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ABSTRACT. The purpose of this paper is to give a new atomic decomposition
for variable Hardy spaces via the discrete Littlewood—Paley—Stein theory. As
an application of this decomposition, we assume that T is a linear operator
bounded on L9 and HP(), and we thus obtain that T can be extended to a
bounded operator from H?() to LP().

1. INTRODUCTION

Hardy spaces play a crucial role in the study of singular integral operators
and their application to partial differential equations. In the classical case, Hardy
space can be characterized by the Littlewood—Paley—Stein square functions, maxi-
mal functions, and atomic decompositions. Atomic decomposition is an especially
significant tool in harmonic analysis and wavelet analysis for the study of function
spaces and the operators acting on these spaces (see [2], [15]). Atomic decomposi-
tion was first introduced by Coifman [1] in 1-dimensional cases in 1974, and later
it was extended to higher dimensions by Latter [14]. Atomic decompositions of
Hardy spaces play an important role in the boundedness of operators on Hardy
spaces, and it is usually sufficient to check that atoms are mapped into bounded
elements of quasi-Banach spaces. The literature thus far suggests that atomic
decomposition of the Hardy spaces is only one tool for proving the boundedness
from HP to LP for singular integral operators. Recently, Zhao and Han [20] gave
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a new atomic decomposition which converges in both H?(R™) and L?*(R"™) rather
than only in the distribution sense. Then Han, Lee, and Lin [11] showed that in
weighted Hardy spaces H?(w) the atomic decomposition also converges in both
H?(w) and L*(w).

In the present article, we study variable Hardy spaces. Note that the variable
exponent spaces, such as the variable Lebesgue spaces and the variable Sobolev
spaces, were studied by a substantial number of researchers (see, for example,
3], [4], [8], [13]). Recently the atomic decomposition of variable Hardy spaces
was established independently by using maximal function characterizations (see
[5, Theorem 6.3], [16, Theorem 4.5]).

The main purpose of this paper is to provide a new atomic decomposition
of variable Hardy spaces via the discrete Littlewood—Paley—Stein theory. As an
application, we derive the boundedness H?®) — LP() via the boundedness from
HP) — [P0 for linear operators. To state the results, we begin with the defi-
nition of Lebesgue spaces with variable exponent, and we make some notations.
For any Lebesgue measurable function p(-) : R® — (0, oo} and for any measurable
subset £ C R", we denote p~(E) = inf,epp(x) and p™(E) = sup,cpp(z). We
especially denote p~ = p~(R") and p* = p™(R™). The symbols S and S’ denote
the class of Schwartz functions and tempered functions, respectively. As usual,
for a function ¥ on R", ¢y (z) = t " (t'z).

Definition 1.1. Let p(-) : R™ — (0, 00] be a Lebesgue measurable function. The
variable Lebesgue space LP() consists of all Lebesgue measurable functions f, for
which the quantity [, [ef(z)[P®) dz is finite for some € > 0, and

| fllpecr = inf {)\ >0: /n<|f(/\x)|>p(w) dr < 1},

Variable Lebesgue spaces were first established by Orlicz [18] in 1931. Two
decades later, Nakano [17] systematically studied modular function spaces, includ-
ing the variable Lebesgue spaces; modern development of the concept started in
1991 with Kovacik and Rékosnik’s paper [13]. As a special case of the theory of
Nakano and Luxemberg (see [17]), we see that LP() is a quasinormed space. This
is especially true when p~ > 1, LP() is a Banach space.

Let p(-): R™ — (0,00) be a measurable function with 0 < p~ < p™ < oo, and
let PY be the set of all these p(-). Let P denote the set of all measurable functions
p(+) : R™ = [1,00) such that 1 < p~ < p™ < co. We now recall the following class
of exponent functions, which can be found in [7, Theorem 8.1]. Let B be the set
of p(-) € P such that the Hardy-Littlewood maximal operator M is bounded on
Ip0)

An important subset of B is the log-Holder (LH) condition. In the study of
variable exponent function spaces it is common to assume that the exponent
function p(-) satisfies the LH-condition. We say that p(-) € LH if p(-) satisfies

Ip() - p(y)] < —C vy < 1/2

— —log(lz —yl)’
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and that
< — > |x|.
It is well known that p(-) € B if p(-) € P N LH. Moreover, various examples

show that the above LH-conditions are necessary in a certain sense (see Pick and
Ruzicka [19] for more details).

Definition 1.2 ([5, Section 3], [16, Section 3]). Let f € §', let ¢ € S, let p(-) € PY,
and let ¢ (z) = t™p(t"'z), x € R™. Denote by M the grand maximal operator
given by M f(x) = sup{|y x f(z)| : t > 0, € Fy} for any fixed large integer
N, where Fy ={p € S: [p(z)dz =1, > jaj<n SUP(1 + |z)N|0%p(z)| < 1}. The
variable Hardy space H?®) is the set of all f € S’ for which the quantity

I f ey = (Ml oy < 00.

Throughout this paper, C' or ¢ will denote a positive constant which may vary
at each occurrence but which is independent of the essential variables, and A ~ B
means that there are constants C; > 0 and C; > 0 independent of the essential
variables such that C1B < A < (3B. Given a measurable set S C R", |5]
denotes the Lebesgue measure and yg means the characteristic function. We also
use the notation j A j/ = min{j,j'} and j V j' = max{j,7'}. In what follows,
we recall the new atoms for variable Hardy spaces, which were first introduced
n [16]. Let p(-) : R™ — (0,00), 0 < p~ < p™ <1 < ¢ < oo. Fix an integer
d > dyy =min{d € NU{0} : p~(n+d+1) >n}. A function a on R” is called a

Q|9

(p(+), q)-atom if there exists a cube @ such that suppa C Q; ||a||pc < —F——
Ixell o )(]Rn)

Jgn a(x)x* dz = 0 for |af < d.
NOW let us state our main results.

Theorem 1.3. Let p(-) € LHNPY 1 < g < oo. If f € LIN HPY) | there ewist
sequences of (p(-),q)-atoms {a;} and scalars {\;} such that f =3 Aja;, where
the series converges to f in both H?)- and Li-norms. Next write

A ) = [{S () Y

X, Il o)

17208

Then we have
AN1520AQ515%) < Cllf Il
As an application of this new atomic decomposition, we obtain the following.

Corollary 1.4. Let p(-) € LHNP?, 1 < q < oo. Suppose that a linear operator T

is bounded on LY and H?®). Then T can be extended to a bounded operator from
HPO) to LPO).

Remark 1.5. Tt is well known that Calderén—Zygmund operators are bounded
on L% 1 < g < oo and from HP to LP for certain p. The regularities of ker-
nels of Calderéon—Zygmund operators play a crucial role in the proof. However,
Corollary 1.4 gives a similar but general result, which does not use the regularity
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condition directly. In fact, we only require the boundedness results of linear oper-
ators T" and atomic decomposmon for variable Hardy spaces H?() here. Moving
in another direction, in order to prove the H? to LP, the regularity of kernels of
Calderén—Zygmund operators 7T is required to deal with ||Tal|» < C, where a is
classical (p, ¢)-atom for HP.

2. PROOF OF THEOREM 1.3 AND COROLLARY 1.4

To show Theorem 1.3, we will apply the Littlewood—Paley—Stein theory. To be
precise, let ¢ € S satisfy

supp1p C {€eR:1/2< ¢ <2},
and let
S0 e =1 forall € € R™\ {0}.
JEZ
Denote by S, the set of functions f € & satisfying fRn x)z®dr = 0 for all

muti-indices o € Z% := ({0,1,2,...})". Denote by S’ its topological dual space.
For f € S, _, we recall the deﬁnition of the LittlewoodfPalenytein square function

of f,
= (X« @)

JEL
and the discrete Littlewood—-Paley—Stein square function,
1/2
G'(F)) = (3 X [+ 120 xa(@)
JEZ ke

where @ here denotes dyadic cube in R with side length 277 and the lower-left
corner of (Q is 277k.

First we recall the well-known discrete Calderén identity, which can be found
in [9, Lemma 2.1].

Proposition 2.1. Let v be the function mentioned above. Then for all f € S
=27 N "y« 27K (x — 277K),
JEL kezZn

where the series converges in L?, Sy, and S’ .

We also need the following boundedness of the vector-valued maximal operator
M, whose proof can be found in [4, Corollary 2.1].

Proposition 2.2. Let p(-) € LHNP. Then for any q > 1, f = {fi}ticz, fi € Lioc,
icZ,

Ml o < CHN Nl
where MI(f) = {M(f;) }iez-

The following proposition gives equivalent characterizations of HP()
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Proposition 2.3. Let p(-) € LHNP°. Then for all f € S, let
1FlLzmer ~ (GO o ~ NGO oo

Proof. The equivalence of the first two norms was proved in [21, Theorem 1.4].
To complete the proof of Proposition 2.3, we only need to prove that

Hg(f)Hme ~ Hgd(f)Hme-

First, we show that

G s < NG Do
To do this, let f € S.. The discrete Calderén identity and the almost-

orthogonality estimates yleld that, for any v € () an (p~ A1),
| (0 % f)(@)]
=Y 277"k f(27k € ZM)y Yy (x — 277k
j/EZ kGZ"
C li—J"IL 2N 9—J’
< 2- y
Z‘; Z (142N |z — 2 Jk|)M+n(1/} * f)( )
s 1
< CZQ li=3"ILgn(5=1)((’ JVO){ <Z‘ ik f)(27 i'k ’ XQ)Q(U)}57
j'ez

where L and M are large enough and @, Q" denote dyadic cubes in R™ with side
lengths 277 and 277, respectively. Then, applying Holder’s inequality, we have

G(f) ()]

="y * f(x)]

< CZ(Z 2—Ij—j’\Lgn(%—l)((j’—j)\/O){M<Z’(¢j/ % f)(2_j,k)|2XQ/>§<v)}};>2
<OX{ar(Sfoy + i o) @)

Thus by the vector-valued maximal operator M on LP(")/9(]2/%) we have

16D, = [ (S 1y # @)

JEZ

170)

2 1

SCH(‘/ { <Z| /*f (27 i’k |XQ/)6}5>3 Z@
< H <Z P f<2_jk>‘2XQ(x)>%

JEZ keZn

:H ! Hm(»w

Lr()

where 37 < < (p” A1)
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On the other hand, repeating the same method used by Frazier and Jawerth
in [10], we can obtain that

19| ~ | (§<supQ<f>x~Q>2) o™ | (%:(infcz,v(f)xbf)

where Q dyadic with I[(Q) = 277, ¥ = |Q|*x0, supg(f) = Q|2 SUp,eq |5 *
f()l, and infq,(f) = |Q|"? max{inf, 5 [¢ * f(y)] : Q) = 2771(Q),Q C Q} for
v € Z with v > 0. Besides, we have the fact that

1G4 s < CH (Z(SUPQ(JC))(Q)Q)
Q

1/2 1/2

Lp(.)’

1/2

Lo()
Thus we complete the proof of Proposition 2.3. O

We would like to point out that functions #;(x) used in the discrete Calderén-
type identity do not have compact support. To prove the atomic decomposition
for HP()| we derive the following new discrete Calderén-type identity, which, for
the spaces of homogeneous type, was first used in [6].

Proposition 2.4. Suppose that p(-) € LHN PY. Let ¢ be a Schwartz function
with support on the unit ball satisfying the conditions: for all & € R™,

> lo7of =1,

jET
and [g, ¢(x)x*dx =0 for all 0 < |a| < M. Then for all f € HONL 1 <qg<
00, there exists a function g € HP) N L9 with

[fllze ~llgliee  and || fllzwer ~ lgllmse
such that, for some large integer N depending on ¢ and p(-),q, M,
Fl@) =32 1QIo; * g(2q)d;(x — wq),
JEZ Q

where Q represents dyadic cubes with side length 277~V and the series converges
in both norms of LI and HP®).

Proof. By using the classical Calderén identity on L? and applying Coifman’s
decomposition of the identity, we have

fl@) =" ¢;xo;* f(x)

:Z/Rn@(x—u)@*f(u)du
= (x—u)o; x f(u)du
Z%}/@gﬁ( )5 % £(u)

=33 1QIés(w — w0)é; * flzq) + Ru(f)(a),

JEZ Q
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where Q C R™, [(Q) = 279~V for some large integer N which will be chosen later,
and z( is the lower-left point of @), and

Rx(H@) =33 /Q (65 — )y * F(u) — b;( — 20)d; * f(20)] du.

JEZ Q
Now we prove that
IBx (D]l 2 < C27N1 ]2
and that
HRN(f)HHp(~) < CQ*NHJCHHPH-
To do this, first we rewrite Ry (f)(z) as

Rx(H@) =33 /Q (652 — u) — by — 1)) 5 * f(u)

JEZL Q

+ ¢;(x — zg) (@) * f(u) — ¢; * fzq)] du
_ / R(w, )/ (v) dy,

where the kernel of Ry (f)(x) is given by

By =Y /Q [65(x — u) — 5z — 20)]6(u — v) dy

ez Q
+ ZZ/ Oi(x — 2q)[dj(u—y) — ¢j(xq —y)] dy
jez Q '@
=: Ry(z,9)f(y) dy + R (z,y) f(y) dy.

Next, we need to verify that Ry(z,y) is a Calderén-Zygmund kernel. For
RY(z,y), since ¢ is a Schwartz function, we have

|8§‘¢j($ —u) — 0%¢p;(v — xQ)‘ < 2N

(Q—j + |$Q _ u|)n+2M+1'
Thus for 0 < |a|, |5 < M we get
9ilal27

‘83851%11\7(1"3/)‘ = CZNZ/n (277 + |zg — uf )tV |85¢j(u - y)l dy

=

1

< —-N
S O T e

The same results hold for R%(x,y); hence these also hold for Ry(x,y) with the
constant C27%,

Let Ry (f) = >2; R;(f), where R;(f)(x) = 3_q [oléi(x—u)—d;(x—z0)l¢; (u—
y) dy. By the proof of the estimates for the kernel of Ry given above, we have
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IR (Nl < C27N||f|lz2- Applying an almost orthogonality argument in [12,

Lemmas 2.18] yields that
9—(ink)
PRI

where j A k is the minimum of 7 and k. Then we have

| BB (f) ()| o < C27 V207 H) £ e

We can also obtain similar results for R R;(f). Thus we prove that Ry is bounded
on L? with constant C27"; hence Ry is also bounded on L9,1 < ¢ < oo with
constant C27V since Ry is a Calderén—Zygmund operator. Theorem 5.3 in [16]
yields that Ry is bounded on HP") with constant C2~V.

Choose N large enough so that C27% < 1. Noting that I = Ty + Ry, then
Tyt =% J(Ry)™ is also bounded on L? and HP"), where

Tn(f)(x) =Y 1Qlej(x — 2q)e; * f(aq).

JEZ Q

| Ry Ry (f)(w,y)| < G272l

It follows that ||g||ze ~ || f||ze and ||g|| goc) ~ | f]| e, 1 < ¢ < 00, where g(x) :=
T (f)(x). Moreover,

@) =357 10165 (e — 2)é; * glaq).
JEZ Q

where the series converges in both Li- and HP")-norms.

Next we will prove that the series above also converges in L? for any 1 < ¢ < oo.
Since LN L? is dense in LY, it suffices to show that the series converges in L? for
each function f € LY N L% For f € LN L?, set

Bi={Q:1(Q) =27"".Qc BO.1),ljil <1}.

where B(0,1) is the ball centered at 0 with radius [ in R”. Write ¢g = ¢;; then we
only need to show that for each function g € LN L? and any positive integer L,

HZ > 1Qlgo(x — zq)do * g(a?Q)HLq —0 as L — oo.

I>L QEB;

Suppose that h € LY NL? (%4—& = 1). By duality argument, the Cauchy inequality
and the Holder inequality, we get that

HZ > 1Qlgo(x — xQ)cb*g(IQ)HLq

I>L QeBy
= sup ’<Z Z |Q‘¢Q<x_$Q)¢*g<xQ)’h>)
1Bl e <17 ST Qe

= sup ’Z > 1Qlgg * h(ch)Gﬁ*g(iL’Q)‘

HhHLq’Sl I>L Q€eB,

< sup D> [ * h(wg)||¢ * g(wq) |xe(x) du

1Bl g <LIR™ 15T OeB,
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/ {ZZW@*MQ "xole }1/2

HhH /<1

I>L QEB;

X {Z > g = h(l’Q)\zXQ(m)}l/Q dx

I>L QEB;

1/2
\hH ,<1 H;%)% * h(zg)| XQ} La
x H{Z > og h(ﬂfQ)|2XQ} ‘Lq
I>L QeB;
< H{Z Z 2% *g(xQ)|2XQ}1/2 Lo
I>L QeB,;

which tends to zero as L goes to infinity. This ends the proof of Proposition 2.4.
O

Proof of Theorem 1.5. Let f € LYN HP®) (0 < p~ < pt < ¢ < oo with ¢ > 1),
and let ¢ be the function mentioned in Proposition 2.4. Then by the discrete
Calderén reproducing formula in Proposition 2.4, we have

F2) =337 1016, * g(2g)és(x — xg) in LI N HPO.
JEZ Q
Now we need the maximal square function defined by
1/2
(ZZ S“PWJ*QSCQ "xo(x ) :
JEZ kezn TRE

From the proof of Proposition 2.3, we have
1A ez ~ |GG o -
Next, let
Q={zeR": gg(f)(x) > 2'}
and let

0 = {z €R": Mlxa)(@) > 15}

where M is the Hardy—Littlewood maximal operator. Then €2; C ﬁz By the L?

boundedness of M, || < C|€;]. Denote by Q the set of all dyadic cubes in R™.
Let

1 1
—{eea:lenal> el en el < jlal}

We write ¢g := ¢, if [(Q) = 27"V and z is the lower-left corner of Q. Following
the discrete Calderén reproducing formula and denoting ) € B; as the maximal
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dyadic cube in B;, we rewrite

=>_ > > QI xg(aq)bale —wg) =1 ) Y Agagla

€% QeB; QCQ i QeB;
where

ag = o Z Qloq * g(zq)dg(z — 2q),
QCQ
and
A5 = 2'lxs5l o0

From the definition of a and the support of ¢, we get that ag is supported in

5@. Then, to establish the atomic decomposition for variable Hardy spaces, we
also need the following inequality:

AN, 4Q51521) < Clif o
To prove it, we first observe that when 1 < ¢ < oo,

A({)\j}?ilv{Qj = H{Z Z( AalXsa > }pl_

||X5Q||LP()
< CH{Z > (2ix5@)p7}p7
i QeB;

Note that 5Q C €; when Q € B;. Since Q; C Q; for each i € Z, and ]Ql| < C|94]
for all z € R™, we have

Lr()

Lp(').

Xo,(z) < CM> yq,(x).

If we use these facts and apply the Fefferman—Stein vector-valued maximal
inequality of variable Lebesgue spaces (see Proposition 2.2), we have

A({N 1520 {Q513)
<c{X @)}

e 1
<c|{Xevrar | = { X2 mva}
1 a1
oS P <ol {Sear Y
If Q01 C Q and |2, €| = 0, then for almost every x € R™ we have

Z 2'xq; (© Z ZXQ \2yu () = 2 Z 2 X0 (T

i=—00 1=—00 ]7—00

Lr()

2
=
2p(-)
L p~

Lp() ’
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Then we deduce from the definition of €2; that

[{ewar ),
< C“{Z(Zani\ﬂi+1)p};‘ 150
= Cinf{l)\ >0 / <Z %)M e = 1}
_ Cjnf{)\ >0 ;/Qj\gm (2;);:(:@ dr < 1}

< Cinf{/\ >0 /n<ggf(x))p<x> dr < 1} < O f o

A

Thus we have proved the claim. To complete the proof of the theorem, next we
only need to show that every ag is a (p(-), ¢)-atom.

By duality and the Holder inequalities, for 1 < ¢,¢ < oo and é + i =1, we
have

H > QI * g(wq)dql- — $Q)‘

‘ L
Qco
< suwp / S 60 * 9(w)dq * h(zq)xe(w) do
Al <1 SR 5
< sup {ZWQ*Q@Q)FXQ}Q LqH{Z|¢Q*h($Q)|2XQ}2 L
QCQ QCQ

1A, <1

)
La

< o[ {3 160 *stwa)xa)

QRCQ

where the last inequality follows from the L9-estimates of the discrete Littlewood—
Paley square function. If z € Q € B;, then MXQOQZ,\QZ,H(QU) > % From this fact,
we have

XQ(x) < 2Mxgnaaq,,, () = xq(r) < 4M*(Xgnana,,,) (@)

Thus by the Fefferman—Stein vector-valued inequality, for all 1 < ¢ < oo,

9 1/2
|(32 sup foq + gae)[xa@) |
Qcg 9=

i / <Z wSQue%|¢Q i 9(35@)|2XQ(:B)>q/2 dx

QCQ
/2
<C . (Z sup ‘¢Q * g(xQ)M(XQin\QZ_H)(x)|2)q dz

Qcg 9=

q
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e (X swlarstraie]) i

Qco "¢

< C2Q).
Then the estimate implies that, when 1 < ¢ < o0,

lagllzs = HZ Qléq * 9(za))dal- — 7o)
QcQ
1

= 22Xl e
QI
X561l Ee()

(2@'q|(:2‘)1/q

<C

Hence, together with the cancellation conditions of ¢, we have proved that ag is
a (p(+), q)-atom. This ends the proof of Theorem 1.3. O

Before we prove Corollary 1.4, we need the following important inequality,
which comes from [16, Lemma 4.10].

Proposition 2.5. Let p(-) € LHN P°, and let p- = min{l,p~}. Let B €

(0,1), and let § € (0, _ioffﬂ) If we are given sequences of monnegative num-

bers {k;};, measurable functions {b;}; and cubes {Q}; such that suppb; C Q;,
and ||bjl|ze(q,) # 0 for each j, then we have

H{< kjlb;11Q51° )p};
b HLl/5 ]-)”XQ]'HLP(')

Proof of Corollary 1.4. Given that f € LN HP") the Li-boundedness and HP()-
boundedness of T yield that T f € LINHP"). By Theorem 1.3, for T f € LINHP"),
there is a sequence of (p(-), ¢)-atoms {a}} and a sequence of scalars {A}} with

A{NI2AQIY ) < CIT fllmo,
such that T'f = > A%af, where the series converges to T'f in L9.

JjoamI

Next we will prove that, when Tf € L1 N HP(),
”TfHLP() < OA({)‘* j= 1’{Q;};o:1)

To do this, we repeat the similar argument from Theorem 1.3. Then we rewrite

Z Z Z Q" |¢Q*9 rQ+)Pq- (T — 1g~) Z Z /\Q*aQ*

1€ Q*EBZ* Q*CQ* 7 Q*GBZ*

< CA(INIZAQ).

‘Lp(')

where

age = (2@ ) g (T — 1),
Agr Q*co*

and

Mg = 2'xs00 o0
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We choose ¢* € (0, 00), which satisfies % € (0,—log, Bo/(n + 1)). We observe that
1o+ 7 0 such that

Q[
Le* (5Q*) 1X5Q+
In fact, the similar method in the proof of Theorem 1.3 yields

suppag- C 5Q* and |ag-

1<C

||aQ* () '

lag- Lot (5G7) = Cllag:llzs
< C27"||x50- Zz}(-)H Z Q¢ * 9(2g-)dq- (z —aq)|
< C27|xsp |75 28 5Q* |V
= X590+l o) ‘
Thus we see that
I7fle = {122 22 Aerag-@)|, |
i QreBr
1
p— | -
<{E ¥ Oeoe@)} ],
7 Q*EB;
~ B N« |1/q*
< {Z( )\Q* aQ* 5@ | /a )p—}pl
~ i~* ||aQ* L‘I*(5Q*) X5Q* r() Lr()

< CA{NT{Qi12).

where the last inequality follows from Proposition 2.5. Then by the above esti-
mates, we obtain, for f € LI N HP®),

ITfll oty < CAEN Y2 {Q5152)) < CIT fllver < Cllf o

Since LN HPY) is dense in HP"), T can be extended to a bounded operator from
HPO) to LPO). O
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