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ABSTRACT. It is known that if a Banach space Y is a wu-ideal in its bidual
Y ** with respect to the canonical projection on the third dual Y*** | then Y*
contains “many” functionals admitting a unique norm-preserving extension
to Y**—the dual unit ball By« is the norm-closed convex hull of its weak*
strongly exposed points by a result of A. Lima from 1995. We show that if
Y is a strict u-ideal in a Banach space X with respect to an ideal projection
P on X* | and X/Y is separable, then By« is the 7p-closed convex hull of
functionals admitting a unique norm-preserving extension to X, where 7p is a
certain weak topology on Y™* defined by the ideal projection P.

1. Introduction

Throughout this article, all Banach spaces will be over the scalar field K where
K =R or K = C. For a Banach space X, its dual space, closed unit ball, and unit
sphere will be denoted, respectively, by X*, Bx, and Sx. For a subset A of X, we
denote its convex hull by co(A) and its linear span by span(A). The symbol £(X)
will stand for the space of continuous linear operators from X to X.

Let X be a Banach space, and let Y be a closed subspace of X. According to
the terminology in [5], Y is said to be an ideal in X if there exists a continuous
linear projection P € L(X*) with ker P = Y+ := {2* € X*: 2*|y = 0} and
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|P|| = 1. If ran P is norming for X in the sense that
2*(z)| forall z € X,

]| = sup
T*EBran P
then Y is called a strict ideal, and the ideal projection P is said to be strict.

It is straightforward to verify that if P is an ideal projection for Y in X, then,
for every x* € X*, the functional Px* € X* is a norm-preserving extension of
the restriction z*|y € Y*. It follows that the mapping Jp: Y* 35 y* — Pz* € X*,
where x* € X* is any extension of y*, is a linear isometry. In particular, ran Jp =
ran P, and ran P is isometrically isomorphic to Y*.

Suppose that Y is an ideal in X with respect to an ideal projection P. Then
each x € X induces a functional zp € Y™ defined by zp(y*) = (Jpy*)(x),
y* € Y*. If P is strict, then the mapping x + xp is an isometry and one can
identify X with the closed subspace Xp = {xp € Y*™*: 2 € X} of Y**. In such a
case, we will denote the weak topology o(Y*, Xp) on Y* by 7p.

If an ideal projection P € L£L(X*) for Y in X satisfies || — 2P|| = 1, then it is
called a u-ideal projection, and Y is said to be a u-ideal in X with respect to P.
Our starting point is the following result of Lima and Lima.

Proposition 1.1 (cf. [7, Proposition 2.2]). Let Y be a strict u-ideal in a Banach
space X . Then every ideal projection for' Y in X is strict.

In [7], Proposition 1.1 was obtained using knowledge about centers of symmetry
(see, e.g., [1, Proposition 2.2]). Denoting, whenever F is a subspace of X, by C the
set of functionals in Sy~ having a unique norm-preserving extension to span(Y U
E), we observe that the conclusion of Proposition 1.1 easily obtains under the
assumption that the set Cg is big enough for every 1-dimensional subspace E
of X.

Proposition 1.2. Let Y be a strict ideal in a Banach space X, and suppose
that for every 1-dimensional subspace E of X there is a strict ideal projection
P € L(X*) forY in X such that By~ =co6"e(Cg). Then every ideal projection
for'Y in X is strict.

Proof. Let P be any ideal projection for Y in X, and let x € X and € > 0 be
arbitrary. It suffices to find a y* € By« such that

lep()] = (v (@)] > 2] — & (11)
Set E := span({z}). Since Pg is strict, there is v* € By~ such that |xp,(v*)| =
|(Jpyv*)(x)| > ||z|| — €. Since By« = ¢0""s(Cg), there is y* € co(Cg) such that
|zp, (y*)| > ||z|| — €. For every u* € Cg, the functionals Jpu* € X* and Jp,u* €
X* are norm-preserving extensions of u*, and thus their restrictions to span(Y U

E) are also norm-preserving extensions of u*; hence zp(u*) = (Jpu*)(x) =
(Jpyu*)(x) = xp,(u*). Since y* € co(Cg), one has zp(y*) = xp,(y*), and (1.1)
follows. O

In the light of Propositions 1.1 and 1.2, it is natural to ask whether the assump-
tion of Proposition 1.2 holds if Y is a strict u-ideal in X with respect to a pro-
jection P € L(X*), and, moreover, whether in that case the projection P itself
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always fits in the role of Pg. The objective of this article is to answer these
questions in the affirmative.

Theorem 1.3. Let Y be a strict u-ideal in a Banach space X with respect to an
ideal projection P € L(X*). Then, for every separable subspace E of X,
(a) By =c0"(Cg);
(b) if Y is separable, then By~ = ¢o'" (Cg Next By« ), where ext By« is the set
of extreme points of By~.

Remark 1.4. Every Banach space Y is a strict ideal in its bidual Y** with
respect to the canonical projection m := jy«(jy)*, where jy: Y — Y™ and
Jy=: Y* — Y™ are canonical embeddings. If m happens to be a wu-ideal pro-
jection, then, by a result of Lima [6, Proposition 4.1], By« is the norm-closed
convex hull of its weak® strongly exposed points. Since the 7,-topology on By is
the weak topology, and every weak* strongly exposed point of By~ has a unique
norm-preserving extension to Y** it follows that if Y is a wu-ideal in its bidual
Y** with respect to the canonical projection 7, then the dual unit ball By« is the

T.-closed convex hull of functionals admitting a unique norm-preserving extension
to Y**.

Let us recall the notion of a slice. Let C' be a nonempty bounded subset of a
Banach space Z. Given z* € Z*\ {0} and a > 0, the set

S(z*,a,C) = {z € C: Rez*(z) >supRez*(C) — a}

is called a slice of C'. If 7 is a locally convex topology on Z weaker than the norm
topology, then slices of C' whose defining functional comes from the topological
dual (Z,7)" (i.e., the linear space of all T-continuous linear functionals on Z) are
called 7-slices. In particular, if Z happens to be a dual space, say, Z = E*, then
slices of C' whose defining functional comes from (the canonical image of) the
predual E of Z are called weak*-slices.

In Section 2, letting 7, and 75 be two comparable locally convex topologies
in a Banach space X, we consider (71, 73)-dentability and (7, 75)-denting points
of bounded subsets of X. These concepts are a natural generalization due to
Fundo [3, p. 1118] of the “ordinary” dentability and denting points. We prove that
if Y is a strict u-ideal in X with respect to an ideal projection P € £(X*), then
every Tp-slice of By« contains a weak*-slice of By, and every (7p,7p)-denting
point of By is a (weak*, Tp)-denting point of By« (see Proposition 2.5).

From [4, Theorem 1, Proposition 1] it follows that, for a subspace E of a sep-
arable Banach space X, every nonempty bounded subset of the dual space X*
is (o0(X*, E),0(X*, E))-dentable. In Section 3, we prove this result without the
assumption on the separability of X (see Theorem 3.1). It follows that if YV is a
strict ideal in a Banach space X with respect to an ideal projection P € L£L(X™),
then every nonempty bounded subset of Y* is (o(Y™*, Ep),o(Y*, Ep))-dentable,
where Ep = {zp € Y™: 2z € E} (see Corollary 3.3). In particular, every
nonempty bounded subset of Y* is (7p, 7p)-dentable.

In Section 4, we prove that if Y is a strict u-ideal in a Banach space X with
respect to an ideal projection P € L(X*), and X/Y is separable, then By« is
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the 7p-closed convex hull of its elements admitting a unique norm-preserving
extension to X. Moreover, if X itself is separable, then By is the 7p-closed
convex hull of its (weak*, 7p)-denting points (see Proposition 4.1). Since, by |9,
Proposition 2.2, (iii)=(i)], every (weak*, 7p)-denting point of By~ is an extreme
point of By« admitting a unique norm-preserving extension to X, Theorem 1.3
follows (by courtesy of Proposition 2.5).

2. Dentability in spaces with two comparable locally convex
topologies

Let Z be a Banach space, and let 7 be a locally convex topology on Z. Given
a z € Z, aseminorm p on Z, and an € > 0, we define

Up(z,e) :={we Z: plw—2z) <e}.

Suppose that 71 and 75 are locally convex topologies on Z such that 71 is weaker
than 75 and 75 is weaker than the norm topology. In this case, (Z,7) C (Z,12)" C
Z*.

Definition 2.1 (cf. [3, Definitions 1, 3]). Let C' be a nonempty bounded subset
of Z. We say that

e the set C' is (71, 72)-dentable if, whenever p is a Te-continuous seminorm
on Z and € > 0, there is x € C such that

x ¢ o™ (C\Uy(z,e)); (2.1)

e apoint x € C'is a (11, T2)-denting point of C' if, whenever p is a To-continu-
ous seminorm on Z and € > 0, one has (2.1).

Dentability in locally convex spaces with two comparable topologies has been
studied in [3] and [4].

Remark 2.2. If both 71 and 75 are the norm topology, then (7, 73)-dentability
and (71, T2)-denting points are, respectively, the ordinary dentability and ordinary
denting points. If Z is a dual space, say, Z = E*, 7y is the weak* topology on
Z = E*, and 7y is the norm topology, then (7, 72)-dentability and (7, 72)-denting
points are, respectively, weak*-dentability and weak*-denting points.

Let us introduce some more notation. For a finite family F of seminorms on
7, we define a seminorm pr on Z by

= , € Z,
pr(z) =maxp(z), 2

and we write Ur(z, ) := U,,(z,¢). For a seminorm p on Z and a subset C of Z,
we define
diam, C' := sup p(z —w).
z,weC

Remark 2.3. In general, diam, C need not be finite. However, if C' is bounded and
p is norm-continuous (which is the case, e.g., whenever p is 7-continuous, where 7
is a locally convex topology on Z weaker than the norm topology), then diam, C
is finite.



50 J. MARTSINKEVITS and M. POLDVERE

If F is a finite family of seminorms on Z, then we write diamz instead of
diam,, .. Recall that a family S of seminorms on Z is said to induce the topology
7 if, for every z € Z, the family

Bs(z) := {Ur(z,€): F is a finite subfamily of S and € > 0}

is a basis of neighborhoods for z in 7, or, equivalently, the family B 5(0) is a basis
of neighborhoods for 0 in 7.

The following proposition is an obvious generalization of a well-known char-
acterization of ordinary dentability and ordinary denting points. We include its
proof for the sake of completeness.

Proposition 2.4. Let Z be a Banach space, let 71 and 5 be locally convex topolo-
gies on Z such that T is weaker than o and 75 is weaker than the norm topology,
let S be a family of seminorms on Z inducing 1o, and let C' be a nonempty bounded

subset of Z.

(a) The following assertions are equivalent:
(i) C is (11, m2)-dentable;
(") whenever F is a finite subfamily of S and € > 0, there is x € C' such
that

z ¢ o (C\Ur(z,e)); (2.2)

(ii) whenever p is a Ty-continuous seminorm on Z and € > 0, there is a
1 -slice S(z*, a, C) such that

diam, S(z*,a, C) < ¢; (2.3)

(ii") whenever F is a finite subfamily of S and € > 0, there is a 1 -slice
S(z*, a,C') such that

diamr S(z*, a,C) < e. (2.4)

(b) Let v € C. The following assertions are equivalent:
(i) x is a (11, T2)-denting point of C;
(") whenever F is a finite subfamily of S and € > 0, one has (2.2);
(ii) whenever p is a To-continuous seminorm on Z and £ > 0, there is a
T -slice S(z*, a, C') containing x and satisfying (2.3);
(i") whenever F is a finite subfamily of S and € > 0, there is a 1y-slice
S(z*,a, C) containing x and satisfying (2.4).

Proof. In both (a) and (b), both (i)=(i') and (ii)=-(ii’) follow from the fact that
each p € S is my-continuous (and thus also pr is 7o-continuous). Also, in both (a)
and (b), both (i')=-(i) and (ii")=-(ii) follow from the fact that, whenever p is a
Ty-continuous seminorm on Z, there is a finite subfamily F of S and a nonnegative
real number M such that p(z) < Mpx(z) for every z € Z.

(a): (i)=(ii). Assume that C'is (71, 72)-dentable, let p be a T»-continuous semi-
norm on Z, and let € > 0. Since C' is (71, 72)-dentable, there is = € C' satisfying
(2.1) with e replaced by /4. By the Hahn—Banach separation theorem (see, e.g.,
[10, Theorem 2.2.28, p. 180]), there are z* € (Z,71)" and a > 0 such that

Rez*(z) — a > supRe 2" (co™ (C' \ Up(z,/4))).
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For every z € S(z*, a, C'), one has
Rez*(z) > supRez*(C) — a > Rez*(z) — a;

thus z ¢ C'\U,(x,e/4), and it follows that S(z*, «,C') C U,(x,e/4). Thus, when-
ever z,w € S(z*,a,C), one has

e € €
_ < _ _ Tz
p(z —w) <plz—x)+p(x w)<4—|—4 5
and (2.3) follows.
(a): (ii)=-(i). Assume that (ii) holds, let p be a m-continuous seminorm on Z,
and let ¢ > 0. By (ii), there is a 7-slice S := S(z*, a, C) satisfying (2.3). Pick an
arbitrary x € S; then S C U,(z, ), and thus

C\Uy(z,e) CcC\ S ={z€C: Rez*(z) <supRez*(C) — a}
C {z €™ (C): Rez*(z) <supRez*(C) —a} = K.

Since K is convex and 7i-closed, one has co™ (C' \ U,(x,¢)) C K. Since x ¢ K,
(2.1) follows. We omit the proof of the equivalence (i)<(ii) in (b), which is not
too different from that in (a). O

Our special interest in (71, 79)-denting points lies in the case when Y is a strict
ideal in a Banach space X with respect to an ideal projection P € L(X*),
Z =Y* 71 and 7y are, respectively, the weak® topology and the 7p-topology
(i.e. the o(Y*, Xp)-topology) on Y* = Z, and C' = By-. In [9, Proposition 2.2,
(iii)<(i)], we proved that y* is a (weak*, 7p)-denting point of By~ if and only if
y* is an extreme point of By« having a unique norm-preserving extension to X.
We conclude the section by proving the following proposition.

Proposition 2.5. Let Y be a strict u-ideal in X with respect to an ideal projection
P e L(X*). Then

(a) every Tp-slice of By+ contains a weak*-slice of By,

(b) every (tp, Tp)-denting point of By~ is a (weak*, Tp)-denting point.

For the proof of Proposition 2.5, it is convenient to state (and prove) the
following two lemmas which are, respectively, a partial case (with s = 1) of [8,
Lemma 4.3] and an obvious generalization of [8, Lemma 4.4]. We include their
proofs for the sake of completeness.

Lemma 2.6 (cf. [8, Lemma 4.3]). Suppose that x € Sx, y € Sy, and v > 0 are
such that

|z —2y|| < 1+ 27y. (2.5)
Then, whenever o > v and P is an ideal projection for' Y in X,
S(y, o — 7y, By«) C S(zp,2c, By+). (2.6)
Proof. Let o > =y, and let P be an ideal projection for Y in X. Since, by (2.5),
for all y* € By,
Rezp(y") > 2Rey"(y) — 1 — 27,
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and the inequality
2Rey* (y) —1—-2y>1—-2a
is equivalent to Rey*(y) > 1 — (a — ), the inclusion (2.6) follows. O

Lemma 2.7 (cf. [8, Lemma 4.4]). Let C' be a nonempty bounded convez subset of a
Banach space Z, let z* € Sz«, a > 0, and K > 1, and let p be a (norm-)continuous
seminorm on Z. Then

diam, S(z*, Ko, C') < K diam, S(z*, a, C).

Proof. Set d := diam, S(z*,a,C), and let 2,25 € S(2*, Ko, C). It suffices to
show that p(z; — 2z2) < Kd. To this end, set M := supRez*(C') and pick a
29 € S(2*, a, C) such that

(1 — %) (M —Rez"(z0)) < %(Re 2*(z) — (M — Ka))

1 . ,
=a-— g(M—Rez (%)), ji=1.2

Now put
wj = (1—i>zo+lz' j=1,2.
J K K™ ’
Since
1 1
M — Re 2" (u;) = <1 - E) (M —=Re2"(20)) + 5= (M = Rez"(z)) <,

one has u; € S(z*,a,C), j = 1,2, and thus
p(z1 — 29) = p(K(u1 — ug)) = Kp(uy —ug) < Kd,
as desired. 0

In the proof of Proposition 2.5, we also use the following theorem which is the
partial case (with K = {2}, a = 1) of [5, Lemma 2.2].

Theorem 2.8 (cf. [5, Lemma 2.2]). Let Y be an ideal in X with respect to a
projection P € L(X™*). The following assertions are equivalent:
(i) P is a u-ideal projection;
(ii) whenever © € Sx, there is a net (y,) in By converging to x in the
o(X,ran P)-topology such that

limsup ||z — 2y,| < 1.

Remark 2.9. Suppose that, in Theorem 2.8, P is a strict ideal projection. Then,
in the assertion (ii), lim, ||ya|| = 1, because, letting, for each n € N, an element
x; € ran P, ||z}|| < 1, be such that |z} (x)| > 1 — 1/n, one has liminf, ||y || >
liminf, |z} (ya)| > 1 —1/n.
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Proof of Proposition 2.5. (a). Let S(zp,a, By+) be a 7p-slice of By-. We may
assume that ||| = 1. Letting 0 < v < «/2, by Theorem 2.8 and Remark 2.9,
there is y € Sy such that ||z —2y|| < 1+ 2. By Lemma 2.6, S(y,a/2—7, By~) C
S(xp,a, By~).

(b). Let y* be a (7p, 7p)-denting point of By, let p be a Tp-continuous seminorm
on Y* let € > 0, and let x € Sx and a > 0 be such that y* € S(xp, a, By~)
and diam, S(zp, a, By+) < £/2. By Proposition 2.4 and Lemma 2.7, it suffices to
show that there are y € Sy and > 0 with y* € S(y, 8, By~) C S(zp,2a, By~).
To this end, choose v € (0, ) such that y* € S(zp,a« — 7, By+). By Theorem 2.8
and Remark 2.9, there is y € Sy with

y* € S(y,a —, By+) and |z —2y|| <1+ 27.
By Lemma 2.6, S(y,« — v, By~) C S(zp,2a, By+). O

3. Bounded sets in a dual Banach space X* are
(0(X* E),o(X* E))-dentable for every subspace E of X

In this section, we prove the following theorem.

Theorem 3.1. Let X be a Banach space, and let & be a subspace of X. Then
every nonempty bounded subset of the dual space X* is (o(X*, E),0(X*, E))-
dentable.

Remark 3.2. If, in Theorem 3.1, the space X is separable, then the assertion
follows from [4, Theorem 1, Proposition 1], because, under that assumption,
every weak® compact convex subset of the dual space X* is separable in the
(U(X*a E)a U(X*7 E))_topOlOgY-

Our interest in Theorem 3.1 lies in the following corollary.

Corollary 3.3. Let Y be a strict ideal in a Banach space X with respect to
an ideal projection P € L(X*), and let E be a subspace of X. Set Ep =
{zp € Y*™: 2 € E}, and denote by op the weak topology o(Y*, Ep) on Y*.
Then every nonempty bounded subset of Y* is (og,op)-dentable. In particular,
every nonempty bounded subset of Y* is (1p, Tp)-dentable.

Proof. Letting D be a nonempty bounded subset of Y™, it suffices to observe
that D is (op, og)-dentable if and only if Jp(D) is (o(X*, E), 0(X*, E))-dentable
(in X*), and that 7p = op for £ = X. O

Proof of Theorem 5.1. Our proof is an adaption of the proof that a Banach space,
which contains a bounded non-dentable subset, does not have the Radon—Niko-
dym property [2, Theorem 4, p. 133].

Suppose for contradiction that X* contains a nonempty bounded subset D
which is not (o(X*, E),o(X*, F))-dentable. Then, by Proposition 2.4(a), there
are ¢ > 0 and a finite subset F of Sg such that, for every z* € D, one has
z* € e X E) (D \ U, (z*,¢)), where the seminorm p on X* is defined by p(z*) =
max,er [z*(x)| for * € X*. In other words,
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(4) whenever z* € D, § > 0, and G is a finite subset of E, there are N € N,
real numbers a4 [z*], ..., ay[z*] > 0 with Ejvzl ajlz*] = 1, and elements
iz, ..., xy[z*] € D\ U,(x*, ¢) such that

‘(m* - iaﬂx*}xﬂx*])(m)‘ <6 forallzeg.

It suffices to construct partitions 7, := {I{,..., I } (K, € N) of the half-open

interval [0, 1) into half-open intervals I7,..., I and functions f,: [0,1) — X*,
n € N, such that
(1) each f, is of the form f, = Zsz"l X1py, ), Where @y 1. ) i € D;

(2) mu4q refines 7, in the sense that each interval in 7, is a finite union of
intervals in m,,1;

(3) maxref |z(fu(t) — fasa1(t))] > e for all n € N and all ¢ € [0, 1);
4) | [;2(fu — fo) dp| < p(I)/2" for all n € N, all m > n, all v € F, and all
Ien, (here p is the Lebesgue measure).

Indeed, assume that functions f,, and partitions m,, n € N, satisfying conditions
(1)-(4) have been constructed. Define, for every I € |J ~, m,, a functional F'[/]
on span(F) =: Xy by

F[I](x) zlim/a:fnd,u, r € Xy
moJr

(note that (4) guarantees, for every x € X, the sequence ([, xf,du) to be
Cauchy); then F[I] can easily be seen to be linear and bounded with || F[/]]] <
M u(I), where the real number M > 0 is such that ||z*|| < M for every z* € D;
thus F[I] € X{. For every n € N, let B, be the o-algebra of subsets of [0,1)
generated by m, = {I7,..., I} }, and define a function

K
~ Pl

Gn =) Xyt [0,1) = Xg;
; Fu(I}) ’

then (g, B,) is a martingale in L;([0, 1), X{). Indeed, let m,n € N, m > n, and
n,k

let g = Soom Z ]nk;—nk] where I}! = U;V’“l ]J"k with ]nk € m, for every

ke{l,....K,};itke{l,...,K,}, then

[ B S T

/zgg 8 mZX’k 1"’“ Zm ]”’“
_ ZF[I}-"’“] — FlI] = / gndpi.

j=1 T

For every I € |J,_, m,, one has
HF[I]H < Mp(I)
p(l) p(l)

=M.
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Thus the martingale (g,, B,) is, in fact, Ly-bounded. From (3) it follows that,
for some x € F, the sequence (zf,) is not Cauchy in L;([0,1),K). From (4) it
follows that

K
- FlIF)(z)
xfn—a:gnduz/ xrp w——n‘du
/[0,1)’ | [0,1) ; Ik( k( ) p(17) >

Kn

~ * F(I}](x)
‘Z/ (o) = =t

o, FI))|
=3 et - RRAL

e (D)u(I}) = FII| ()|

/ xfpdp —lim mfmdu‘
I "

k=1
Ky
= lim / x(fn—fm)du‘
"=
K
() 1 i
< — —u([0,1)) = —:
_; o = 5ot (0.1) = 5

thus also the sequence (zg,) is not Cauchy in L;([0, 1), K). On the other hand,
since (zgy, B,) is an L..-bounded martingale in L;([0, 1), K), the sequence (zg,)
must converge in L;([0,1),K) (see, e.g., [2, Corollary 4, p. 126]), which is a con-
tradiction.

To complete the proof, it remains to construct the functions f,: [0,1) — X*
and partitions m, of [0,1), n € N, satisfying (1)—(4). Picking an arbitrary z* € D,
define f, := xp,1)* and m := {[0,1)}. Next suppose that, for some n € N, the

: K
function f, = > ;" xira;, y, where K, € N, @y 4, ... 2 5 € D, and I, .. T

are pairwise disjoint half-open intervals with UkK;Ll I' = [0,1), and the partition
T, = {If, ..., I% } have been defined. By (f), for every k € {1,..., K,}, there

are Ny € N, real numbers ay [z}, ,], ..., an, [z}, ] > 0 with Zjvz’“l ajlzy ] =1, and
elements [z, ], ..., 2, [7) ] € D\ Upy(7},,, ) such that
Ny ]
’(3321« - Za][x;k]azj[mzk]) (IL’)) < Suri for all z € F. (3.1)
j=1

Now, if k € {1,..., K,} and I} = [a,b), then, setting ag[z;}, ;] := 0, define half-
open intervals

Jj—1 J
If’k = [a +(b—a) Zai[x;k],a +(b—a) Zai[xq*%k]), j=1,..., Ny,
i=0 i=0
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partitions 7Tn+1 = {]”k ke {1,...,K,},7 € {1,...,Ng}}, and functions
for1 = S0 i e Xk Hay x]- The functlons fn, n € N, defined as above sat-

isfy (1) and (3), and the partltlons 7, € N, satisfy (2). To prove (4), let n € N
and k € {1,..., K, } be arbitrary. For every = € F, by (3.1),

‘/I” — for1) dp| = |\p(Ly)z;, () — %M([]nk)x;[xzk}(x)‘

= |2, (1) — Z il )w;k[ﬁk](x)‘ﬂ([/?)

= Za] nk nk ’/1’ In

This establishes (4). O

4. Existence of functionals in the dual unit ball of strict u-ideals,
which admit a unique norm-preserving extension

Theorem 1.3 follows quickly from the following proposition, Proposition 2.5,
and [9, Proposition 2.2].

Proposition 4.1. Let Y be a strict u-ideal in a Banach space X with respect to
an ideal projection P € L(X*).
(a) If X/Y is separable, then By~ = €07 (Cx), where Cx is the set of func-
tionals in Sy« having a unique norm-preserving extension to X.
(b) If X is separable, then By~ is the Tp-closed convex hull of its (weak*, Tp)-
denting points.

Proof of Theorem 1.5. Let E be a separable subspace of X. Set Z := span(YU E),
and define an operator Py: Z* > u* — Pz*|; € Z*, where z* € X* is any
extension of u*. One immediately verifies that F, is a strict u-ideal projection for
Y in Z.

(a) Observing that Z/Y is separable, by Propositions 4.1(a) and 2.5(a),

By =@ (Cp) C @ (Cg) C @7 (Cg) C By-.

(b) Assume that Y is separable. Then also Z is separable, and thus By is the
Tp,-closed convex hull of its (weak*, Tp,)-denting points by Proposition 4.1(b).
As in the proof of (a), from Proposition 2.5(a), it follows that By~ is, in fact,
the 7p-closed convex hull of its (weak*, 7p,)-denting points. It remains to observe
that, by [9, Proposition 2.2, (iii)=-(i)], every (weak*, 7p,)-denting point of By« is
an extreme point of By« havmg a unique norm-preserving extension to Z. 0

Remark 4.2. Sufficient conditions in order that a convex set in a linear space
with two locally convex topologies 7 and 7, were the closed convex hull of its
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(71, T2)-denting points, have been studied in [3, Section 4]. Proposition 4.1(b)
cannot be derived directly from these results because the 7p-topology on Y* is
not quasimetrizable (and neither is the weak* topology).

Proposition 4.1 is a quick consequence of the following proposition and the
Hahn—Banach separation theorem.

Proposition 4.3. Let Y, X, and Cx be as in Proposition j.1.

(a) If X/Y is separable, then every Tp-slice of By« contains a point in Cx.
(b) If X is separable, then every Tp-slice of By~ contains a (weak*, Tp)-denting
point of Byx.

Proof of Proposition /.1. We only prove (a). The proof of (b) is similar with some
obvious changes.

Assume that X/Y is separable, and suppose for contradiction that there is
y* € By \ ©@"(Cx). Then, by the Hahn—Banach separation theorem (see, e.g.,
[10, page 180, Theorem 2.2.28]), there are x € X and a real number § > 0 such
that

Rezp(y*) — B > supRezp(co™ (Cx)),
and thus CxNS(zp, B, By+) = (). This is a contradiction to Proposition 4.3(a). O

Proposition 4.3 follows from the following lemma.

Lemma 4.4. LetY and X be as in Proposition /.1, and let E be a subspace of X .
Set Ep :={xp € Y*™: x € E}, and denote by o the weak topology o(Y™*, Ep) on
Y*. Then, whenever S(zp, «, By+) is a og-slice with z € Sg, p is a 0g-continuous
seminorm on Y*, and € > 0, there is a og-slice S(xp, B, By~) with x € Sg such
that

(1) S(xp, 8, By+) C S(zp,a, By+);

(2) diam, S(zp, B, By+) < €.

Proof of Proposition /.3. Let S(xop, fo, By+) with xy € Sx be a Tp-slice of By-.
(a) Assume that X/Y is separable. Then there is a separable subspace Fy of X
such that X = span(Y U Ey). Set Z; :=span(Ey U {x¢}), and proceed as follows.
Given n € N and a separable subspace Z,, of X, let A, be a countable dense
subset of Sz . For every x € A, and every k € N, by Proposition 2.5(a), there
are yy , € Sy and oy, ;. > 0 such that S(y;, ,, ap ., By+) C S(zp,1/k, By-). Set

By :={yn;: z € A, k€ N} and Zp+1 = 5pan(A, U B,).

Set E :=J -, Z,. Since E is separable, there are finite subsets F; C Fp C ---
of Sg such that the union (7, F, is dense in Sg. For every n € N, define a
seminorm p,: Y* 3 y* — max,er, |tp(y*)|. By Lemma 4.4 and our construction,
we can inductively find weak*-slices S(yn, Yn, By+) and og-slices S(znp, 5y, By~)
with y,, € Syng and z,, € Sg such that, for every n € N,

(1) S(znp, Bps By<) C{y* € By+: Rey*(yn) = 1 —1/2} C S(Yn, Yny By+) C
S<xn—1P7Bn—17 BY*))
(II) diam,, S(znp, Bn, By+) < 1/n.
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There exists y* € (Vo SYn, Y By+) = (hey S(Znp, Bn, By+), because By is
weak® compact. One can immediately verify that this y* is a weak*-to-op point
of continuity of the identity operator on By, and thus a weak*-to-o(Y*, Xp)
point of continuity. From [9, Proposition 2.1] it now follows that y* € Cx.

(b) If X is separable, then set £ = X and follow the proof of (a) starting
with picking the finite subsets F; C F» C --- of Sg. The resulting y* is now a

(weak*, Tp)-denting point of By. O
The proof of Lemma 4.4 makes use of the following lemma.

Lemma 4.5 (cf. [3, Lemma 1], [2, Lemma 2, p. 200]). Let Z be a Banach space, let
T be a locally convex topology on Z weaker than the norm topology, let z* € (Z, 1)
with ||z*|| = 1, and let K be a nonempty closed bounded convex subset of Z such
that K C {x € Z: Rea*(xz) >0} and K N{x € Z: Rex*(x) > 0} # 0. Suppose
that every nonempty bounded subset of Z is (1,7)-dentable. Then, whenever p
is a T-continuous seminorm on Z and € > 0, there is a T-slice S(y*, 8, K) with
|y*|| =1 such that

(1) S(y*,8,K) C{z € K: Rex*(z) > 0};

(2) diam, S(y*, 5, K) < e.

Proof. The lemma follows from [3, Lemma 1]. O

Proof of Lemma J./. Let S(zp,a, By+) be a og-slice with z € Sg, let p be a
og-continuous seminorm on Y*, and let € > 0. Pick v* € Y™ so that zp(v*) = a—1,
and let C' := v* 4+ By«. Then supRe zp(C') = a and thus S(zp,a,C) = {y* €
C': Rezp(y*) > 0}. Set K := {y* € C: Rezp(y*) > 0}. Since, by Corollary 3.3,
every nonempty bounded subset of Y* is (0, 0g)-dentable, by Lemma 4.5, there
is a op-slice S(zp, 8, K) with x € Sg such that

(I) S(zp, B8, K) C{y* € K: Rezp(y*) >0} = S(zp, o, C);

(II) diam, S(zp, 8, K) < e.

It now suffices to show that
S([L’P,B,C) CK, (41)
because, in this case,
S(I’p,/@,C) - S(‘TP7B7K> C S(ZP7057C>7
and therefore, since C' = v* + By, one has S(zp, 3, By~) C S(zp, «, By+) and
diam, S(zp, B, By«) = diam, S(zp, 5,C) < diam, S(zp, 5, K) < .

Suppose for contradiction that (4.1) fails; that is, let y* € S(xp, 8, C)\ K, that

is, y* € C' with
Rezp(y*) > supRexp(C) — f > supRexp(K) —

and Re zp(y*) < 0. Letting u* € S(zp, 3, K) be arbitrary, one has u* € K C C
and Rezp(u*) > supRexp(K)— . Since Re zp(u*) > 0 by (I), there is A € (0,1)
such that, for w* := (1 — A\)y* + Au* € C, one has Re zp(w*) = 0; thus w* € K.

Since Rexp(w*) > supRezp(K) — [, that is, w* € S(xzp, S, K), one must have
Re zp(w*) > 0 by (I), which is a contradiction. O
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