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ABSTRACT. For 0 < ¢ < 1 and an element a of a complex unital Banach
algebra A, we prove the following two topological properties about the level
sets of the condition spectrum. (1) If e = 1, then the 1-level set of the condition
spectrum of a has an empty interior unless a is a scalar multiple of the unity.
(2) If 0 < € < 1, then the e-level set of the condition spectrum of @ has an
empty interior in the unbounded component of the resolvent set of a. Further,
we show that, if the Banach space X is complex uniformly convex or if X* is
complex uniformly convex, then, for any operator 7" acting on X, the level set
of the e-condition spectrum of 7" has an empty interior.

1. INTRODUCTION

Let A be a complex Banach algebra with unity e, and let €2 be an open subset
of C. We will identify A.e = A for any A € C. As most of our results are trivial
for the elements which are a scalar multiple of the unity, we denote the set of all
elements in A which are not a scalar multiple of the unity by A\ Ce. A function
f:Q — Aissaid to be differentiable at the point € € (see [13, Definition 3.3])
if there exists an element f'(u) € A such that

SN = )

lim N

A=

= I =o.
If f is differentiable at every point in €2, then f is regarded as analytic in €.
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Consider a nonconstant analytic function f : 2 — A. For M > 0, we ask the
question

Does the level set := {\ € ||f()\)H = M} have a nonempty interior? (1.1)

The answer to this question depends on the topology of €2 and the Banach algebra
A. The following two examples show that, for some M > 0 and for a general
nonconstant analytic Banach algebra-valued function, the interior of the level set
may be empty or may not be empty.

Example 1.1. If Q is a connected, open subset of C, A = C and if f : Q2 — C
is a nonconstant analytic map, then by the maximum modulus theorem, for any
M > 0, the interior of the level set defined in (1.1) is empty.

Ezample 1.2. Consider 2 = C, A = M,(C) = {A A= (g; g;g) where a;; € (C}
with norm ||A|l = maxlgigz{Z?zl laij|}. Define ¢ : C — My(C) by ¥(\) =
(6\ (1)) For any p € C, it is easy to see that

v v (10

lim N

A=

Thus v is analytic. Moreover,

o<,
oo~y A

The level set of ¢ for M =1 is
{NeC: oW =1} ={reC:|N <1}

Clearly, 0 is an interior point to the above set.

For a € A, the resolvent set of a is defined as {\ € C: (a — \) € A™'}, where
A~1 denotes the set of all invertible elements of A. The resolvent set is denoted
as p(a), and it is known that p(a) is an open subset of C. The complement of
p(a) is called the spectrum of a, and it is denoted by o(a). It is well known that
o(a) is a nonempty compact subset of C. The spectral radius of a is defined as

r(a) = sup{|A\| : A € o(a)}.

The map R : p(a) — A defined by R(\) = (a — \)~! is called the resolvent map,
and we know that the resolvent map is an analytic Banach algebra-valued map.
For € > 0, Globevnik in [10] raised the following question:

Does the level set {\ € p(a) : ||(a — A)7'|| = €} have a nonempty interior?

He was unable to answer this question. He showed that (a) the resolvent norm of
an element of a unital Banach algebra cannot be constant on an open subset of
the unbounded component of the resolvent set, and that (b) the resolvent norm
of a bounded linear operator on a Banach space cannot be constant on an open
set if the underlying space is complex uniformly convex (see Definition 4.4). One
can find some more answers related to this question in [5], [3], and [4]. In [14,
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Theorem 3.1], Shargorodsky proved there exists an invertible bounded operator
T acting on the Banach space

loo(Z) = {x = (..., 29,21, 20,21, 22, ...) | sup |z;] < oo and z; € C}

—00<i<00

with norm |||, = supy [x| + 20| such that [|[(T"— X)~"| is constant in a neigh-
borhood of A = 0, which is an affirmative answer to the question of Globevnik.
(See [7] for the results related to the level sets of the resolvent norm of a linear
operator.)

The concept of the condition spectrum was first introduced by Kulkarni and
Sukumar in [11], and because of the inequality in the definition, it is evident
that, in order to understand the condition spectrum geometrically, one has to
know more about its boundary set. Since the boundary set is the subset of the
level sets of the condition spectrum, one has to concentrate on the level sets. The
definition of the level sets of the condition spectrum is the following,

Definition 1.3. Let 0 < € < 1. The e-level set of the condition spectrum of a € A
is defined as

Lia) = {xeC:||a= V@~ =<}

In the computational point of view, if we are sure that the level sets of the
condition spectrum do not contain any interior point, then it can help us to trace
out the boundary set of the condition spectrum. Because of the reasons discussed
so far, in this article we focus on the following question: is the interior of L.(a)
nonempty?

For 0 < e <1 and a € A\ Ce, the preliminary section of this article discusses
the basic facts about L.(a). In Section 3, we construct some examples to show the
contrast between the topological property of Li(a) and L(a), and we prove that
Ly(a) has an empty interior. For 0 < € < 1, in Section 4, we study the interior
property of L.(a).

Throughout this article, B(a,r) denotes the open ball in C with center a and
radius 7, and B(X) denotes the set of all bounded linear operators defined on the
complex Banach space X.

2. PRELIMINARIES

In this section, we introduce some definitions and terminology used in this
article. We also prove some basic properties of the level sets of the condition
spectrum.

Definition 2.1. ([11, Definition 2.5]) Let 0 < € < 1. The e-condition spectrum of
a € A is defined as

)= {3 € o= la— 0] = 1)

with the convention that ||(a — A)||[|[(a — A\)7'|| = oo if (a — A) is not invertible.
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Note 2.2. For 0 < e < 1, it is clear that L.(a) C oc(a). If a = X for some X € C,
then L.(a) = (), and so the interior of L.(a) = 0. Further, L;(a) = C\ {\}, and
so the interior of Li(a) # 0.

Consider the Banach algebra My (C). For every A € My(C), the 2-norm of A is
defined as ||A|| = Smax(A), where spax(A) denotes the maximum singular value
of A. For any 0 < ¢ < 1, we find out explicitly the e-level set of the condition
spectrum of an upper triangular 2 x 2 matrix.

Proposition 2.3. Let 0 < e <1, and let A= (&%) € My(C). Then

L(A) = {u eC:
(Ve —al + I — c)* + B> + /(I — a] — |n — c])* + [b]?)?
Al — allp —
1

- —}. (2.1)

€
Proof. For A € My(C) with the 2-norm, we have the following:

1
Smin(A — p)’
where $pin(A — 1) denotes the minimum singular value of A — p. Hence

LJA)—{urszgéffg——%}

|A — pll = Smax(A — 1) and H(A_M)_IH =

Now,
Smax (A — 1) $min(A — ) = |det(A — p)| = |a — plle —pl,  (2.2)
[Smax(A = 1)]” + [smin(A — p)]” = trace[(A — p)*(A — p)]

= | —al’ +|p = + 0. (2.3)
From the above two equations, we get
2 2
[Smax(A = 1) £ smin(A — )]” = (| — al £ [ = ¢f)” + b (24)
After simplification, we see L.(a) as given in equation (2.1) O

Note 2.4. We know that any complex matrix is unitarily similar to an upper
triangular matrix, and hence the level set of any matrix A € M (C) is of the form
given in Proposition 2.3.

For 0 <e < 1,if a € A\ Ce, then the boundary of o.(a) is a subset of L.(a).
Since o.(a) is a nonempty compact set, L¢(a) is also a nonempty set. The following
example shows that every element of L.(a) need not come from the boundary of

o.(a).
Example 2.5. Consider the Banach space (o (Z) with norm

||{L'||* = |l’0| + Sl;-ép |xn| where z = ( s 7x—2ax—177x17'r27 s ')7
n#0
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where the box represents the zeroth coordinate of an element in ¢, (Z). Take an
operator A € B({(Z)) such that

T

A("‘?'Qj—an—lv7'17173:27"') = (“'7x—27x—17$07 Z 7];273:37"')'

For e = %, we prove that the scalar 0 belongs to L.(A) but not in the boundary

of 0.(A). By Theorem 3.1 in [14],

1
l(a=n7 =4 forxe B(0,7). (2.5)
For any x € (o (Z),
T 5
Azl = (|| + supleal) < Zlle]l. (2.6)
n#l

Take the unit norm element y = (yx)32_ ., such that

1 fork=1,2,
Yk =

0 otherwise.

It is casy to see ||Ayll. = 2, and thus ||A|| = 2. Equation (2.5) and the fact

|A|| = 2 together imply that ||A]|||[A7*|| = 5, and hence 0 € L.(A). Consider the
unit norm element y = (yx)7> _, such that

1 for k = 1,4,
yp = 4 —\ for k = 3,
0 otherwise,

where A € B(0,1)\ {0}. Then

(A= Nyl
y
= H ( C Y1 — AY—2,Y0 — AY_1, Zl — AYo |y Y2 — AY1, Y3 — Ao, - . )
5
= % — AYo| + SUpP |Ynt1 — AYn| > 7
n#0
Hence

) 1
A=Al >2 forAe B(o, 71) \{0}. (2.7)
From equation (2.5) and equation (2.7), we get
1
JA= (A= N7 >5 forAe B(o, 1)\{0}'

Thus B(0, 1) C oc(A), and this clearly tells us that 0 is not a boundary point of
o (A).
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Note 2.6. From Theorem 3.1 in [11], we know that o.(a) is a perfect set for any
a € A\ Ce. But from the last example, we note that L.(a) need not be a perfect
set, whereas the following proposition shows that L.(a) is a compact set with
uncountable cardinality.

Proposition 2.7. Let 0 < e < 1. Ifa € A\ Ce, then L.(a) is a compact subset
of C with an uncountable number of elements.

Proof. For a € A\ Ce, we know that L.(a) is a closed subset of o.(a), and hence
L(a) is compact. Suppose that L.(a) has a countable number of elements. Then
we choose an isolated point A from the boundary of o.(a). There exist an r > 0
such that

B(Xo,7)Nao(a) =0, B(Xo,7m) Noc(a) # 0, B(Xo,7) Nac(a)” # 0.
Take E = B(\o,7) \ Lc(a), and define the following function:
¢:E—C by oA =|(a—N]|[a=1)""

Clearly, ¢ is continuous, and

1 1
E = {)\ € pla) : p(A) > E} U {/\ € pla) : p(N) < Z}
This is a contradiction to the fact that £ is connected. Thus L(a) has an uncount-

able number of points. O

3. 1-LEVEL SET OF THE CONDITION SPECTRUM

This section deals with the 1-level set of the condition spectrum. We mainly
prove that the interior of the 1-level set of the condition spectrum is empty, and
we also give a better geometric picture of the 1-level set of the condition spectrum
(see Lemma 3.4). In fact, excluding the case when the number of elements in o(a)
is two, we prove that Li(a) contains at most one element (see Theorems 3.5, 3.8).

The following examples show that the nature of L;(a) is different from L(a),
particularly when L;(a) may be empty, may be unbounded, or may have a count-
able number of points.

Example 3.1. The set D = {f € C([a,b]) | f' € C([a,b])} forms a complex unital
Banach algebra with respect to pointwise addition, pointwise multiplication, and
with the norm ||f|la = [[fllec + |/ ]|co- Since |[f'|loc # O for every nonscalar
invertible element f € D, we have

LAl la = 1 W1 oo+ I Hlooll f e > 1.
Thus Ly(f) = 0 for every nonscalar invertible element f € D.

Ezxample 3.2. Consider the complex Hilbert space

*(N) = {x = (21,79, 23,24, ... )

o
Z |z;]* < 0o and z; € (C}
1=1
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with norm

° 1/2
ol = (X lail?)
=1

For some fixed n € N with n > 2, consider an operator T in B(¢*(N)) defined as

T(e;) = entny—i for1 <7<,
l € foralli >n+1,

where the e;’s form the standard orthonormal basis for ¢(N). It is easy to see
that T =T*=T""! and o(T) = {—1,1}. For any A\ € p(T), the operators T — A
and (T — \)~! are normal, and so their norms are equal to its spectral radius. We
have

Al — _ T 1 1
|T—A[| = max{|A—1[, |]A+1]} and ||(T A) H—max{|/\_1|,|>\+1|}.
Hence,
S ek A gy _
Ll(T)_{)\. 51 _1}u{x. 1] _1}_{)\.\)\—1]—\)\+1\}.

This shows that L;(7") is unbounded.

Example 3.3. For n > 2, consider a Banach space C" with infinity norm. Take an
operator S € B(C") such that S(e;) = €(41)—, Where e; is the standard basis of
C™. Tt is clear that S = S™1 ||S]| = 1, and o(S) = {—1,1}. For any A € p(S), we
observe that

(S =A)(e:) = —=Ae; +emy)—;  with H(S — )\)H =14 |)|

and

) 1 . _ 1+]A
(S =N)"Hew) = g T ewn—i)  with Its =07 = A2 — 1]

It is easy to verify that L,(S) = {0}.

Lemma 3.4. Let a € A\ Ce. If Li(a) is nonempty, then for each u € Lq(a),

_ 1
la — || = |p— Al and [(a— )™ = PRy for all X € o(a).
Proof. Let p € Ly(a). Then
1
—_ N >
(oD = mf{{g— N A€ o(a)}
> 1
sup{lp = Al - A € a(a)}
1 1
= > = [|(a = m)7"-
o = fa—pg M=
Hence | — A| = ||ja — p|| and ﬁ = ||(a — p)7!|| for all X € o(a). O
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Theorem 3.5. Let a € A\ Ce. If o(a) has more than two elements, then Li(a)
has at most one element.

Proof. Let A1, Ao, A3 € o(a) with A\ # Ay # A3. Suppose that L;(a) has two
distinct elements z; and z,. Then, by Lemma 3.4, we have

|21 = M| = [21 = Ao| = |21 = As| = [Jla — 2|
and
22 = A1l = [22 = Ao| = [22 = A3 = [la — 2.

The above two equations imply that two circles with distinct centers intersect in
three distinct points. This is a contradiction. O

Theorem 3.6. Let a € A\ Ce such that o(a) has more than one element. Then
the interior of Li(a) is empty.

Proof. 1f o(a) has more than two elements, then, by Theorem 3.5, the interior of
Lq(a) is empty. Next, we assume that o(a) = {\;, \a} with A\; # Ao. Suppose that
there exists an > 0 such that B(no, ) C L;(a) for some 79 € C. By Lemma 3.4,
we have |\; — p| = |A\o — pf for all g € B(no,r). This is a contradiction. O

A well-known problem in operator theory is that, if 7" € B(X) with o(T) =
{1}, then under what additional conditions can we conclude that 7" = I? In
connection with this problem, Theorem 3.7 gives a sufficient condition. A survey
article contains details of many classical results related to this problem (see [15]).
Another sufficient condition is also given in [11, Corollary, 3.5] in terms of the
condition spectrum.

Theorem 3.7 ([1, Theorem 1.1]). Let a € A. If o(a) = {1} and a is a doubly
power bound element of A, which means that sup{||a"| : n € Z} < oo, then a = e.

We prove the following result with the help of Theorem 3.7.

Theorem 3.8. Let a € A\ Ce. If o(a) = {\}, then Li(a) is empty, and in
particular the interior of Li(a) is also empty.

Proof. Suppose that Li(a) # 0, and suppose that p € L;(a). Then, by Lemma 3.4,
la — p|| = | — Al. Consider the element b := % It is clear that o(b) = {1}.

Since ||b|| = 1, we have [|b"]] < 1 for all positive integers n. By Lemma 3.4,
|61]] = 1, and hence ||b"]|] < 1 for all negative integers n, and hence b is doubly
power bound. By Theorem 3.7, we conclude that b = e; this implies that a = A,
which is a contradiction. O

From Theorem 3.8, we observe that if a € A\ Ce such that L;(a) is nonempty,
then o(a) contains more than one element, and that if a € A with Ly(a) = C\{u}
for some p € C, then a = . From Example 3.1, we understand that L;(a) may
be empty for a € A\ Ce with o(a) containing more than one element.

The following theorem and Example 3.1 prove that L;(a) = () for some elements
of every Banach algebra and every element of some Banach algebra.

Theorem 3.9. For any complex unital Banach algebra A there always exists an

a € A\ Ce such that Ly(a) = 0.
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Proof. Suppose that there exists a € A\ Ce such that o(a) = {\}. Then, by
Theorem 3.6, Li(a) = (). If there exists a € A\ Ce such that o(a) = {A1, A2}
with A; # Ag, then, by Proposition 9 in Section 7 of [2], there exists idempotents
e; and e such that o(ae;) = {\1},0(aes) = {\2}, and a = ae; + aey. We must
have either ae; € A\ Ce or aey € A\ Ce; otherwise a ¢ A\ Ce. Hence, by
Theorem 3.6, we get Li(ae;) = 0 or Li(aey) = 0. If there exists a € A\ Ce
such that {A1, A2, A3} C o(a) with Ay # Ay # A3, then consider the following
polynomial:

p(2) = (z=X)(z—=A3) (- M)(z—N)
(A=) (A= A3) (e = M)(A2 — Ag)

Clearly, {—1,0,1} C o(p(a)), and so, by Lemma 3.4, L;(p(a)) = 0. O

To get Theorem 3.8, we need a doubly power bound element a € A\ Ce. We
now ask the following question: for a € A\ Ce with L;(a) empty, is it necessary
that a be doubly power bound? We get a negative answer from the following
example.

Ezample 3.10. Consider the Banach algebra C[0, 2] and element f € C[0,2] such
that f(z) = z. By Lemma 3.4, Ly(f) = 0, but || f"||c — o0 as n — co. Hence f
is not a doubly power bound element.

4. e-LEVEL SET OF THE CONDITION SPECTRUM

For 0 < e < 1and a € A\ Ce, our first main result in this section proves that
L.(a) has an empty interior in the unbounded component of the resolvent set of
a. For that, we prove a version of the maximum modulus theorem for the product
of n analytic vector-valued functions (where n € N.) This proof is similar to the
proof of Theorem 2.1 in [14].

Lemma 4.1. Let Qg be a connected, open subset of C, let ) be an open subset of
Qq, and let X be a complex Banach space. Fori=1,...,n, suppose that we have
the following:

(1) ¥ : Qo — X are analytic vector-valued functions,
(2) [Ty 1M < M for all A € Q,
(3) TI% ()l < M for some € 0,

Then, [1;—, |Y:i(N)|] < M for all X € €.

Proof. Suppose that there exists Ay € ) such that
[Tllv:00)| = M.
i=1

Then, by the Hahn-Banach theorem, for each 1;(\g) there exists g; € X* such
that ||g;|| = 1 and

i (¥i(M)) = ||es(No) |- (4.1)
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Consider the function
¢:Qp— C defined by ¢(\ H gi (Vi(A

Here ¢ is analytic because g;(1);) is analytic on g for each i. By assumption (2),

|_‘ngwz (<H|!gz\|sz )| <M forall Ae Q.

Particularly for Ay € © and from equation (4.1), we get

Cb()\o)‘ = ‘H%(@bi()‘o))‘ = H|9i(?/)i()\0))‘ = HH%()\O)” =

Thus |¢| attains the local maximum at €. Since €2y is connected by the maximum
modulus theorem, ¢ is constant and ¢ = M. On the other hand, by assumption
(3) and by the definition of all g;, we have

y—\ngwz ]<H||gz H_Hym )| < .

This is a contradiction. O

Theorem 4.2. Let M > 1, let a € A\ Ce, and let 2 be an open subset in the
unbounded component of p(a). If

[(@=N|l[[(a=XN7 <M forall X e,
then
[(a=Ml[[(a=N)7Y <M forall X e Q.

Proof. Let Qg be the unbounded component of p(a). By our assumption, 2 C Q,
and
[(@—N)|[[(a=X)7"] <M forall e Q.

Since o1 (a) is compact, we must have

{NeC:|(a=N||(a=NT" <M} N #0.

Take € {\ € C: ||(a — N)||[[(a = N) 7| < M} N Qy. Apply Lemma 4.1 to the
analytic functions A — (@ — \) and A\ — (a — A\)~! which are defined from €
to A and to the scalar p € Qy. Then we get ||[(a — \)|||[(a — A\)7|| < M for all
A€ Q. O

Corollary 4.3. Let a € A\ Ce, and let 0 < € < 1. Then L.(a) has an empty
interior in the unbounded component of p(a). In particular, the interior of L.(a)
is empty if p(a) is connected.

Proof. The proof follows immediately from Theorem 4.2. O
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Our next result shows that if T" € B(X) where X is a complex uniformly convex
Banach space, then the interior of L.(T") is empty for 0 < € < 1. We first see the
notion of complex uniformly convex Banach space and some important remarks
related to them.

Definition 4.4 ([9, Definition 2.4(ii)]). A complex Banach space X is said to be
complex uniformly conver (uniformly convex) if for every € > 0 there exists 6 > 0
such that

z,y € X, ||yl > eand ||z + Cy|| < 1,V¢ € C(¢ € R),with |(| < 1= |lz|| < 1—0.

It is so obvious that every uniformly convex Banach space is a complex uni-
formly convex space. It is proved in [6] that Hilbert spaces and L, (with 1 <
p < 00) spaces are uniformly convex Banach spaces, and hence that they are all
complex uniformly convex Banach spaces. In [9, Theorem 1], Globevnik showed
that the L, space is complex uniformly convex. The Banach space L., is not
a complex uniformly convex Banach space. The dual space L7 is isometrically
isomorphic to a space of bounded finitely additive set functions (see [8, Chapter
IV, Section 8, Theorem 16] and [8, Chapter III, Section 1, Lemma 5]). The space
of bounded finitely additive set functions is a complex uniformly convex space
proved in Proposition 1.1 in [12], and so L¥  is complex uniformly convex.

Definition 4.5 ([9, Remark]). Consider a complex Banach space X and ¢ > 0. We
define w,(9) as follows:

wel®) = sup{yll - 2,y € X with [l2]) = 1, [}z + Cyll < 1+6, (¢ € B0, 1)) }.

Remark 4.6 ([9, Remark]). Let X be a complex Banach space. Then X is complex
uniformly convex if and only if lims_,o w.(d) = 0.

The proof of the following Theorem is similar to the proof of Proposition 2
in [10].

Theorem 4.7. Let X be a complex uniformly convex Banach space, and let
M > 1. IfT € B(X) with

IT = M|[(T =X <M forall X € B(0,1),

then
1T = AT =X <M for all X € B(0,1).

Proof. We claim that there exists € B(0, 1) such that
IT = ull| (T = )| < M.
Suppose that
(T =M||[(T =N =M forall Xe B(0,1). (4.2)

We arrive at a contradiction in the following three steps.

Step 1: In this step, we define a sequence of function %, from B(0,1) to X
for each n € N, and we prove that each 1, is a bounded analytic vector-valued
function. We know that there exists a sequence {z,} with ||z,| = 1 such that

: -1 _ -1
Tim (|7 )| = |77
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By the Hahn-Banach theorem, there exists g € B(X)" such that g(T) = ||T||

with [|g|| = 1. For each x,,, we define the following function:
(T =T =Nz
Un: B(0,1) = X by ¢n(A) = -
[Tl
Now,
T—-\N"'z
o0 = [
||T||HT I
T — MNIT = N7z
I8 = AT = )l e
[T

Since ||g|]| = 1, and by equations (4.2) and (4.3), we get
|n(N)]] < 1. (4.4)

Each 1), is analytic because the maps A — ¢g(T' — \) and A — (T — \)7!
analytic.

Step 2: In this step we apply Theorem 2 in [9] to the functions v, and we see
the consequence. Applying Theorem 2 in [9] to the function 1), we get

A
) = 0] < (120 el = [0} for all A€ B,
Substituting the corresponding values of v, in the above equation,

H (T =N e, g(T)T 2y, << 2|\ ) (1_H T 'z,
||T||||T i [TT=HE = AL = [A ||T||||T i

Applying g(T') = ||| to the right-hand side of the above inequality, we get
H (T =T =N e g(DT ) _ ( 2|l >w (1 B ||T_1$n||>'
[T [TIT=HE = AL = [A |71
Using Remark 4.6 and the fact that 1 — Hﬁ;fﬁ” — 0, we note that

lim || [¢(T = N(T = X) "z, — g(T)T "z, || = 0. (4.5)

Substitute (T'— A\) "' =T 1+ AXTHT — \)~'. We get
[9(T = N(T =N = g(T)T™
=g(D) [T+ AT HT =X = Ag(I)(T =N~ = g(T)T™

)

“A[g(T)T = g(D](T = A (4.6)
Equation (4.5) and equation (4.6) together yield
tim | [g(T)T" = g(D] (T = N, ]| = 0 (47)
and
7&%” T) — g(DTNT = X) 'z, || =0 (4.8)

for all A € B(0,1).
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Step 3: In this step, we get the required contradiction by applying the appro-
priate value for g(I) to the equation (4.7) and equation (4.8).
Case 1: If g(I) = 0, then equation (4.8) becomes

. -1 -
nh_)r&”g(T)(T — M), =0.

Since the operator T'— A is continuous for any A € B(0, 1),

lim ||z,| =0,
—00
which is a contradiction to ||z,| = 1.
Case 2: If |g(I)] < 1, then, from equation (4.7), we get
T (7= X) [o(T)T = g(D)(T = Nz | = . (49)

Since the operators (T — \) and T~ commute, the above equation becomes
Tim [[(g(T)T™" = g(I)) | = 0.
By the triangle inequality,
lim ([|g(T)T " n]| = [lg(D)aa]]) = 0.

n—oo

The above equation implies that

lim [|[T||| T 2, = 1.
n—oo
Thus
1
lim |77 2, = —=.
n—boo 17l
We also know that lim,, o |7 2,|| = ||T7Y. Hence, | T|||T7*|| = 1. But we

assumed that ||T||||T~'|] = M. This is a contradiction to M > 1. Hence there
exists p € B(0,1) such that || T — pl|||(T — p) '] < M. Apply Lemma 4.1 to the
function A — (T — A\) and A — (T — A\)~!, defined from B(0,1) to B(X) and to
the point pu, to get the required conclusion. 0

Note 4.8. The above result holds for any open ball in the resolvent set of T.
Suppose that [|T—M||[[(T—=\)7'|] < M for all A € B(p,r) and M > 1. If we define
an operator S := T € B(X), then S € B(X) and ||S — A[[[[(S—\)7}|| < M for
all A € B(0,1). In order to prove ||T — A||[|(T — N\)7Y| < M for all A € B(u,r),
we apply Theorem 4.7 to the operator S.

Corollary 4.9. Let X be a complex Banach space such that the dual space X* is
complex uniformly convexr and M > 1. Suppose also that T' € B(X) with

IT = M||[(T =X <M forall X € B(0,1).

Then
1T = AT =X <M for all X € B(0,1).
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Proof. Consider the transpose linear map 7* € B(X*). For any A € B(0,1), we
have

1T = V[T = N7 = [l = M =27

Apply Theorem 4.7 to the operator T* and the Banach space X*. This completes
the proof. O

Corollary 4.10. Let X be a complex Banach space, let T € B(X), and let
0 < e < 1. If either X or X* is complex uniformly convez, then L.(T) has an
empty interior in the resolvent set of T.

Proof. The proof is an immediate consequence of Theorem 4.7 and Corollary 4.9.
OJ

Corollary 4.11. Let 0 < e < 1, and let A be a unital C* algebra. If a € A\ Ce,
then the interior of L.(a) is empty.

Proof. We know that there exists a C* isomorphism v form A to C* subalgebra
of B(H) for some Hilbert space H. For any a € A, we have o(a) = o(1(a)) and
lla]| = ||(a)]|. These imply that

Lc(a) = L, (w(a))

Since the Hilbert space H is complex uniformly convex, and applying Theorem
4.7, we get that the interior of L.(¢(a)) is empty. Hence, the interior of L¢(a) is
empty. ]
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