obtain

1 1 1 ht/1—x +tB%x/2
litminf?logS(t)—i-hzlitminf;IOg/ exp( X +1B%x/2) AT
—00 —00

& \/1—)C

With the formerly mentioned Laplace method, we can find the asymptotic behavior of the integral of the r.h.s. of (A.7).
2
As t tends to oo, it behaves as d exp(t(z}"% + %)) /+/t with d > 0. Therefore, we obtain

fiminf - log S(r) + h > h2+ﬂ2 (A.8)
minft — 10 — —_—. .
t—>o0 t J - 2/32 2

Finally, (A.6) and (A.8) give

liminf - log S() + h > LB (A.9)
iminf — lo maxy — + —, h . .
o 7 08 = 282 2
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Now, we want to show that the r.h.s. of (A.9) is also an upper bound of the quantity limsup,_, ., 1/tlog S(z) + h.
To that aim, we use the fact that limsup,_, , 1/¢log S(t) + h is equal to the maximum of limsup,_, ., 1/ log f(f and

limsup,_, ., 1/1log [ 61. The same kind of estimate allows us to perform the computation. Hence, we have

lim L1 St)+h h2+ﬂ2h
mm - 1o =max| —5 -, .
t—oo t £ 2,32 2

Finally, 5(,3, h) =h+1lim;_, 1/1log S(¢), and therefore,

- - h2 /32
®h,B)=h ifh>p> and ¢(h,ﬂ)=2—/32+7 it h < B
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