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Abstract. In this article, we give some characterizations of Lipschitz space
via commutators of bilinear singular integral operators and bilinear fractional
integral operators, respectively.

1. Introduction and preliminaries

Let 0 < γ < 1, and let b be a locally integrable function on Rn. We say that b
belongs to the (homogeneous) Lipschitz space Λγ(Rn) if there is a constant C > 0
such that ∣∣b(x)− b(y)

∣∣ ≤ C|x− y|γ

for any x, y ∈ Rn. Moreover, the norm ‖ · ‖Λγ is the infimum of C. (For more
details about the Lipschitz space, we refer readers to [9], [10], and [11].) Let b be
a locally integrable function on Rn, and let T be a Calderón–Zygmund singular
integral operator. The commutator [b, T ] is defined by

[b, T ](f) = bT (f)− T (bf).

Johnson [8] gave a characterization of Lipschitz space by the boundedness of
commutator [b, T ]. He proved that [b, T ] is bounded from Lp(Rn) to Lq(Rn) if and
only if b ∈ Λγ(Rn), where 1 < p < ∞, 0 < γ < 1, and 1

q
= 1

p
− γ

n
. Paluszyński [13]
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obtained that [b, T ] is bounded from Lp(Rn) to Ḟ γ
p,∞(Rn) if and only if b ∈ Λγ(Rn),

where 0 < γ < 1, 1 < p < ∞, and Ḟ γ
p,∞(Rn) is the homogeneous Triebel–Lizorkin

space with the equivalent norm

‖b‖Ḟ γ
p,∞(Rn) ≈

∥∥∥∥sup
Q3x

1

|Q|1+
1
γ

∫
Q

∣∣b(y)− bQ
∣∣ dy∥∥∥∥

Lp(Rn)

.

Shi, Zhang, and Huang [15] established that [b, T ] is a bounded operator from
Lp(Rn) to Cp,β(Rn) if and only if b ∈ Λγ(Rn), where 1 < p < ∞, −n

p
≤ β < 0,

γ = β + n
p
< 1, and Cp,β(Rn) is the Morrey–Campanato space defined as

Cp,β(Rn) =
{
f : ‖f‖Cp,β(Rn) := sup

Q

1

|Q| βn

( 1

|Q|

∫
Q

∣∣f(x)− fQ
∣∣p dx) 1

p
< ∞

}
.

Let 0 < α < n. The fractional integral operator is defined by

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy,

and the commutator generated by Iα and b is defined by

[b, Iα](f) = bIα(f)− Iα(bf).

Paluszyński [13] proved that [b, Iα] is bounded from Lp(Rn) to Lr(Rn) if and only
if b ∈ Λγ(Rn), where 1 < p < ∞, 0 < γ < 1, and 1

p
− 1

r
= γ+α

n
. Shi, Zhang,

and Huang [15] obtained that [b, Iα] is a bounded operator from Mp,β(Rn) to

M q,β̃(Rn) if and only if b ∈ Λγ(Rn), where 1 < p < ∞, −n
p
≤ β < 0, 1

q
= 1

p
− γ+α

n
,

β̃ = α + β + γ, and Mp,β(Rn) is the Morrey space defined as

Mp,β(Rn) =
{
f : ‖f‖Mp,β(Rn) := sup

Q

1

|Q| βn

( 1

|Q|

∫
Q

∣∣f(x)∣∣p dx) 1
p
< ∞

}
.

The main aim of this article is to give some characterizations of Lipschitz space
via commutators of bilinear singular integral operators and bilinear fractional
integral operators. Throughout the article, the constant C will be used to denote
a constant which is independent of the main parameters, but which may vary from
line to line. The symbol A ∼ B means that C1B ≤ A ≤ C2B, where C1, C2 > 0.

2. Main results

2.1. Definitions and theorems. First, let us recall some definitions.

Definition 2.1 ([6, Section 2], [14]). Let T be a bilinear operator initially defined
on the 2-fold product of Schwartz spaces and taking values in the space of tem-
pered distributions,

T : S (Rn)× S (Rn) −→ S ′(Rn).

The bilinear singular integral operator is defined by

T (f, g)(x) =

∫
Rn

∫
Rn

K(x, y, z)f(y)g(z) dy dz for x /∈ (supp f ∩ supp g),
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where the kernel K is a function defined on (Rn)3 \{(x, y, z) ∈ (Rn)3 : x = y = z}
and there is an α > 0 such that

(i) |K(x, y, z)| ≤ A
(|x−y|+|x−z|+|y−z|)2n ;

(ii) |K(x, y, z)−K(x′, y, z)| ≤ A|x−x′|α
(|x−y|+|x−z|+|y−z|)2n+α if |x−x′| ≤ 1

2
max(|x−y|,

|x− z|, |y − z|);
(iii) |K(x, y, z)−K(x, y′, z)| ≤ A|y−y′|α

(|x−y|+|x−z|+|y−z|)2n+α if |y− y′| ≤ 1
2
max(|x− y|,

|x− z|, |y − z|);
(iv) |K(x, y, z)−K(x, y, z′)| ≤ A|z−z′|α

(|x−y|+|x−z|+|y−z|)2n+α if |z− z′| ≤ 1
2
max(|x− y|,

|x− z|, |y − z|).
Lastly, we say that the bilinear singular integral operator is of convolution type

if the kernel K(x, y, z) is actually of the form K(x− y, x− z).

Definition 2.2 ([2, Section 1]). Let b ∈ L1
loc(Rn), and let T be a bilinear singular

integral operator. The commutators [b, T ]i (i = 1, 2) are defined by

[b, T ]1(f, g) = T (bf, g)− bT (f, g) and [b, T ]2(f, g) = T (f, bg)− bT (f, g).

Definition 2.3 ([2, Section 1]). For 0 < α < 2n, the bilinear fractional integral
operator is defined by

Iα(f, g)(x) =

∫
Rn

∫
Rn

f(y)g(z)

(|x− y|+ |x− z|)2n−α
dy dz.

Definition 2.4 ([2, Proposition 3.3]). Let b ∈ L1
loc(Rn), and let Iα be a bilinear

fractional integral operator. The commutators [b, Iα]i (i = 1, 2) are defined by

[b, Iα]1(f, g) = Iα(bf, g)−bIα(f, g) and [b, Iα]2(f, g) = Iα(f, bg)−bIα(f, g).

Definition 2.5 ([12, Definition 3.1]). The bilinear Hardy–Littlewood maximal
operator M is defined as follows:

M(f, g)(x) = sup
Q3x

( 1

|Q|

∫
Q

∣∣f(y)∣∣ dy)( 1

|Q|

∫
Q

∣∣g(z)∣∣ dz).
Definition 2.6 ([5, Theorem 3.1]). For 0 < α < 2n, the maximal sub-bilinear
operator is defined by

Mα(f, g)(x) = sup
Q3x

|Q|
α
n

( 1

|Q|

∫
Q

∣∣f(y)∣∣ dy)( 1

|Q|

∫
Q

∣∣g(z)∣∣ dz).
The main results in this article are the following theorems.

Theorem 2.7. Let T be a bilinear Calderón–Zygmund operator of convolution
type, and let b ∈ Λγ(Rn), 1 < p1, p2 < ∞, 0 < γ < 1, and 1

q
= 1

p1
+ 1

p2
− γ

n
. Then

the commutator [b, T ]i (i = 1, 2) satisfies∥∥[b, T ]i(f, g)∥∥Lq ≤ C‖b‖Λγ(Rn)‖f‖Lp1‖g‖Lp2 .

Conversely, if [b, T ]i (i = 1, 2) is bounded from Lp1(Rn)× Lp2(Rn) to Lq(Rn),
where T is a bilinear Calderón–Zygmund operator of convolution type with a
homogeneous kernel K of degree (−2n), and the Fourier series of 1

K
is absolutely

convergent on some ball B ∈ R2n, then b ∈ Λγ(Rn).
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Theorem 2.8. Let T be a bilinear Calderón–Zygmund operator of convolution
type, and let b ∈ Λγ(Rn), 1 < p < ∞, −2n

p
≤ β < 0, γ = β

2
+ n

p
< 1, and

1
p
= 1

p1
+ 1

p2
. Then the commutator [b, T ]i (i = 1, 2) satisfies∥∥[b, T ]i(f, g)∥∥Cp,β(Rn)

≤ C‖b‖Λγ(Rn)‖f‖Lp1‖g‖Lp2 .

Conversely, if [b, T ]i (i = 1, 2) is bounded from Lp1(Rn)×Lp2(Rn) to Cp,β(Rn),
where T is a bilinear Calderón–Zygmund operator of convolution type with a
homogeneous kernel K of degree (−2n), and the Fourier series of 1

K
is absolutely

convergent on some ball B ∈ R2n, then b ∈ Λγ(Rn).

Theorem 2.9. Let 1 < p1, p2 < ∞, 0 < γ < 1, and 1
q
= 1

p1
+ 1

p2
− γ+α

n
. Then the

following statements are equivalent:

(a) b ∈ Λγ(Rn),
(b) [b, Iα]i (i = 1, 2) is a bounded operator from Lp1(Rn)×Lp2(Rn) to Lq(Rn).

Theorem 2.10. Let 1 < p1, p2 < ∞, −2n
p

≤ β < 0, 1
q
= 1

p1
+ 1

p2
− γ+α

n
, and

β̃ = α + 2β + γ. Then the following statements are equivalent:

(a) b ∈ Λγ(Rn),
(b) [b, Iα]i (i = 1, 2) is a bounded operator from Mp1,β(Rn) × Mp2,β(Rn) to

M q,β̃(Rn).

2.2. Proofs of theorems. In order to prove our theorems, we need the following
lemmas.

Lemma 2.11. Let 1 < p < ∞, and let −2n
p

≤ β < 0. Then there is a constant

C > 0 such that for any f ∈ Cp,β(Rn) and a > 0,

‖f‖Cp,β(Rn) ∼ sup
Q

inf
a∈R

( 1

|Q|1+ pβ
2n

∫
Q

∣∣f(x)− a
∣∣p dx) 1

p
.

Proof. We only need to consider the part of the proof of Lemma 2.11 which will
be used in the proof of Theorem 2.8; that is, for any cube Q, we have( 1

|Q|1+ pβ
2n

∫
Q

∣∣f(x)− fQ
∣∣p dx) 1

p ≤
( 1

|Q| pβ2n
1

|Q|

∫
Q

(∣∣f(x)− a
∣∣+ |a− fQ|

)p
dx

) 1
p

≤ C
1

|Q| β
2n

( 1

|Q|

∫
Q

[∣∣f(x)− a
∣∣p + |a− fQ|p

]
dx

) 1
p

≤ C
1

|Q| β
2n

(( 1

|Q|

∫
Q

∣∣f(x)− a
∣∣p dx) 1

p
+ |a− fQ|

)
≤ C

1

|Q| β
2n

( C

|Q|

∫
Q

∣∣f(x)− a
∣∣p dx) 1

p

≤ C
( 1

|Q|1+ pβ
2n

∫
Q

∣∣f(x)− a
∣∣p dx) 1

p
.

�
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Lemma 2.12 ([7, Definition 3.3], [6]). Let 1 < p1, p2 < ∞, and let 1
p
= 1

p1
+ 1

p2
.

Then there exists a constant C > 0 such that∥∥T (f, g)∥∥
Lp ≤ C‖f‖Lp1‖g‖Lp2 .

Lemma 2.13 ([7, Proposition 1.1]). Let 0 < α < 2n, 1 < p1, p2 < ∞, 1
p
= 1

p1
+ 1

p2
,

and 1
q
= 1

p
− α

n
. Then there exists a constant C > 0 such that∥∥Iα(f, g)∥∥Lq ≤ C‖f‖Lp1‖g‖Lp2 .

Lemma 2.14 ([12, Theorem 3.7], [3]). Let 1 < p1, p2 < ∞, and let 1
p
= 1

p1
+ 1

p2
.

Then there exists a constant C > 0 such that∥∥M(f, g)
∥∥
Lp ≤ C‖f‖Lp1‖g‖Lp2 .

Lemma 2.15 ([13, Lemma 1.5]). Let 1 ≤ p < ∞, and let 0 < γ < 1. Then we
have

‖f‖Λγ(Rn) ≈ sup
Q

1

|Q|1+ γ
n

∫
Q

∣∣f(x)− fQ
∣∣ dx ≈ sup

Q

( 1

|Q|1+ pγ
n

∫
Q

∣∣f(x)− fQ
∣∣p dx) 1

p
.

For p = ∞, the formula should be interpreted appropriately as

‖f‖Λγ(Rn) ≈ sup
Q

1

|Q| γn
sup
x∈Q

∣∣f(x)− fQ
∣∣.

Lemma 2.16 ([4, Lemma 4.1]). Let B∗ ⊂ B. Then there exists a constant C > 0
such that

|fB∗ − fB| ≤ C‖f‖Λγ(Rn)|B|
γ
n .

Lemma 2.17 ([1, Theorem 1.1]). If diam(Ω) < ∞ and there exists a positive
constant c such that Ω(x0, l) ≥ cln for every x0 ∈ Ω and l ∈ (0, diamΩ), then
Mp,β(Ω) = Cp,β(Ω).

Proof of Theorem 2.7. We first give the proof of necessity and only consider the
case i = 1. Let B = B((y0, z0), δ

√
2n) ⊂ R2n be the ball for which we can express

1
k(y,z)

as an absolutely convergent Fourier series of the form

1

k(y, z)
=

∑
j

aje
vj ·(y,z).

Set y1 = δ−1y0 and z1 = δ−1z0. Note that for all (y, z) such that(
|y − y1|2 + |z − z1|2

) 1
2 <

√
2n,

we have
1

k(y, z)
=

δ−2n

k(δy, δz)
= δ−2n

∑
j

aje
iδvj ·(y,z).

Let Q = Q(x0, r) be an arbitrary cube in Rn, set ỹ = x0 − ry1 and z̃ = x0 − rz1,
and take Q′ = Q(ỹ, r) ⊂ Rn and Q′′ = Q(z̃, r) ⊂ Rn. Then for any x ∈ Q and
y ∈ Q′, we have ∣∣∣x− y

r
− y1

∣∣∣ ≤ ∣∣∣x− x0

r

∣∣∣+ ∣∣∣y − ỹ

r

∣∣∣ ≤ √
n,
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and similarly for x ∈ Q and z ∈ Q′′. Then we have that(∣∣∣x− y

r
− y1

∣∣∣2 + ∣∣∣x− z

r
− z1

∣∣∣2) 1
2 ≤

√
2n.

Let s(x) = sgn(b(x)− bQ′). We have the following estimate:∫
Q

∣∣b(x)− bQ′
∣∣ dx =

∫
Q

(
b(x)− bQ′

)
s(x) dx

=
1

|Q′|

∫
Q

∫
Q′

(
b(x)− b(y)

)
dys(x) dx

=
1

|Q′′|
1

|Q′|

∫
Q

∫
Q′′

∫
Q′

(
b(x)− b(y)

)
dz dys(x) dx

≤ r−2n

∫
Rn

s(x)χQ(x)

×
∫
Rn

∫
Rn

(
b(x)− b(y)

)r2nk(x− y, x− z)

k(x−y
r
, x−z

r
)

× χQ′(y)χQ′′(z) dz dy dx.

Let fj(x) = e−i δ
r
v1j ·yχQ′(y), gj(x) = e−i δ

r
v2j ·zχQ′′(z), and hj(x) = ei

δ
r
vj ·(x,x)s(x)×

χQ(x). Then we have∫
Q

∣∣b(x)− bQ′
∣∣ dx

≤ C
∑
j

aj

∫
Rn

hj(x)

∫
Rn

∫
Rn

(
b(x)− b(y)

)
k(x− y, x− z)fj(y)gj(z) dz dy dx

= C
∑
j

aj

∫
Rn

[b, T ]1(fj, gj)(x)hj(x) dx

≤ C
∑
j

|aj|
∫
Rn

∣∣[b, T ]1(fj, gj)(x)∣∣∣∣hj(x)
∣∣ dx

≤ C
∑
j

|aj|
(∫

Rn

∣∣hj(x)
∣∣q′ dx) 1

q′
(∫

Rn

∣∣[b, T ]1(fj, gj)(x)∣∣q dx) 1
q

≤ C
∑
j

|aj|‖hj‖Lq′‖fj‖Lp1‖gj‖Lp2 ≤ C
∑
j

|aj||Q|
1
q′ |Q|

1
p1 |Q|

1
p2

≤ C
∑
j

|aj||Q|1+
γ
n .

It follows that

sup
Q

1

|Q|1+ γ
n

∫
Q

∣∣b(x)− bQ
∣∣ dx ≤ C.
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Next we give the proof of sufficiency. We note that∣∣[b, T ]1(f, g)(x)∣∣
≤

∫
Rn

∫
Rn

∣∣b(x)− b(y)
∣∣∣∣k(x− y, x− z)

∣∣∣∣f(y)g(z)∣∣ dz dy
≤

∫
Rn

∫
Rn

(
|b(x)− b(y)|
|x− y|γ

|x− y|γ
)∣∣k(x− y, x− z)

∣∣∣∣f(y)g(z)∣∣ dz dy
≤ C‖b‖Λγ(Rn)

∫
Rn

∫
Rn

|x− y|γ |f(y)g(z)|
(|x− y|+ |x− z|)2n

dz dy

≤ C‖b‖Λγ(Rn)

∫
Rn

∫
Rn

(
|x− y|γ + |x− z|γ

) |f(y)g(z)|
(|x− y|+ |x− z|)2n

dz dy

≤ C‖b‖Λγ(Rn)

∫
Rn

∫
Rn

|f(y)g(z)|
(|x− y|+ |x− z|)2n−γ

dz dy

= C‖b‖ΛγIα
(
|fg|

)
(x).

By Lemma 2.13, we have∥∥[b, T ]1(f, g)∥∥Lq ≤ C‖b‖Λγ(Rn)‖Iγ
(
|fg|

)
‖Lq ≤ C‖b‖Λγ(Rn)‖f‖Lp1‖g‖Lp2 . �

Proof of Theorem 2.8. In a way similar to the proof of Theorem 2.7, we first give
the proof of necessity and only consider the case i = 1. Then we have∫

Q

∣∣b(x)− bQ′
∣∣ dx ≤ CΣ|aj|

∫
Rn

∣∣[b, T ]1(fj, gj)(x)∣∣∣∣hj(x)
∣∣ dx

≤ CΣ|aj|
(∫

Rn

∣∣hj(x)
∣∣p′ dx) 1

p′
(∫

Rn

∣∣[b, T ]1(fj, gj)(x)∣∣p dx) 1
p
.

The fact that Mp,β(Q) = Cp,β(Q) allows us to have∫
Q

∣∣b(x)− bQ′
∣∣ dx ≤ CΣ|aj|Q|

1
p′ |Q|

1
p
+ β

2n

(
1

1 + pβ
2n

∫
Rn

∣∣[b, T ]1(fj, gj)(x)∣∣p dx) 1
p

≤ C|Q|
1
p′ |Q|

1
p
+ β

2n

∥∥[b, T ]1(fj, gj)∥∥Cp,β

≤ C|Q|1+
β
2n |Q|

1
p1 |Q|

1
p2

= C|Q|1+
γ
n .

Thus,

sup
Q

1

|Q|1+ γ
n

∫
Q

∣∣b(x)− bQ
∣∣ dx ≤ C.

Next we give the proof of sufficiency. For a cube Q = Q(x0, r) ⊂ Rn, let b ∈
Λγ(Rn), f1 = fχ2Q, g1 = gχ2Q, f2 = f − f1, and g2 = g − g1. By Lemma 2.11,
choose a = T ((b − bQ)f1, g2)(x0) + T ((b − bQ)f2, g1)(x0) + T ((b − bQ)f2, g2)(x0).
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The fact that [b, T ](f, g)(x) = [b− bQ, T ](f, g)(x) allows us to have( 1

|Q|1+ pβ
2n

∫
Q

∣∣[b, T ]1(f, g)(x)− [b, T ]1(f, g)Q
∣∣pdx) 1

p

=
( 1

|Q|1+ pβ
2n

∫
Q

∣∣[b− bQ, T ]1(f, g)(x)− [b− bQ, T ]1(f, g)Q
∣∣p dx) 1

p

≤ C
( 1

|Q|1+ pβ
2n

∫
Q

∣∣T((b− bQ)f, g
)
(x)− (b− bQ)T (f, g)− a

∣∣p dx) 1
p

≤
( 1

|Q|1+ pβ
2n

∫
Q

∣∣(b− bQ)T (f, g)(x)
∣∣p dx) 1

p

+
( 1

|Q|1+ pβ
2n

∫
Q

∣∣T((b− bQ)f1, g1
)
(x)

∣∣p dx) 1
p

+
( 1

|Q|1+ pβ
2n

∫
Q

∣∣T((b− bQ)f1, g2
)
(x)− T

(
(b− bQ)f1, g2

)
(x0)

∣∣p dx) 1
p

+
( 1

|Q|1+ pβ
2n

∫
Q

∣∣T((b− bQ)f2, g1
)
(x)− T

(
(b− bQ)f2, g1

)
(x0)

∣∣p dx) 1
p

+
( 1

|Q|1+ pβ
2n

∫
Q

∣∣T((b− bQ)f2, g2
)
(x)− T

(
(b− bQ)f2, g2

)
(x0)

∣∣p dx) 1
p

=: I + II + III + IV + V .

By Lemma 2.12, Lemma 2.14, and γ = β
2
+ n

p
, we have

I ≤ 1

|Q| γn
‖b− bQ‖L∞

∥∥T (f, g)∥∥
Lp ≤ ‖b‖Λγ(Rn)‖f‖Lp1 (Rn)‖g‖Lp2 (Rn),

II ≤ 1

|Q| γn
∥∥T((b− bQ)f1, g1

)∥∥
Lp ≤ ‖b‖Λγ(Rn)‖f‖Lp1 (Rn)‖g‖Lp2 (Rn).

Note that for x ∈ Q, y ∈ 2Q, and z ∈ (2Q)c, we have |x − y| + |x − z| ∼
|x0 − y|+ |x0 − z|. Then we can derive that∣∣T((b− bQ)f1, g2

)
(x)− T

(
(b− bQ)f1, g2

)
(x0)

∣∣
=

∣∣∣ ∫
Rn

∫
Rn

(
K(x− y, x− z)−K(x0 − y, x0 − z)

)(
b(y)− bQ

)
× f1(y)g2(z) dy dz

∣∣∣
≤

∫
2Q

∫
(2Q)c

|x− x0|
(|x0 − y|+ |x0 − z|)2n+1

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz

≤ C

∞∑
k=2

1

2k|2kQ|2

∫
2Q

∫
2kQ\2k−1Q

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz

≤ C
∞∑
k=2

1

2k|2kQ|2

∫
2kQ

∫
2kQ

∣∣b(y)− b2kQ
∣∣+ |bQ − b2kQ|

∣∣f(y)g(z)∣∣ dy dz.
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It follows that

III ≤
( 1

|Q|1+ pβ
2n

∫
Q

∣∣∣ ∞∑
k=2

2−k

|2kQ|2

∫
2kQ

∫
2kQ

∣∣b(y)− b2kQ
∣∣∣∣f(y)g(z)∣∣ dy dz∣∣∣p dx) 1

p

+
( 1

|Q|1+ pβ
2n

∫
Q

∣∣∣ ∞∑
k=2

2−k

|2kQ|2

∫
2kQ

∫
2kQ

|bQ − b2kQ|
∣∣f(y)g(z)∣∣ dy dz∣∣∣p dx) 1

p

:= III 1 + III 2;

III 1 ≤
1

|Q| γn

∞∑
k=2

1

2k
∥∥M(

|b− b2kQ||fg|
)∥∥

Lp(2kQ)

≤
∞∑
k=2

1

2k
1

|Q| γn
∥∥(b− b2kQ)f

∥∥
Lp1 (2kQ)

‖g‖Lp2 (2kQ)

≤
∞∑
k=2

2kγ

2k
1

|2kQ| γn
‖b− b2kQ‖∞‖f‖Lp1 (2kQ)‖g‖Lp2 (2kQ)

≤
∞∑
k=2

1

2k(1−γ)
‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn)

≤ C‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn);

III 2 ≤
∞∑
k=2

1

2k(1−γ)
‖b‖Λγ

∥∥M(
|fg|

)∥∥
Lp(Rn)

≤ C‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn).

Then we have the estimates for III :

III ≤ C‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn).

Similarly, we have∣∣T((b− bQ)f2, g1
)
(x)− T

(
(b− bQ)f2, g1

)
(x0)

∣∣
=

∣∣∣ ∫
Rn

∫
Rn

(
K(x− y, x− z)−K(x0 − y, x0 − z)

)(
b(y)− bQ

)
f2(y)g1(z) dy dz

∣∣∣
≤

∫
(2Q)c

∫
2Q

|x− x0|
(|x0 − y|+ |x0 − z|)2n+1

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz

≤ C
∞∑
k=2

1

2k|2kQ|2

∫
2kQ

∫
2kQ

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz.

It follows that

IV ≤
( 1

|Q|1+ pβ
2n

∫
Q

∣∣∣ ∞∑
k=2

1

2k|2kQ|2

∫
2kQ

∫
2kQ

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz∣∣∣p dx) 1

p

≤ C‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn).
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We note that∣∣T((b− bQ)f2, g2
)
(x)− T

(
(b− bQ)f2, g2

)
(x0)

∣∣
=

∣∣∣ ∫
Rn

∫
Rn

(
K(x− y, x− z)−K(x0 − y, x0 − z)

)(
b(y)− bQ

)
f2(y)g2(z) dy dz

∣∣∣
≤ C

∫
(2Q)c

∫
(2Q)c

|x− x0|
(|x0 − y|+ |x0 − z|)2n+1

∣∣b(y)− bQ
∣∣∣∣f(y)g(z)∣∣ dy dz

≤ C

∞∑
k=2

2−k

|2kQ|2

∫
2kQ\2k−1Q

∫
2kQ\2k−1Q

(∣∣b(y)− b2kQ
∣∣+ |bQ − b2kQ|

)
|fg| dy dz

≤ C
∞∑
k=2

1

2k|2kQ|2

∫
2kQ

∫
2kQ

(∣∣b(y)− b2kQ
∣∣+ |bQ − b2kQ|

)∣∣f(y)g(z)∣∣ dy dz.
Therefore, we have

V ≤
( 1

|Q|1+ pβ
2n

∫
Q

∣∣∣ ∞∑
k=2

2−k

|2kQ|2

∫
(2kQ)2

(
|b− b2kQ|+ |bQ − b2kQ|

)
|fg| dy dz

∣∣∣p dx) 1
p

≤ C‖b‖Λγ‖f‖Lp1 (Rn)‖g‖Lp2 (Rn).

The proof of Theorem 2.8 is finished. �

Proof of Theorem 2.9. (a) ⇒ (b) Since b ∈ Λγ(Rn), we have the following esti-
mate:

∣∣[b, Iα]1(f, g)(x)∣∣ = ∣∣∣∣∫
Rn

∫
Rn

b(x)− b(y)

(|x− y|+ |x− z|)2n−α

∣∣f(y)g(z)∣∣ dy dz∣∣∣∣
≤

∫
Rn

∫
Rn

|b(x)− b(y)|
(|x− y|+ |x− z|)2n−α

f(y)g(z) dy dz

≤ C‖b‖Λγ

∫
Rn

∫
Rn

|f(y)g(z)|
(|x− y|+ |x− z|)2n−(α+γ)

dy dz

≤ C‖b‖ΛγIα+γ

(
|fg|(x)

)
.

By Lemma 2.13, [b, Iα]1 is bounded from Lp1(Rn)× Lp2(Rn) to Lq(Rn).
(b) ⇒ (a) This proof can be handled in much the same way as that of Theo-

rem 2.7, thus we omit the details here. �

Proof of Theorem 2.10. (a) ⇒ (b) The fact that b ∈ Λγ(Rn) allows us to have
the following:

∣∣[b, Iα]1(f, g)(x)∣∣ ≤ C‖b‖Λγ

∫
Rn

∫
Rn

|f(y)g(z)|
(|x− y|+ |x− z|)2n−(α+γ)

dy dz

≤ C‖b‖ΛγIα+γ

(
|fg|(x)

)
.
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We have∥∥Iα+γ

(
|fg|(x)

)∥∥
Mq,β̃ = sup

Q

1

|Q|
β̃
n
+ 1

q

(∫
Q

∣∣Iα+γ

(
|fg|(x)

)∣∣q) 1
q

≤ sup
Q

1

|Q| 2βn

(
1

Q

∫
Q

∣∣f(x)∣∣p1) 1
p1

(
1

Q

∫
Q

∣∣g(x)∣∣p2) 1
p2

≤ C‖f‖Mp1,β‖g‖Mp2,β .

Therefore, ‖[b, Iα]1(f, g)(x)‖Mq,β̃ ≤ C‖b‖Λγ‖f‖Mp1,β‖g‖Mp2,β .
(b) ⇒ (a) Let s(x) = sgn(b(x) − bQ′), f(y) = χQ′(y), and g(z) = χQ′′(z). We

have ∫
Q

∣∣b(x)− bQ′
∣∣ dx =

∫
Q

(
b(x)− bQ′

)
s(x) dx

=
1

|Q|′′
1

|Q|′

∫
Q′′

∫
Q′

∫
Q

(
b(x)− b(y)

)
s(x) dz dy dx

=
1

|Q|′′
1

|Q|′

∫
Q′′

∫
Q′

∫
Q

(b(x)− b(y))

|x− y|+ |x− z|2n−α

×
(
|x− y|+ |x− z|

)2n−α
s(x) dz dy dx

≤ C|Q|−
α
n

∫
Rn

∫
Rn

∫
Rn

(b(x)− b(y))

|x− y|+ |x− z|2n−α

× s(x)χQ(x)χQ′(y)χQ′′(z) dz dy dx

≤ C|Q|−
α
n

∫
Rn

χQ(x)
∣∣[Iα, b]1(f, g)(x)∣∣ dx

≤ C|Q|−
α
n
+1
( 1

|Q|

∫
Q

∣∣[Iα, b]1(f, g)(x)∣∣q dx) 1
q

≤ C|Q|−
α
n
+1+ β̃

n

∥∥[Iα, b]1(f, g)(x)∥∥M β̃,q

≤ C|Q|−
α
n
+1+ β̃

n‖f‖Mp1,β‖g‖Mp2,β

≤ C|Q|−
α
n
+1+ β̃

n |Q|−
β
n |Q|−

β
n

≤ C|Q|1+
γ
n .

Therefore, we have

1

|Q|1+ γ
n

∫
Q

∣∣b(x)− bQ′
∣∣ dx ≤ C. �
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