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ABSTRACT. We present some results on the nuclearity (or trace class) of
integral operators acting on L?(X,v) under specific conditions. These results
improve and adapt a number of methods found in references on this subject.
Our discussions take place within the context of special subsets (and man-
ifolds) of the Euclidean space (endowed with weighted Lebesgue measure),
second-countable spaces, and Lusin and Souslin spaces (endowed with o-finite
Borel measure).

1. Introduction

Nuclearity and trace formulas frequently arise in a great variety of problems
in several branches of mathematics like the asymptotic behavior of eigenvalues,
regularity of pseudodifferential operators, Fredholm determinants, and learning
theory. (For recent research on and applications of this subject, see, e.g., [4], [8],
[11], and their references; for examples of classical authors and results on this
subject, see [9] and [12].)

To clarify what we mean by nuclearity, we start with the basic setting of this
article. Let H; and Hy be Hilbert spaces, and let T : H; — Hs be a linear
and compact operator with adjoint 7™ : Hy — H;. The well-known singular
value decomposition theorem implies the existence of (countable) orthonormal
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sets {¢;} C H; and {¢);} C Hs and singular values s; > s;11 > 0 such that

T(f) = si{f.o)0;, fE€H, (1.1)

J

where (-,-) denotes the inner product of Hy, T(¢;) = s;4;, T*(¢;) = s;¢;, and
T*T(¢;) = s;¢;. Note that

f:Z<f,¢j)¢j+u, u L ¢;, and  T(u)=0, fe€H.

Now, for each p > 0, we say that 7" is in the Schatten class S, when
IT|p =" " < oo.
J

If p > 1, then S, is a Banach space (see [9], [12, p. 12]).
The class & is the nuclear (or trace) class, and the class Sy is the Hilbert—
Schmidt class. If T is in the trace class and H = H; = Ho, then we can define its

trace as
w(T) = _(T(9).9).
¢eB
for one (and any) orthonormal basis B of H. It follows that tr : S — C is a
bounded linear functional with norm 1. In particular, if T' € S, then

(|TP) = 1715 =Y (IT1"(¢), ¢),

¢eB

where B is an orthonormal basis for H, and |T'| = (T*T)"/? is the only positive
square root of T' (see Theorem 3.1 in [12, p. 31]). Note that §; C Ss, and if
T € S,, then it is in &y if and only if the Fredholm determinant

det(I +|7]) = JJ(1 +s;)

J

is convergent (see [1] for discussions on evaluation of Fredholm determinants).

In this article, we analyze the trace class operators when H = L?(X,v) (see
[7] for some measure theory). As such, in view of Lemma 2.4 below, we simply
need to work with integral operators. Let (X,.A,v) be a measure space, and
let £ : X x X — C be a measurable kernel for which the integral operator
K : L*(X,v) = L*(X,v), given by

K(f)(x) = / k(e 9)f(y) dvly), | e IA(X,0), (1.2)

X

is well defined. Under conditions which we will state (as needed) throughout the
paper, our plan is to show that if K is in the trace class, then

tMQ:AML@W@. (1.3)

(Readers are directed, e.g., to expressions (4.7) and (6.6) in [8] for details on the
study of trace formulas like (1.3).)
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This kind of result was motivated by the many versions of Mercer’s theorem
for positive definite kernels (see [5]), which is one of the basic tools for proving
the results established in [6]. Recently, Jefferies [10] gave conditions to ensure the
nuclearity of positive integral operators without the use of Mercer’s theorem but
using instead a perfect combination of procedures from [2], [3], and [6].

In this article, we extend or refine some of these results to ensure the nuclearity
of integral operators. In Section 2, we present some basic results. Section 3 is
devoted to providing technical results. Section 4 is the main section, where we
give conditions to ensure the nuclearity of an integral operator and calculate
their trace. Finally, in Section 5 we present our concluding remarks regarding the
special contexts.

2. Auxiliary results

In this section, we present some technical results that we will use as the main
tools of this work. Lemma 2.1 and Mercer’s theorem are well known and were

the basic tools used to prove the results of [6]. We provide an idea of the proof
of this lemma for the sake of completeness.

Lemma 2.1. Let {R,} and {S,} be sequences of bounded operators in H such
that R,,(f) = R(f) and S,(f) = S(f) forany f € H. Ifp>1 and T is in S,,
then for some p > 1,

lim |R,TS; — RTS*||, =0.
n—oo
Proof. It T;(f) = s;{f, ¢;)¢;, where ¢;, 1;, and s; come from (1.1), then direct
calculation shows that
1RaT;S; = RT;S™ ||, < [|RaT;(S; = 57|, + (R = RT3,

< 55([| (S = 9)"(8)|]|| B () |
+ 1S (o) ||[[(R = Ra)(@)]])

converges to zero as n — o0o. This argument may be repeated to prove the same
result for finite-rank operators. It follows from (1.1) that the set of finite-rank
operators is dense in the compact operator class (and in the class S,). The proof
follows from an e approximation procedure. O

We consider the next lemma as the main functional analytic tool in this text.
If H is separable, one can use another result like that used in [10, Proposition 3.1]
as one of its main tools. Our version has a very simple proof.

Lemma 2.2. Let ‘H be a Hilbert space and let there be a sequence T, € S, with
C = sup, [|T,|l, < oo, for some p > 0. If |T,|P(f) converges to |T|P(f) for any
f € H and some bounded operator T : H — H, then T € S, and ||T|, < C.

Proof. Since
1T =D (|T.lP(¢), ¢) < C? < o0

feB
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for all n € N and any orthonormal basis B of H, it is easy to see that

m

D (IT1(8)).65) = lim S (TP (6,).6;) < C¥ < o0

j=1
for each m € N and any ¢1, ¢o, ..., ¢, € B. Hence,
1T, < sup  _(IT1P(9).¢) < C* < o0,
D
¢eD
where the supremum is taken over all finite sets D C B. It then follows that T is
in S,. ]

Remark 2.3. Note that the preceding lemmas still hold when n is replaced with
u, where u is in a metric space V and u — «.

The next lemma gives a series representation for kernels of Hilbert—Schmidt
operators.

Lemma 2.4. Let T : L*(X,v) — L*(X,v) be a Hilbert-Schmidt operator. Then
it 15 an integral operator with kernel

k(x,y) = Z sjnj(:c)éj(—y), z,y € X (a.e.),

where {&;} and {n;} are orthonormal sets and s; are singular values of T

Proof. Let {&;}, {n;}, and s; be given by the singular value decomposition theo-
rem applied to 7. It follows that {n;®¢;} is an orthonormal set in L?(X x X, v@v),
where n; ® &;(z,y) = n;(2)€;(y), z,y € X. Now take

k=) sm®g,
j

which is in L*(X x X,v ® v). A direct calculation shows that

k] =3 82 < o0

and that £ is the kernel of T'. O
If T is a (self-adjoint) positive definite operator, that is, if
(T(), f) =0, feLl*(X,v), (2.1)

then a quite general version of Mercer’s theorem along the lines of those proved
in [5] may hold for T'. Precisely, T' has spectral representation

T(f) =D Alfsdn)dn, [ € LA(X,v),
n=1

where {¢,} is orthonormal in L*(X,v) and A\, > \,41 > 0 are the eigenvalues
of T'. Also, if Mercer’s theorem holds true, then

k(x,y) :ZAn¢n($>¢n(y)a T,y € X,
n=1
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with at least absolute convergence on X. It is now clear that one simply needs to
put x = y in this series and integrate it to obtain the trace of T" as in (1.3).

3. Filters and approximations

We begin the discussion in this section as generally as possible, gradually adding
hypotheses and providing examples as needed (given the context). (Readers are
directed to [2], [3], [6], and [10] for a number of special and more general contexts
in which the conditions that we will be adding hold.)

Let (X, A,v) be a measure space. We say that a (countable) family F =
{F|, F5,...} of sub-c-algebras of A is a filter when F,, C F,.; and each F,
is generated by a (countable) partition P! of X,, C X, with elements (of finite
and positive measure) in .A.

Definition 3.1. Let F be a filter. The conditional expectation operator P,
L*(X,v) — L*(X,v) is given by

P =E(fIF) = 3 / fdv, fel1¥X,v), (3.1)

UePlt V(U)

where xy is the characteristic function of U.

Note that if  is in some U,(z) € P, then

1
PN = o5 /U Lz

Definition 3.2. Let k be a kernel with finite integral in U x V for each U,V in
PE and each n = 1,2, .. .: The conditional expectation E(k|F, x F},) is given by

XUxV
kn =E(k|F, x )= > m/ kd(v x v). (3.2)
UVePF Uxv

Again, if z is in some U, (z ) and y is in some U, (y), both in P then

bala.) = o /n@ / ks, 1) du(s) du(t).

An important tool related to the boundedness and convergence analysis of P,
is the maximal operator given by

Hp(f)(z) = sup P.(f)(x), zeX.

We also use the notation

Hpz (k) (x,y) = sug]E(]kHFn X Fn)(:v,y), x,y € X.
ne

Remark 3.3. In [6], concepts are used similar to (3.1) and (3.2), with the notation
D, and k!, respectively, where t > 0, but they are not exactly the same. In par-
ticular, D; did not come from a partition in that work; nevertheless, the concepts
we discuss here make sense there.

The conditional expectation has the following important properties.
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Lemma 3.4. We have that P, is an orthogonal projector from L*(X,v) to W,
where W,, = span{xy,U € PL}. Also, P, is an integral operator with (positive
definite) kernel

ZXU XU C ryeX
UePl

Proof. Tt suffices to show that P? = P, = P*. In fact, it follows from (3.1) that
P,(axy) = axy, Ue€Pr acC,

and that {—X4= U € PI'} is an orthonormal basis for W,. Also, if we write

Vr(U)’
PF={U,;} and ¢; = \/%, we can see that
Pu(f) =Y (f.6)&, fe L (X,v). (3.3)

J

Hence, P, = P? is self-adjoint and positive definite, with ||1D | = 1. Since

/X en(z 1) f(¥) / 3 xwlxwly) XU ) () dviy)

UePF
- > T / fan
UePF
= P.(f)(= ), reX,
it follows that P, is an integral operator with kernel e,,. O

To prove the next lemma, we add boundedness to the integral operator K :
L*(X,v) — L*(X,v) given by (1.2).

Lemma 3.5. Let K be a bounded integral operator given by (1.2), with kernel k.
The integral operator K,,, with kernel k,, given by (5.2), is also bounded and

(PaEP)(f) = Ku(f), f€L(X,v).

Proof. Since each element of P! has finite measure, it follows from Fubini’s/
Tonelli’s theorem and Lemma 3.4 that, for each n =1,2,...,

=2 (&) 3 (K (&) &)

XU,
_ _ AUng K
;yUmuUm /mfdy/'/m. dv dv
= XU // (u,v) dv(u)dv(v /fdl/

Uyve PF
= (K.f), fe L2(X, V).
The result follows. In particular, | K, || < ||P.KP,|| = || K] O
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We can easily verify that when X is a Lebesgue measurable subset of the
Euclidean space, the Lebesgue differentiation theorem and boundedness of the
Hardy-Littlewood maximal operator hold (see [6]).

We are now able to add another hypothesis to (X, .4, v) to ensure that similar
versions to this result hold in a more general setting. The contexts within which we
will work include those where X is in the Euclidean sphere or a similar manifold.
The results are related to the concept of martingale and Lusin filtration and
extend topics covered in [2], [3], and [10].

Assumption 3.6. For each f € L*(X,v), the sequence E(f|F},) = P,(f) converges
to f (almost everywhere).

Note that this and the next assumption are (weak) versions of the Lebesgue
differentiation theorem and are related to the martingale convergence theorem
(see [2], [10]). It is clear that

[Pu()(@)] < He(f)(@), =€ X,
To bound the maximal operator we also need to add the next assumption.

Assumption 3.7. The maximal operator Hp is bounded in L?(X,v), which means
the existence of a constant C' > 0 such that

[He ()], <Cllfllar | e L (X,v). (3.4)

This enables us to obtain a convergence result related to the lemmas of Sec-
tion 2.

Proposition 3.8. Let K be bounded, and suppose that Assumptions 3.6 and 3.7
hold. If f € L*(X,v), then K, (f) converges to K(f).

Proof. Since |P,(f)(z) — f(z)] < Hr(f)(x) + |f(2)|, for z € X, it follows that
P,(f) converges to f in L*(X,v). Hence,

|P.KP.(f) = K()|| < IPll||KPu(f) = K| + || PaK(f) = K(f)]]
<N PalllE | Palf) = £l + [ Pa (K (£)) = K],
and the result follows. O

Now we use (3.3) to define another orthogonal projector P, ,, : L*(X,v) —
L*(X,v) as

Pon(f) =Y (.68, [ e LX),
j=1

It follows from Bessel’s inequality that

1Pa(f) = Pan D, = S [F 0 feP(X,v), (3.5)

ji>m
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and that P, ,,,(f) converges to P,(f) as m — oco. We can also use (3.2) to define

Kon(on) = 3 8 [ kv xn), syex. 6o
UveprE,, Uxv
where PY, = {Upn1,Un2, ..., Upm }-

4. The main results

In this section, we use Assumptions 3.6 and 3.7 to prove results on the nuclearity
of integral operators. We note that these assumptions are not needed in the next
result.

Lemma 4.1. Let k be as in Definition 5.2. Then P, ,, K P, ,,, is a nuclear operator
with trace

tr(Pn,mKPn,m) = / kn,m(ﬂf, 33') dl/(.flf)
X

Proof. 1t is clear that each operator P, ,,K P, ,, has finite rank, and hence, it is
nuclear and

(P K Pon) = Y (K Puptt, Putt), € B,

to any orthonormal basis B of L*(X,v). If one chooses the basis

- {—i(U;nj)} U B,

it follows that

Ms

tr( P K Pom) = K (&), 53

; k(u,v)dv(v) xu,,(u)
X S ey

j=1 nj

1
= Z W/UXUk(u,v)dy(u)dy(v)

UePrt,,

_ /anm(:v,x) dv(z). =

The last result is used to prove one of the main results of this article. Note that
the calculations ahead are similar to those in [2].

Theorem 4.2. Let K : L*(X,v) — L*(X,v) be an integral operator, and suppose
that Assumptions 5.0 and 5.7 hold. If K is in the trace class, then

[ Hr) ) o) < ),
X
where C' comes from (3./). In particular,

tr(K):/Xl;:(x,x) dv(z), (4.1)
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where

k= lim E(k|F, x F,).

n—oo

Proof. By using Lemma 2.4, one can define

g(z,y) = silm@)||& W], =y X

J

2
/XX!g!2V><V§<Zsj> < +o0,
X

J

It follows that

and g is in L*(X x X, v ® v). Since
}k’(l’,y)ﬁ < ’g(:c,y)|2 < Zsj’nj(x”QZsl‘gl(y)‘za T,y € X (a'e')>
j l

(3.2) implies that
E(|k||F, x F,) <E(g|F, x F,), n€N,

and that
Hp2(k) < Hp2(g).

Otherwise, the equalities

X T,y
E(g|Fn x Fy)(z,y) = I/U((X]V—iv))/ gdv xv
UVEP, Uxv
Z XUXme//ZSJ|?7] )|[&(v)| dv x v(u,v)
UVeP,
X X
- X [l ¥ 28 [ glar

i UePn

:ZSJ ’nJHFn ZE)E(E]HFn)(y), x?Z/GX?
J

help us to see that
Hpo(k ZSJHFQ &) W) Hpz(n) (), z.y € X.

Assumption 3.7 and the Cauchnychwarz inequality imply the inequalities

/HF2 (z,z)dv(x /ZS]HFZ &) (x)Hpz2(n;)(x) dv(z)
< 2 sillHe ()| [ Hee (my)|

:CQZS]‘
J

= C?[|K]|s.
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The end result stated follows from applications of Lemmas 2.1 and 4.1, which
produce (4.1). First, note that

6r(Kpm) = / o (2, 7) ()
X
and that

b (2,9)| < Hp2(K)(2,y), |ka(2,y)| < Hpa(k) (2, 9)

for all z,y € X. The dominated convergence theorem produces the equalities

tr(K,) = lim tr(K,,,) :/Xk;n(x,x) dv(x) :/ E(k|F, x F,)(z,x) dv(z).

m—0o0 X

The same arguments show that

tr(K) = lim tr(K,) = [ k(z,z)dv(z).

As we can see, it is generally not an easy task to find the kernel k explicitly
and, even if we can do it, we should evaluate an integral. In some cases, we can
easily estimate the trace.

Corollary 4.3. Let K : L*(X,v) — L*(X,v) be an integral operator, and suppose
that Assumptions 5.6 and 3.7 hold. If K is in the trace class, with k € L>(X,v)
and v(X) < oo, then

[ 40(K)| < () k]| e
Proof. Tt follows from the proof of Theorem 4.2 that

lim < lim /Xkrnm(x,x) du(x)))

n—oo \m—oo

‘tr(K)| = | lim tr(Kn)| =

n—oo

Now, we can use (3.6) to see that
|kn,m($,y)‘ < ”k”Loov l’,yEX.
The result follows. O

Note that [10] uses the positivity of K as a hypothesis to prove a version of
the last theorem, and we do not. On the other hand, a careful read of Jefferies’s
proof will make it clear that the author does not use positivity there. If we add
positive definiteness (2.1) to K, then we can rewrite the preceding theorem as an
equivalence. These results are extensions of those given in [2], [3], [6], and [10].

Theorem 4.4. Let K : L*(X,v) — L*(X,v) be a positive integral operator, and
suppose that Assumptions 5.6 and 5.7 hold. Then K is in the trace class if and
only if

/Xsz(k)(x,x) dv(z) < oo. (4.2)
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Proof. We need only do the first part; the other follows from Theorem 4.2. As
such, let us assume that (4.2) holds. Since K is a positive operator, the inequalities

ZXU // (u, v) dv(u) dv(v)

UepPk,,

> u // ()0 (0) () ) o)

UePk,,

Z XU Kxu, xv)

UP,{’m
>0, zelX,

clearly show that 0 < ky, (2, 2) < kp(x,2) < Hpz2(k)(z,x) for x € X. Applying
Lemma 4.1, we find that

tr( P K Pom) < / Hpz(k)(x,x)dv(z), n,m=1,2,....
b

It follows from (3.5) that P, ,,(f) converges to P,(f) for each f € L*(X,v). Since
| Knmlli = tr(K,m) and | K, |l1 = tr(K,), because both are positive definite,
Lemma 2.2 may be used to ensure that the K,,’s are in the trace class, with

Kn)g/XHFz(k:)(x,x) dv(z).

To finish the proof, note that Proposition 3.8 implies that K, (f) converges to
K(f) for all f € L*(X,v). Another application of Lemma 2.2 shows that K is in
the trace class and that

1K = tr(K) < /X Hopo (k) (2, 2) dv(2). -

5. Final results and remarks

We start this final section with the next result, which completes the statements
of Theorem 4.4. Its proof is based on the spectral decomposition of K, as given
in Lemma 2.4, and it can be found in [6, Lemma 5.1].

Lemma 5.1. If K is a Hilbert-Schmidt operator in L*(X,v), then the equality
K= OélKl + OéQKQ + OégKg + Oé4K4

holds, where the operators K; : L*(X,v) — L*(X,v) are positive definite and each
a; 1s a complex number.

To better manipulate k in Theorem 4.2, we use the following new assumption
from now on.

Assumption 5.2. The measure space (X, A, ) and the filter F' are such that
lim k,(z,x) = k(z,z), =€ X (ae.).
n—0o0
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Remark 5.3. Note that Assumption 3.7 implies that
k(z,y) = k(z,y), 2,y €X (ae.),

and that the diagonal of X x X has null measure and enables that lz’(x,q:) #
k(x,x), for almost all x € X. On the other hand, Assumption 5.2 clearly holds
when k is a continuous kernel and X is in a context where Lebesgue’s differentia-
tion theorem may be applied. This is the case when X is a Lebesgue measurable
subset (with boundary 0(X) with null measure) of the Euclidean space R™, or a
subset of Euclidean manifolds like the sphere S™ or the torus T™. These previous
settings include, for instance, those in which dv(z) = p(x) du(x), where u is the
usual Lebesgue measure and the weight p : R™ — (0, 00) is a continuous function.

In the case in which X C R™, a filter F' is constructed by using cubes of sides
27" for each partition related to F,,. In this way, the U, (z)’s shrink nicely to z, if
x is in the interior of X (see [7, p. 98]). A similar process can be applied to other
special surfaces like spheres, tori, and similar manifolds. See Theorem 2.4 in [2]
and [3] to guarantee that our assumptions 3.6, 3.7, and 5.2 still hold on a o-finite
Borel measure on a second countable space.

The last assumption enables us to obtain the next corollaries of the main
results. Note that these are different ways to prove and extend the results of
Sections 4 and 5 of [6], and include some results of [2], [6], and [10] as special
contexts.

Corollary 5.4. Let K : L*(X,v) — L*(X,v) be an integral operator, and suppose
that Assumptions 5.0, 3.7, and 5.2 hold. If K is in the trace class, then

tr(K) = / k(z,x)dv(z).
X
Proof. The proof follows from Theorem 4.2. O

We conclude with a result summarizing the previous one.

Corollary 5.5. Let K : L*(X,v) — L*(X,v) be a positive integral operator, and
suppose that Assumptions 5.0, 5.7, and 5.2 hold. We have that K 1is in the trace
class if and only if the function v € X — K(x,x) is in LY(X,v). If K is in the
trace class, then

tr(K) :/ k(x,z)dv(z).
X
Proof. The proof follows from Theorems 4.2 and 4.4. OJ

We finish this article with a classical and beautiful example (of a positive
integral operator) and a counterexample (with a nonpositive integral operator)
to this kind of result, when X = [0, 1] (with the usual Lebesgue measure). The
first one is related to Poisson’s equation

u' = —=Xu, u(0)=u(l)=0.

This boundary value problem is related to the positive definite integral operator
K with kernel

k(z,y) = min(z,y) — 2y, =,y € [0,1].
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It is straightforward to find the eigensystem of K as
1

b
n2m?

Pn(x) = ﬂsin(mm), n=12,....

Sn —

Corollary 5.5 helps us find a solution to the Basel problem as

o0

Tr(K) = %(Z%) :/01(.7:—:1:2)0[:16: é

n=1

For a counterexample, we consider the Volterra integral operator

1)) = [ f@dr, fer0.1)
0
with nonpositive definite kernel
G(.I,y) - X[O,cc](y)u T,y € [07 1]
A direct calculation shows that

T*oT(f)(x)://Osf(t)dtds, f e L?0,1],

has eigensystem

on(T) = ¢y cos((QHT_DFﬂU), sy = (ﬁf

This means that

o0
g Sy = +00
n=1

and that 7' is not in the trace class, but rather

1
/ G(z,x)dr = 1.
0
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