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ABSTRACT. In this article, we introduce the notion of a scattered locally
C*-algebra and we give the conditions for a locally C*-algebra to be scat-
tered. Given an action « of a locally compact group G on a scattered locally
C*-algebra A[rr], it is natural to ask under what conditions the crossed product
Alrr] X4 G is also scattered. We obtain some results concerning this question.

1. INTRODUCTION

A topological space X is called scattered (or dispersed) if every nonempty
subset of X necessarily contains an isolated point. Rudin [16, p. 41, Theorem 6]
showed that the linear functionals on C(X), where X is a compact Hausdorff
space which is scattered, have a very simple structure. A compact Hausdorff space
X is scattered if and only if every Radon measure on X is atomic. Pelczynski
and Semadeni [13] gave several necessary and sufficient conditions for a compact
Hausdorff space X to be scattered in terms of C'(X). They showed that a compact
Hausdorff space X is scattered if and only if every linear functional f on C(X)
is of the form

F(h) =3 auh(z,).

where (), is a fixed sequence of points in X and >~ |a,| < co. As a noncom-
mutative generalization of a scattered compact Hausdorff space, the notion of a
scattered C*-algebra was introduced independently by Jensen [7] and Rothwell
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[15]. A C*-algebra A is said to be scattered if every positive functional on A is
atomic (see [7, Definition 1.1]); or equivalently, any positive functional on A is
the sum of a finite or infinite sequence of pure functionals on A. (We refer the
reader to [2], [5], [7], [8], [12], [10], [15] for other equivalent conditions on scattered
C*-algebras.)

The notion of a “locally” C*-algebra is a generalization of the notion of a C*-
algebra. Instead of being given by a single C*-norm, the topology on a locally
C*-algebra is defined by a directed family of C*-seminorms. A locally C*-algebra
Almr] is a complete Hausdorff topological x-algebra for which there exists an
upward directed family T' of C*-seminorms {py}ica defining the topology 7r.
A Fréchet locally C*-algebra is a locally C*-algebra whose topology is given by a
countable family of C*-seminorms. A morphism of locally C*-algebras is a contin-
uous *-morphism ¢ from a locally C*-algebra A[mr| to another locally C*-algebra
Blrr]. Other terms with which locally C*-algebras can be found in the literature
are: pro-C*-algebras, b*-algebras, and LMC*-algebras (see Phillips [14]).

Let {Ax; Xou}auean>y be an inverse system of C*-algebras. Then lim, Ay with
the topology given by the family of C*-seminorms {pa, }xea,pa, ((au),) = llarl 4y,
where || - |4, denotes the C*-norm on A,, is a locally C*-algebra.

For a locally C*-algebra A[rr], and every A € A, the quotient normed *-algebra
A, = A/ kerp,, where kerpy, = {a € A;py(a) = 0}, is already complete, hence,
it is a C*-algebra in the norm |la + kerpy||a, = pr(a),a € A (see, e.g., [3, The-
orem 10.24]). The canonical map from A to A, is denoted by 7{l. For \,u € A
with A > u, there is a canonical surjective C*-morphism 7T:\4u : Ay — A, such
that qu(a + kerpy) = a + kerp, for all a € A. Moreover, {Ax\ﬂrfu}k,ue/\,/\Zu is
an inverse system of C*-algebras, called the Arens—Michael decomposition of the
locally C*-algebra A|mr]. The Arens—Michael decomposition gives us a represen-
tation of A[rr] as an inverse limit of C*-algebras; namely, A[rr| = lim, ) Ay, up
to a topological *-isomorphism.

In this article, we introduce the notion of scattered locally C*-algebra, and we
give conditions for locally C*-algebras to be scattered. Given an action « of a
locally compact group G on a scattered locally C*-algebra A[rr], it is natural to
ask under what condition the crossed product A[mr| %, G is also scattered. We
obtain some results concerning this question.

2. SCATTERED LOCALLY C*-ALGEBRAS

Let A[mr] be a locally C*-algebra. A continuous positive functional on A[rr] is
a continuous linear map f : A — C with the property that f(a*a) > 0 for all
a € A. If f, is a positive functional on Ay, then f, o w{ is a continuous positive
functional on A[rmr]. Moreover, for any continuous positive functional f on Alm],
there are A € A and a positive functional f) on Ay, called the positive functional
associated to f, such that f = fy o m{. A continuous positive functional f on
Alrr] is pure if f # 0, and if ¢ is another positive functional on Alrmr] and g < f,
then there is « € [0, 1] such that ¢ = af. A continuous positive functional f on
Alrr] is pure if and only if its associated positive functional fy is pure.
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Definition 2.1. A locally C*-algebra A[rr] is scattered if any continuous positive
functional f on A[rp] is a countable sum f = )" f, of pure functionals f, on A,
in the pointwise convergence.

Remark 2.2. Let Alrr] and B[r| be two isomorphic locally C*-algebras. Then
Alrr] is scattered if and only if B[] is scattered.

Proposition 2.3. Let A[mr]| be a locally C*-algebra. Then Alrr] is scattered if
and only if the factors Ay, A\ € A in the Arens—Michael decomposition of Alrr],
are scattered.

Proof. First, we suppose that A[rr| is scattered. Let A € A, and let f be a positive
functional on Ay. Then f o 74 is a continuous positive functional on A[rp], and
since A[rp] is scattered, fomy = > f,, where the f,, n € N, are pure. Let n
be a positive integer. Then, there are € A and f,,, a positive functional on A,

such that f, = fun 0 Wﬁ. Furthermore,

@) < funll fa(a®a) < [ funllf (5" @)) < | fuallllfllpa(a)?

for all a € A[mr]. Therefore, for each positive integer n, there is a positive func-
tional f} on A, such that f} o 7! = f,. Moreover, since f, is pure, f} is pure
and f = fr

Conversely, suppose that f is a continuous positive functional on A[r]. Then
there are A € A and a positive functional fy on A, such that f = f, o w{. Since
A, is scattered, f\ = Zn fn, where the f,’s are pure. Then

f=fom=) foom

and since for each positive integer n, f, o7y is pure, be a positive functional A[ry]
is scattered. 0

Corollary 2.4. Any closed *-subalgebra of a scattered locally C*-algebra is a
scattered locally C*-algebra.

Proof. Let A[m] be a scattered locally C*-algebra, and let B be a closed -
subalgebra of A[rr]. Then B is a locally C*-algebra and the factors By, A € A in
the Arens—Michael decomposition of B can be identified with the C*-subalgebras
7{(B), the closure of the x-subalgebra 7{!(B) in Ay, of Ay, A\ € A which are scat-
tered C*-algebras. Then, By, A € A, are scattered (see, e.g., [11, p. 677]) and so
B is scattered. O

A Hausdorff countably compactly generated topological space is a topological
space X which is the direct limit of a sequence of Hausdorff compact spaces
{K,}n. The *-algebra C(X) of all continuous complex-valued functions on X
has a structure of a locally C*-algebra with respect to the topology given by
C*-seminorms {pg, }» with pg, (f) = sup{|f(z)|;x € K,}. Moreover, for each
n,C(X), is isomorphic to C(K,,), and for any commutative Fréchet locally C*-
algebra A, there is a Hausdorff countably compactly generated topological space
X such that A is isomorphic with C'(X) (see [14, Theorem 5.7]).
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Corollary 2.5. A commutative Fréchet locally C*-algebra A[mr| is scattered if
and only if there is a Hausdorff countably compactly generated topological space
X which s the direct limit of a sequence of scattered Hausdorff compact spaces
{K,}n such that Al is isomorphic with C(X).

Corollary 2.6. Let A[rr| and B[] be two locally C*-algebras. Then the mazimal
tensor product A|mr|@max B[] of Almr] and B[] is a scattered locally C*-algebra
if and only if the locally C*-algebras Alr] and B[] are scattered.

Proof. The proof follows from Proposition 2.3, [2, Proposition 1], and [3, Theo-
rem 31.7 and Corollary 31.11]. O

Recall that a continuous x-representation of a locally C*-algebra A[rr| on a
Hilbert space is a pair (¢, H,,) consisting of a Hilbert space #,, and a continuous
s-morphism ¢ from A[r| to L(#H,), the C*-algebra of all bounded linear operators
on H,. If (p,H,) is a representation of A[rp], then there exist A € A and a
s-representation (¢y, H,) of Ay such that ¢ = @, o7y

A continuous *-representation (¢, H,,) of A[rr| is of type I if the von Neumann
algebra generated by ¢(A) is of type I (i.e., the commutant of p(A) is an abelian
s-subalgebra of L(H,)). A locally C*-algebra A[m] is of type I if each of its
continuous *-representations is of type I.

Corollary 2.7. Let A[rr] be a locally C*-algebra. If Alrr] is scattered, then A|rr]
1s of type I.

Proof. Since Almr| is scattered, the A)’s are scattered as well, and by [7, Theo-
rem 2.3], the Ay,\ € A are of type I. The corollary is proved since Almr] is of
type I if and only if the Ay, A € A are of type I (see [3, Proposition 30.8]). [

Let Z be a closed two-sided #-ideal of A[rr]. Then the quotient x-algebra
Almr]/Z, equipped with the quotient topology, is a pre-locally C*-algebra, and its

completion A[rr]/Z is a locally C*-algebra. Moreover, for each A € A, Z), = n}(Z),
the closure of m{(Z) in the C*-algebra A, is a closed two-sided *-ideal of Ay,
and the C*-algebras A,/Z, and (A[mr|/Z) are isomorphic (see, e.g., [3, Theo-
rem 11.7)).

Proposition 2.8. Let A[mr] be a locally C*-algebra, and let T be a closed two-sided

x-ideal of A[tr|. Then A[rr] is scattered if and only if T and A[rr]/T are scattered.

Proof. The proof follows from the above discussion, [7, Proposition 2.4], and
Proposition 2.3. 0

Remark 2.9. If Alrr] is a Fréchet locally C*-algebra and Z is a closed two-sided
x-ideal of A[rr], then the quotient x-algebra A[rr|/Z is complete and so it is a
Fréchet locally C*-algebra (see, e.g., [3, Corollary 11.8]). Therefore, if A[rmr] is a
Fréchet locally C*-algebra and Z is a closed two-sided #-ideal of A[rr], then A[mp]
is scattered if and only if Z and A[r]/Z are scattered.

An element a in a locally C*-algebra A[rr| is bounded if sup{py(a); A € A} <
oo. Put b(A[rr]) = {a € Alrr];a is bounded}. The map || - ||oo: b(A[r]) — [0, 00)



34 M. JOITA

defined by

lalloc = sup{pa(a); A € A}
is a C*-norm, and b(A[mr|), equipped with this C*-norm, is a C*-algebra which
is dense in A[rr]. Moreover, for each A € A, ker px|pap]) = ker py N b(A[7r]) is
a closed two-sided *-ideal of b(A[r]), and the C*-algebras b(A[rr])/ ker px|scafr))
and A, are isomorphic (see, e.g., [3, Theorem 10.24]).

Proposition 2.10. Let Al be a locally C*-algebra.

(1) If the C*-algebra b(A[mr]) of all bounded elements is scattered, then A[rr]
is scattered.

(2) If Almr] is scattered and for some A € A, the closed two sided %-ideal
ker pxlpap)) of b(A[Tr]) is scattered, then b(A[r]) is scattered.

Proof. (1) If b(A[rr]) is scattered, then for each A € A, ker py|p(ajr)) and b(A[mr])/
ker pxlpcaprr)) are scattered (see [7, Proposition 2.4]). Therefore, for each A € A,
the C*-algebra A, is scattered, since Ay is isomorphic with b(A[7p])/ ker px|pafr))
and by Proposition 2.3, A[rr] is scattered.

(2) If A[rr] is scattered, then A, is scattered, and since A, is isomorphic with
b(Alrr])/ ker plpap]) and the closed two sided *-ideal ker py|p(apr]) of O(A[mr]) is
scattered, b(A[mr]) is scattered. O

Let Alrr] be alocally C*-algebra, and let Z(A[mr]) = {a € A;ab = ba for all b €
A} be its center. Clearly, Z(A[mr]) is a commutative locally C*-subalgebra of A,
and so it is a locally C*-algebra with respect to the topology given by the family
of C*-seminorms {px|z(afr]) trea. For each A\, € A with A > p, 7T3\4M<Z(A/\)) C
Z(A,) and 50 {Z(Ax); 75| 2(a3) brsuea sy is an inverse system of C*-algebras.

Proposition 2.11. Let A[m] be a locally C*-algebra. Then Z(A[m]|) =
lim. \ Z(A)), up to an isomorphism of locally C*-algebras.

Proof. Consider the map ® : Z(A[mr]) — lim._, Z(A,) given by

®(a) = (m{(a)),.
Clearly, ® is a *x-morphism and pza,)(®(a)) = p|zap)(a) for all a € Z(Almr])
and for all A € A. If (ay), is a coherent sequence in {Z(AA>§7Ti\4u|Z(AA)}>\,u€A,/\Zm
then there is @ € A such that 7{{(a) = a, for all A € A. Take b € A. From 7{}(ab) =
i (a)7(b) = 7 (L) (a) = 7(ba) for all A € A, we deduce that ab = ba, and
so a € Z(A[rr]). Therefore, ® is an isomorphism of locally C*-algebras. O

Remark 2.12. We remark that, in general, the isometric C*-morphism ¢, :
(Z(A[mr]))x = Z(Ay), prla + ker(pa|z(ap)))) = a + kerpy is not onto.

An inverse system {A;; xi; }ijeri>; of topological algebras is called perfect if the
restrictions to the inverse limit algebra A = lim, ; A; of the canonical projections
7 ¢ [ [,e; Ai = Ai, i € I, namely, the continuous morphisms m;|4 : A — A;,i € I,
are onto maps. The resulting inverse limit algebra A = lim,; A; is called a perfect
topological algebra (see [4, Definition 2.7]).

Definition 2.13. We say that a locally C*-algebra A[mr| is with perfect center if
the inverse system of C*-algebras {Z(A,); 7T3\4/,L|Z(A)\)}>\7NEA7)\ZN is perfect.
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Let { Hy}ea be a directed family of Hilbert spaces such that for each A\, u € A
with A > p, H, is a closed subspace of Hy and (-,-), = (-,-)alm,. Then H =
limy_, H, with the inductive limit topology is called a locally Hilbert space. L(H)
denotes all linear maps 7' : H — H such that for each A € A, T'|y, € L(H,), the
C*-algebra of all bounded linear operators on Hy, and Py, T|g, = T'|u, P, for
all A\, € A with X > p, where Py, is the projection of Hy on H,. If T' € L(H),
then there is 7" € L(H) such that T*|y, = (T|g,)* for all A € A. Then L(H)
has a structure of locally C*-algebra with the topology given by the family of
C*-seminorms {py}rea with px(T) = ||T'|u, ||(n,) (see, e.g., [6, Theorem 5.1]).

Ezxample 2.14. Let H = limy_, H) be a locally Hilbert space. Then H is a pre-
Hilbert space with the inner product given by (£,n) = (£,n), if &, n € H,. Let
H be the Hilbert space obtained by the completion of H. For each A € A, H)
is a closed subspace of H. The projection of H on H, is denoted by P,. Clearly,
the restriction Py|g of Py on H is an element in L(H). It is easy to check that
Z(L(H)) is the locally C*-subalgebra of L(H) generated by {Py|u, A € A} and
that for each A € A, (Z(L(H))), is isomorphic with the C*-subalgebra of L(H))
generated by {Px|m,,pn € A, pp < A}

On the other hand, L(H), is isomorphic with the C*-subalgebra of L(H,), the
C*-algebra of all bounded linear operators on H), generated by {T" € L(H,);
P\ = TPy,p € Ajp < A}, and then Z(L(H),) is isomorphic with the
C*-subalgebra of L(H)) generated by {Py|m,, 1 € A, pu < A}

Therefore, for each A € A, the C*-algebras (Z(L(H)))x and Z(L(H),) are
isomorphic and L(H) is a locally C*-algebra with perfect center.

If the Hilbert spaces Hy, A € A, are finite-dimensional, then the C*-algebras
L(H)),A € A, are scattered (see [2]). Therefore the factors L(H)y,\ € A, in
the Arens—Michael decomposition of L(H) are scattered, and by Proposition 2.3,
L(H) is a scattered locally C*-algebra with perfect center.

It is known that a C*-algebra A is scattered if and only if it is of type I and
its center Z(A) is a scattered C*-algebra (see [10, Theorem 2.2]). The following
result is a generalization of [10, Theorem 2.2].

Theorem 2.15. Let A[rr] be a locally C*-algebra with perfect center. Then the
following statements are equivalent:

(1) Almr] is a scattered locally C*-algebra,
(2) Alrr] is of type I and Z(A[rr]) is a scattered locally C*-algebra.

Proof. (1) = (2). This follows from Corrolaries 2.4 and 2.7.

(2) = (1). Since Z(A[mr]) is a scattered locally C*-algebra, the factors
(Z(A[mr]))r, A € A, in the Arens—Michael decomposition of Z(A[rr]) are scat-
tered. On the other hand, Z(A[mr]) = lim._, Z(A,), up to an isomorphism of
locally C*-algebras, and {Z(A/\);7T3\4u|Z(A>\)}>\,MEA,>\ZM is a perfect inverse system
of C*-algebras. Therefore, the C*-algebras Z(A)),\ € A, are scattered. Since
Almr] is of type I, the factors Ay, A € A, in the Arens-Michael decomposition of
Almr] are of type I. Then, by [10, Theorem 2.2], the C*-algebras Ay, A € A, are
scattered, and by Proposition 2.3, A[rr] is scattered. O



36 M. JOITA

3. CROSSED PRODUCTS OF SCATTERED LOCALLY C*-ALGEBRAS

Let G be a locally compact group, and let A[rr] be a locally C*-algebra. An
action of G on A[rr| is a group morphism « from G to Aut(A[mr]), the group of
all automorphisms of A[rr|, such that, for each a € A, the map g — ay(a) from
G to Almr] is continuous. An action « of G on A[rr] is an inverse limit action if
there is a cofinal subset I of I with the property that px(ay(a)) = pa(a) for all
a € A, for all g € G, and for all py € I'. If « is an inverse limit action, we can
suppose that IV = I, and then for each A € A there is an action a* of G on A,
such that oy = lim, oz;‘ for all g € G. If GG is compact, then any action of G on
Alrr] is an inverse limit action.

Recall that if v is an inverse limit action of G' on A[rr], then L'(G, o, Alrr]) =
{f:G— A; [,pa(f(g9))dg < oo for all A € A}, where dg is the Haar measure on
G, has a structure of locally m-convex *-algebra with the convolution as product
and the involution given by f#(g) = A(g " )ay(f(g7")*), where A is the mod-
ular function on G, and the topology given by the family of submultiplicative
s-seminorms { Ny}, where N\(f) = [, pa(f(g)) dg. The crossed product of A[r]
by «, denoted by Alrr] x4 G, is the enveloping locally C*-algebra of the covariant
algebra L'(G, a, A[r]). Moreover, for each A € A, the C*-algebras (A[mr] X, G)z
and Ay X, G are isomorphic (see [9]).

As in the case of C*-algebras, we have the following result.

Proposition 3.1. Let G be a locally compact group, and let A[rr| be a locally
C*-algebra. Then the crossed product Alrr| x, G of Alrr] by the trivial action ¢
of G is scattered if and only if A[mr] and C*(G), the group C*-algebras associated
to G, are scattered.

Proof. The assertion follows from Corollary 2.6 by taking into account that

Almr] %, G is isomorphic to the maximal tensor product of A[rr| and C*(G)
(see, e.g., [9]). O

The following result extends [2, Proposition 6].

Proposition 3.2. Let G be a compact group, and let a be an action of G on a
locally C*-algebra Alrr|. If A[mr| is scattered, then A[mr| Xo G is scattered.

Proof. 1If A[rr] is scattered, then, for each A € A, A, is scattered (see Propo-
sition 2.3), and by [2, Proposition 6] Ay x,» G is scattered. From these facts
and taking into account that for each A € A, the C*-algebras (A[mr]| X, G), and
Ay Xx G are isomorphic, we deduce that A[mr] X, G is scattered. O

Let a = lim_y o be an inverse limit action of a locally compact group G on a
pro-C*-algebra A[rr], and let (A[m])* = {a € A;a4(a) = a for all g € G} be the
fixed point algebra of A[rr| under a.. Then (A[mr])* is a locally C*-subalgebra of
Alrr]. Since, for each A\, € A with A > p, WAAM((AA)“A) C(A)™,

/\. A
{(AA)(X ; 7T)\u|(A)\)aA }A,ueA,)\zu

is an inverse system of C*-algebras.



SCATTERED LOCALLY C*-ALGEBRAS 37

Proposition 3.3. Let o = lim, , o be an inverse limit action of a locally com-
pact group G on a locally C*-algebra Alrp]. Then (A[rr])® = lim._(A4))*", up to
an isomorphism of locally C*-algebras.

Proof. Consider the map W : (A[rr])® — lim._,(A4,)* given by

®(a) = (m3(a)),-
Clearly, U is a s-morphism and p , j.r (¥(a)) = pal(afm))= (a) for all a € (Afm])
and for all A € A. If (ay), is a coherent sequence in {(A)*; qu|(AA)aA A pueA s
then there is a € A such that 7{(a) = a, for all A € A. From 7{(a,(a) — a) =
ay(mi(a)) — w3(a) = 0 for all A € A, we deduce that a € (A[rr])*, and so VU is
surjective. Therefore, ¥ is an isomorphism of locally C*-algebras. 0
Remark 3.4. We remark that, in general, the isometric C*-morphism 1,
A .
((Alr])®)x = (AN, ¥a(a + ker(pa|(afr)e)) = a + ker py is not onto.

By [10, Theorem 3.2], the crossed product A X, G of a C*-algebra A by an
action « of a compact abelian group G is a scattered C*-algebra if and only if A*
is a scattered C'*-algebra. We do not know if this result is true in the context of
locally C*-algebras, but we can prove the following results.

Proposition 3.5. Let G be a compact abelian group, and let o be an action of G
on a locally C*-algebra Almr]. If A X, G is scattered, then (Almr])* is scattered.

Proof. 1If A x,, G is scattered, then by Proposition 2.3 and [10, Theorem 3.2], the
(A,)*, X € A, are scattered. Since for each A € A, ((A[rr])*), is a C*-subalgebra
of (A", ((A[rr])®)x is scattered and so (A[rp])* is scattered. O

Definition 3.6. We say that an inverse limit action o = lim,_» o of a locally com-
pact group G on a pro-C*-algebra A[rr] is perfect if {(A,)*"; qu‘(m)a* P per >y
is a perfect inverse system of C*-algebras.

Ezample 3.7. Let G be a locally compact group, and let A[rr| be a locally
C*-algebra. The action § of G on the locally C*-algebra Cy(G, A) of all con-
tinuous functions from G to A vanishing to infinite, given by d,(f)(t) = f(tg) for
all g,t € G, is an inverse limit action § = lim,._, 0*, where §* is the action of G
on Co(G, Ay), given by 0)(f)(t) = f(tg) for all g,t € G. Moreover, d is perfect,
since the fixed point algebra of Cy(G, A) under ¢ is isomorphic with A.

Under perfectness of the action, we obtain the inverse statement of Proposi-
tion 3.5.

Theorem 3.8. Let G be a compact abelian group, and let o be a perfect action
of G on a locally C*-algebra A[rr|. Then the following statements are equivalent:

(1) A x, G is scattered,
(2) (A[mr])® is scattered.

Proof. (1) = (2). It follows from Proposition 3.5.
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(2) = (1). Since (A[mr])® is a scattered locally C*-algebra, the factors
((A[mr]))*)a, A € A, in the Arens—Michael decomposition of (A[rr])®, are scat-
tered. On the other hand, (A[ ) = lim._(4,)*", up to an isomorphism of
locally C*-algebras, and {(A4,)*" WAM’(A jor Pauearzp 18 a perfect inverse system

of C*-algebras. Therefore, the fixed point algebras (A,)® * of Ay under a*, \ € A,
are scattered. Then, by [10, Theorem 3.2], the factors Ay X, G, A € A, in the
Arens—Michael decomposition of A x, G, are scattered, and by Proposition 2.3,
A x, G is scattered. O

Let a = lim., a* be an inverse limit action of a locally compact group G on
a locally C*-algebra A[rp|. For each g € G, the restriction of o, on b(A[rr]), the
C*-algebra of all bounded elements of A[Tp] is an automorphism of b(A[rr]) and
the map g — oy pap)) from G to Aut(b(A[rr])) is a group morphism. In general,
the map g — ag|pcaf)) from G to Aut(b(A[7r])) is not an action of G on b(A[rr]),
since for a fixed element a € b(A[rr]), the map g — «a,4(a) from G to b(A[rmr]) is
not always continuous. We remark that if 5 is an action of G on b(A[rr]) such
that the closed two-sided *-ideals ker py|p(afr)), A € A, are S-invariant, then
extends to an action g Bg of G on Alrr], where ﬁg is the extension of the
automorphism S, of b(A[rr]) to an automorphism of A[rp].

Suppose that for each a € b(A[rr]), the map g — o4(a) from G to b(A[m])
is continuous. Then alyap)) is an action of G on b(A[mr]) and the closed two-
sided *-ideals ker pa|pcafr))s A € A, are alp(ap))-invariant. Therefore, for each
A € A alyapy)) induces an action of G on b(A[rr])/ ker palpapr)), denoted by
a|l))\(A[Tr*D7 and the C*-algebras (b(A[rr]) X ajy 4, @)/ Ker Palp(air]) Xalyapgy G and
b(Alr])/ ker palpapr]) X G are isomorphic (see, e.g., [1, Chapter IV, The-

orem 3.5.8]).

A
lyaprpy

Lemma 3.9. Let o = lim_ o be an inverse limit action of a locally compact
group G on a locally C*-algebra A[rr| such that for each a € b(A[mr]), the map
g — ag(a) from G to b(A[mr]) is continuous. Then, for each X € A, the C*-algebras
(O(A[r]) Xalyapryy) G)/ KT Dalo(alr)) Xalyapryy G and Ax Xon G are isomorphic.

Proof. Take A € A. The map ¢y : b(A[mr])/ ker pxlpaj)) — Almr])/ ker py, given
by
pala + ker palpapry)) = a + kerpy,
is a C*-isomorphism (see, e.g., [3, Theorem 10.24]). Furthermore,
ox((@luarm)g(@ + ker paloaim)) = ag (9ala + ker palyam) )

for all a € b(A[mr]) and for all ¢ € G. Thus, there is a C*-isomorphism ®, :
b(A[Tp])/kerp,\|b(A[Tr]) Xa|£\(A[ ) G — Ay X, G such that

N

@,\((a + ker pxlpa)) @ f) = pa(a + ker pxlpap)) @ f

for all a € b(A[mr]) and for all f € C.(G). Therefore, the C*-algebras Ay X G
and (b(A[7r]) Xaly,arpp) G)/ Ker Dalb(alr)) Xalya(rp)y G are isomorphic. O
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Proposition 3.10. Let a = lim. ) a” be an inverse limit action of a locally
compact group G on a locally C*-algebra A[mr] such that for each a € b(A[m]),
the map g — oy(a) from G to b(A[m]) is continuous. If b(A[mr]) y G s
scattered, then A X, G is scattered.

Proof. If b(A[r]) Xal, 4, G is scattered, then for each A € A, the C*-algebra
(O(A[r]) Xalyapry G)/ KerDalo(airy)) Xalyayyy G s scattered, and according to
Lemma 3.9, for each A € A, the C*-algebra Ay, x,» G is scattered. From this
fact, [9, Corollary 1.3.7], and Proposition 2.3, we deduce that A x, G is scat-
tered. OJ

X alyapr

Theorem 3.11. Let G be a compact abelian group, and let a be an action of G
on a locally C*-algebra Altr| such that for each a € b(A[r]), the map g — ay(a)
from G to b(A[rr]) is continuous. If for some X\ € A the closed two sided *-ideal
ker palpcapr) of b(A[rr]) is scattered, then the following statements are equivalent:

(1) (b(A[rr]))*barrd gs scattered,
(2) b(Almr]) X aly(afrp) G is scattered,

(3) A x4 G is scattered,
(4) (A[mr)))* is scattered.

Proof. (1) < (2). By [10, Theorem 3.2], (b(A[rr]))*rrD is scattered if and only
if b(A[7r]) Xajy s,y G is scattered.

(2) = (3). This follows from Proposition 3.10.

(3) = (4). This follows from Proposition 3.5.
(4) = (1). If the closed two sided *-ideal ker p|pajry) of b(Alrr]) is scattered,

then kerpA|(b(A[ ) leCalrr) is scattered, and by Proposition 2.10, (b(A[TF]))a|b(A[TF])
T
is scattered since (b(A[rp]))carrd = b((Afr]))®). O
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