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ABSTRACT. In this article, we investigate the surjective linear isometries be-
tween the differentiable function spaces C} (X, E) and C{(Y, F), where X, Y
are open subsets of R and F, F are strictly convex Banach spaces with dimen-
sion greater than 1. We show that such isometries can be written as weighted
composition operators.

1. Introduction

The classical Banach—Stone theorem gives the first characterization of the sur-
jective linear isometries between spaces of scalar-valued continuous functions.
Several researchers have derived many extensions of this theorem and applied
them to a variety of different settings (for a survey of this topic, we refer the
reader to [5]). Cambern and Pathak (see [3], [41]) considered the surjective linear
isometries on the spaces of scalar-valued differentiable functions on the locally
compact subsets of R, and gave the representation for such isometries. Pathak
[8] and Koshimizu [6] considered isometries on the space C"[0,1] and obtained
their representations. Then Botelho and Jamison [2] extended these results to
vector-valued continuously differentiable function spaces C'([0,1], H), where H
is a finite-dimensional Hilbert space. Moreover, Wang [10] worked on the scalar-
valued differentiable function spaces C{'(X) with open subset X C R". Recently,
the first author and Wang [7] investigated the surjective isometries on the space

Copyright 2018 by the Tusi Mathematical Research Group.
Received May 2, 2017; Accepted Jul. 9, 2017.
First published online Dec. 11, 2017.
*Corresponding author.
2010 Mathematics Subject Classification. Primary 46B04; Secondary 46E40, 47B38.
Keywords. isometries, differentiable functions, weighted composition operators.
334


https://doi.org/10.1215/20088752-2017-0040
http://projecteuclid.org/afa

SURJECTIVE ISOMETRIES ON DIFFERENTIABLE FUNCTIONS 335

C¥(X, E) whenever X is an open subset of Euclidean space and F is a reflexive
strictly convex space. From the above-mentioned literature, the characterization
of the extreme points of the dual unit ball of the differentiable function spaces
played a crucial role in our proofs. On the other hand, Wang [9] used different
tools to investigate the surjective isometries between the unit spheres of Cf(X)
whenever X is a locally compact subset of R without isolated points.

In this article, we use the “parallel relation” (see Definition 2.1) of elements
in Banach spaces to investigate the surjective isometries on the spaces of vector-
valued continuously differentiable functions on an open subset of R. We show
that such isometries can be written in the form of canonical weighted composition
operators (see Theorem 2.13). This result extends the main results of [2]-[4], [8],
and [11] and gives a smooth version of the Banach-Stone theorem.

2. Main results

Throughout this paper, we assume that p,q € N, X, Y are open subsets of R
and that E, F' are Banach spaces with strictly convex norm. Let p be an ¢!-norm
on RPL We use CF(X, E) to denote the Banach space consisting of all E-valued
functions which have up to pth-times continuous derivatives on X and vanish at
infinity; that is, the set

(e X (@] PO @) > <)

is compact in X for any € > 0, with the norm
171 = max(of)(x) = max (| 7). [|FO @) for all f € C(X, B).

Similarly, let o be an ¢!-norm on R, and define

g(‘I)(y)H) for all g € CJ(Y, F).

lgll = max(og)(y) = rgga(!\g(y)\}, o
Normalize the norms p and ¢ by assuming that
p(0,...,0,1) =0(0,...,0,1) = 1.

A function f € C{(X, E) is said to peak at zo € X if it attains its norm at z
and nowhere else.

Definition 2.1. Suppose that E' is a Banach space and that u,v € E. We say that
u | v if there exists @ > 0 such that u = av or v = au. For A = (\;)1<i<p, € E"
and 8 = (6;)1<i<n € E™, we write A || 5 if A; | B; for each 1 <i <mn.

From now on, we consider the linear surjective isometry 7" from C§ (X, E) onto
CY(Y,F). For 0 < 0 < 1, there exists hy € CP(R) determined by the conditions

hf;i)(xo) =0 for any 0 <7 < p and

e = (1- 5

Then one can derive that

. x _ 4\p—1—i
h((gz)(x) _ / (23 t) . h(p)(t) dt,
s} °
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which implies that

max{z,xo} —1—13
el [ 0

min{z,zo} (p 1 Z)

5|]’p—i—1

T (p—i-1)V
Lemma 2.2. Suppose that xo € I C X, where I is an open set in X, and
let \o be an element in EPT1 whose final coordinate is nonzero. There exist an
open neighborhood U of \g in EP™' and a continuous map )\ |—> H, from U
into CY(X, E) such that supp Hy C I, H, peaks at xo and (H (x0>>0<2<p | A
Furthermore, for X = (ao,...,a,) and for each i = 0,1,...,p, if a; # 0, then

Hy)(l”o) # 0.

Proof. We may assume that I is a bounded interval. Let ¢ be a function in Cf(R)
such that supp(¢) C I and such that ¢ = 1 on a neighborhood of zy. Let U be a
bounded open neighborhood of A\ so that there exists ¢ > 0 such that ||a,| > ¢
for any A = (ag,...,a,) € U.

For each A = (ao, ..., a,) € U, define

VOo<i<p-1l,z€eR. (2.1)

1

faa) = 3" e — o)t

S
I
Q

e
Il

and set
Hy = (0fx + aphs) e,

where 0 > 0 is to be chosen Clearly, A — H) is a continuous functlon such that

supp Hy C I and (H\" (20))o<i<p || A. Furthermore, if a; # 0, then H\"” () # 0.
We will show that for sufficiently small § > 0 (mdependent of )\) H) peaks

at xo. Observe that HapH\hgp)(xoﬂ = |la,|| > €, supy\ey || frgll < oo since U is
bounded, and

> >
inf inf ||H,[| > inf (pH))(z0) 2 € > 0.

Clearly, Hy = 0 outside /. By choosing J, to be small, we may assume that ¢ =1
on B(xg,d0) = (xo — do, o + o). If z € I\ B(xg,dp), then hgp)(x) =0 for 6 < ¢p.
Since [ is bounded, it follows from (2.1) that

(lsi_rf(l)(h(;go)(i)(x) =0 uniformly on I\ B(z,d),0 <1i <p.
Then one can derive that
(lsi_r>n0 p(hsp)(x) =0 uniformly on I\ B(z,d).
For sufficiently small 6 > 0, we thus have

(pH) () <Ol Ll + llapllp(hsp)(x) < lapll < [[HA]

for all x € I'\ B(xo, ). Hence Hy does not attain its norm in I\ B(xg,d) if J is
small enough.
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On the other hand, Hy = ¢ fA+a,hs on B(xg, dp). Observe that for z € B(x, o)
with © # x,

2 o)~ [EP @] = a2 (2.2
while for 0 < i < p,
(137 )| = [ @) ] < 130 () = H (o) |
<0 sup Hfi“l)(z)’“x — o
2€B(z0,00)
+lapll_sup [R5V — o)
2€B(z0,00)
< (6K + Clayl) = — o], (23)
where
K = max sup supriiH)(z)H < 00 and C = max Wi,
0<i<p el ze] 0<i<p (p—i —1)!

independent of §. For 2y — §y < = < g, since p is the (!-norm and by (2.2)—(2.3),
one can derive that

p(IHa(@o)ll, -, |HL (o)) — p(l HA@)]), ... | HP (2)])
p(0,...,0,|HP (xo)])) — p(0, ..., 0, |HP ()])

To — X
(I Hx (o)), -, 1HE ™V (o)1, 0) = p(| HA(@)]], - .., || HL ™ ()], 0)
To— X
ol @) | = IHA@)I - - ML (@) | = IHE @)]I], 0)
To— T

— (6K + Cllay||)p(1,...,1,0),

LP

>

>

S OISR

which implies that (pHy)(zo) > (pH,)(z) for small enough §. Similarly, we can
show that if 2o < < x¢ + o, then (pH))(zo) > (pH))(z) for small enough §.
These two estimates combine to show that for small enough 4, if x € B(x,dp) \
{zo}, then we have

(pH))(x0) > (pHA)(z). "

Remark 2.3. Suppose that [ is an open neighborhood of xy € X and that A =
(Xoy -+, Ap) € EPTLFix0#£a € E, let

a A £,
Fi=Na i\ =o.

Set = (o, - -, f1p). By Lemma 2.2, there exists H € C{(X, E), supported in
I, such that H peaks at zo and 0 # H®(xq) | p; for all 0 < 7 < p. Then
0# H®(x0) | A for all 0 < i < p as well.
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Lemma 2.4. Suppose that T f and Tg attain their norms at yy. Assume that
(TH)D (o) | (Tg) D (yo) for all 0 < j < q. Then there exists xo such that both f
and g attain their norms at xo and fO(xq) | g (x0) for 0 <i < p.

Proof. Observe that
If+ 9l = IITf+TgH = o (1T +T9)? (W0 s <,)
:‘7((” T (yo H)ogqu) +U((” Tg)9(yo H)ogqu)
=TI+ 1Tgll = A1+ llgll = [If + gll-
Let xg be a point at which f + ¢ attains its norm. Then one can derive that
171+ llglh = 115+ gll = p((1(F + 99 @0) ) o<y

< p((Hf(i)("BO)H)ogiSJ + p((||g(i)(x0)H)ogigp)
< If1I + [lgll-

Clearly, both f and g attain their norms at x,. From the above, we also have
((” f+g $0 ||)0<'L<p) _p((Hf 1'0 H)0<2<p) +p( Hg Lo H)O<z<p)

= p(([[/9 (o) || + |9 (o H)oggp)
> p((H(f+g)(i)(IO)H)O<Z’<p)'

Therefore, || (x0) + g% (x0)|| = ||FfD(zo)|| + lg@ (x0)]] for all 0 < i < p. By
strict convexity of the norm of E, we can derive that f@(zy) | ¢ (z0) for all
0<:<p. L]

Lemma 2.5. Suppose that f peaks at o and that f®(z¢) #0 for all 0 < i < p.
Then there exists yo such that Tf peaks at yo. Moreover, (T f)9)(yy) # 0 for any
0<j<gq.

Proof. Suppose on the contrary that there exist distinct points y; and y, such
that T'f attains its norm at both y; and ys. By Lemma 2.2, there exist nonzero
functions ¢, and go with disjoint support such that g, peaks at y, and such that
gl,(c )( ) | (T )9 (y,) for all 0 < j < g and k = 1,2. We may assume that ||g;|| =
|g2|| = 1. By Lemma 2.4, T~ g, attains its norm at o and £ () | (T gx)® (20)
for any 0 <4 < p and k = 1,2. Since f®(z,) # 0, one can derive that

(T 1) (wo) | (T"g2)? (29) for any 0 < i < p.
Now
1= lgi + gl = T 91 + T g
> p(([(T~91) P (o) + (T 92)(20) ) ;)
= (1T 91) " @0)[) p<icy,) + P (NI 92) P (@0)[]) g,
> p(([(T791) (@0)||) s,
=T gl = o]l = 1.



SURJECTIVE ISOMETRIES ON DIFFERENTIABLE FUNCTIONS 339

Thus [[(T g2)® (20)|| = 0 for alli = 0,1,...,p. But since T'g, attains its norm
at zg, it follows that ||g2|| = 0, contrary to its choice. This proves that there exists
Yo such that T'f peaks at yq.

Now suppose that J = {j : (Tf)9(yo) =0} # 0. Fix 0 # u € F, and let

o {(Tf)(j)(yo) ¢ {(Tf)(j)(yo) it ¢ J,

R Py if j e J, 7 —u if j € J.

Choose g1, 92 € CJ(Y, F) such that g; peaks at yo and such that 0 # g,gj)(yo) | aé‘?

for any 0 < j < g and k = 1,2. Note that g,(g‘j)(yo) | (Tf)(j)(yo) forall 0 < 5 <gq
and k£ = 1,2. Thus

HTf + gk” Z U((H(Tf + gk>(j)(y0)||)0§j§q)

_ j (9)
= U((H(Tf)(])(yO)H)ogqu) + a((Hng <y0)H)0§qu)
=T+ lgell = 1Tf + gill
Hence T'f + g attains its norm at vy, and (T'f + &)Y (o) | (Tf)9) (o) for all
0 <j<gqgand k = 1,2. By Lemma 2.4, f + T !¢, and f attain their norms

at a common point, which must be zq, and (f + T 1gx)® (x0) | f@(20) for all
0 <1 < p. Since f@(zy) #0 for all 0 <4 < p, it follows that

(f+ T ) D(x0) | (f + T g2)P(9) forall 0 <i<p.
Applying Lemma 2.4 to T, we can see that T'f + ¢; and T f + g, attain their
norms at a common point y; and that (T'f + ¢1)9 (1) | (Tf + g2)¥(v1) for all

0 < i < q. Since g peaks at yo and [ Tf + g = |Tf]| + lgil, y2 must be yo. For
any j € J,

wl g7 (w0) = (Tf +9)9 () | (Tf +92)9 (w0) = 95" (w0) | —u.
This is impossible since g,gj )(yo) and u are nonzero. O
Lemma 2.6. Suppose that (f,) converges to a nonzero function f € C§ (X, E)
that peaks at some xqy. If (x,) is a sequence so that f, attains its norm at x,, for
each n € N, then (x,) converges to x.

Proof. The sequence (fy, ..., @ )) converges uniformly on X to (f,...,f®).
There is a compact set K such that

o 7@ P @) < 1 for an o ¢
Then for sufficiently large n, we have that p(||fa(z),- ... | £ (@)]) < || fa|| for

all z ¢ K. Thus we may assume that x,, € K for all n € N. For any convergent
subsequence (z,, ) of (z,), we can assume that its limit is z € K. Clearly, f must
attain its norm at z, and thus z = x. This implies that (z,,) converges to z,. O

Lemma 2.7. Suppose that f1 and fy peak at xg, f,gi)(:vo) #0 forall0 <1 <
pk=1,2, and Tfy and Tfy peak at yy and ys, respectively. If £\ (o) [ f37 (20)
for all 0 < i <p, then y, = ys.



340 L. LI ET AL.

Proof. Suppose on the contrary that y; # ys. Choose functions g; and g with
disjoint support such that g, peaks at yi, 0 # g,(gj)(yk) | (Tf,)9) (yy,) for all
0<j<gq,and k =1,2. We may also assume that ||g;|| = ||g2| = 1.

Set h, = T g, for k = 1,2, and h = h; + hy and g = Th. Observe that
lhell = lgell = 1, I8l = |Th| = llgy + gl = 1 and g9(y) | g () for
0<j<gq, k=1,2since g; and g are disjoint. Since g, = Thy and T f; peak
at yr and (Thy)9 (ye) | (Tf)9 (yx) for 0 < j < q, k = 1,2, by Lemmas 2.4 and
2.5, we can derive that h; and f; peak at a common point, which must be zq,
and h,(;)(xo) | fki)(l'()) for 0 <i <p,k=1,2. As Th and Thy, attain their norms
at y, and (Th)9 (y) | (Thi)9 () for any 0 < j < ¢,k = 1,2, by Lemma 2.4,
we have that h, and h attain their norms at a common point, which must be x,
and h(zq) | B\ (o) for any 0 <i < p,k=1,2.

Suppose that there exists ig such that h(io)(xo) # 0. Then we can derive that
hgiO)(xo) ] th)(xo). By Lemma 2.5 applied to T, h,(f) (o) #0forall0 <i<p
and k = 1,2. Therefore, fl(i(’)(xo) | fQ(iO)(aco), contrary to the assumption. Thus
R (xo) = 0 for all 0 < i < p. Since h attains its norm at zg, it would follow that
|h]| = 0, contradicting the fact that ||| = 1. O

Lemma 2.8. Assume that dimE > 1. Suppose that fi and fy peak at xo,
f,gl)(mo) #£0 forall0 < i< pandk =1,2, and Tf, and T fy peak at 1y, and
Yo, respectively. Then y; = ys.

Proof. By Lemma 2.2, choose sequences (hg,) converging to hy in Cy (X, E), k =
1,2, such that hy, and h; peak at zg for any n € N, 0 # h,(;) (7o) | f,gl) (mg) for
0<i<pandk =1,2 and hgg(xo) /fhgg(xo) for all 0 < i < p and n € N. By
Lemma 2.7, Thy, and Ths, peak at the same point, which we will denote by z,,
while T'hy peaks at yj, for k = 1,2. Since (Thy,,) converges to Thy, by Lemma 2.6,
(z,) converges to both y; and y,. Therefore, y; = ys. O

Lemma 2.9. Assume that dim F,dim F' > 1. There exists a homeomorphism
7 X — Y such that if f € C§(X,E) peaks at xq and fO(x¢) # 0 for all
0 <4 <p, then Tf peaks at T(xo) and (T )9 (7(x0)) #0 for all 0 < j < q.

Proof. By Lemmas 2.5 and 2.8, there exists a mapping 7 : X — Y such that if
f € CP(X,E) peaks at zy and f@(xq) # 0 for all 0 < i < p, then Tf peaks at
7(z0) and (Tf)9(7(xg)) # 0 for all 0 < j < q. Obviously, 7 is a bijection. It
suffices to show that 7 is a homeomorphism from X onto Y.

Let xp € X and r > 0 such that I = (xg—2r, xo+2r) C X. Suppose that (x,,) is
a sequence in X converging to xo. By Lemma 2.2, there exists H € C} (R, E) such
that supp(H) C (zo—r,x0+71), H peaks at zo, and H® (z9) # 0 for all 0 < i < p.
Let H,(z) = H(x — x, + x¢). Observe that supp(H,) C (x, —r,x, + 1) C I and
H, € CY(X,E) for large n. Moreover, H, peaks at x,, and Y (xn) # 0 for all
0 < i < p. By definition of 7, TH, peaks at 7(x,) and TH peaks at 7(z).
Since (H,) converges to H in C§(X,E), (TH,) converges to TH, which is a
nonzero function. By Lemma 2.6, (7(x,,)) converges to 7(z¢). This proves that 7
is continuous. By symmetry, 7 is a homeomorphism from X onto Y. Il
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Lemma 2.10. Assume that dim E,dim F' > 1. Let 7 : X — Y be the homeomor-
phism given in Lemma 2.9. If f € C5(X, E) and % (x0) =0 for all 0 < i < p at
some xog € X, then (T )9 (1(x0)) =0 for all 0 < j < q.

Proof. Let yo = 7(x). Assume that (T'f)U0)(ys) # 0 for some 0 < jo < ¢. By
Lemma 2.2, there exists g € CZ(Y, F) such that g peaks at yo and 0 # ¢\ (yo) |
(Tf)9)(yo) for all 0 < j < ¢. By the definition of 7, T~'g peaks at z, and
(T'g) D (z0) # 0 for all 0 < i < p.

Let I be an open neighborhood of zy. By Lemma 2.2 again, there exists h €
CP(X, E), supported in I, such that h peaks at 29 and 0 # h(z¢) | (T1g)® (x0)
for all 0 < i < p. We may assume that ||h| > ||f]. By Lemmas 2.4 and 2.5,
Th peaks at yo and (Th)9(yo) | g% (yo) for all 0 < j < q. Thus (Th)Y (y) |
(T£)D(yp) for all 0 < j < q. We have

If +hll = ITf +Th]
> o (((THP (o) + (Th) (w0) ) s ,)
= U((H<Tf)(j)( )H)ogqu) + U((H(Th)(j)(y(J)H)ogqu)
=a(([(THV(w)])) + (1Al
> [lpll > NIA1-

Since h(z) = 0 for any = ¢ I, f 4+ h must attain its norm at a point z; € I. Then
(pf) (@) + 7] = (pf) (1) + (ph) (1) = (p(f + 1)) (z1) = |If + Al
> o (|THD @)y e,) + Al

Hence (pf)(x1) > o((|(T )9 (yo)|)o<j<q)- Since I is an arbitrary neighborhood of

29, we conclude that 0 = (pf)(z0) > a(([(T')?(y0)[)o<j<q) and (T )9 (yo) = 0
forall 0 <5 <gq. O

Yo

Y0)|l) o< j<q)

In the rest of the article, we would like to show that p = ¢ and 7 is a
CP-diffeomorphism.

Lemma 2.11. If f,g € C}(X,E) and || f(z)| - lg(x)|| = 0 for all z € X, then
at any point x € X, either f@(x) = 0 for all 0 < i < p or ¢ (x) = 0 for all
0<:<p.

Proof. Let f and g be in C§(X, E) with || f(z)| - |lg(x)|| = 0 for all z € X. Set
V ={x € X : f(x) # 0}. Note that V is open in X and g;y = 0. Hence g‘(‘l/) =0
for all 0 < ¢ < p. By continuity of g(i), we derive that g%) =0 forall 0 <i<np,
where V is the closure of V. By the definition of V| it is clear that f(z) = 0 for

all z ¢ V. Therefore, for each z ¢ V, we have fV(x) = 0 for all 0 <4 < p. This
completes the proof of the lemma. O

Let us recall that a map S : C?(X, E) — CU(Y, F) is said to be disjointness-
preserving if ||Sf(y)||-||Sg(y)|| = 0 for all y € Y whenever f, g € C?(X, E) satisfy
I f(@)||-llg(x)|| = 0 for all x € X. A map S is called biseparating if it is a bijection
and both S and S~ are disjointness-preserving.
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Lemma 2.12. Assume that E and F are strictly convex Banach spaces with
dim E, dim F' > 1. Let X and Y be open sets in R, and let p,q € N. Then any
surjective linear isometry T : CY(X, E) — C{(Y, F) can be extended to a linear
biseparating map T CP(X,E) — CYY,F).

Proof. For any x € X and any a = (ag, ay, . .., a,) € EP! choose h, , € C§(X, F)
so that A% (z) = a; for all 0 < i < p. For any f € C?(X, E), define T'f on Y by

(TF)(y) = Thealy),

where 2 = 771(y) and a; = () for all 0 < i < p. It follows from Lemma 2.10

that 7" is well defined. Let Yo € Y and zo = 7 !(yp). There are an open neigh-
borhood U of zy and a function g € C§(X, E) such that ¢ = f on U. For any
x e U,

g (x) = fO(x) =l (x) forall 0 <i<p,

where a; = @ (x )fora110<i§p.

By Lemma 2.10, (T'g)(y) = (Thaq)(y) for all y € 7(U). Hence Tf = Tg on 7(U)
is g-times Contlnuously differentiable on 7(U). Since g is an arbitrary point in Y,
this implies that ff € C1Y, F). Using Lemmas 2.10 and 2.11, one can derive that
T is a linear disjointness-preserving map that extends 7'. By symmetry, one may
similarly define a linear disjointness-preserving map S : C4(Y, F) — CP(X, E)
such that S extends 77!, By Lemma 2.10 and the definition of T and S we can
verify that T and S are mutual inverses. This proves that T is a linear biseparating
map. |

Theorem 2.13. Assume that E and F are strictly convexr Banach spaces with
dimFE, dimF > 1. Let T : C§(X, E) — C{(Y, F') be a surjective linear isometry,
where X and Y are open sets in R and p,q € N. Then p = q, and there exist a
CP-diffeomorphism 7 : X — Y and surjective linear isomorphisms J, : B — F,
y €Y, such that

Tf(y)=Jy(f(r7'(w)) forall feCi(X,E)yeY.

Proof. By Lemma 2.12, T' can be extended to a linear biseparating map T
CP(X,E) — CUY,F). By [l, Theorem 6.2], we have p = ¢, and there are a
CP-diffeomorphism 7 : X — Y and Banach space isomorphisms J, : £ — F for
all y € Y such that

Tfy)=J,(f(77'())) forall f € CP(X,E).y €Y.
If v # 7, there exists x € X such that y; = y(z) # 7(x) = y2. Choose g €
C(Y, F) such that g(y1) # 0,9@(y) = 0 for all 0 < i < ¢, and set f = T'g. By
Lemma 2.10, f(x) = 0. Then, by the preceding formula,
g() = (THw) = (Tf)(w) = J,(f(x)) =0,

contrary to the choice of g. O
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