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ABSTRACT. In this article, we establish some upper bounds for numerical
radius inequalities, including those of 2 x 2 operator matrices and their off-
diagonal parts. Among other inequalities, it is shown that if 7= [{ ¥ ], then
1 1
wi(T) <2220 (1XD) + g (D12 (27 (Y1) + o (X)) ?
and

1
2
)

1
wI(T) <272 (XD) + (DI llg™ (Y1) + 97 (X))
where X,Y are bounded linear operators on a Hilbert space H, r» > 1, and
f, g are nonnegative continuous functions on [0,00) satisfying the relation
f(®)g(t) =t (t € [0,00)). Moreover, we present some inequalities involving the
generalized Fuclidean operator radius of operators 11, ...,T),.

1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators on a Hilbert
space H. In the case when dimH = n, we identify B(H) with the matrix algebra
M., of all n x n matrices with entries in the complex field. An operator A € B(H)
is said to be a contraction, if A*A < I. The numerical radius of " € B(H) is
defined by

w(T) = sup{|(Tx,z)| : v € H, ||z = 1}.
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It is well known that w(-) defines a norm on B(H ), which is equivalent to the usual
operator norm. In fact, 1| - || < w(:) < |- (see [10]). An important inequality
for w(A) is the power inequality stating that w(A") < w(A)" (n = 1,2,...).
(For further information about the properties of numerical radius inequalities, see
(1], [5], [6], [12], [15], [17], and references therein.) Let H;, H2 be Hilbert spaces,
and consider the direct sum H = H; & Ho. With respect to this decomposition,
every operator 7' € B(#H) has a 2 x 2 operator matrix representation 7' = [1};]
with entries T;; € B(#;,H;), the space of all bounded linear operators from
H; to H; (1 < 4,57 < 2). Operator matrices provide a useful tool for studying
Hilbert space operators, which have been extensively studied in the literature.

Let A € ]B(?‘[l,Hl) B e B(HQ,Hl) C e B(Hl,Hg), and D € B(HQ,HQ). The
operator [4 9] is called the diagonal part of [4 B] and [2 &] is the off-diagonal
part.

The classical Young inequality says that if p,q > 1 such that % + é = 1, then

ab < “; bq for positive real numbers a,b. In [3], the authors showed that a

refinement of the scalar Young inequality as follows (ap bq) +rfa? —b2)2 <
(;‘—; + g)m, where ry = mm{p, q} and m = 1,2,.... In partlcular if p=gq=2,
then .

(a3b)™ + (5) (a% —b%) < 27(a + b)™ (1.1)
It has been shown in [9] that if 7" € B(H), then

W) < T+ 7)), (1.2)

where |T| = (T*T)2 is the absolute value of T. Recently, in [2], the authors
extended this inequality for off-diagonal operator matrices of the form T =
(2 X] € B(H1 @ Ha) as follows:

21X + |2 (1.3)

W) < 1T+ 7]

Let T, T3, ..., T, € B(H). The functional w, of operators T1,...,T, for p > 11is
defined in [13] as follows:

wy(Ty,...,T,) := sup <Z| Tma: )E.
llzll=1

If p = 2, then we have the Euclidean operator radius of Ti,...,T, which was
defined in [11]. In [15], the authors showed that an upper bound for the functional
Wp,

WI(Ty,. .\ T,) < %Hi(fzp(lﬂl)+92p(|Ti*|))H — inf (o),

flzfl=1

where T; € B(H) (i = 1,2,...,n), f, g are nonnegative continuous functions on
[0, 00) such that f(t)g(t) =t (t € [0,00)), p > 1, and

_ %z (P2 (T2 2)* — (g (1T ), 2)H)°.
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In this paper, we show some inequalities involving powers of the numerical
radius for off-diagonal parts of 2 x 2 operator matrices. In particular, we extend
inequalities (1.2) and (1.3) for nonnegative continuous functions f, g on [0, c0)
such that f(t)g(t) = t(t € [0, 00)). Moreover, we present some inequalities, includ-
ing the generalized Euclidean operator radius wy,.

2. Main results
To prove our first result, we need the following lemmas.
Lemma 2.1 ([7, Lemma 2.1|, [16, p. 84]). Let X € B(H). Then
(a) w(X) = maxgeg || Re(e? X)|| = maxger || Im(e?? X)||,
(b) w([%5]) = w(X).

The next lemma follows from the spectral theorem for positive operators and
the Jensen inequality (see, e.g., [8, p. 288]).

Lemma 2.2. Let T € B(H), T >0, and x € H such that ||z|| < 1. Then
(a) (Tz,x)" < (T"z,x) forr >1,
(b) (T"z,z) < (Tx,z)" for0 <r <1.

Lemma 2.3 ([8, Theorem 1]). Let T' € B(H), and let z,y € H be any vectors.
If f, g are nonnegative continuous functions on [0,00) which are satisfying the
relation f(t)g(t) = t(t € [0,00)), then

(T2, ) |* < (2T, 2 )G (1), ).

Now, we are in position to demonstrate the main results of this section by using
some ideas from [2, Theorem 4] and [15, Theorem 2.4].

Theorem 2.4. Let T = [ X] € B(H1® Hs), r > 1, and f, g be nonnegative
continuous functions on [0,00) satisfying the relation f(t)g(t) = t(t € [0,00)).
Then

W (1) < 272 2 (IX1) + g (VDI 2 (1) + 92 (X))
and
() < 22|10 + Do (VD + 07 (X7
Proof. Let x = [51] € H1 @ Hs be a unit vector (i.e., ||z1]]* + ||z2]|* = 1). Then
|(Tx,x)}r
= [(Xz9,11) + <YI1,I2>}T
< (’(Xa:g, T } + ’ Y.Cl?l,.TQ)DT (by the triangular inequality)

< %(‘<Xﬂfz,x1 | + | Y:Cl,x2>|r) (by the convexity of f(t) =1t")
< 2 (P02 m) g (X))
+ (<f2(|y|)$1v$1>%<92<|Y*|)$2,$2>%)r) (by Lemma 2.3)
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IN

(P (X D)2, 22)* (g7 | X oy, 1)

Y a2 (67 (Y )22, 22)7) - (by Lemma 2.2(a))

(P (X w2, w2) + (g7 (V7]) w2, 72))

PV D a) 1

+ (¢*" (|X*[)z1,21))* (by the Cauchy-Schwarz inequality)
) +

= 20D + g (V) (V) + g7 (X))

< 2 () + g (v

N

IN
X | N+ o N

(
A
a
(
(

B2 (Y1) + 2 (1) | llzn o)

2" o SN S e g1 d 24 2
< 21 + g (Dl v + g (e (e
(by the arithmetic-geometric mean inequality)
or L
= (XD + g (DI (Y1) + 97 (1)

Hence, we get the first inequality. Now, applying this fact,
|<TX, X) }T
= (X, 1) + <Yx1,x2)}r
< (‘ (X o, :Bl)} + ‘<Y$1, Ta) ‘)T (by the triangular inequality)

(‘<Xl’2, :L‘1>|T + ‘(Yxl, x2>|r) (by the convexity of f(t) = tr)

(21X )2, 22)* (g (X" )20, 1))

+ (<92(|Y|):1:1,x1>§<f2(|Y*|)x2,a:2>§)r) (by Lemma 2.3), (2.1)
and, by a similar argument to the proof of the first inequality, we have the second
inequality; this completes the proof of the theorem. O

1
2

IN

2

2
27‘
2

IA

Theorem 2.4 includes a special case, as follows.
Corollary 2.5. Let T = [2¥] € B(H1 ®DH2), 0<p <1, andr > 1. Then

1 1
W(T) < 221X 4 [y PO ][y e 4 e 2
and ) 1
W (1) < 22| X7 4 Y P By 09 e proen 2,
Proof. The result follows immediately from Theorem 2.4 for f(t) =t and g(t) =
1 0<p<l). -

Remark 2.6. Taking f(t) = g(t) = t2(t € [0,00)) and r = 1 in Theorem 2.4, we
get (see [2, Theorem 4])

1 1 1
w(T) S—H|X|+|Y*! 2T+ 1] 2,

where T' = [ ¥ ] € B(H1 @ Ha).
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If we put Y = X in Theorem 2.4, then by using Lemma 2.1(b) we get an
extension of inequality (1.2).

Corollary 2.7. Let X € B(H), r > 1, and f, g be nonnegative continuous
functions on [0, 00) satisfying the relation f(t)g(t) = t(t € [0,00)). Then

WI(X) <22 £ (1X]) + g7 (XD ]
and
W (X) S22 £ (XD) 4+ £ (XD Pl (XD + g7 (1)

Corollary 2.8. Let X, Y € B(H) and 0 < p < 1. Then

wE(XY) < 2| X P + ’Y*‘zr(l—p)”%”’nm n |X*|2r(1—p)H$
and

WE(XY) < 27”—2H|X|27“p n |Y*‘2Tp“%“|y|2r(l—p) n |X*|2r(1—p)H%
forr >1.

Proof. 1t follows from the power inequality w2 (T?2) < w(7T') that

XY 0 1 1
({ 0 YX}) = max{w?(XY),w?(YX)}.
The required result follows from Corollary 2.5. OJ

Corollary 2.9. Let X,Y € B(H) and r > 1. Then

[NIES
[NIES

w2 (T?) = w

IX £V < 222 IX ]+ YY1
In particular, if X andY are normal operators, then
IX Y| <222 1X]"+ Y] (2.2)
Proof. Applying Lemma 2.1(a) and Corollary 2.5 (for p = 3), we have
IX+YHm=r+7"
<2 rglglchRe(ewT)H
=2"w"(T)
1
S 22r72|||X|r + |Y*’TH2 H|Y|r + |X*|r‘

1
2
)

where T' = [ ¥ ]. Similarly,
X =YH" =T =T
< 2" max|[Im(e”T) "
HER

=2"w"(T)

S 22r_2H‘X|T =+ ‘Y*|TH§H|Y‘7" =+ ‘X*‘T”§
Hence we get the desired result. For the particular case, note that |Y*| = |Y| and
[ X = [X]. O
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Remark 2.10. It should be mentioned here that inequality (2.2), which has been
given earlier, is a generalized form of the well-known inequality (see [4]): if A and
B are normal operators, then

X+ YL < [[IXT+ Y]] (2.3)

The normality of X and Y are necessary, which means inequality (2.3) is not true
for arbitrary operators X and Y (see, e.g., [14]).

Applying inequality (1.1), we obtain the following theorem.

Theorem 2.11. Let T = [2¥] € B(H, ® Ha), and let f, g be nonnegative
continuous functions on [0,00) satisfying the relation f(t)g(t) =t (t € [0,00)).
Then forr >1,
(1) < 2 ([ (1XT) + g7 (1Y) )
-2 inf  ((x1,79),

ll(z1,22)[I=1

[+ (YD) + 97 (1X7)

where
1 1
Clan ) = (P (XD + g7 (1Y) 22)* = (2 (V1) 0% (1K) 1,0) ")
Proof. Let x = [3}] € H1 @ H, be a unit vector. Then
[(Tx,x)["
(Xx9, 1) + (Yxl,zg)}r
< ([(X@a,21)| + [(Y@1,22)|)"  (by the triangular inequality)

T

< %(‘<Xm2,901>|r + ‘<Y$1,x2>|r) (by the convexity of f(t) =t")

< TP (XD 22 g (X s, )

+ (2 a2 2 (PP (IY )2, 2)?)  (by Lemma 2.3)
< 2P (X T ) (g7 (1X ), )

(S (Y )2, ) (g (1Y) 2, 22) )
< 2 (P (X ) + (g2 (Vo)) P (£ (¥ ), )

(g (X ), 20))
= U (XD + g (V) a2 (7 (Y]) + g7 (X))
< %(«f%(le) + 7 (1Y) 22 22) + ((FZ(IY]) + g2 (1X7]) )2, 1))
- %(<(f”(le) + g (V) 22)7 — (S (V) + g2 (X)) 20, 21)

(by inequality (1.1))

< (2 (1) + g2 ()

N

)2

[+ + g7 (1X71)

)
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2D + g (YD) )

(YN + g7 (X)) )

Taking the supremum over all unit vectors x = [71] € H; @ Ha we get the desired
inequality. 0

If we put Y = X in Theorem 2.11, then we get next result.

Corollary 2.12. Let X € B(H), and let f, g be nonnegative continuous functions
on [0,00) satisfying the relation f(t)g(t) =1t (t € [0,00)). Then forr > 1,

wT(X) S 2r71Hf2r(|X‘) +92r(|X*’)

— 22 inf T1,x3),
| ||(zl,x2>||=1g( 22

where

1 1
C(ar, x9) = (((FF(1X]) + g™ (1X7)) w2, w2)® = ((f* (1X]) +g2r(|X*‘))$1,$1>2)2-
Remark 2.13. If x = [31] € H; @ Hs is a unit vector, then by using the inequality

|<TX, X)}T
= [(Xay, 21) + (Y, )|
< ((Xwo, )| + [(Yay, 22)[)"

< %(‘<X§L’2,l’1>|r + |[(Yay,22)|")
(X)) 2 )2 (P (IX )1, 21 ) 2 (G (1 X )2, ) 2 (F2(1X 7)), 21 ) )

and the same argument in the proof if Theorem 2.11, we get the following inequal-
ity:

IA
no| B2

() < 2 (7)) + v

[+ [lg™ (Y1) + g™ (1))

)

r

— — inf x1,T32),
T et 072
where T = [ ¥] € B(H1 ® H2), f, g are nonnegative continuous functions on
[0, 00) satisfying the relation f(t)g(t) =t (t € [0,00)), r > 1, and
r T * 3 r r * 1\2
Clanswa) = ((F7 (XN + L7 (V7)) w2)® = (g™ (V1) + 97 (1X7])) 21, 20) )"

3. Some upper bounds for w,

In this section, we obtain some upper bounds for wp. We first show the following
theorem.

Theorem 3.1. Let §Z = [‘?{ 0_} ,ﬁ» = [}%)62'], and (71 = [CO DOJ be operator

K3

matrices in B(H, @ Ha) (1 < i < n) such that A;, B;, C;, and D; are contractions.
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Then
w}’)’(gikﬁﬁl, ey g:fnﬁn)
< 22N\ Dy (10 Dy + Brg® (1Y) BillF1C; 2 (1Y) C
=1
Az (1) A
and

wg(gfﬁﬁh Cees §an(7n)

<2023 || Dy 2 (1X0) D, + B2 (Y7 ) Bl |

i=1

+ Arg? (1X7) A

CZKQQP(MDQ

where p > 1 and f, g are nonnegative continuous functions on [0,00) satisfying
the relation f(t)g(t) =1t (t € [0,00)).

Proof. For any unit vector x = [7] € Hi ® Ha we have

> [Tix,x)["
=1

=S (A XiDsy, 1) + (BY:Cimry, 1) "

i=1

< Z(RAinDﬂz, z1)| + [(BfY;Ciz1,35)|)"  (by the triangular inequality)

i=1
L

<% ;KA;-*XZ-Dm,m)\” + [(BYiCiy, ) |”
(by the convexity of f(t) =t?)

P
) Z’(XiDix27 Aifmﬂp + ‘(YiCixl, Bixs) ’p
i=1

o ) ), ) ,
i—1
+ (2 ([Yi]) Ciar, Ci$1>%<92(!3€*\)3i:v2, Bix2>% (by Lemma 2.3)
o - . ) .
= 2 Z<f (1X:]) Diza, Do) (g™ (| X]) Aswr, Aizr )
i=1

+ (2 (Yi]) Ciy, Cix1>%<92p(’y;*‘)3il’2, Bix2>% (by Lemma 2.2(a))

or 1 1
= 2 (DX Dia, ) (Arg™ (1K) sy, 1)
=1
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1 1
+(C; 1 (|Y;]) Ciwy, 1) 2 (B g™ (|Y*]) Biwa, 22) 2

o o L ) A
= §Z(<Dif P(1Xi|) Diwa, w2) + (B; g* (|Y7'|) Biwz, 22))?

i=1
x ((Cr 2 (1Y) Cir, ) + (Azg? (|1X7]) Ay, 1))
(by the Cauchy—Schwarz inequality)

NG

= —Z (D22 (1X00) D; + Brg? (V7)) By o, 22)) ?

< (((Cr (1Y) Ci + Arg? (|XE]) Ad)r, 1))
2P n * Qp * 2p * 1 * 2]7
< DI (X D+ Big® (V) Bill= |7 (i) €
=1

+ A7g™ (| X ]) Al o ][22

o» i
= 5D IDr (1) D+ B (/) Bl

i=1
x|

1 2 4 2
Cr P2 (1Y) G+ Azg? (1X2]) A (M)
o» .
= =3I D+ Bl (1Y) Bl
=1

2

G (Vi) Ci

+ AT (X)) A

305

Taking the supremum over all unit vectors x € H; @ Hs, we obtain the first

inequality. Using the inequality

2T %)
i=1

= Z}(A?XiDixa,:cﬁ + <B;‘Y}C’im1,x2)‘p

i=1

< Z(‘<A:XiDix27 $1>| + ‘(BinCixl,xM)p (by the triangular inequality)

i=1
w»

< 5 ;|<A:XiDi.T27 1) ‘p + |<BfYZC,-x1, x2>|p
(by the convexity of f(t) = t?)

P
) E ‘(XZ‘DZ':L‘Q,AZ'ZMMP + ‘(Yicixl, Bi$2>‘p
—

w» » »
< > Z<f2(|Xi|)DiI2, Diz2)* (g (| X[ ]) Aszr, Agy )
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+ <92(|Yz‘|)cz‘$1, Ci$1>§<f2 (|Y@'*’)Bz‘$2> Bz'$2>5
(by Lemma 2.3)
and a similar process in the proof of the first inequality, we reach the second
inequality. O
In the special case of Theorem 3.1 for A; = B;=C;=D; =1 (1 <1<mn), we

have the next result.

Corollary 3.2. Let T, = [y '] € B(Hi & Ha) (1< j <n). Then

(3

Ty To, o T) < 22723122 0X0) + 2 (VD122 (Vi) + 92 (X2 |12

i=1
and
wp(Th, T, T) < 2072 3 | 22 (1XG) + £ (DI flo™ (1Y) + g (15D |1
i=1
in whichp > 1 and f, g are nonnegative continuous functions on [0, 00) satisfying
the relation f(t)g(t) =t (t € [0,00)).
If we put f(t) = g(t) =t2 (t € [0,00)), then we get the next result.
Corollary 3.3. Let T; = [y, '] € B(H1 @ Ha) (1 < j <n). Then

’L

WH(Ty, Ty, ... Ty) < 2’”*2H|Xi|p+ YR X
=1

forp>1.
Theorem 3.4. Let T, = [é g] EBH1®H2) (1<i<n)andp>1. Then

wg(Tl, .o ,Tn)
<27 (w(d) +w(Di) + V(@A) = w(D)? + (1Bl + 1Cil)).

In particular,

o (& B]) = 3+ o)+ iwtd) -+ (181 + 1)),

Proof. Let x = [3}] be a unit vector in H; @ Hs. Then
(7.2 i<[ o) [ [
i) To
A; ir1 + B; ) T
C; i1+ D; ) ’ i)

= [(Azr, 21) + (Biwa, 21) + (Ciwy, 22) + (D, 22)|
< [(Aimy, @0)| 4 [(Biwa, m1) | + [(Cimy, m2)| + [(Diza, 22)|.
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Thus,
wﬁ(Tl, . 7Tn)

= sup Z| Txx

[[x[I=1
n

= e Slip | Z(|<Aix1,x1)‘ + ’<Bi9€2>$1>‘ + |<Cil’1,x2>| + |<Dix2,x2)‘)p
z1||2+||z2||2=1 i—1

<> ( osup ([(Aiwy, 2| + [(Biwg, 21) | + [(Ciay, 22)| + |<Di$2,x2)‘))p

i—1 = lP+lyl?=1

n

<D0 sup (WA llzal? + wDa)llz2l® + (1Bl + I Cill) 2 llz2]1) )"

im1 lz1lP+lz2]?=1
=) ( sup (w(4)cos® 0+ w(D;)sin® 0 + (||By|| + ||C;i|) cosfsinb))”
i1 0€[0,27]
=277 Z(W(Az) +w(D;) + \/(w(AZ) — cu(DZ-))2 + (I1Bi]l + ||C’i\|)2)p.

i=1

For A; = D; and B; = C; (1 <i <n) we get the following result.

Corollary 3.5. Let T; = [igz iﬁﬂbe an operator matriz with A;, B; € B(H)
(1 <i<mn). Then

wi(Ty, ..., T, <Z A+ 1Bi))”

for p > 1. In particular, if A, B € B(H), then

QE iﬂ) < w(A) + |1 Bl

If we take B; = C; =0 (1 < ¢ < n) in Theorem 3.4, then we get the following
inequality.

Corollary 3.6. Let T} = [ 5] €B(H1® M) (1 <i<n). Then for allp > 1,

WS Ty, .. ) < Zmax wp w?(D; ))
For C; = D; = 0 (1 < i < n) we obtain a result that generalizes and refines
the inequality w ([§ B]) < w(A4 _{_@_

Corollary 3.7. Let T; = [‘(‘f %’] EBH1®Hz) (1<i<mn)andp>1. Then

WE(Ty . T) <272 (w(Ay) + Vw2 (A) + | Bi?).
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In particular,

(A) + Vw?(A) + || B]?).

l\')l»—t

+(lo o) =3

If we put A; = D; =0 (1 <i <mn), then we deduce the following.

Corollary 3.8. Let T; = [ } EB(H 1 ®H2) (1<i<n)andp>1. The

n

WH(Ty, .. To) <27 (1Bl + I1Cill)".

i=1

In particular, if B € B(Hz, H1) and C € B(H1, Hz), then

10.

11.

12.

o([& 8]) = 3080+,
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