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FUNCTION SPACES EQUIPPED WITH THE
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ABSTRACT. We study I-convexity and Q-convexity, two geometric properties
introduced by Amir and Franchetti. We point out that a Banach space X has
the weak fixed-point property when X is I-convex (or Q-convex) with a strongly
bimonotone basis. By means of some characterizations of I-convexity and Q-
convexity in Banach spaces, we obtain criteria for these two convexities in the
Orlicz-Bochner function space L) (u, X): that Liap(p, X) is I-convex (or
Q-convex) if and only if L) (p) is reflexive and X is I-convex (or Q-convex).

1. Introduction

It is well known that convexity and reflexivity play important roles in Banach
space theory. Since B-convezity (B-C for short) and wniform nonsquareness
(U-NS) were given by Beck [3] and James [10], respectively, these convexities
have been widely used in probability theory, fixed-point theory, and many other
fields (see [3], [6], [7], [10]). Some relevant convexities, such as P-convezity (P-C'),
O-convezity (O-C), Q-convezity (Q-C), and I-convezity (I-C') have been intro-
duced and investigated by many mathematicians (see [2], [4], [12]-][14]). Let X
be a Banach space. Denote by B(X) and S(X) the unit ball and the unit sphere
of X, respectively. A Banach space X is considered to be I-convex if there exist
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n € N (n > 2) and £ > 0 such that for all x1,2s,...,z, € B(X), we have

min{ ka — ilxz

i=

:1§k§n}<n—5. (1.1)

Certainly B(X) above can be replaced by S(X). An equivalent definition about
[-convexity was given in [2], namely, there exist n € N and ¢ > 0 such that for
all x1,z9,..., 2, € B(X), the following holds:

min{d(zy, conv{z;}j=y) : k=1,2,...,n} <2—¢. (1.2)
i#k
We consider a Banach space X to be Q-convex if there exist n € N (n > 2)
and € > 0 such that, for no xy,zs,...,z, € B(X), we have
k—1
HZ:@—J;;CH >k—¢ (1.3)
i=1

for k=2,3,...,n. It is proved in [2] that X is Q-convex if and only if there exist
n € N and £ > 0 such that, for x1,zs,...,z, € B(X), it holds that

min{d(zg41, conv{z;}}_,) :k=1,2,...,.n—1} <2—=. (1.4)

From [2] we know that either I-convexity or Q-convexity is a self-dual property;
that is, X has it if and only if X* has it. We also know that

(P-C) or (U-NS) = (0-C) = (Q-C) = (I-C) and (S-Rfx),
where (S-Rfx) denotes super-reflexivity, and that
(I-C) or (S-Rfx) = (B-C).

We say that {x,} is a strongly bimonotone Schauder basis if || Pr|| = || — Pr|| =
1 for every segment F' = [a,b] := {n € N:a < n < b}, where Pr is defined by
Pr(3 o0 an®y) = Y cp n®y for o =37 a,z, € X. From Lemma 1 and The-
orem 2 in [5], we can immediately get the following proposition about I-convexity
and Q-convexity in the fixed-point theory, which generalizes the relevant result

about O-convexity (see [15]).

Proposition 1.1. If X is a Q-convez (or I-convex) Banach space with a strongly
bimonotone basis, then X has the weak fixed-point property.

Some convexities including (U-N), (P-C), and (B-C) in Orlicz space, Lebesgue—
Bochner space, and Orlicz—Bochner space were characterized by Alherk and
Hudzik [1], Hudzik [8], [9], Kaminska and Turett [11], Kolwicz and Pluciennik [12],
and Smith and Turett [16], among others. In [2] Amir and Franchetti obtained
the criteria for [,(X;) being Q-convex and I-convex. The characterization of Q-
convexity in Orlicz space was given in [4]. Because the structure of the Orlicz—
Bochner function space Ls)(p, X) is much more complicated than Orlicz space,
until now the criteria for Q-convexity and I-convexity in Orlicz-Bochner function
spaces have not been discussed. In this article we will give some characterizations
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about I-convexity and Q-convexity in Banach space, then show the criteria for
the Orlicz-Bochner space Ly (i, X) being I-convex and Q-convex.
Let R be the set of all real numbers. A function M : R — R is called an
N -function if M is convex, even, M (0) = 0, M(u) > 0 (u # 0), and lim,,_,o M1EU) =
M (u)

0, limy,_00 = 00. The complemented function N of M is defined in the sense

of Young by
N(v) = sup{uv — M(u)}.
u€eR
It is known that if M is an N -function, then its complemented function NNV is also
an N-function. The function M is said to satisfy the Ay-condition for all u € R
(M € Ay(R) for short) if for some K > 0,

M(2u) < KM (u) (1.5)
holds for all u € R. We usually denote by M € V3(R) if N € Ag(R). Let (2, ", 1)

be a nonatomic infinite measure space. For a measurable function wu(t), we call
pr(w) = [, M(u(t))dp the modular of u. The Orlicz function space Lar) (i)
generated by M is the Banach space

Lo (p) = {u: pp(Au) < oo for some A > 0}

equipped with Luxemburg norm
ullary = inf{)\ >0 pM<§> < 1}.

If u: Q — X is a vector-valued measurable function (i.e., there exists a sequence
of vector-valued simple functions {u,}>°; such that lim, . ||u,(t) — u(t)]] =
0, p-a.e.), then we denote by L (i, X). We call such spaces Orlicz-Bochner
spaces.

We have known that an Orlicz function space L)(p) with the Luxemburg
norm is B-convex if and only if it is reflexive (see [4]), and similarly for uniform
nonsquareness. Thus L (1) is I-convex or Q-convex if and only if it is reflexive.
(For more details on Orlicz and Orlicz—Bochner function spaces, P-convexity,
O-convexity, I-convexity, and Q-convexity, see [2], [4], [6], and [15].)

2. Lemmas
Lemma 2.1 ([1, Lemma 2], [4, Theorem 1.13], [11, Proposition 1], [12, Lemma 1]).
(1) We have N € Ay(R) if and only if for any n € (0,1) there exists o € (0, 1)
such that
M (nu) < nyoM (u) (2.1)

holds for all u € R.
(2) If N € Ay(R), then there exist a € (0,1) and v =~y(a) € (0,1) such that

M (M) < 20— (M) + M) (2.2)

holds for all u,v satisfying |*| < a.
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(3) We have M € Ay(R) if and only if for each | > 1 there exists k = k(l) > 1
such that for any u € R we have

M(lu) < kM (u). (2.3)

By Theorem 1.13 in [4], we know that if M € Ay(R), then for any ¢ > 1, there
exists ag € (0,1) such that

M((1+ ao)u) < cM(u) (2.4)

holds for all u € R. From the proofs of Lemma 2.3 and Proposition 3.2 in [2], we
can easily obtain the following two lemmas.

Lemma 2.2. Let X be a Banach space. Then X is I-convex if and only if there
exist n € N and € > 0 such that for any x1,z9,...,2, € S(X), ko € {1,2,...,n}
can be found such that

<2-—ce. (2.5)

Lemma 2.3. Let X be a Banach space. Then X is @Q-convex if and only if
there exist n € N and € > 0 such that, for any xi,zo,..., 2, € S(X), ko €
{1,2,...,n— 1} can be found such that

kao+1 - k sz

Lemma 2.4. Let X be a Banach space. Then X is I-conver if and only if
there exist n € N and 6 > 0 such that, for any x1,xs,...,2, € X\{0}, ky €
{1,2,...,n} can be found such that

1 n
kao_n—l sz

=1

iko

R 20 min{||z;|| : i =1,2,...,n}
< (lewoll + == 3= llil) (1 - . ) @
’ n—lg; [l . el

ko” + n—1 £ai=1,i#ko

<2-—e. (2.6)

iko
Proof. (Necessity) By Lemma 2.2, we may assume without loss of generality that
x,, satisfies

1 3o
NS I 7l
2 Sl ~ 7 =T 2T
where 0 = 5, independent of 1, zs,...,7,. Now setting y, = x,,y; = —x; for

1=1,2,...,n— 1, we get

_2n—1H H%H Tl " Tl leH
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Case I: ||y,|| = min{||y:]| : i = 1,2,...,n}. By (2.8), we have

1_522(71—1“]\ nH(y1+yz+---+yn_1+(n—1)yn)
_EZQMM H%M
1
2< )<“ ’||y1+yz+ 4 Ypor + (0= Dya|
n—1 1

-2 (o~ ) )

It follows that

1
|ty Y+ (= Dy,
2(n — 1) ||yl | |
c1_g5_ N1 Ll + el + - + [yl
- 2(n—1)  2(n—1) [
1 "y
RS S vy (]
2 2(n— 1)|IynH
_ s = Dlwall + 35, H%H_
2(n — 1)yl
So
n—1
1 (n = Dllynll + 3255 lyill = 26(n = D]yl
_ <
o+ = 2w < 2 (5 2= D] )

=1

= gl + — Z 19il] = 26] [yl

1 21y
- (Hynll > luil) (1 - ).
-1 Z Iyl + 35 S Tl

Case II: ||yn|| > min{||y;|| : ¢ = 1,2,...,n}. We may assume that ||y;] =
min{||y;|| : 4 =1,2,...,n}. In view of (2.8), we obtain

/1 1
1-02 WJMMMZM Q_Z;@ﬁ_mw%
1 1
—<n—1>(m—m)yn
2 5 (o ’Zyl

N A
(=D + (n=D)

Z lyill _9)

AN
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= Yi + Yn
2(n—1) ||y1H HZ

CE T
20— )] +3

n—1

il

=5 N yi + (0 — Lyn
2(n — 1)l ;

Z H%H n—2
| 2(n —1)

’?Jl||

n—1
(n = Dllynll + 22525 llwill
2(n — 1)l

+1+ n—2
2" 2n—1)
Hence
n—1 n—1
1 1 n—2  (n=Dlyal + 25 llyll
nt ——= D uil| <2 (——5— + = )
‘y n—1;y loall (3 2(n — 1) 2(n — 1)1l
= lyall + —— Z [yl = 26|

1 233
= (Il + — > huil}) (1 - ).
n—1 ; ||y"” + ﬁ i:ll ||yz||

Combining Cases I and II, we know that (2.7) holds true.
(Sufficiency) This is obvious. O

Lemma 2.5. Let X be a Banach space. Then X is Q-convex if and only if
there exist n € N and 6 > 0 such that, for any x1,x2,...,2, € X\{0}, ky €
{1,2,...,n— 1} can be found such that

ko .
1 20 minlaa |, llz2ll . i1}
< (Nososnll + 1 Ml (2 - ). (2.9)
=1

k
[zl + 7 2052y [l

Proof. The sufficiency is obvious. We only need to show the necessity. By Lem-
ma 2.3, for xy, 29, ..., 2, € X\{0}, there exists ky € {1,2,...,n — 1} such that

Ll Zrot1
a2 Y |
2 Z||:cz||

kol
Then we can get the result by using a method similar to the one in the proof of
Lemma 2.4. ]

3. I-convexity in Orlicz—Bochner space

Lemma 3.1. Let X be a I-conver Banach space, and let M € Ay(R) and N €
Ay(R). Then there existn € N and 4 € (0,1) such that for any x1,xs, ..., z, € X,
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we have

) <@=DX M) @

Proof. We may assume without loss of generality that ||z1|| > ||zaf| > -+ > [|z,]|
and that ko € {1,2,...,n} satisfies Lemma 2.4.
Case I: kg = n. That is,

) 1 n—1
Ty — —— Y X
n—14
=1
n—1
1 20| n||
< (el + —= 3" ) (1= ) (82)
n—1 ; lznll + 725 0 i
(Subcase I-1): % > a, where a is defined in Lemma 2.1(2). Certainly,
n—1 22i=1 IITi
we have
2] 1 a
n—1 = 1 :
lzall + 555 2050 llall — 1+ 1+a

Therefore, by (3.2) and the inequality above, we get

- S a] <50 2 e+ )

By the convexity of M, we have

(3= 5 Snf) < 50 2 () + 2 S ar(1a).

And so :
S (o 2 S < (S0 ) + - 33 )

z;ék Z?ﬁk’

et () +—ZM )

1)

_‘xn
2

n

< M(H“H) -
1

ad
(n—=1)(1 +a)) ;M(H%H)-

k=
_ (1
(Subcase I-11): —d2l_—— < 4. By (2.2), we have

Ty ]
1
M(- .

1 n—1 1 1 n—1
-y el) <G+ )
) < (5 (e I+ =g 2l
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88
< 2= (M () +—ZM||@»Z||).
It follows that
& 1 1
M (g~ = o)
z;ék
%(ZM (oel) + —— 303 8l
k=1 i=1
i#k

—g(wanuwﬁfM(le)

<> M) - 5= ZM a1l

=1

E

n

(1= 5 =y) 2 M ().

=1
Case II: ky € {1,2,...,n — 1}. In view of (2.1), for n = ( ) € (0,1), there
exists v € (0,1) such that
M(nu) < nyoM (u) (3.3)

holds true for all u € R. By (2.4), for ¢ = \ﬁ’ there exists ag € (0,1) such that

for all u € R, it holds that

M ((1+ ao)u) < cM(u). (3.4)
(Subcase 1I-1): % > ag, that is, == (||:1ck,0|| +y Lizko NTill) < "a—_ol

Clearly, we have

Han . 1
1 n Nz
||$k0|| + n—1 Zi:lvi?éko ||xl|| ”H:r]:)HH + ﬁ(m Zz 1,i#ko ||x2|| + 1)
1

— n—1 1 n—1

ao + n—l( ao + 1)
-1

=D ¢ g,
(n—1)+ag

Therefore, by (2.7) and inequality above, we get

|z, - —sz < (ol + Z o) (1 - 2=,

7,75]4)0 7/7“‘30




I-CONVEXITY AND Q-CONVEXITY 89

Owing to the convexity of M, we get

)

D)
T ZT;
21" n—14&

Z';:k‘o
1 20ag(n — 1) R
<—1——><M —— > M(|| >
- 2( n(n_1)+a0 (||xk0||)+n_1iz:; (HZL‘ ||)
i#ko
Consequently,
M (gl — = o)
Z 1
z;ék
1 n
§(ZM ol + —— 373" ()
= ;i
n(n — 1) + ag Tko :
z;«éko
& dag(n — 1)
< M - . M(||z;
<2 M) = S e W Z (Il
5&0 -
( n(n —1) + ag 121 G
) ——laall low| < .
(Subcase II-11): e S ag, that is, ol e T ag. Combining
(3.3) with (3.4), we have
1 n
.
i#ko
1 1 «—
< - i ,
< M (5 (lewll + o= X el
i#ko
1 n
= M (g (= Dl + 3 )
1#£ko
1 n—1
= M (5= (2 = Dl + >l + o))

iko
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< 3 (s (1= Dl + 3 b 140

i=1
i#ko

n—1

= M (5 (= k) + > )1 -+a)) 1)

r

s (5o (0= Dl u+2ux 1))

¢k

< soeg M (5= (0= Dl 1+ M)

ko

22(2:?)'2711—3(( DM (2ol +ZMH$”>

;Ak

< c

\3

= L0 (31 ) +—ZM||x||)

;ék

70 (0 (s ) +—ZM||xH)

;ék

(1= (1= vA0)) (M () +—ZMHxH)

;ék

\ﬂ

<

| =

which yields

> M (e - =g o)

ik

%(ZM ) +#ZZM 1))

;Ak
B (0t (g ) + 3 M ()

1=
i#ko

- 2(;_“?0));M<Hxiu)-

IN
/N
—_
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Finally, set

ad v dag 1—\/%}

n—1(1+a)2(n—1)"n(n—1)+ay 2(n—1)
Then 7 satisfies the demand. O

&:min{(

Theorem 3.2. The Orlicz-Bochner function space Ly (i1, X) is I-convex if and

only if
(1) M € Ay(R) and N € Ay(R) (i.e., Loy () is reflexive), and
(2) X is I-convex.

Proof. We need to prove only the sufficiency. Lemma 3.1 shows that there exist
n € N and 4 € (0,1) such that (3.1) holds for any x1,xs,...,x, € X. Hence for
any fi1, fo, ..., fo € S(Lauy(p, X)), we have, for almost everywhere ¢ € €,

S (30 - 15 0] < 093w

K]
itk

Li®]))- (3.5)

Integrating both sides of the inequality above over €2, we can get

ipM@(fk - ﬁiﬂ)) < —W)EPM(fi) =n(l-7).

ik
Therefore, there exists kg € {1,2,...,n} such that

I (— > 5))<a-.
=1
i#ko

Then by M € Ay(R), we know that

1 n
- ; <9 _
kao n—lig;f (M) c
i#ko
for some € > 0 depending only on 4. So L (i, X) is I-convex. O

Corollary 3.3. Suppose that 1 < p < oco. Then the Lebesgue—Bochner function
space L,(p, X) is I-convez if and only if X is I-convex.

4. Q-convexity in Orlicz—Bochner space

Lemma 4.1. Let X be a Q-convex Banach space, and let M € Ay(R) and N €
Ay(R). Then there exist n € N and % € (0,1) such that for any x1, 29, ..., z, € X,
it holds that

— Hl’k+1—%2f:113i” n—1 = - '
> kM ( . )< =D M) (@)
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Proof. Let a € (0,1) and v = y(a) € (0, 1) satisfy (2.2), and denote min{||z;|| :
i=1,2,...,n} by ||Z||, max{||z;|| : i = 1,2,...,n} by ||Z||, where n is defined in
Lemma 2.3. For clarity, we will divide the proof into two cases.

Case I: ”xH > q.

Clearly, x; # 0 for all i € {1,2,...,n}, and for all 7,5 € {1,2,...,n} with
1 # j, it holds that

lill _ 1
5]

Suppose that kg € {1,2,...,n — 1} satisfies Lemma 2.5. Then

min{|[z, ], ||$z|| ol erollt o 1 a

= = 5
[@ko41ll + 7 Z 1 il PR DA

and so
ko

1
ka‘o-i-l - k_o E Z;
=1

By the convexity of M, we have

— Ly ko o
poar (12—t 220y < 204 05 () + ZM 1))

ko
< (1= o) (lamnll + 3 3 o).
i=1

In (2.3), putting [ = % and denoting 8 = % = %, we obtain, for any ¢t € R,
M (at) > BM(t). Consequently,

n—1 k
| Tht1 — %Zi:l i
kM
k=1 ( 2 >
n—1 k’
kza( (lzws ) + ZM )
—1
koad
- 02a ( (lzkgsall) + ZM ] >
ko
_ ——(ko (il + 32 211
i=1
o - ()
B ad 1 &
— - 7_ pa
g ad —
< o

=1
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n

n—1 a(%’
<5 M) - G M)
k=1
n—1 aéﬁ
< 5 oMl = G DMl

k=1

:n;1<1_ adf )ZM sz||

By Lemma 2.1, we know that v = y(a) € (0,1) such that

(B2 < (PN < Loy + aeiany). a2)

Since there exists at least one zy 41 € {z2,23,...,2,} such that ||zg41] =
min{||z;|| : i = 1,2,...,n} or ||xg,41|| = max{||z;| : i = 1,2,...,n}, we may
assume without loss of generality that ko > 1, [[zgy41] = max{||z;] : i =

1,2,...,n} and ||xg,|| = min{||z;|| : ¢ = 1,2,...,n}. Hence by (4.2) and the
convexity of M, we get

k
M<||$k+1 - % Zi:1 mz”)
2

i

M1
LLTJL
oyl

< S (el 4 szmg
k=1
n 1
_ (I$k+1H+ D 1||$z|!>
4_,%M<_1_‘%melruHmr+uxzu+---+nwkou>
ko 2
— | M(lawl) + MG L [l
< =
S 2
k=1
k#ko
ki
PP e e R P
ko 2 ko 2(k0 - 1)
1 n—1 k
<5 0 (M (lakial) + 3 M (i)
k=1 =1
k#ko
ki
b Lar(lzonl ol ho Ly ool g S by
O\ ko 2 ko 2
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< % (kM (l2sll) + ZM i)
+ 5= D (fareal) + M (]
+k°2‘ 1<M(||xk0+1||+ ZM i)
) i(kM ol +§;M 1)) — SO (siall) + ()
_ ) — 57 (M (largiall) + M (o))
<! L (M (2,44
< )—%;Mwm

_ n; ! (1 - ﬁ) iM(HxiH).

Finally, setting 7 = mln{ “65 n”_l)}, we can then get the inequality (4.1),
which finishes the proof. 0J

Theorem 4.2. The Orlicz—Bochner function space Ly (i, X) is Q-convez if and
only if

(1) M € Ay(R) and N € Ay(R) (i.e., Ly () is reflexive) and

(2) X is Q-convex.

Proof. We only need to prove the sufficiency. Lemma 4.1 shows that there exist
n € N and 4 € (0,1) such that (4.1) holds for any x1, zs,...,z, € X. Hence for
any fi, fo, ..., fn € S(Louy(p, X)), we have, for almost everywhere ¢ € €,

Zk:M(”ka t) — %221:1][2( )H)

ZMM|| (4.3)

Integrating both sides of the inequality above over 2, we can get

nzil ’“f’M@ (fk“ - % i f)) <t -7) ipM(fi) = —"(”2_ D (1-49).

Therefore, there exists kg € {1,2,...,n — 1} such that

koﬂM(% (fk:o—i—l Zfz)) < ko(1—7).
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That is,

1 1 & i
PM(§ (fko+1 — k—ozlfz» <1l-7.

Then by M € Ay(R), we know that

1 &
_ ) <9_
kaOH ko izlf (M) — c
for some € > 0 depending only on 4. So L (i, X) is Q-convex. O

Corollary 4.3. Suppose that 1 < p < oco. Then the Lebesgue—Bochner function
space Ly, (p, X) is Q-convez if and only if X is Q-convex.
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