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ABSTRACT. In this article we use the atomic decomposition of a Herz-type
Hardy space of variable smoothness and integrability to obtain the boundedness
of the central Calderén—Zygmund operators on Herz-type Hardy spaces with
variable smoothness and integrability.

1. Introduction

The classical versions of Herz spaces K (R") and Kgq(R”) were introduced by
Herz in [4]. These spaces were studied in many papers (see, e.g., [5], [7], [8], [10],
[15], and references therein). The topic of function spaces with variable exponents
is a very active area of research nowadays (see, e.g., [2], [9], [13]), and one of the
reasons is the wide variety of applications of such spaces (e.g., in the modeling
of electro-rheological fluids, as in [16], and in differential equations with non-
standard growth). Herz spaces with variable exponents were studied by several
authors using different approaches. The Herz spaces K () and K (). Were stud-
ied by Izuki in [6] and [7] and were improved in the variable case of the Herz
spaces Kp((.j), and K (()) by Almeida and Drihem in [1], where they obtained the
boundedness results for a class of sublinear operators. Izuki and Noi introduced
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the Herz spaces K;((.'){q(.) and K;f((.'))vq(.) in [8], where all parameters were taken as

variable. Recently, in [3], Drihem and Seghiri studied the Herz spaces and Herz-
type Hardy spaces with variable exponents which were introduced in [8] and
obtained several results regarding equivalence of norms and the atomic decompo-
sition of Herz-type Hardy spaces. Further, they studied the boundedness of some
sublinear operators on Herz spaces with variable exponents. Another approach
to studying variable exponent Herz spaces (with variable parameters), known as
continual Herz spaces, was given by Samko in [17], where the boundedness of some
sublinear operators was obtained. The Sobolev-type theorem on these spaces was
studied by Rafeiro and Samko in [14].

In this paper, we obtain the boundedness of central Calderén—Zygmund oper-

ators on Herz-type Hardy spaces HK (() a0) and H K ()

).q() Py using the atomic
decomposition of the Herz—Hardy space obtained in [3 ] In the proofs of the main
theorems we follow the ideas from [1]. The results for the case when ¢ = const
were obtained in [19]. For the boundedness of such operators in the classical case,
we refer to [12]. The present article has three sections. Section 2 deals with some
basic notions regarding variable exponent Lebesgue and Herz spaces. In Section 3,
we obtain the boundedness of central Calderén-Zygmund operators on Herz-type
Hardy spaces. Throughout the paper, constants (often different constants in the

same series of inequalities) will mainly be denoted by ¢ or C; by the symbol p'(z)

we denote the function ( () 2) -, 1 < p(x) < oo; the relation a =~ b means that there

are positive constants ¢; and ¢y such that c;a < b < cya; and by |-] we denote
the floor function.

2. Preliminaries

2.1. Variable Lebesgue spaces. Let x € R™ and r > 0, and we denote by
B(x,r) an open ball in R centered at = and of radius r. By supp(f) we denote
the support of the function f. Let E be a measurable subset in R™; by |E| we
denote the Lebesgue measure of the set E, and xg denotes the characteristic
function of the set E. Let E be a measurable set in R"™ with positive measure.
We denote

p (F)= essEinfp(:U), pT(E) := esssup p(z)
E

for a measurable function p on E. A measurable function p belongs to the class
Po(E) (p € Po(E)) if 0 < p~(E) < p"(E) < oco. We say that p € P(E) if
1<p (F) <pT(E) < co. We say that a measurable function f on E belongs to
LPO(E) (or to LP@)(E)) if

f)= /E |f(x)‘p(x) dz < 0.

The space LP)(E) is a Banach space with respect to the norm (see, e.g., [11])

1 fllror ) = inf{n >0:Sy0).8 <£) < 1}.

(For the following propositions, see [11], [2].)
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Proposition A. Let E be a measurable subset of R™. Suppose that 1 < p~(E) <
pT(E) < oco. Then

(i)
LAy < Soers(F) < Iy 1l sy <
E +(E
LI 505 < Soere () < AR Nl sy > 1.

(ii) Hélder’s inequality

’Lﬁ“wwmdé(pbw+gﬁ<»)wmﬂ>ummo)

holds, where f € LP)(E) and g € LY (E).
(iii) The generalized Hélder’s inequality

1f9llroe < CHf”Lp(J(E)||9||Lq(-)(E)

holds, where f € LPY)(E), g € L1O(E), and o
r el

) = % + ﬁ for every

x

Proposition B. Let 1 < r(x) < p(z), and let E be a subset of R™ with |E| < oc.
Then the following inequality

1oy < (BT D)l oo
holds.

Definition 2.1. We say that p satisfies the local log-Holder continuity condition
(p € P8(R")) if there is a positive constant A such that for all z and y in R"
the inequality

Ip(z) —p(y)| < A/(In(e +1/|z —yl))
holds.

Definition 2.2. We say that p satisfies the log-Holder condition at the origin
condition (p € PI*8(R™)) if there is a positive constant ¢; such that for all € R”
the inequality

[p(z) = p(0)| < e1/(In(e +1/]z]))
holds.

Definition 2.3. We say that p satisfies the log-Holder condition at infinity (p €
Plog(R™)) if there exist two positive constants ¢, and p,, € R such that for all
x € R"™ the inequality

p(2) — poc| < c2/(In(e + |2]))
holds.
We denote Py (R") := Py(R")NPL¢(R™). For the next lemma we refer to [9].
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Lemma 2.4. Let p € Py (R"). Then

IXBon|Lr0) < cor#®  for 0 <r <1 (2.1)
and
IxBom | Lso < coor?=  forr > 1, (2.2)
respectively, where co > 1 and coo > 1 does not depend on r.

Let p,q € Po(R™). The mixed variable exponent Lebesgue space 190)(LP0)) is
defined on a sequence of L?")-functions by the modular

Spy.at) (Fo)v) = Zinf{% >0 Sy <%) = 1}-

14

The space is equipped with the quasi-norm
. 1
||(f”>”“zq(->(1:p(-)) = 1nf{,u > 01 Sp(,40) (E(fz/)v) < 1}-

2.2. Variable Herz-type Hardy spaces. In this subsection, we introduce vari-
able Herz spaces and Herz-type Hardy spaces. The classical Herz spaces were first
considered in [4]. (For the following definitions and statements, see [3].) Let us
set By := B(0,2%), Ry, := By, \ By_1, and x; = g, for k € Z.

Definition 2.5. Let p,q € PO(R”) and o : R" — R with o € L*(R"). The
inhomogeneous Herz space K ()q( ,(R") consists of all f € LIOC (R™) such that

‘|f"K5((.§),q(.)(R”) = H]EXBO”L"(')(R") + H(Qka(.)fxwkzl||zq(-)(Lp<~>) < 0. (23)

The homogeneous Herz space K;Y((_'))’q(_)(R ) consists of all f € LIOC (R™\ {0}) such
that

||f||Ka<> &) = H Qk o) I Xk keZquu (LP0) < 0. (2-4)

If a, p, q are constant, then these spaces coincide with the classical Herz spaces,
first considered in [4]. Let us denote

H{gk}qu (LP0)) (ZHngLp( >

and

H{gk}qu (Lr0)) (Z 198015 o) )

for a sequence {gi}rez of measurable function. For the following proposition we
refer to [3].



314 A. MESKHI, H. RAFEIRO, and M. ASAD ZAIGHUM
Proposition C. Let a € L>®(R"), p,q € Po(R"). If o, q € P'8(R"), then
a(s) ny __ Qoo n
Koya) R = K5 o (RY).
Further, if a, q also satisfy the log-Holder condition at the origin, then
ka(0 koo
HfHKZ((")),q(')(R") = H{2 ( )ka}”l'i(O)(Lp(-)) + H{2 ka}ngoo(Lp(q) < 0.

Let Gn f be the grand maximal function of f defined by

Gnf(z) = sup |on(f)(2)],
P AN
where
Av={0eS[R"): sup [2°07¢(z) <1}
|| <N,|BI<N
and

on(f)(x) = sup ¢, * f(x)
>0
with ¢;(-) =t7"¢(;) and where S (R") denotes the class of Schwartz functions.

Definition 2.6. Let p,q € Po(R") and o : R” — R with a € L>*(R") and N >
n + 1. The inhomogeneous Herz-type Hardy space H Kg((f))yq(.)(R”) consists of all

f € S’(R") such that Gy f € K;‘((.'))Vq(.)(R”), and we define

)

(- == G - .
HfHHKm(»)),q(»)(R”) | Nf||Kp<(‘>),q<‘>(R”)

The homogeneous Herz-type Hardy space H.Kz((:))vq(,)(R”) consists of all f €

S’(R") such that Gy f € K;((_')),q(_)(R"), and we define

||f||H'K§((")>’q(')(R") = ||GNf||K§(("))’q(‘)(R")'

Definition 2.7. Let a € L*¥(R"), ¢ € Po(R"™), p € P(R"), and s € Ny. A function
a is said to be a central (a(-), p(-))-atom, if

(1) suppa C B(0,r) ={x e R": |z| <r}, r>0;

(2) NlallLror@my < [B(O,7)| 70O 0 <r < 1;

(3) llall oo @y < [B(O,7)[~=/", r > 1;

(4) Jpn #%a(z) dw =0, [B] < s.
A function a is said to be a central («(-), p(+))-atom of restricted type, if it satisfies
conditions (iii) and (iv) above and suppa C B(0,7), r > 1.

Now we present the atomic decomposition theorems. For these statements we
refer to [18] in the case of a and ¢ constant and [3] in the case of o and ¢ are
variable.

Proposition D. Let p € P(R"), ¢ € Po(R"), and a : R" — R with o € L (R").
Let o, g € P5(R™) and p € P8(R"™) N PLs(R™). Suppose that as > n(l — Ii),
and let s be a nonnegative integer such that s > |as + n(i - D]. If f €
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HKIC:(())»(I() (Rn>7 then we have

f= Z Ak, (2.5)
k=0

where the series converges in the sense of distribution, A\, > 0, each ay s a central
(a(+),p(+))-atom of restricted type with supp a, C By, and

o0
(3 i)™ <l
o g - HEE) ) B

Proposition E. Let p € P(R"), g € Po(R"™), and a : R" — R with o € L>*(R").
Let a,q € Pbg c (R™) and p € P8(R™) N Plog( ™). Suppose that a(-) > n(l —
pi), and let s be a nonnegative integer such that s > max{|as + n(i -1,

|(0) + n(=ks ORE DI} If fe HKZ(())q()(]R”) then we have

f= Z Ak (2.6)

k=—o00

where the series converges in the sense of distribution, A\, > 0, each ay, is a central
(a(+), p(+))-atom with supp ay, C By, and

_ 1/a0) /& fa0e
(32 ) (S el=) " el s gy (2T)
k=—00 k=0

3. Boundedness of central Calderé6n—Zygmund operators

In this section, We show that the central Calderén—Zygmund operator is
bounded from H. K o(R") to K (y(R™). A similar conclusion holds for the

inhomogeneous case. Our main result follows from a general result of a larger
class of operators. We begin this section with the following definition.

Definition 3.1. Let p € P(R™), ¢ € Po(R"), and o : R” — R with o € L>*(R").
Let a,q € Plog e (R") and p € P e(R") N Plog > (R™). Let s be the nonnegative
integer given by s = max{ | oo + n(1/pos — 1)J [a(0) +n(1/p(0) — 1)]}. We say
that a sublinear operator 7" belongs to class Zy o (I' € Zy o) if the following
conditions hold:
(1) T is bounded in LPC)(R™).
(2) There exists a constant ¢ > 0 such that s + 0 > max{a. +n(1/ps — 1),
a(0) +n(1/p(0) — 1)}, and for any compactly supported function f with

f(x)zPdz =0, |B|<s,
R’l’l
T f satisfies the size condition

T f(2)] < ¢(diam(supp f))8+5|x|‘(”+5+5)/ | f(y)| dy, (3.1)

n

if dist(x, supp f) > |z|/2.
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Analogously, we can define the class Z.,, where all the exponents satisfy the
log-Holder condition near infinity, and replace the condition on s as above by

s = oo + n(1/poe — 1.
The next statements are the main results of this section.

Theorem 3.2. Let p,a € Po(R"), T € I, and § be as in Definition 5.1. If

n n
S < — 46, (3.2)

holds, then T is bounded from HK;Y((,’))#(,)(R ) to K (())q()(R”).

Theorem 3.3. Let p,a € Py (R"), T € I o, and 0 be as in Definition 3.1. If

n n n n
0 , — < Qe < — + 0, 3.3
70 < <0 Pl Pho 3

holds, then T is bounded from H'KZ((,‘))#(,)(R") to K;((f))q(.)(R").

We present the proof only for Theorem 3.3. The proof of Theorem 3.2 can be
obtained by the same arguments.

Proof of Theorem 5.5. Now, by Proposition C, we have

1
HT HK”‘<(>) . < C( Z oka(0)q( HT XquL(&)'))q(o)
k=—oc0
o0 L
s (o2 Tl )™
k=0
=:c(l- +1.).
Let f € H.K(;((:)),q(,)(]R”). By Proposition E the function f can be represented

as [ = Y 20 Ajaj, where a; is a central (a(-),p(-))-atom with suppa; C B;.
Hence,

<o 3 200 ($ wilral, )"

k=—o00 j=—00

- _1
(5 (5 wileal) )

k=—o00 j=k—1

and
) k—2 Qoo L
Lo<e(S 2 (Y lIrahl,)™) ™
k=0 Jj=—0
+C(Z 2kawqw< > |>\j|HT(aj)XkHLW)qm)E
k=0 j=k-1

=1+ 1?
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Estimate of I(<2): By (LY, LP0)) boundedness of 7' and Minkowski’s inequality,
we have

~1 o) L
19 < 3 29000 3 Wllaln)") ™
k=—o00 j=k—1
q(0) _1
« a(0)
<o 3 (Z |/\H|%HLP<>+Z|)\||]aj|\Lp<)> )
k=—00 j=k—1
(Y (k=a() ") 70
<o 35 (3 i)™

k=—oco j=k—1
1 1

+C<Z gka(0) (ZM 12- J%o) 0)“”

k=—o00

=:cH| + cH,.

Now for Hy, by Holder’s inequality with (¢(0),4’(0)) and changing the order of
summation, we have

Hy, < c( Z Z |)\j’q(0)2(kfj)w)q<o>

k=—o00 j=k—1
Jj+1

(Z ’)\ ‘q Z 2k J)a(O)q(O))

j=—o00 k=—o00

-1

<o( 3 )™

j=—o0

S C||f||H'KZ(<“)>’q(‘)(Rn)'

For Hs, first let g, > 1; then by Holder’s inequality with exponents (¢, ¢.,) and
Proposition E (the fact that as, > 0 together with inequality (2.7)) we have
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Estimate of I2): The estimate is similar to the one for Hy with q(0) replaced by
(oo, Since j > k —1 > 0. Thus we have

2
D el fllgenr gy

Estimate of I(>1): First, since z € Ry, y € Bj, and j < k—2 and |z —y| > 2¥/2 >
|z| /2, we have, by the size condition (3.1) and Holder’s inequality,

cQ(jfk)(er(S)2716712%2*]'04007 j >0,

T a:)x < nJ
| ( ])( )’ C2(j7k)(3+5)27kn2W]0)2*J.CM(0)7 ]< 0.

(3.4)

Hence,

—nk nj
T o) (s+) 9 g—dase i >
@y < 4 o 222D (35
(®") (27 QR0 9-100) < ()

o0

<Z 9kaisegoo < g ‘AjmT(aj)XkHLp(,))qm) 11%0o
k=0 j=—o00
(

o0

_1 e
Sk (3 T @) o))

k=0 j=—00

<c

0o k—2 1
Goo\ Foo
+c<22ka°°q‘”(z|/\j|HT(aj)Xk||Lp<-)> )
k=0 =0
S Jl + J27
where Jo = 0 for k& = 0,1,2. Let ¢(0) > 1; then, by using the estimate (3.5)

for J; and Holder’s inequality with exponents (¢(0),q’(0)) and the fact s + 0 >
max{e + n(1/ps — 1), @(0) + n(1/p(0) — 1)}, we have

1
J, < C(Z Qkaooqco< Z |/\ |2p (s+5)2p(o)2 jo(0 ))qw>qoo

j=—o00
¢ (ZQ e )qw ( Z I\ |2t T <>>>
j=—o00
S 1
< C( Z |/\ |q ) (0> ( Z 2] s+5+p,(0) a(0))q (0))q,(0)
g==oo j=—00

S C||f||HKa(()) (R")

Similarly for Js, inserting the appropriate estimate from (3.5), it follows from
Holder’s inequality with exponents (¢.,q¢.,) and the condition s + § >
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max{ e + n(1/ps — 1), @(0) + n(1/p(0) — 1)} that

00 k—2 1
Jo < c(Z ghacede (Z |26 99 93t o~ J%o)q“’)”"
k=0 Jj=0
0o k—2 1
< o3 ( o))
k=0 j=0
® k)(s+6 R — k)(s+3 ) too \ TN o
C(Z(ZM |qoo21 (s 0+ —aoo T> <ZQJ (s5+0+ - —aoo T)qw)qw
k=0 7=0
o0 1
——a jele=} qo0
c(Z!A pm( 3 AL T )
k=j+2

= CHfHH'K;f((f)),q(»)(R")'

Estimate of I(<l): The estimate is similar to the one for J, with ¢, replaced by
q(0) since j < k — 2 < 0. The case when 0 < ¢ < 1 can be obtained in a similar
way by using the inequality (> x;)? < (> af). O

3.1. Application. In this section, we apply our main result to obtain the bound-
edness of central Calderén—Zygmund operators, which are more general than the
standard Calderén-Zygmund operators. We begin this section with the following
definition.

Definition 3.4. Let K be a locally integrable function on R” x R™\ {x = y}. Then
K is called a central kernel if there exist 0 € (0, 1] and C' > 0, such that

ly|°
[K(z.y) ~ K(@,0)] < Opngs, el 2 21, (3.6)
and
C

Definition 3.5. A linear operator Tk : S (R") — S’(R") is said to be a Calderén—
Zygmund operator associated with a central kernel K if

(1) Tk can be extended to be a bounded operator on L*(R™);
(2) for any f € L*(R"™) with compact support and almost every = ¢ supp f,

Trf(z) = - K(z,y)f(y) dy. (3.7)

Now we present the boundedness of Calderén-Zygmund operators with a cen-
tral kernel. We remark that the case for ¢(-) = const was proved in [19].
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Theorem 3.6. Let p,q,a be as in Theorem 5.2. Let Tx be a Calderon—Zygmund
operator bounded in LPO)(R™) and let it be associated with the central kernel K

in the sense of (3.7). Then Tk is bounded from HK;‘((.'))H(.)(R") to K;((_'){q(.)(R").

Theorem 3.7. Let p,q, « be as in Theorem 5.5. Let Tx be a Calderon—Zygmund
operator bounded in LP)(R™) and let it be associated with the central kernel K

in the sense of (3.7). Then Tk is bounded from H.K;((,'iq(,)(R”) to K;Y((f){q(,)(R”).

Proof. We only prove Theorem 3.6. The proof of Theorem 3.7 follows analogously.
First, the condition n/p, < ax < n/p,, + 0 implies that s =

oo — /Pl ] = 0. Now let f € HK;‘((.'))H(.)(]R"); then by Proposition D we have
that f(z) = > ;o Akar(z) where ay, is central (a(-),p(-))-atom. By sublinearity
of T we have |Tk f(x)| < > o | l|Tk(ar)(x)|. Following the proof of Theo-
rem 3.2, we have that, for each x € Ay and supp(f) C B; (j < k — 2) together
with the condition of vanishing moments (i.e., [, ax = 0) and condition (3.6),
the operator T satisfies condition (3.1) with s = 0. Hence the result follows by

the same arguments as presented in Theorem 3.2. 0J
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