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Abstract. In this article, we consider some Jensen-type inequalities for Lip-
schitzian maps between Banach spaces and functions defined by power series.
We obtain as applications some inequalities of Levinson type for Lipschitzian
maps. Applications for functions of norms in Banach spaces are provided as
well.

1. Introduction

Let B(H) be the Banach algebra of bounded linear operators on a complex
Hilbert space H. The absolute value of an operator A is the positive operator |A|
defined as |A| := (A∗A)1/2.

One of the central problems in perturbation theory is to find bounds for ‖f(A)−
f(B)‖ in terms of ‖A − B‖ for different classes of measurable functions f for
which the function of operator can be defined. It is known (see [2]) that in the
infinite-dimensional case, the map f(A) := |A| is not Lipschitz continuous on
B(H) with the usual operator norm; that is, there is no constant L > 0 such that
‖|A| − |B|‖ ≤ L‖A−B‖ for any A,B ∈ B(H). However, the following inequality
holds ∥∥|A| − |B|

∥∥ ≤ 2

π
‖A−B‖

(
2 + log

(‖A‖+ ‖B‖
‖A‖ − ‖B‖

))
,
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for any A,B ∈ B(H) with A 6= B. Bhatia (in [2]) also obtained the Lipschitz-type
inequality ∥∥f(A)− f(B)

∥∥ ≤ f ′(a)‖A−B‖, (1.1)

where f is an operator monotone function on (0,∞) and A,B ≥ a1H > 0.
As an application of (1.1), Dragomir in [5] and [6] gave an Ostrowski-type

inequality and a Hermite–Hadamard-type inequality for operator monotone func-
tions (see also [7]). We note that the authors in [4] obtained some Jensen-type
inequalities for a Lipschitz function. As corollaries, they got Jensen-type inequal-
ities (see (1.1)) for a differentiable function on (m,M) such that f ′(u) ≤ M for
all u ∈ (m,M). (For both Jensen inequality and Levinson inequality for Hilbert-
space operators, see [9] and [10]; for further details on the subject, see [1] and [3].)

Motivated by the above results, in this paper we investigate some Jensen-type
and Levinson-type inequalities for Lipschitzian maps between Banach spaces and
functions defined by power series. As applications, some Levinson-type inequal-
ities for Lipschitzian maps are obtained. Applications for functions of norms in
Banach spaces are provided as well.

Now, we will give some more denotations. Let F(D(0, R)) denote the set of
all analytic functions given by the power series f(z) =

∑∞
i=0 αiz

i with complex
coefficients and convergent on the open disk D(0, R) ⊂ C for some R > 0. If
f(z) :=

∑∞
i=0 αiz

i, then we can naturally construct another power series which
will have as coefficients the absolute values of the coefficients of the original series
fa(z) :=

∑∞
i=0 |αi|zi. It is obvious that this new power series will have the same

radius of convergence as the original series.
Let X and Y be complex linear spaces. An operator φ : X → Y is linear if

φ(αx+ βy) = αφx+ βφy for all α, β ∈ C and all x, y ∈ X.

A linear operator φ : X → Y is bounded if there is a constant M ≥ 0 such that

‖φx‖ ≤M‖x‖ for all x ∈ X.

If φ : X → Y is a bounded linear operator, then we define the operator norm or
uniform norm ‖φ‖ of φ by

‖φ‖ = inf
{
M : ‖φx‖ ≤M‖x‖, for all x ∈ X

}
.

We denote the set of all bounded linear operators φ : X → Y by B(X,Y ). When
the domain and range spaces are the same, we write B(X,X) = B(X).

2. Power series in Banach algebras

2.1. Preliminaries and previous results. Let B be an algebra. An algebra
norm on B is a map ‖ · ‖ : B → [0,∞) such that (B, ‖ · ‖) is a normed space.
The normed algebra (B, ‖ · ‖) is a Banach algebra if ‖ · ‖ is a complete norm. We
assume that the Banach algebra is unital, which means that B has an identity 1
and that ‖1‖ = 1.

Let B be a unital algebra. The set of invertible elements of B is denoted by
InvB. The resolvent set of a ∈ InvB is ρ(a) := {z ∈ C : z1 − a ∈ InvB}; the
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spectrum of a is σ(a) = C \ ρ(a); the resolvent function of a, Ra : ρ(a) → InvB,
is Ra(z) := (z1− a)−1; and the spectral radius of a is ν(a) := sup{|z| : z ∈ σ(a)}.

Let f ∈ F(D(0, R)) given by the power series

f(z) :=
∞∑
i=0

αiz
i, |z| < R.

If ν(a) < R, then the series
∑∞

i=0 αia
i converges in the Banach algebra B because∑∞

i=0 |αi|‖ai‖ < ∞, and we can define f(a) to be its sum. Clearly, f(a) is well
defined. There are many examples of important functions on a Banach algebra B
that can be constructed in this way. Furthermore, let (B, ‖·‖) be a unital Banach
algebra.

The following theorem is proved by Dragomir in [6, Theorem 4] and [5, Theo-
rem 1].

Theorem A. If f ∈ F(D(0, R)), then for any x, y ∈ B with ‖x‖, ‖y‖ < R, we
have ∥∥f(y)− f(x)

∥∥ ≤ ‖y − x‖
∫ 1

0

f ′
a

(∥∥(1− t)x+ ty
∥∥) dt. (2.1)

2.2. Jensen-type inequalities. A combination
∑n

j=1 pjxj of vectors xj in a

real linear space and real coefficients pj is convex if pj ≥ 0 and
∑n

j=1 pj = 1. If
f is a convex function defined on a convex set in a real linear space, then the
inequality

f
( n∑
j=1

pjxj

)
≤

n∑
j=1

pjf(xj) (2.2)

holds for all convex combinations of vectors xj belonging to the domain of f . This
is the well-known Jensen inequality; the classic version can be seen in [8]. Next
we give a Lipschitz-type inequality for power series in Banach algebras.

Theorem 2.1. Let f ∈ F(D(0, R)) be an analytic function, let x̄ =
∑n

j=1 pjxj
be a convex combination of vectors xj ∈ B such that ‖xj‖ < R, and let φ ∈ B(B)
be a bounded linear operator such that ‖φxj‖ < R. Then we have the inequality∥∥∥ n∑

j=1

pjf(φxj)− f
( n∑
j=1

pjφxj

)∥∥∥
≤ ‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− t)φxj + tφx̄
∥∥) dt

≤ 1

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
f ′
a

(
‖φxj‖

)
+ f ′

a

(
‖φx̄‖

))
≤ ‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖. (2.3)
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Proof. Note that φx̄ =
∑n

j=1 pjφxj. Using the fact that
∑n

j=1 pj = 1, and applying
the Jensen inequality to the norm convexity, we get∥∥∥ n∑

j=1

pjf(φxj)− f(φx̄)
∥∥∥ =

∥∥∥ n∑
j=1

pj
(
f(φxj)− f(φx̄)

)∥∥∥
≤

n∑
j=1

pj
∥∥f(φxj)− f(φx̄)

∥∥. (2.4)

Applying Theorem A to φxj and φx̄, and using ‖φxj − φx̄‖ ≤ ‖φ‖‖xj − x̄‖, we
get ∥∥f(φxj)− f(φx̄)

∥∥ ≤ ‖φ‖‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− t)φxj + tφx̄
∥∥) dt. (2.5)

Note the function f ′
a(z) =

∑∞
i=1 i|αi|zi−1. The restriction of f ′

a to the real interval
[0, R) is nondecreasing and convex. The norm is convex. Therefore, their compo-
sition is convex. Then it follows that

f ′
a

(∥∥(1− t)φxj + tφx̄
∥∥) ≤ (1− t)f ′

a

(
‖φxj‖

)
+ tf ′

a

(
‖φx̄‖

)
.

Integrating the above inequality by t over the interval [0, 1], we obtain∫ 1

0

f ′
a

(∥∥(1− t)φxj + tφx̄
∥∥) dt ≤ 1

2

(
f ′
a

(
‖φxj‖

)
+ f ′

a

(
‖φx̄‖

))
. (2.6)

Applying the Jensen inequality to the composition of f ′
a and norm, we get

f ′
a

(
‖φx̄‖

)
≤

n∑
j=1

pjf
′
a

(
‖φxj‖

)
≤ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)}
,

and consequently

1

2

(
f ′
a

(
‖φxj‖

)
+ f ′

a

(
‖φx̄‖

))
≤ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)}
. (2.7)

Finally, combining the inequalities in (2.4)–(2.7), we obtain the multiple inequal-
ity in (2.3). �

Remark 2.2. Let the assumptions of Theorem 2.1 be valid, and let ‖φxj‖ ≤
M < R for any xj ∈ B, j = 1, . . . , n. Taking into account that f ′

a is monotonic
nondecreasing and then using (2.3), we obtain∥∥∥ n∑

j=1

pjf(φxj)− f
( n∑
j=1

pjφxj

)∥∥∥ ≤ ‖φ‖f ′
a(M)

n∑
j=1

pj‖xj − x̄‖.

Now, we define Jensen’s map J : F(D(0, R))×B(B)×Bn×Rn
+× [0, 1]×N → B

as

J(f, φ,x,p, t, n) =
n∑
j=1

pjf
(
(1− t)φxj + t

n∑
k=1

pkφxk

)
, (2.8)

where f ∈ F(D(0, R)) is an analytic function, φ ∈ B(B) is a bounded linear
operator, x = (x1, . . . , xn) is an n-tuple of elements xj ∈ B, p = (p1, . . . , pn) is
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an n-tuple of positive real numbers pj ∈ R+ such that
∑n

j=1 pj = 1, t ∈ [0, 1] and

n is a natural number. In the following theorem, we show that the map (2.8) is a
Lipschitzian map.

Theorem 2.3. Let J(f, φ,x,p, t, n) be the map defined by (2.8) and let x̄ =∑n
j=1 pjxj be a convex combination of vectors xj. If ‖φxj‖, ‖xj‖ < R, j = 1, . . . , n,

then∥∥J(f, φ,x,p, t2, n)− J(f, φ,x,p, t1, n)
∥∥

≤ |t2 − t1|‖φ‖
n∑
j=1

pj‖xj − x̄‖

×
∫ 1

0

f ′
a

(∥∥(1− t1 + (t1 − t2)s
)
φxj +

(
t1 − (t1 − t2)s

)
φx̄

∥∥) ds
≤ 1

2
|t2 − t1|‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(2− t1 − t2)f

′
a

(
‖φxj‖

)
+ (t1 + t2)f

′
a

(
‖φx̄‖

))
≤ |t2 − t1|‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖. (2.9)

Proof. We use the same technique as in the proof of Theorem 2.1. We give a
sketch of the proof:∥∥J(f, φ,x,p, t2, n)− J(f, φ,x,p, t1, n)

∥∥
≤

n∑
j=1

pj
∥∥f((1− t1)φxj + t1x̄

)
− f

(
(1− t2)φxj + t2x̄

)∥∥
≤ |t2 − t1|‖φ‖

n∑
j=1

pj‖xj − x̄‖

×
∫ 1

0

f ′
a

(∥∥(1− t1 + (t1 − t2)s
)
φxj +

(
t1 − (t1 − t2)s

)
φx̄

∥∥) ds
≤ |t2 − t1|‖φ‖

n∑
j=1

pj‖xj − x̄‖

×
(
f ′
a

(
‖φxj‖

) ∫ 1

0

|1− t1 + (t1 − t2)s| ds

+ f ′
a

(
‖φx̄‖

) ∫ 1

0

|t1 − (t1 − t2)s| ds
)

= |t2 − t1|‖φ‖
n∑
j=1

pj‖xj − x̄‖
((

1− t1 + t2
2

)
f ′
a

(
‖φxj‖

)
+
t1 + t2

2
f ′
a

(
‖φx̄‖

))
≤ |t2 − t1|‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖.
�
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Corollary 2.4. Let the assumptions of Theorem 2.3 be valid. Then∥∥∥J(f, φ,x,p, t, n)− f
( n∑
k=1

pkφxk

)∥∥∥
≤ (1− t)‖φ‖

n∑
j=1

pj‖xj − x̄‖

×
∫ 1

0

f ′
a

(∥∥(1− t)sφxj +
(
1 + (t− 1)s

)
φx̄

∥∥) ds
≤ 1− t

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(1− t)f ′

a

(
‖φxj‖

)
+ (1 + t)f ′

a

(
‖φx̄‖

))
≤ (1− t)‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖, (2.10)

∥∥∥ n∑
j=1

pjf(φxj)− J(f, φ,x,p, t, n)
∥∥∥

≤ t‖φ‖
n∑
j=1

pj‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− (1− s)t
)
φxj + (1− s)tφx̄

∥∥) ds
≤ t

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(2− t)f ′

a

(
‖φxj‖

)
+ tf ′

a

(
‖φx̄‖

))
≤ t‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖, (2.11)

and∥∥∥J(f, φ,x,p, t, n)− (1− t)
n∑
j=1

pjf(φxj)− tf
( n∑
k=1

pkφxk

)∥∥∥
≤ t(1− t)‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

(
f ′
a

(∥∥(1− t)sφxj +
(
1 + (t− 1)s

)
φx̄

∥∥)
+ f ′

a

(∥∥(1− (1− s)t
)
φxj + (1− s)tφx̄

∥∥)) ds
≤ t(1− t)

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(3− 2t)f ′

a

(
‖xj‖

)
+ (1 + 2t)f ′

a

(
‖x̄‖

))
≤ 2t(1− t)‖φ‖ max

1≤j≤n

{
f ′
a

(
‖xj‖

)} n∑
j=1

pj‖xj − x̄‖. (2.12)

Proof. The inequalities (2.10) and (2.11) follow from (2.9) by choosing t1 = 1,
t2 = t, and t1 = t, t2 = 0, respectively. We obtain (2.12) using the triangle
inequality and adding (2.10) multiplied by t and (2.11) multiplied by 1− t. �
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Remark 2.5. Let the assumptions of Theorem 2.3 be valid. If ‖φxj‖ ≤ M < R
for any xj ∈ B, j = 1, . . . , n, then Theorem 2.3 gives∥∥J(f, φ,x,p, t2, n)− J(f, φ,x,p, t1, n)

∥∥ ≤ |t2 − t1|‖φ‖f ′
a(M)

n∑
j=1

pj‖xj − x̄‖.

Since the operator valued integral
∫ 1

0
f((1− t)φx+ tφy) dt exists for an analytic

function f ∈ F(D(0, R)), an operator φ ∈ B(B), and x, y ∈ B, we can observe a

map J1(f, φ,x,p, n) =
∫ 1

0
J(f, φ,x,p, t, n) dt, where J(f, φ,x,p, t, n) is Jensen’s

map (2.8); that is,

J1(f, φ,x,p, n) =
n∑
j=1

pj

∫ 1

0

f
(
(1− t)φxj + t

n∑
k=1

pkφxk

)
dt.

By using (2.10) and (2.11), we obtain the following theorem. We omit the proof.

Theorem 2.6. Let the assumptions of Theorem 2.3 be valid. Then∥∥∥J1(f, φ,x,p, n)− f
( n∑
k=1

pkφxk

)∥∥∥
≤ ‖φ‖

n∑
j=1

pj‖xj − x̄‖
(1
6
f ′
a

(
‖φxj‖

)
+

1

3
f ′
a

(
‖φx̄‖

))
≤ 1

2
‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖.

and ∥∥∥ n∑
j=1

pjf(φxj)− J1(f, φ,x,p, n)
∥∥∥

≤ ‖φ‖
n∑
j=1

pj‖xj − x̄‖
(1
3
f ′
a

(
‖φxj‖

)
+

1

6
f ′
a

(
‖φx̄‖

))
≤ 1

2
‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖.

Next, we define Jensen’s map J̄ : F(D(0, R))×B(B)×Bn×Rn
+×[0, 1]×N → B

as

J̄(f, φ,x,p, t, n) = (1− t)
n∑
j=1

pjf(φxj) + tf
( n∑
k=1

pkφxk

)
, (2.13)

f ∈ F(D(0, R)) is an analytic function, φ ∈ B(B) be a bounded linear operator,
x = (x1, . . . , xn) is an n-tuple of elements xj ∈ B, p = (p1, . . . , pn) is an n-tuple
of positive real numbers pj ∈ R+ such that

∑n
j=1 pj = 1, t ∈ [0, 1], and n is a

natural number. We can obtain results similar to the above for the map (2.13)
and its integral version; for example, we have the following theorem, which is
similar to Theorem 2.3.
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Theorem 2.7. Let J̄(f, φ,x,p, t, n) be the map defined by (2.13), and let x̄ =∑n
j=1 pjxj be a convex combination of vectors xj. If ‖φxj‖, ‖xj‖ < R, j = 1, . . . , n,

then∥∥J̄(f, φ,x,p, t2, n)− J̄(f, φ,x,p, t1, n)
∥∥

≤ |t2 − t1|‖φ‖
n∑
j=1

pj‖xj − x̄‖

×
∫ 1

0

f ′
a

(∥∥(1− t1 + (t1 − t2)s
)
φxj +

(
t1 − (t1 − t2)s

)
φx̄

∥∥) ds
≤ 1

2
|t2 − t1|‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(2− t1 − t2)f

′
a

(
‖φxj‖

)
+ (t1 + t2)f

′
a

(
‖φx̄‖

))
≤ |t2 − t1|‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖.

The proof is similar to the one for Theorem 2.3. We omit the details.
Finally, we define Levinson’s map Lφ,ψ(f,x,y,p,q, t, n) as the difference

between the corresponding Jensen maps (2.8):

Lφ,ψ(f,x,y,p,q, t, n) = J(f, ψ,y,q, t, n)− J(f, φ,x,p, t, n),

or explicitly

Lφ,ψ(f,x,y,p,q, t, n)

=
n∑
j=1

qjf
(
(1− t)ψyj + t

n∑
k=1

qkψyk

)
−

n∑
j=1

pjf
(
(1− t)φxj + t

n∑
k=1

pkφxk

)
, (2.14)

where f ∈ F(D(0, R)) is an analytic function, φ, ψ ∈ B(B) are bounded linear
operators, x = (x1, . . . , xn) and y = (y1, . . . , yn) are n-tuples of elements xj, yj ∈
B, p = (p1, . . . , pn) and q = (q1, . . . , qn) are n-tuples of positive real numbers
pj, qj such that

∑n
j=1 pj =

∑n
j=1 qj = 1, t ∈ [0, 1], and n is a natural number.

By using Theorem 2.3 and the triangle inequality, we can show that (2.14) is a
Lipschitzian map, as follows.

Theorem 2.8. Let Lφ,ψ(f,x,y,p,q, t, n) be the map defined by (2.14), and let
x̄ =

∑n
j=1 pjxj, ȳ =

∑n
j=1 qjyj. If ‖φxj‖, ‖xj‖, ‖ψyj‖, ‖yj‖ < R, j = 1, . . . , n,

then ∥∥Lφ,ψ(f,x,y,p,q, t2, n)− Lφ,ψ(f,x,y,p,q, t1, n)
∥∥

≤ |t2 − t1|C1 · C2

( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)
,

where C1 = max{‖φ‖, ‖ψ‖} and C2 = max1≤j≤n{f ′
a(‖ψyj‖), f ′

a(‖φxj‖)}.
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Remark 2.9. Of course, we can obtain similar results for other versions of Levinson
maps as the difference between the corresponding Jensen maps (2.13) or (3.3).
We omit the details.

Now, we consider some simple examples.

Example 2.10. (1) If we consider the exponential function exp(z) =
∑∞

i=0
1
i!
zi,

z ∈ C, then we obtain special versions of the above inequalities. For example, by
putting t1 = 1 and t2 = 0 in Theorem 2.8, we obtain∥∥∥ n∑

j=1

qje
ψyj −

n∑
j=1

pje
ϕxj − e

∑n
j=1 qjφyj + e

∑n
j=1 pjφxj

∥∥∥
≤ eM max

{
‖φ‖, ‖ψ‖

}( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)

for all xj, yj ∈ B such that ‖φxj‖, ‖ψyj‖ ≤M <∞, j = 1, . . . , n.
(2) If we consider the functions 1

1−z =
∑∞

i=0 z
i, z ∈ D(0, 1), then

∥∥∥ n∑
j=1

qj(1 + ψyj)
−1 −

n∑
j=1

pj(1 + ϕxj)
−1

−
(
1 +

n∑
j=1

qjφyj

)−1

+
(
1 +

n∑
j=1

pjφxj

)−1∥∥∥
≤ 1

(M − 1)2
max

{
‖φ‖2, ‖ψ‖2

}( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)

for all xj, yj ∈ B such that ‖xj‖, ‖yj‖ < 1 and ‖φxj‖, ‖ψyj‖ ≤ M < 1, j =
1, . . . , n.

3. Norm inequalities

In this section we observe applications for functions of norms in Banach spaces
and functions defined by power series in Banach algebra. Furthermore, let (X, ‖·‖)
be a Banach space. Similar to (2.1), we have that

∣∣f(‖y‖)− f
(
‖x‖

)∣∣ ≤ ‖y − x‖
∫ 1

0

f ′
a

(∥∥(1− t)x+ ty
∥∥) dt (3.1)

holds for any f ∈ F(D(0, R)) and x, y ∈ X with ‖x‖, ‖y‖ < R (see also [6,
Theorem 3]).

First, we give a Lipschitz type of the Jensen inequality for a function defined
by a power series.

Theorem 3.1. Let f ∈ F(D(0, R)) be an analytic function, let x̄ =
∑n

j=1 pjxj be

a convex combination of vectors xj ∈ X such that ‖xj‖ < R, and let φ ∈ B(X,Y )
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be a bounded linear operator such that ‖φxj‖ < R. Then we have the inequality∣∣∣ n∑
j=1

pjf
(
‖φxj‖

)
− f

(∥∥∥ n∑
j=1

pjφxj

∥∥∥)∣∣∣
≤ ‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− t)φxj + tφx̄
∥∥) dt

≤ 1

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
f ′
a

(
‖φxj‖

)
+ f ′

a

(
‖φx̄‖

))
≤ ‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖, (3.2)

where x̄ =
∑n

j=1 pjxj.

Proof. Similarly to the proof of Theorem 2.1, by using linearity of φ and (3.1),
we obtain the first inequality in (3.2). The second and the third inequalities in
(3.2) follow from Theorem 2.1. �

Now, we can consider similar types of maps as in Section 2.2. We observe one
of them as follows. We define the Jensen-type map J : F(D(0, R)) × B(X,Y ) ×
Bn × Rn

+ × [0, 1]× N → R as

J(f, φ,x,p, t, n) =
n∑
j=1

pjf
(∥∥∥tφxj + (1− t)

n∑
k=1

pkφxk

∥∥∥), (3.3)

where f ∈ F(D(0, R)) is an analytic function, φ ∈ B(X,Y ) is a bounded linear
operator, x = (x1, . . . , xn) is an n-tuple of elements xj ∈ X, p = (p1, . . . , pn) is
an n-tuple of positive real numbers pj ∈ R+ such that

∑n
j=1 pj = 1, t ∈ [0, 1], and

n is a natural number.
In the following theorem we show that (3.3) is a Lipschitzian map.

Theorem 3.2. Let J(f, φ,x,p, t, n) be the map defined by (3.3), and let x̄ =∑n
j=1 pjxj be a convex combination of vectors xj. If ‖φxj‖, ‖xj‖ < R, j = 1, . . . , n,

then∣∣J(f, φ,x,p, t2, n)− J(f, φ,x,p, t1, n)
∣∣

≤ |t2 − t1|‖φ‖
n∑
j=1

pj‖xj − x̄‖

×
∫ 1

0

f ′
a

(∥∥(1− t1 + (t1 − t2)s
)
φxj +

(
t1 − (t1 − t2)s

)
φx̄

∥∥) ds
≤ 1

2
|t2 − t1|‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(2− t1 − t2)f

′
a

(
‖φxj‖

)
+ (t1 + t2)f

′
a

(
‖φx̄‖

))
≤ |t2 − t1|‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖.
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Proof. We use the same technique as in the proof of Theorem 2.3. We omit the
details. �

By putting t1 = 1, t2 = t, or t1 = t, t2 = 0 in Theorem 3.2, we obtain the
following corollary.

Corollary 3.3. Let the assumptions of Theorem 3.2 be valid. Then∣∣∣J(f, φ,x,p, t, n)− f
(∥∥∥ n∑

k=1

pkφxk

∥∥∥)∣∣∣
≤ (1− t)‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− t)sφxj +
(
1 + (t− 1)s

)
φx̄

∥∥) ds
≤ 1− t

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(1− t)f ′

a

(
‖φxj‖

)
+ (1 + t)f ′

a

(
‖φx̄‖

))
≤ (1− t)‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖,

∣∣∣ n∑
j=1

pjf
(
‖φxj‖

)
− J(f, φ,x,p, t, n)

∣∣∣
≤ t‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

f ′
a

(∥∥(1− (1− s)t
)
φxj + (1− s)tφx̄

∥∥) ds
≤ t

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(2− t)f ′

a

(
‖φxj‖

)
+ tf ′

a

(
‖φx̄‖

))
≤ t‖φ‖ max

1≤j≤n

{
f ′
a

(
‖φxj‖

)} n∑
j=1

pj‖xj − x̄‖,

and∣∣∣J(f, φ,x,p, t, n)− (1− t)
n∑
j=1

pjf
(
‖φxj‖

)
− tf

(∥∥∥ n∑
k=1

pkφxk

∥∥∥)∣∣∣
≤ t(1− t)‖φ‖

n∑
j=1

pj‖xj − x̄‖
∫ 1

0

(
f ′
a

(∥∥(1− t)sφxj +
(
1 + (t− 1)s

)
φx̄

∥∥)
+ f ′

a

(∥∥(1− (1− s)t
)
φxj + (1− s)tφx̄

∥∥)) ds
≤ t(1− t)

2
‖φ‖

n∑
j=1

pj‖xj − x̄‖
(
(3− 2t)f ′

a

(
‖xj‖

)
+ (1 + 2t)f ′

a

(
‖x̄‖

))
≤ 2t(1− t)‖φ‖ max

1≤j≤n

{
f ′
a

(
‖xj‖

)} n∑
j=1

pj‖xj − x̄‖.
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Remark 3.4. Let the assumptions of Theorem 3.2 be valid. If ‖φxj‖ ≤ M < R
for any xj ∈ X, j = 1, . . . , n, then

∣∣J(f, φ,x,p, t2, n)− J(f, φ,x,p, t1, n)
∣∣ ≤ |t2 − t1|‖φ‖f ′

a(M)
n∑
j=1

pj‖xj − x̄‖.

Now, we observe the Levinson-type map Lφ,ψ(f,x,y,p,q, t, n) as the difference
between the corresponding Jensen-type maps (3.3); that is,

Lφ,ψ(f,x,y,p,q, t, n) = J(f, φ,y,q, t, n)− J(f, φ,x,p, t, n), (3.4)

or explicitly

Lφ,ψ(f,x,y,p,q, t, n)

=
n∑
j=1

qjf
(∥∥∥(1− t)ψyj + t

n∑
k=1

qkψyk

∥∥∥)
−

n∑
j=1

pjf
(∥∥∥(1− t)φxj + t

n∑
k=1

pkφxk

∥∥∥), (3.5)

where f ∈ F(D(0, R)) is an analytic function, φ, ψ ∈ B(X,Y ) are bounded
linear operators, x = (x1, . . . , xn) and y = (y1, . . . , yn) are n-tuples of elements
xj, yj ∈ X, p = (p1, . . . , pn) and q = (q1, . . . , qn) are n-tuples of positive real
numbers pj, qj such that

∑n
j=1 pj =

∑n
j=1 qj = 1, t ∈ [0, 1], and n is a natural

number.
By using Theorem 3.2 and the triangle inequality, we can show that (3.5) is a

Lipschitzian map, as follows.

Theorem 3.5. Let Lφ,ψ(f,x,y,p,q, t, n) be the map defined by (3.4), and let
x̄ =

∑n
j=1 pjxj, ȳ =

∑n
j=1 qjyj. If ‖φxj‖, ‖xj‖, ‖ψyj‖, ‖yj‖ < R, j = 1, . . . , n,

then ∣∣Lφ,ψ(f,x,y,p,q, t2, n)− Lφ,ψ(f,x,y,p,q, t1, n)
∣∣

≤ |t2 − t1|C1 · C2

( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)
, (3.6)

where C1 = max{‖φ‖, ‖ψ‖} and C2 = max1≤j≤n{f ′
a(‖ψyj‖), f ′

a(‖φxj‖)}.

Applying Theorem 3.5, we obtain the following corollary.

Corollary 3.6. Let the assumptions of Theorem 3.5 be valid. Then∣∣∣Lφ,ψ(f,x,y,p,q, t, n)− f
(∥∥∥ n∑

j=1

qjφyj

∥∥∥)+ f
(∥∥∥ n∑

j=1

pjφxj

∥∥∥)∣∣∣
≤ (1− t)C1 · C2

( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)
, (3.7)
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and ∣∣∣ n∑
j=1

qjf
(
‖φyj‖

)
−

n∑
j=1

pjf
(
‖φxj‖

)
− Lφ,ψ(f,x,y,p,q, t, n)

∣∣∣
≤ tC1 · C2

( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)
. (3.8)

Remark 3.7. Let the assumptions of Theorem 3.5 be valid. If ‖φxj‖, ‖ψyj‖ ≤
M < R for any xj, yj ∈ B, j = 1, . . . , n, then (3.6)–(3.8) hold with C2 = f ′

a(M).

Now, it is natural to consider some simple examples.

Example 3.8. (1) If we consider the logarithmic function log(1+z) =
∑∞

i=1
(−1)i+1

i
×

zi, z ∈ D(0, 1), then we can obtain special versions of the above inequalities. So,
putting t1 = 1 and t2 = 0 in Theorem 3.5, we obtain∣∣∣ n∑

j=1

qj log
(∥∥ψ(1 + yj)

∥∥)− n∑
j=1

pj log
(∥∥ϕ(1 + xj)

∥∥)
− log

(∥∥∥ n∑
j=1

qjφyj

∥∥∥)+ log
(∥∥∥ n∑

j=1

pjφxj

∥∥∥)∣∣∣
≤ 1

1−M
max

{
‖φ‖, ‖ψ‖

}( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)

for any xj, yj ∈ X, φ, ψ ∈ B(X,Y ), such that ‖xj‖, ‖yj‖ < 1 and ‖φxj‖, ‖ψyj‖ ≤
M < 1, j = 1, . . . , n.

(2) If we consider the function cos z =
∑∞

i=0
(−1)i

(2i)!
z2i, z ∈ C, then t1 = 1 and

t2 = 0 in Theorem 3.5, and we obtain∣∣∣ n∑
j=1

qj cos
(
‖ψyj‖

)
−

n∑
j=1

pj cos
(
‖ϕxj‖

)
− cos

(∥∥∥ n∑
j=1

qjφyj

∥∥∥)+ cos
(∥∥∥ n∑

j=1

pjφxj

∥∥∥)∣∣∣
≤ sinh(M)max

{
‖φ‖, ‖ψ‖

}( n∑
j=1

qj‖yj − ȳ‖+
n∑
j=1

pj‖xj − x̄‖
)

for any xj, yj ∈ X, φ, ψ ∈ B(X,Y ) such that ‖φxj‖, ‖ψyj‖ ≤ M < ∞, j =
1, . . . , n.
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