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ABSTRACT. We introduce a family 7 consisting of invertible matrices with
exactly one nonzero entry in each row and each column. The elements of T are
possibly mutually noncommuting, and they need not be normal or self-adjoint.
We consider an operator-valued unilateral weighted shift W with a uniformly
bounded sequence of weights belonging to 7, and we describe its minimal
reducing subspaces.

1. INTRODUCTION

If K is a separable complex Hilbert space with orthonormal basis {e,}>,
and {a,}22, is a bounded sequence of scalars, then the operator T' defined by
Te, = ape,iq is called a scalar shift with weight sequence {a,}>°,. Now let
?(K) = @, K be the orthogonal sum of X, copies of the Hilbert space K with
a scalar product defined by

o0

(o) =D Afwrgads  f=fo.fr,-) €P(K), 9= (9091, ) € P(K).

n=0

Let {A,,}5°, be a uniformly bounded sequence of linear operators on K. The
operator W on [?(K) defined by

W($0,$1, H ) - (07A0$07A1'I17 c )
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is called an operator-valued unilateral weighted shift with weights {A,,}22 . Clearly,
W is bounded, and |W| = sup,, ||A.||. If each A, is invertible, then W is an
invertibly weighted operator shift (see [9]).

Operator-weighted shifts were introduced by N. K. Nikol’skii [11] in 1967. These
are generalizations of the scalar-weighted shifts; however, this generalization is
not just formal. For example, by means of an operator-weighted shift, Pearcy and
Petrovic [12] proved that an n-normal operator is power bounded if and only if it
is similar to a contraction. Since their introduction, operator-weighted shifts have
been widely studied. A general understanding of their various properties can be
found in a number of sources (see [1], [3], [6], [8]-[11]).

Our interest is to determine the minimal reducing subspaces of an invertibly
weighted operator shift W on [?(K). A subspace M of [*(K) is invariant under
Wit W(M) C M. If M is invariant under both W and W*, then M is said to be
reducing for W. A reducing subspace M is said to be minimal-reducing if it does
not contain any proper nonzero reducing subspace.

The invariant and reducing subspaces of specific types of invertibly weighted
operator shifts are known from [4], [5], [9], [11], [13], [15]. However, we observe
that, in all these cases, W is an operator-weighted shift with weight sequence
{A,}22, where it is either assumed that the A,,’s are commuting normal operators
or it is assumed that each A, is positive diagonal. In this paper we consider an
operator-weighted shift W with weights { A, }2%, such that the A,’s are neither
normal nor commuting.

For this, let B(K') denote the set of all bounded linear operators on the sepa-
rable complex Hilbert space K with orthonormal basis {e, }2°,, and let T be the
subset of B(K) defined as follows: T :=T € B(K) | T' is invertible in B(K), and
the matrix of 7" with respect to {e,}3° has exactly one nonzero entry in each row
and each column.

We observe the following:

(i) If 71, Ty € T, then T1'T, € T; however, 17 and T5 need not commute.
Hence elements of T are not simultaneously diagonalizable with respect
to {en}r.

(ii) If T € T, then its Hilbert adjoint 7* and inverse 7' are also in 7.

(iii) Elements of 7 may not be self-adjoint or normal.

In this paper, we determine the minimal reducing subspaces of the unilateral
operator-weighted shift W with weight sequence {4,,}°°,, where A,, € T Vn > 0.

2. UNITARY EQUIVALENCE

Let K be a separable complex Hilbert space, and let B(K') denote the space
of all bounded linear operators on K with norm defined as ||T'|| = supy,—; [|Tz||
for T € B(K).

Let {e;}2, be an orthonormal basis for K. Also, fori,j =0,1,2,..., let g; ; :=
(0,...,€;,0,...) where e; occurs at the jth position. If Ny := {0,1,2,...}, then
{gi;}ijen, is an orthonormal basis for I*(K).

Let us now consider the operator-weighted sequence space 1%(K). To define
I%(K), let B ={B,}>°, be a sequence of invertible bounded linear operators on
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K let I5(K) == {(fo, f1,..) : fi € K, and 377 ||B; fil|* < oc}. For f = (f;) and
g = (g:) in [%(K), we have

(f,9)B = Z<Bifi>Bigi> and 1115 = Z 1Bifill*.
i=0 i=0
Since ||g; ;|| = || Bje||, thereforeif f; ; := IIB 2, then {fij}ijen, is an orthonor-

mal basis for the Hilbert space I%(K). If dim K = 1, then each B, is a nonzero
scalar f3,,, and [%(K) is the scalar-weighted sequence space l% defined in [14, Sec-
tion 3]. The unilateral shift S on (%(K) is defined as S(fo, f1,...) = (0, fo, f1,--.),

1 Bj+1€:ll

. . . ||Bjel|| . . .
terms and notation will remain unchanged throughout this article unless specifi-
cally stated otherwise.

and S is bounded if and only if sup; ;

< 00. The meaning of the above

Theorem 2.1. Let S be the unilateral shift on 1%(K), and for each n € Ny we
define operator A,, on K as A,e; = (%)ei. Then S is unitarily equivalent to

the operator-weighted shift W on I*(K) with weight sequence {A, }nen, -

Proof. Let V : I5(K) — I>(K) be defined as V f; ; = g; ; for all i, j € Ny, and let it
extend linearly. Then V' is unitary, and V*g; ; = f; ;. We claim that S = V*WV.
To establish our claim, choose 7,7 € Ny. Then

1 Gij+1 | Bjaeill
Sfij = m 759 = T4 = i+ fig+1-
P IBel T Byedll  |Byel| 7T
Also,
V*WVfiJ = V*ngJ
= V*W(O,O,...,6i70,...)
‘| +1€J|
- V* z 1
| Bje| o
| Bjyaeill
= ey
|Bje]] ™"
Hence VWV = S. O

For the converse, we consider a sequence {A,}>°, of bounded linear opera-
tors on K such that sup,, [|4,] < oo. We first consider the case where A,’s are
simultaneously diagonalizable with respect to {e;}22,.

Theorem 2.2. For n € Ny, let A,, be an invertible bounded linear operator on
K such that the matriz of A, with respect to {e;}2, is diag(d(™,s\™, 6. ...
Also let sup,, ||Anl] < oo. If W is the operator-weighted shift on I*(K) with
weight sequence {An}22,, then W is unitarily equivalent to the unilateral shift
S on I%(K), where B denotes the sequence { B}, with By := I and B, :=
AnAn—lAn—Q Ce AO for n e No.
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Proof. By [9, Theorem 3.4] we may assume that each A, is positive. If V :
I%(K) — [*(K) is defined linearly such that V f;; = g¢;; for all 4,5 € Ny, then
V' is unitary. Let By := I, and let B, 1 := A, A, 14, 2... 4 for n € Ny. Then
| Busies|| = 676 69 for all i,n € Ny so that IIngeﬁH = 6. Then as in
Theorem 2.1, it can be shown that V*WV = S. O

Next we consider the case where each A,, is in 7. Now elements of 7 have a
specific type of matrix representation with respect to {e;}ien,. Let T € T, and
for j € Ny let ; denote the nonzero entry occurring in the jth column of the
matrix of 7" with respect to {e;}32,. Then there exists a unique bijective map
¢ : Ny = Ny such that v, occurs at the ¢ (j)th row. Thus if [a;;] (7,7 € Np)
denotes the matrix of 7" with respect to {e;}2,, then

. {%’ if 1 = (j),

0  otherwise.
Thus for each j € Ny, Te; = yjeq (), and ||T|| = sup; [v;].
Since T is invertible in B(K), ; # 0 for each j, and T ey ;) = %ej. Hence if
J
@ = 1)1, then for each i € Ny,

1 1 1 1
T™lei= —cpp,  and |77 = sup = = :
Yoo(i) !%(1 \ inf; \%(i)’ mfj ”Yj\
If 5; denotes the nonzero entry in the ith row of [a; ;|, then for z = ), x;e; € K,
T(.To, L1,y ... ) = (ﬁol‘ip(o), ﬁ1$@(1), e ) (21)

Theorem 2.3. Let {A,}5°, be a sequence in T, and let sup,, ||An|| < oco. Then
there exists a sequence B = {B,}°, of positive invertible diagonal bounded linear
operators on K such that the operator-weighted shift W on [*(K) with weight
sequence { A}, is unitarily equivalent to the unilateral shift S on I%(K).

To prove the above theorem, we first prove the following lemma.

Lemma 2.4. Let {A,}7°, be a sequence in T with sup, ||A,|| < oo, and let W
be an operator-weighted shift on I?(K) with weight sequence {A,}°%,. Then there
ezists a sequence { Dy, }5° o of positive invertible diagonal operators on K such that
W is unitarily equivalent to the operator-weighted shift T on I?*(K) with weight
sequence { D} .

Proof. For each n € Ny there exists a bijective map 1, : Ng — Ny such that

Ane; = %'( )ew for nonzero scalars ’y( ™ and i € No.
Let A, = U, P be the polar decomposition of A,. Then P, > 0 is invertible
diagonal, and P,e; = |%n le; for all i € Ny. Also, U, is unitary with U,e; =

(n)
|7(n>|€wn () for all i € Ny. Define P,U, U, : I>(K) — [*(K) as follows:
P(xzg,x1,...) = (Pyxo, Py, ... ),
U(l’o, T1,y. . ) = (U().T(), leh e ),

U+(x0,x1, .. ) = (0,.1'0,1}1, . )
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Then W = (U,U)P, which is in fact the polar decomposition of W. Let Vj =
I, and let V, oy = U,V, for all n € Ny. Then each V,, is unitary on K. Let
V : 2(K) — I*(K) be defined as V(xg,21,...) = (Voxo, Viz1,...). Then V is
unitary, and U, U = VU, V*. Thus W = U, UP = VU, V*P = V(U V*PV)V*.
Moreover, V' is unitary, and hence W is unitarily equivalent to U, V*PV. Let
D, .= V*P,V, for all n € Ny. For each x € K, (Dyz,z) = (V:P,V,x,z) =
(P, Vyx,Vyx) > 0. This implies that D,, > 0. Also, the fact that P, is diagonal
and V,, is unitary implies that D, is diagonal.

If T = U V*PV, then T(xg,x1,...) = (0, Doxg, D121, ...); that is, T is an
operator-weighted shift on [*(K') with weight sequence {D,, }>2, of positive invert-
ible diagonal operators on K. O

Proof of Theorem 2.5. By Lemma 2.4, there exists a sequence {D,, }° , of positive
invertible diagonal operators on K and an operator-weighted shift 7 on I*(K)
with weight sequence {D,}>°, such that W is unitarily equivalent to 7. By
Theorem 2.2, T is unitarily equivalent to the unilateral shift S on [%(K) with
B = {B,}>,, where By := I, and B,, := D,D,,_1 ... Dy for n € Ny. Thus W is
also unitarily equivalent to S on [%(K). O

Remark 2.5. The D,’s, as given in Lemma 2.4, are defined as follows: if for each
n € Ny, ¥, : Ng — Ny is the bijective map such that A,e; = %(n)ewn(i), then each

D,, is given as
. 0 0 0
Dy = diag (11|, 11”1 4”],...)  forn=0,

D, = diag(h(n)

(n) (n)
¢n—1¢n—2m¢0(0)|’ |7¢n—1¢n—2~-1/10(1)|’ ’wan—lwn—2~--¢0(2)|’ e ) for n > 0.

The minimal reducing subspaces of S on (%(K) are determined in [5], where it
is assumed that B represents a uniformly bounded sequence of invertible diagonal
operators on K. So in view of Theorem 2.3 and [5], we should be able to determine
the minimal reducing subspaces of the operator-weighted shift W on 1?(K) with
weights {A,,} in 7. However, because of the complex transformations involved in
the process, it is quite difficult to easily appreciate the end result. Hence in the
present article, we adopt a different approach.

For operator-valued weighted shift W with nondiagonal operator weights, we
first try representing W as a direct sum of scalar-weighted shift operators, as
suggested in [13]. In this respect we have a theorem from [9].

Theorem 2.6 ([9, Theorem 3.9]). The operator-weighted shift W on I?(K) with
operator weights { A}, is a direct sum of scalar-weighted shifts if and only if
the weakly closed * algebra generated by {I, Ay, Ay, ...} is diagonalizable.

Note that an algebra B of operators is regarded as diagonalizable if there is
an orthonormal basis for the underlying space such that each operator in B is
diagonal with respect to this basis. We consider the operator-weighted shift W
on [?(K) with weights A, in 7. In view of Lemma 2.4 and Theorem 3.1, it is
possible to express W as a direct sum of scalar-weighted shift operators. Based on
these scalar-weighted shifts, we then proceed to determine the minimal reducing
subspaces of W.
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3. DIRECT SUM OF SCALAR SHIFTS

Since K is assumed to be a separable complex Hilbert space, K = [2, where
? ={z = (zo,71,...) : 7; € Cand >, |z;]* < oo}. Let {&}ien, denote the
standard orthonormal basis for I2. If y1; ; :== (0,0,...,&;,0,...) where &; occurs at
the ith place, then {u; ;}ijen, is an orthonormal basis for * @ > @ . ...

Theorem 3.1. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weight sequence {Ap}nen,, where each A, is positive invertible diagonal
with respect to the orthonormal basis {e;}ien, of K. Then there ezists scalar-
weighted shift operators So, S1,... on I? such that W on I*(K) is unitarily equiv-
alent to S @ S1® ... on P2 .. ..

Proof. For n € Ny, let A, with respect to {e;}ien, be the diagonal matrix
diag(é(()n), st ). Define S,, to be the scalar-weighted shift on [* with weight
sequence {57(1])}]-61\;0. Then S,¢; = 57(3)5]-“ for all j € Ny. Therefore,

(So®S1® ... )iy = 5§j)/~bi,j+1-

AISO, ngy] = W(O, 0, N 2] 0, .. ) = (0, 0, .. ,O,Ajei, 0, ce ) = 62(])g%]+1 If
V:PK)— Pel*®... is defined by Vg;; = p;;, then V is unitary, and
VIVV i = VWai; =07V =0 g = (So ® S1 @ .. .

Thus W on [?*(K) is unitarily equivalent to So & S1 @ ... on P @ *&.... O

Remark 3.2. If dim K < oo, then the above result can also be deduced using
Lemma 2.1 from [10].

Theorem 3.3. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded operator weights { Ap}nen,, where each A, € T. Then there exist scalar-
weighted shift operators Sy, Si, ...on I* such that W on I*(K) is unitarily equiv-
alent to Sy @ S1® ... on PR ....

The proof follows immediately from Lemma 2.4 and Theorem 3.1; however, we
include an independent proof so that the structure of S,,, which is often used in
later sections, is explicitly given.

Proof. For each A, € T, there exists a unique bijective map v,, on Ny such that
Anej = J(.n)ewn(j) for all j € N.

Let U:I*(K) = >®1?@® ... be linearly defined such that
K0 if j =0,
UgiJ = if i >0
Pypgtyrt w6,y 1T =Y
Then U is unitary. For n € Ny, let S,, be a scalar-weighted shift on [? with weight

0 _( 2 .
sequence {%(l ), wfpo)(n), 15}1)¢0(n), ... }; that is,

S, &= {%(LO)& if j =0,
nSi T 4 0) o
7¢j—l¢j—2---¢o(n)§j+l if 7> 0.
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Hence
(0) .
Vi Hia if j =0,
Vyorthyaepo iyt 1T >0,
=UWU" ; ;. -

In view of Theorem 3.3, we now propose the following definitions.

Definition 3.4. Let W be an operator-weighted shift on (?(K) with uniformly
bounded weights {A,} in T. Let Sp, Si,... be scalar-weighted shifts on [ such
that W is unitarily equivalent to So® S1@®. ... For n,m € Ny, we say ‘n is related
to m with respect to W’ denoted by n ~" m if S, and S, are identical. Clearly
~W is an equivalence relation on Nj.

Definition 3.5. Let W be an operator-weighted shift on (?(K) with uniformly
bounded weight sequence { A, }nen, in T. Let Sy, Si, ... be scalar-weighted shifts
on [? such that W is unitarily equivalent to Sy®S;®. . .. Note that W is considered
to be of Type I if no two S,,’s are identical. Otherwise W is said to be of Type
IT. Thus W is of Type II if and only if there exist distinct nonnegative integers n
and m such that S, and S,, are identical. An operator-weighted shift W of Type
I1 is said to be of Type III if ~" partitions Ny into a finite number of equivalence
classes.

The above definition is motivated by similar definitions given in [15, Section 1].
In fact for dim K = N < oo, the two definitions refer to the same idea, as can be
seen from the following. In [15] the minimal reducing subspaces of MY (N > 1) on
the space HZ := {f(z) = Y ooy arz” : [|f]I2 = D wi]ax* < 0o} are determined,
where w = {wg, wy, ...} is a sequence of positive numbers.

If in the present study we consider dim K = N, and for each n € Ny, we
define B, = diag(y/Wnn, \/WnN+1, - - - » \/Wni1)N-1), then M} on H} is unitarily
equivalent to the unilateral shift S on I%(K).

Again, if for each n € Ny we define

An:diag(\/ (+1)N7\/ (+1)N+17”'7 (n+2)N 1>’

WnN WnN+1 W(n+1)N-1

and we consider W to be the operator-weighted shift on [?(K) with weights
{A, }nen,, then S is unitarily equivalent to W, as in Theorem 2.1. Thus M? on
H? is unitarily equivalent to operator-weighted shift W on [*(K) with weights

{An}neNo~
For 0 < n < N — 1, let S, be the scalar-weighted shift on [?> with weight

sequence {\/ UntN \/ Unt2N \/ wnt3N -}, Then the operator-weighted shift 1/

Wn Wn+N Wp 42N’

on [*(K) with weights {A, }nen, is unitarily equivalent to So & -+ @ Sy_; on
I?®---@1? (N copies), as in Theorem 3.1.

By Definition 3.5, W is of Type I if no two S,,’s are identical. This means that
foreach 0 <n < N—1and 0 < m < N — 1 with n # m, there exists [ > 0

such that \/ CntIN_ L \/ “mtN_ Tf k is the smallest positive integer for which

Wp4(1-1)N Wm4(1—-1)N
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\/ CnthN o/ \/ww’"”N then =it o£ 2ot So 1 is of Type I if, for each

Wn 4 (k—1)N m+(k—1)N
0<n<N-1land 0 <m < N — 1 with n # m, there exists k > 0 such that
SnbkN o4 ZmikN Cand this implies that the sequence w is of Type I (see [15]).

Wn

4. EXTREMAL FUNCTIONS OF REDUCING SUBSPACES

We begin the section by introducing a few definitions and notation which are
to be used in subsequent results.

Definition 4.1. Let F = ZZENO @;g;0 be a nonzero vector in [*(K). The order of
F, denoted as o(F), is defined as the smallest nonnegative integer m such that

am # 0.

Definition 4.2. If f = Y., ié; is a nonzero vector in K, then the order of f,
denoted as o(f), is defined to be the smallest nonnegative integer m such that

am # 0.

Definition 4.3. If f = 37, ce; € K, then we define Fy in I*(K) as Fy =
> ien, Qigio- It follows that if f # 0, then o(f) = o(F}).

Definition 4.4. Let Y be a nonzero nonempty subset of K. Then the order of
Y, denoted as o(Y), is defined to be the nonnegative integer m satisfying the
following conditions:

(i) o(f) =mfor all f €Y, )
(i) there exists f € Y such that o(f) = m.

Definition 4.5. Let X be a subset of I?(K), and let Lx := {fo : (fo, f1,...) € X}
If Ly is a nonzero subset of K, then the order of X, denoted as o(X), is defined
as o(Lx).

Definition 4.6. Let W be an operator-weighted shift on [?(K) with uniformly
bounded weights { A, }nen, in 7. A linear expression F' = ). ;gio is said to

be W-transparent if, for every pair of nonzero scalars a; and a;, we have i ~" j.

Definition 4.7. Let W be an operator-weighted shift on [?(K) with uniformly
bounded weights {A,,}nen, in 7, and let S be the vector space of all finite lin-
ear combinations of finite products of W and W*. For nonzero F' € I?(K), let
SF := {TF : T € S}. Then the closure of SF' in [*(K) is a reducing subspace
of W, denoted by Xp. Clearly, Xr is the smallest reducing subspace of I>(K)
containing F'.

Lemma 4.8. Let {A, }nen, be a uniformly bounded sequence of operators in T,
and let W be the operator-weighted shift on I*(K) with weight sequence { A, }nen, -

(n)

Let 1, denote the unique bijective map on Ny such that A,e; = Vi
W > 0. The following will hold:

6¢n ) with

(i) for each n € Ny, Ale; = Vz(p@l(i)ewﬁl(i) for all i € Ny,
(11) W*(f07 f17 i ) = (AgflvATan e ) fO’I" (f07f17 c ) € l2(K>
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(iii) Fori,j € Ng, Wy, ; = %( )g%( ,j+1, and

(iv) Fori,j € Ny,

['71( )] Gi,j ifk?:1,
(4) ., (G+1) (J+k-1)

(W*)kwkgi,j = { .
5 Yoy - Vi sy @) 90 iR > 1

(v) For distinct nonnegative integers n and m, if n ~W m, then it holds that

(W)W Eg, ol = |(W*)*Wk g0l for each k € N,

Proof. (i) For f = ZJeNO ajej € K, and n € Ny, (Aufoes) = 305001 ep, ),

1) = Oyt Ty oy = (F2 7 Cat o) Hence Aties = 970 ey for all i € No.

(i) For 9-—(9m9h-~) € B(K), Wy, f) = 3X20(Aigi, fir) = 3750(9i
A;kfi_i_l) = <g7 (Azk)fl, Aifg, ce )>, and so W*(f()7 fl, .. ) = (Aafl, ATfQ, .- ) for
f=(fo, fr,...) € B(K).

(iii) This follows from (i) and (ii), and (iv) follows from (iii).

(v) For n € Ny, let S, be the scalar-weighted shift on [* with weight sequence
{%(10),7;10) 71(#1) Yo (n .}. Then by Theorem 3.3, W is unitarily equivalent to
So®DS1D.... Asn NW m, S, and S, are identical according to Definition 3.4.
Therefore, 7(0) = 0 , and v (k1) ”y(kﬂ) Vk > 0. The result now

Yr¥r—1--%0(n) — pthr_1..tho(m
follows immediately from (iv). O

Lemma 4.9. Let { A, }nen, be a uniformly bounded sequence of operators inT and
let W be the operator-weighted shift on I*(K) with weight sequence {A, }nen, -

Let 1, denote the unique bijective map on Ny such that A,e; = %(- )e¢n y with
%(n) > 0. Let F = Yy, 2igio be W-transparent in I?(K) with o(F) = m.

If
2 F if k=0,
Fk = )
ZieNo QG 191290 (i),k ka > 1,

then the following will hold:

(i)
(0)12 )
*\k k [’7m ] F ka: - 1’
(W)WFZ{[ (0)., (1) -0 P2E k> 1
Tm Voo (m) * + Vipge_g..0b0(m) ’
(i)

Lo %(r?)ﬁl if k=0,
7¢k71...w0(m)Fk+1 ka' > 0.
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(iii)

0 for k=0,

W*Fk — ’77(79)F0 fork =1,
(k—1) =

%Z)kfz...wo(m)kal fOT' k>1,

(iv) Xp is the closed linear span of {F}, : k € Ny}.

Proof. As F = Y7, @igio is W-transparent in [*(K) with o(F) = m, the fol-
lowing must hold:
(a) ayp #£0, and o; = 0 for 0 <@ < m;
(b) if ; # 0, and a; # 0, then i ~" j.
Thus we must have i ~" m for all i € Ny with o; # 0. Hence

(0) (0)

% =7 (e (k1) VE>0.  (4.1)

and Yy o) = Vet to(m)

(i) This follows from 4.1 and Lemma 4.8(iv).
(i) Here WEy = WF =Y, aiWgio = 3, 7 ” gy = W0 Fy.
For k£ > 0,

WE = aiWgy, . ok

_ (k)
= Z QY o1 apo (3) Iom 0 (1) k41

(k) -
Yr—1...%0(m) Pl

(iii) This can be shown similarly using 4.1 and Lemma 4.8(iii).

(iv) By (ii) and (iii), each F}, € X, and the closed linear span{F}, : k € Ny} is
a nonzero reducing subspace of W contained in Xr. Thus by minimality
of X, we have X = closed linear span{ﬁk tk € No}.

O

Definition 4.10. Let W be an operator-weighted shift on {*(K) with uniformly
bounded weights {A,} in 7. Let Qq,Qs, ... be the disjoint equivalence classes of
Ny under the relation ~". Consider F' = 37, @igi0 € I>(K). For each k, let
Qe = ziEQk a;gio. Dropping those ¢;’s which are zero, the remaining ¢;’s are
arranged as fi, f2,... in such a way that for ¢ < j we have o(f;) < o(f;). The
resulting decomposition F' = f; + fo + -+ is called the canonical decomposition
of F with respect to W. Clearly, each f; is W-transparent in [?(K).

If there exists a finite positive integer n such that F' = f; + fo +--- + f,, then
F is said to have a finite canonical decomposition.

Lemma 4.11. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weights {A,} in T. Let X be a reducing subspace of W, and let F' =
ZieNO a;g;0 be in X. If F has a finite canonical decomposition F' = fi; + fo +
<o+ fn, then each f; € Xp.
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Proof. Let 1, denote the unique bijective map on Ny such that A,e; = 7]( )ewn(j)

) > 0.
Let o(fi) =m,; so that m; <mg < --- < mn. Clearly, m; =" m; for i # j.

with ~;

Step I: Since m1 =W m,,, either 77(,33 + ’an or there exists k£ > 0 such that
Vz(p’? o) 7& wak 1 Aolmn)" In cas(i fy?(nf = 77(79,)” let k1 be the smallest positive
1

integer such that 7, "~ o (m1) # Vippey 1 tpo(mn)”

Let
0, i i) = WWIF if o) # Yo
1= 1 k . :
[(’Vmi”yz(ﬁo)(mn) . "Vz(bkll),l.“wo(mn))Z — (W)L E - otherwise.

For1<i<mn-—1,let ﬁi(l) = (%(72,)1) (vm) if ’yml + an, otherwise, let

1) . (40 1) (k1) 2 (0)~,(1) (k1) 2
Bi T (anq/wo(mn) 7¢k1 1- wo(mn)) (’sz%ﬁo(mz) ’ywkl—r--%(mi)) ’

Then B(l) = 0. Also, since each f; is W-transparent, by applying Lemma 4.9(i),

we et Q1 = S0 AV, € X
Step II: As m; =V m,_, elther 7(0) #* ’Yﬁr?l—l or ko is the smallest positive

k
integer such that ”y( ) 1 abo(ma) # 'kaQ 1o (mn—1)"

Let
0, (Yo )2 = W W]Q i ) # i,
2 1= © 1 k \ ko .
[('Vmi 1'71(/)0)(,7% ) 71(%22) 1ot (M — 1)) - (W )k ik H]Ql.

For 1 <i<n—2, let 51-(2) = (%(7931_1) (Vm) if 7Y £ 49 - otherwise, let

5(2) ( 0) 1 (k2)

2 _ (40,1 (k2)
Tmn—1 Vo (mn—1) - .fy¢k2—1-~-'¢’0(mn71)> (

2
Vrn; ’711;0 (my) fyd)kQ 1---%o (mz))

Then 8% #£0, and Q, = Y72 8P fi € X

Repeating the above argument n—1 times, we get Q),,_1 = §l)ﬂ§2) .. .BYPl)fl €
Xp with Bli) # 0 for 1 < i < n — 1. This implies that f; € Xr. By a similar
procedure it can be shown that f; € Xp for 1 <i <n. OJ

Lemma 4.12. Let W be an operator-weighted shift on [1*(K) with uniformly
bounded weights {A,} in T. If X is a reducing subspace of W, then Lx = 0
if and only if X = 0.

Proof. Let X =0 = Lx = 0. Conversely, suppose that X = 0, and, if possible,
let Lx = 0. Since X # 0 we can choose f = (0, f1, f2,...) € X with f, # 0.
Then by Lemma 4.8(ii), (W*)"f = (91,92, ...) where g; # 0. As (W*)"f € X, so
g1 € Lx, a contradiction. Thus X # 0 = Lx # 0. O

Theorem 4.13. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weights {A,} in T. Let X be a nonzero reducing subspace of W with
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o(X) = m. Then the extremal problem

sup{Ream cF=(fo, fr,..) e X, ||F| <1, fo= Zaiei.}

i€Ng

has a unique solution G =Y. @;gip € X with |G| =1 and o(G) = m.

1€Ng

Proof. Define ¢ : X — C as o(F) = ay,, where F' = (fo, f1,...), and fy =
> ien, Qici- As X # 0, then Lx # 0, by Lemma 4.12 and in view of Definition 4.5,
o(Lx) = m = o(X). Therefore ¢ is a nonzero bounded linear functional on X.
From [2] we know that there exists a unique G € X such that p(G) > 0, |G| = 1,
and that

¢(G) =sup{Rep(F): F € X,||F| <1}
- sup{Ream F=(fo i) EXFI <1, fo = Zaiei.}.

We will show that G = )
G =(90,91,---)-

Claim I: If F € X, and ||F| < 1, then Rep(F) < ¢(G). If possible, let
Rep(F) = ¢(G). Let H := ﬁ Then H € X, ||H|| =1, and Rep(H) > ¢(G),
contradicting the extremality of G. Hence claim I is established.

Now for each F' € X, Re p(G + WF) = ¢(G); hence by claim I, we must have

|G + WF|| > 1, which implies that G L. W F. In particular,

ien, @igio and that o(G) = m. For this we consider

(G,2WW*GE) =0
= Agir1 =0 Vi>0,by Lemma 4.8(ii)

Thus G = (90,0,0,...). Let go = >y, i€ Since, o(Lx) = m, then a; = 0 for
all 0 <1i < m. Also, ¢(G) > 0 implies that a,, # 0. Thus G = ZZENO a;9i0, and
o(@) = m. O

Remark 4.14. The function G in Theorem 4.13 is called the extremal function of
the nonzero reducing subspace X of W.

Theorem 4.15. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weights {A,} in T. If the extremal function of a nonzero reducing
subspace X of W has a finite canonical decomposition, then it must be
W -transparent.

Proof. Let X be a nonzero reducing subspace of the order m, and let G =
> ien, Qigio be its extremal function. Also let G = g1 + g2 + -+ + g, be the
finite canonical decomposition of G. Then g; =, Bigio such that o(g1) = m,
and B, = am. Also ||g1]| < |G| = 1. Thus by extremality of G, we must have
G = ¢1. As gy, by definition, is W-transparent, so G is also W-transparent. [



MINIMAL REDUCING SUBSPACES OF SHIFT 543

5. MINIMAL REDUCING SUBSPACES

In this section we identify and study the minimal reducing subspaces of W in
H?(K). It may be noted that in general there are many operators which have
reducing subspaces that do not contain minimal reducing subspaces. One such
operator is the operator of multiplication by z on the Bergman space L?(ID, dA),
where D is the unit disk and dA is the area measure (see [7], [10]).

Lemma 5.1. Let W be an operator-weighted shift on I>(K) with uniformly
bounded weights {A,} in T. Let F' be W-transparent, and let o(F) = m. If
G € Xp is such that G is nonzero and G = ZiGNO a;gio, then G = AF for
some nonzero scalar \.

Proof. Let 1, denote the unique bijective map on Ny such that A,e; = wj(")ewn(j)
with 7\ > 0. As G = (9,0,0,...) with g # 0, and F = (£,0,0,...) with f # 0,
so by Definition 4.7, G = >~, \p(W*)*W*F for scalars Ay, not all zero.

Let
5 {(753))2 if k=1,
k=0 () (k1) 2
(’Ym wao(m) e .fy¢k—2--~¢0(m)) if k> 1.

Then by Lemma 4.9(i), (W*)*W*F = B,F, where 8 # 0 for all k. Therefore,
G = (D, Mf)F = AF for X =", A # 0. O

Lemma 5.2. Let W be an operator-weighted shift on 1>(K) with uniformly
bounded weights {A,} in T. Let F = ZiGNO a;gio with o(F) = my. If G € Xp
such that G is nonzero, and G =),y Bigip, then o(G) > m;.

Proof. Let 1), denote the unique bijective map on Ny such that A,e; = 7§")ewn(j)

with %(,") > 0. Let F' = f; + fo + -+ be the canonical decomposition of F' with

o(f;) = m;. If for each i € Ny,

0 .
ﬁmu_{WMV if k=1,

kTN L 0) (1) (k—1) 5 .
(Vmi Tpo(my) - "ka—z-ﬂ/}o(mi)) it k>1,

then (W*WEf, = Bf for all k € Ny and i € N. Now G € Xp implies

that G = 3, A(W)FWEE = 5, 03, 87 1) = 32,00, MBY) fi. Therefore
o(G) = o(f1) if 32, MeBLY # 0; otherwise, o(G) > o(f1). Hence o(G) >m,. O

Theorem 5.3. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weights {A,} in T, and let X be a minimal reducing subspace of W. If
F = ZiENo ;g0 € X, then F' must be W-transparent.

Proof. Let 1), denote the unique bijective map on Ny such that A,e; = ”yj(-n)ewn(j)

with 7§") > 0. If possible, let F' not be W-transparent. Then the canonical decom-
position of F' = f; + fo + - -+ will have at least two components, f; and fs.

If we let o( f;) = n;, then n; »" ny. Hence either 77(3) + fy,(g), or there exists a

positive integer £ such that 'V;(zi),l... Yo(n1) #+ 715)?,1... o(n2)"
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(i) If 7¥ # 452, then define G := W*WF — (442)2F so that G = [(i2))2 —
(HO2) fo+ (D)2 = (7)) fy 4+ -, which implies that o(G) = o(f») = no.

(ii) If 7,(1?) = 7,32), then let k be the positive integer such that 71(;?_1... vo(m) 7
(k)

(4) —_ A~ ~
Vibr 100 (n2)? and Vo1 bo(nn) = V1. ab0(n2) for all 0 <@ < k. Then

. N+l k+1 o (A (0) (1) (k) 2
Go= (W) WeE (Py"l To(ny) - wkﬂnwo(nl))

(0 (D) (k) > . (k) 2
- [(’ym po(nz) = ° '7¢k71~~¢0(n2)> (’Ym Yo(n1) * - 'Vwkflnwo(”l)) ]fQ - !
which implies that o(G) = o(f2) = na.

Thus there exists 0 # G € X such that o(F) < o(G). Therefore X¢ is a
nonzero reducing subspace of W contained in X. By minimality of X, we must
have X¢ = X. But this implies that F' € X so that, by Lemma 5.2, o(F') > o(G),
which is a contradiction. Thus, F' must be W-transparent. 0

Corollary 5.4. Let W be an operator-weighted shift on I*(K) with weights {A,}
in T. The extremal function of a minimal reducing subspace of W is always
W -transparent.

Theorem 5.5. Let W be an operator-weighted shift on 1*(K) with uniformly
bounded weights {A,} in T. Let X be a nonzero reducing subspace of W. Then
X is minimal if and only if X = Xp, where F € X is W -transparent.

Proof. If X is minimal, then X = X where G is the extremal function of X.
Also, by Corollary 5.4, G must be W-transparent. Conversely, let X = X where
F € X is W-transparent. Then by Lemma 4.9, X is a reducing subspace of W.
Thus we only need to show that Xz is minimal-reducing.

For this, let Y be a nonzero reducing subspace of W contained in Xp. If G is
the extremal function of Y, then G € Xp; thus by Lemma 5.1, G = AF for a
nonzero scalar A. This implies that F' € Y. Therefore Y = X, which shows that
Xr is minimal. ]

Corollary 5.6. Let W be an operator-weighted shift on I>(K) with weights {A,}
in T . Every reducing subspace of W in I*(K) whose extremal function has a finite
canonical decomposition must contain a minimal reducing subspace.

The proof follows immediately from Lemma 4.11 and Theorem 5.5.

6. CONCLUSION

Theorem 6.1. Let W be an operator-weighted shift on [*(K) with uniformly
bounded weights {A,} in T. If W is of Type I, then X, , for n € Ny are the only
minimal reducing subspaces of W in I*(K).

Proof. Let X be a minimal reducing subspace of W, and let G be the extremal
function such that X = Xg. As W is of type I, the only W-transparent functions
are g, and their scalar multiples. Hence X = X, ; for n € Np. O

Theorem 6.2. Let W be an operator-weighted shift on [*(K) with uniformly
bounded weights {A,} in T. If W is of Type II, then W has minimal reducing
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subspaces other than X, , (n € Ny). In fact, for every W-transparent F, Xp is a
minimal reducing subspace. Hence W will have infinitely many minimal reducing
subspaces in I*(K).

Proof. Let Y be a nonzero reducing subspace of W such that ¥ C Xp. Let
Y = Xg, where GG is the extremal function. Then G € Xp. By Lemma 5.1,
G = MF, X # 0, which implies that F' € Y. Therefore Xr = Y. Hence X is
minimal. Il

Theorem 6.3. Let W be an operator-weighted shift on [*(K) with uniformly
bounded weights {A,} in T. If W is of Type III, then every reducing subspace of
W must contain a minimal reducing subspace.

Proof. Let X be a nonzero reducing subspace of W. If X = Xp for some trans-
parent function F', then X is minimal. Otherwise, let G = Z,LENO ;gip € X, and
let G = fi+ fo+ -+ fn be its canonical decomposition. Then by Lemma 4.11,
each f; € X; hence Xy, is a minimal reducing subspace in X. OJ
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