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ABSTRACT. In the present paper, we consider cubic stochastic operators, and
prove that the surjectivity of such operators is equivalent to their orthogonal-
preserving property. In the last section we provide a full description of orthog-
onal-preserving (respectively, surjective) cubic stochastic operators on the 2—
dimensional simplex.

1. INTRODUCTION

It is known that a discrete Markov chain is described by transition probabilities
which depend only on the current state of the process. Recently, nonlinear Markov
chains are intensively studied by many scientists (see [8] for a recent review).
A process described by a nonlinear Markov chain is a discrete-time stochastic
process whose transitions may depend on both the current state and the present
distribution of the process. The simplest nonlinear Markov chain is described by
a quadratic stochastic operator (QSO) which is associated with a cubic stochastic
matrix. This kind of operator arises in the problem of describing the evolution
of biological populations (see [9]). The notion of QSO was first introduced by
Bernstein [2], and the theory of QSOs was developed in many works (see for
example [6], [9], [15], [16]). In [4] and [10], it is given via a self-contained exposition
of the recent achievements and open problems in the theory of the QSOs.
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In general, the surjectivity of a quadratic operator is strongly tied up with
nonlinear optimization problems (see [1]). The criteria for the surjectivity of QSOs
associated with cubic stochastic matrices was given in [15]. Based on the results
of [15] and the results of [12], we conclude that a QSO is surjective if and only
if it is an orthogonal-preserving QSO. So it is natural to study another class of
nonlinear Markov operators described by cubic stochastic operators (CSO). (It
should be noted that cubic stochastic operators were introduced and developed
in [3], [7], [13].)

One can comprehend CSOs as equivalent to the time evolution of genetics in
biology by the following situation. Let I = {1,2,...,m} be equivalent to n differ-
ent genetic types of a species in a population. We denote by x(©) = (mgo), e ,x,(ﬁ))
the initial probability distribution of the species in the present generation. Here
x(© is an element of the simplex S™! (i.e., the set of probability distributions
on I). By Pjji;, we mean the probability of the species with ith, jth, and kth
genotypes to crosslink each other and produce an individual with [th genotype.
For the given current distribution, we can find the probability distribution of the
first generation, x’ = («,..., 2! ), by mean of the total probability, that is,

IE = Z Rjk’leo)xgo)x,(co)
irj k=1
Hence, the correspondence x(®©) — x’ defines a mapping called an evolutionary
operator. Therefore, the CSO is a mapping V : S™1 — S™~! of the form

V(x), = Z Prizivirg, x € S™ (1.1)

i7j7k“:]‘

where Pjj;,; are heredity coefficients such that
m
]Dijk,f ZO) Zpijk,éz 17 Z'aj?kageja
=1

and the coefficients Pj;;; do not change for any permutation of 4, j, and k& if the
types are not connected with the gender.

In the following, we are going to study the surjectivity of CSOs in terms of
the orthogonal-preserving property. Namely, we will prove that surjectivity of
CSOs is equivalent to its orthogonal-preserving property. This allows us to fully
describe all surjective CSOs. As an application, we provide in the last section a full
description of the orthogonal-preserving (or surjective) CSO on a 2-dimensional
simplex.

2. PRELIMINARIES

Let us recall some necessary notation. Let I = {1,...,m}. Throughout this
paper, we consider the simplex as

Sm_l = {X - (5[3'1,1‘2,, .. 7'27771) € Rm LTy Z 072 = ],sz - 1} (21)
i=1
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The complement of set A C I is denoted by A¢ = I'\A. By support of x € S™ 1,
we mean a set supp(x) = {i € I : x; # 0}. Put the set null(x) = {i € N: z; = 0}.

In what follows, by e; we denote the standard basis in R™ (i.e., &; = (d;1,- - -,
dim) (i € I), where 0;; is the Kronecker delta). We define the face I' 4 of the simplex
S™=1 by setting T'4 = conv{e;}ica, here conv(B) stands for the convex hull of a
set B. The set intI'y = {x € 'y : 2; > 0,Vi € A} is the interior of I'4y. We recall
that a vector x € S™~1 is orthogonal or singular to y € S™! (x L y) if and only
if supp(x) Nsupp(y) = 0 for any x = (z1,...,Zm), ¥ = (Y1, -, Ym) € S™ L It is
clear that x L y if and only if z, -y, = 0 for all k € I,,, whenever x,y € S™ L.
Let V be a CSO given by (1.1) associated with heredity coefficients { P,;y}. We
define a vector

Pike = (Pijkr,- - Pijkm), 1,7,k €l

Definition 2.1. A CSO V is called orthogonal-preserving (OP) if, for any x,y €
S™1 with x Ly, we have V(x) L V(y).

An absorbing state plays an important role in the theory of the classical (linear)
Markov chains. Analogously, in [14] the concept of absorbing sets for nonlinear
Markov chains was introduced.

Definition 2.2. A subset A C I is called absorbing if A° =, canull(F;xe)-
The following results have been proved in [14, Propositions 5.2, 5.5].

Proposition 2.3. The following statements hold:
(1) Supp(v(x)) = Ui,j,k€supp(x) Supp(B,j,k,')}
(11) null(V(x)) = ﬂz‘,j,kesupp(x) DUII(Pi7j7k,°)7
(iii) V(intI'4) C int I'p where B = U, ; e 4 SUPP(Fijike ),
(iv) V(intT'4) C int g if and only if V(x0) € int Tz for some x© € int T 4.
Proposition 2.4. Let A C I be a subset. The following statements are equivalent:
(i) the set A is absorbing,

(ii) V(int'4) C int Iy,
(iii) V(x@) € intT'4 for some x € int T 4.
3. SURJECTIVE AND ORTHOGONAL-PRESERVING CSOS
Let V be a CSO defined on S™ ! which is given by the following form:

V(x)e = Z T8 Tk Ljke,

i k=1

where the coefficients P;j;, ¢ satisfy
m

Pijre > 0, Pijie = Pirig = Prijo = Prjiv = Pjire = Pirje, E Py, = 1.
=1

In this section, we will show that the surjectivity of CSOs is equivalent to the
process of orthogonal preserving. First, we need the following auxiliary result.
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Proposition 3.1. If any subset A C I with |A| < 3 is absorbing, then all subsets
of I are absorbing.

Proof. Using the assumption, one concludes that for any 7, j, k € I, we have
Piii e = €, Piije: Pijie, Pjiie € convie;, e;}, (3.1)
Pijke € conv{e;, e;, e}, '

where 7 # j # k. Keeping in mind the symmetricity of P,j;; and due to the fact
(3.1), we obtain null(P;;xe) D I\{%,j, k}, therefore for any B C I, one gets

() null(Pyre) = () null(Pize) N () null(Pije) 0[] null(Pijge)

i,j,k€B i€B i#] i ]k
i,jEB i,j,kEB
=I\B = B
This means that B is absorbing. This completes the proof. |

Proposition 3.2. If any subset A C I with |A| < 3 is absorbing, then the
associated CSO V : S™m~1 — Sm=L is surjective.

Proof. Clearly, from Propositions 2.4 and 3.1 we find that the associated CSO V' :
Sm=1 5 Sm=1 maps each face of the simplex into itself. To show that the operator
V' is surjective, we use mathematical induction by means of the dimension of the
simplex. In the case of m = 2, we can write V' (see (3.1)) in the following form:

V(X)l = Ii’ —+ 3P112,1LL’%I2 -+ 3P122,1I1$§,

V(X)g = .’I?g + 3P112,2.CE%£E2 -+ 3P12272.’131.%’%,

where x = (2, 15) € St It is enough for us to study V(x); because of V(x); +
V(x)2 = 1. Let

f(z) =a°+ 3P112,1$2(1 — ) 4+ 3P (1 — r)?.

Clearly, f(z1) < 1 and continuous on interval [0, 1]. Due to f(0) = 0 and f(1) = 1,
we can infer that f(z1) is surjective over interval [0, 1], hence implying the sur-
jectivity of V(x). Thus, the statement is true for m = 2. Further, we assume
that the statement holds for m < n — 1, and we will prove it for m = n. From
the assumption, if we restrict the mapping of V' to the face, then the mapping is
surjective (i.e., V : 9S"1 — 95" is surjective). Now, we consider y € int "~ L.
Here, the surjectivity means that the set V~!(y) is nonempty. To prove this
statement, we suppose that the set V(y) is empty. Then we define a mapping
g: SN\ {y} — 95", which maps every point z € S""!\{y} to the intersection
point of the ray starting from z in the direction of y with the boundary of the
simplex. It is easy to check that the mapping F : S»! — S" 1 F = goV,
does not have any fixed point. However, this contradicts the Brouwer fixed-point
theorem. This completes the proof. O

Now we are ready to prove our main result here.

Theorem 3.3. Let V be a CSO on S™ ' such that V(e;) = e; for alli € I. Then
the following statements are equivalent:



494 F. MUKHAMEDOV, A. FADILLAH EMBONG, and A. ROSLI

(i) V is orthogonal-preserving;
(ii) V' is surjective;
(iii) V' satisfies the following conditions:
(a) V7l(e;) = e; for anyi €I,
(b) VN (int Lee,) = int T, for anyi,j €I,
(c) V7 (intTeeje,) = intLeeie, for any i,j,k € I, where Te, ., =
conv{e; ..., €;}.

Proof. Let us prove, consecutively, the following implications: (i) = (ii) = (iii)
= (i) = (i).

(i) = (ii). Let V' be an orthogonal-preserving CSO. Due to assumption (i.e.,
V(e;) = e;), we then have

Pm,. = €;.

Now, choose

i 1 1 1 1
W (b )
m—1 m—1 ~"m-—1 m—1
/th term

Using the definition of CSO, we have

V(X(L;))e: Z Pz'jk,zl"i%‘ﬂﬂk

i, k=1
m m
S Pyt —2—— S p
= m o1 2 Dee T T ikt
(m 1) i,j=1 (m 1> i,7,k=1
it it kAL

Clearly, x\ is orthogonal to e, so the orthogonality of V' (x?) to V(e,) yields
Piij,Z = 0 lf Z,j 7& f and Pijk;,Z = lf ’i,j, k 7& E

This gives us (3.1), and therefore any subset A C I with |A] < 3 is absorbing.
Due to Proposition 3.2, we cab infer that V' is surjective.

(ii) = (iii). Assume that V is surjective and let V~!(e;) be the preimage of e;.
We set

Supp(v*l(ei)) - U Supp(x), FSUPP(V_I(ei)) = Conv{ej}j€supp(\/—1(ei))-
xGV—l(ei)
Due to Proposition 2.3, we have V (I'sypp(v-1(e,))) = €i. Consequently,
{ej}jésupp(\/*l(ei)) C V_l(ei) for any ¢ € I.

This implies that |supp(V ~'(e;))| = 1. This means that only e; then maps to
e;, and hence (iii)(a). Further, let y € int'¢,e, and x € V~!(y). Using Proposi-
tion 2.3, we have
V(int Fsupp(x)) C int Feiej,
In fact, we have
supp(x) = {i,j} for any x € V(y).
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If not, then k € supp(x)\{7,j} # 0. Then V(ex) € V(int Isyppx)) C Tese;, Which
is a contradiction. Therefore, we obtain (iii)(b). The case (iii)(c) can be done
similarly.

(iii) = (ii). This implication follows from Proposition 3.2.

(ii) = (i). Due to the surjectivity of V' and condition V'(e;) = e;, we get that
any subsets A C I with |A| < 3 are absorbing. From (3.1) we obtain

Vi(x)e= Z Pijkexizja

1,7,k=1

m m m
3 2 2
= ngg’zxg +3 E ngle’eZL’j +3 E Pz‘z‘[,gxi Ty + 6 E Pijg,gxil‘jl‘g
i=1 =1

Jj=1 = Jj=
j#L il iE AL
m m m
2 E : E : 2 E :
=Ty <$g + 3 ngj,ga:g:vj + 3 Hiuxi +6 ]Dijg,g[mmj) (32)
j=1 i=1 j=1
J#L il i#j AL

for any x € S™ 1 and ¢ € I. Next, take any two vectors in the simplex S™ ! such
that x = (z1,...,%m) Ly = (y1,...,Ym). This means that for any fixed ¢ € I,
we have either z, = 0 or y, = 0. Therefore, V(x),-V(y), = 0 for any ¢ € I, which
gives the orthogonality of V(x) and V' (y). This completes the proof. O

Immediately from Theorem 3.3, we conclude with the following.

Corollary 3.4. Let V be a CSO on S™ L. Then the following statements are
equivalent:

(i) V is orthogonal-preserving;
(ii) V' is surjective;
(i) V satisfies the following conditions:
(a’> V_1<e7r(i)) = €x(s) for any (S I7
(b) V7' (int Teye;) = intTe e, for any i, j €1,
(c) V~!(int [ejeje,) = int Le, henmenn JOr any i, j, k € 1,
where as before Te, ..o, = conv{e;,...,€;}.
Remark 3.5. We notice that if V' is a surjective CSO with V(e;) = e; (i € I),
then, from the proof above (see (3.2)), we conclude that V is a Lotka—Volterra
operator (see [5] for the definitions). It is known (see [5, Theorem 6]) that if a
Lotka—Volterra operator is f-monotone, then it is a bijection, but in [11, Exam-
ple 5.5] it was shown that a bijective cubic Lotka—Volterra operator has no need
to be f-monotone. On the other hand, it is known (see [4]) that quadratic sto-
chastic operators are bijective if and only if they are surjective. Therefore, we
formulate the following conjecture.

Conjecture 3.6. Any surjective CSO is bijective.
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4. DESCRIPTION OF ORTHOGONAL-PRESERVING CSOS ON 2-DIMENSIONAL
SIMPLEX

In general, the description of surjective nonlinear Markov operators is a tricky
job. Therefore, in this section, we are going to describe surjective CSOs by means
of OP CSOs instead of applying surjectivity directly. In this section, we restrict
ourselves to CSOs defined on a 2-dimensional simplex.

Now let us assume that V : S? — S? is an orthogonal-preserving CSO. This
means that

e Le L e3 1= V(el) L V(EQ) L V(eg).
Now from the definition of CSO, we immediately get
Pii1e L Pyoe L P33

since in the simplex S? there is a unique orthogonal system which is e;, 5, and es.
We conclude that the possible vectors { Pi11 e, P22 e, P333. } Must be permutations
of the standard basis {e;, ey, e3}. Therefore, we have six possibilities and we
consider each of these possibilities one by one.

Consider the first possibility by assuming that

P111,. = €y, P222,. = €y, P333,. = es.

Now our aim is to find conditions for the other coefficients of the given CSO. Let
us consider the following orthogonal vectors:

11
= (5:5-9). = (0,0,1).
x (2 2 y=0.01)

Then from
1
V(x) = §(3P112,1 +3Pia21 + 1,3P1122 + 3Pia2o + 1,3P1123 + 3P1a233),
V(y)=1(0,0,1),

and the orthogonal preservation of V', we get Pj123 = Pia23 = 0. From

3 3
ZPHQ,i =1 and mez,z‘ =1,
i=1 =1

we get
Piig1+ Pigp =1 and Pioo1 + Piogo = 1.

Now consider

x = (%0%) y = (0,1,0).

Then one finds

1
Vi(x) = g(l + 3Py131 + 3Pi331, 3Piis2 + 3Pi332,3P1ss + 3Pig3 s + 1),

V(y) =(0,1,0).
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Again the orthogonal preservation of V' yields Py132 = Pig32 = 0. Since

3 3
Z Pz =1 and Z P33 =1,
=1 i—1

we have
Piisp+ Prss =1 and Pi331 + Pig33 = 1.

Further, let us consider

11
= 07_7_)7 = 17070'
( 53 y =(1,0,0)

Hence,
1
V(x) = §(3P223,1 +3P331, 1 + 3939 + 3P2339, 3 2033 + 3FPa333 + 1),
V(y) = (1,0,0).

By the same argument as before, we infer that Pas1 = FPa331 = 0, which implies
that

Poyz o+ Proz3 =1 and Pa33 1+ Pagz3 = 1.
Taking into account the obtained equations, we denote
P112,1 = q, Piyq = f, P113,1 =7
P133,1 =0, P223,2 = A, P233,2 = @,
Piozq1 = ¢, Pz o = 1.
Correspondingly, we get
P112,2:1—Oé, P122,2:1—ﬁ, P113,3=1—%
Pigz33=1-0, Pyozz =1— A, Pagzz=1— ¢,
Piozz=1—-&—n.

By V), we denote the obtained OP CSO. Then we can see that V(! has the
following form:

= z(2? + 3azy + 3Py* + 3yxz + 3022 + 6€y=2),

y(y? + 3(1 — a)z? + 3(1 — B)zy + 3\yz + 3pz? + 6nx2),
=2(224+3(1 —y)2? +3(1 — O)zz + 3(1 — \)y?

+3(1 = @)yz + beg yay),

I
e Y
Vosroreen

where c¢,, = 1 — & —n. Similarly, by considering all other possibilities, we obtain
the following operators:

7' = 2(2% + 3oz + 3Bx* + 3yzy + 30y* + 6€xy),
o) Y= z(x? + 3(1 — a)2? + 3(1 — B)zx + 3hxy + 3py* + 6nyz),
OBAOACEN N o = g (y? 4+ 3(1 — )22 + 3(1 — 0)zy + 3(1 — \)a?
+3(1 — @)y + 6¢¢ 2 2),



498 F. MUKHAMEDOV, A. FADILLAH EMBONG, and A. ROSLI

(2" = y(y? + 3ayz + 362> + 3yyz + 3022 + 6£x2),
)y =@+ 3(1 — a)y® + 3(1 — B)yx + 3h\zz 4 3p2° + 6nyz),
AOAEEN TN 2 = 2(2% + 3(1 — )y + 3(1 — O)yz + 3(1 — \)a?
L +3(1 — p)xz + bc¢ yy),
1 = x(x? + 3axz + 382% + 3ywy + 30y* + 6£y2),
() )y =222+ 3(1 — a)a? + 3(1 — B)rz + 3hzy + 3py® + 6nzy),
ABPONGEN Y o — y(y? + 3(1 — 7)a? + 3(1 — O)zy + 3(1 — N)22
L +3(1 — ¢)zy + 6¢¢ 2 2),
(2 = y(y? + 3ayz + 3622 + 3yyx + 3022 + 6€x2),
5) Y= 2(22 4+ 3(1 — a)y? + 3(1 — B)yz + 3\zx + 3px? + 6nry),
WHAOAEN ) o = (2 + 3(1 — 7)y? + 3(1 — O)yx + 3(1 — \)2?
L +3(1 — p)zx + 6c¢ y2),

(2 = 2(2% + 3azy + 36y + 3yzx + 3022 + 6¢xy),

Yy =y +3(1 —a)z* + 3(1 — B)zy + 3\yx + 3pz® + 6nzz),
OAPEN T o = (22 4+ 3(1 — )22 + 3(1 — 0)zz + 3(1 — \)y?

{ +3(1 — @)yz + 6¢¢ yy2).

Hence, if V' is an OP CSO, then it must be one of the above operators. The
reverse of the statement is also true. The proof is given in the following theorem.

Theorem 4.1. Let V be a CSO. Then V is OP if and only if it has one of the

following forms:

(1) 2) (3)

Vauﬂ77’07)‘1§07€’77’ Vavﬁuﬁfue?AﬁD’gun, Va’ﬂ7’7767>\?@1§7n’ (4 1)

@ o) %0 '
.B,7,0,A.0,6,m .B,7,0,A.@,6,m .B,7,0,A0.6m°

Proof. The “if” part comes from the previous calculations. Now let us prove the
“only if” part—that is, by assuming a CSO V' has the form as given in (4.1).

Without loss of generality, we may consider operator Va(lﬁ) O

Assume that x | y. Then we obtain the following possibilities:
x = (x,y,0), y =(0,0.1),
xLly& {x=(x,0,2), y = (0,1,0),
x = (0,y,2), y = (1,0,0).

First, consider x = (x,y,0) and y = (0,0, 1). Consequently,

VY proenX) = (2% + 3az?y + 3827, y° + 3(1 — a)ay + 3(1 — B)y?,0),

1
Vévﬁ)’779a>‘7§0’£an(y) = (07 O? 1)

It is clear that they are orthogonal. For the other two cases, we could establish

the orthogonality of VCE’B,%M%M(X) and Vog,lﬁ)m(?,/\,w,s,n(w by the same argument.

This completes the proof. O
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Remark 4.2. From Corollary 3.4, we conclude that all surjective CSOs of S2
are given by (4.1). We point out that certain classes of operators of the form
Vog,lﬁ)ﬁﬁ,)\,so,sm have been investigated in [7], [13].

Moreover, we want to describe different classes nonconjugacy of OP CSOs on
a 2-dimensional simplex.

Definition 4.3. Two stochastic operators V(@ and V©® are conjugate if there
exists a permutation 7 such that 7'V (@71 = V©®): the last one is denoted by
Vi@ 70

In our case, we need to consider only permutations of (z,y, z) given by

= [x Yy z}’ S {x Y z}.
Yy z x x oz oy
Note that other permutations could be derived from those two.

Theorem 4.4. Orthogonal-preserving CSOs can be divided into three nonconju-
gate classes which are

_ (3) (4) (6)
Ky = {Va,ﬁﬁﬂ«\,%f,n’ Va,ﬁﬁﬁ«\,%&,n’ Va,ﬁm@«\mf,n}’

. 2) (5)

K2 - {Va7ﬂ77707)"§07£777’ VQ»B:7707)"§07£777}’
_ 1)

K3 - {Va,ﬂ,7,97/\7%015777}'

Proof. Under the permutation 7y, let us first consider VOE?277707/\7%£7777T1(I,?J7 2).
Then we have
—17,(3)
Trl Va(zﬁ7779’>‘7907£7n7rl <I’7 y? Z)

=1 ' Vahyorpen(¥: % 0)
= (2° +3(1 = y)z%z + 3(1 — 0)22” + 3(1 — N)y’z + 3(1 — p)yz?
+6(1 — & —n)yzx, 2% + 3az’y + 382y + 3v2%x + 30227
+6(¢yza), y° +3(1 — a)2®y + 3(1 — B)zy” + 3Ayz + 3pya® + 6(nyzz))
- 1(f)9,1—'y,1—<p,1—)\7a,ﬁ,1—$—n,§7
Wflvofjlﬁ),y,e,,\,@,g,nﬂl(% Y, 2)
= Wflvogjlﬁ),wﬁ,)\,go,fm(y? Z,7)
= (22 +3(1 = 7)y°z + 3(1 — O)yz* + 3(1 — N2’z + 3(1 — p)zz’
+6(1 — & — n)yzz, y® + 3ay’s + 3Byx* + 3yy’z + 30y2°
+6(&yza),2° + 3(1 — a)y’z + 3(1 — B)ya® + 3\z’z + 3paz” + 6(nyzz))
I(E)H,177,1790,17)\,0(,[3,175777,{7

—17,(6)
1 Va76a779’>‘7§0757'r]ﬂ-1 <'/B7 y7 Z)
_ . —1y,(6)
! Va,ﬁ,%9,>vso7§,n(y’ z, )

= (v* +3(1 — N2y + 3(1 — O)ay® + 3(1 — N)2%y + 3(1 — p)zy?
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+6(1 — & —n)yza, 2° + 3ax’z + 3Bx2* + 3ya’y + 30zy?
+6(yza), 2° + 3(1 — a)z’z + 3(1 — B)zz® + 3X2"y + 3pay”® + 6(nyzz))

()
1—971—%1—50,1—)\7&”8:1—5—7775'

This implies that Vcs?f?m@,/\,cp,&n’ Vcsjlﬂ),%(%)\,eo,ﬁ,n’ and Vogigm(%/\,tp,ﬁm are conjugate,

and we put them into a class, namely, K;. Taking into account m; and sy, the

ot

A

her classes can be done similarly. This completes the proof. O
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