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ANALYSIS

GREEN’S THEOREM FOR CROSSED PRODUCTS BY
HILBERT C*-BIMODULES

MAURICIO ACHIGAR
Communicated by N. P. Landsman

ABSTRACT. Green’s theorem gives a Morita equivalence Co(G/H,A) x G ~
A x H for a closed subgroup H of a locally compact group G acting on a
C*-algebra A. We prove an analogue of Green’s theorem in the case G =
Z, where the automorphism generating the action is replaced by a Hilbert
C*-bimodule.

1. INTRODUCTION

The crossed product A x X of a C*-algebra A by a Hilbert A-A bimodule X,
as defined in [2], is a generalization of the crossed product A x, Z of A by
an automorphism a of A. Given an automorphism « of A, one can twist the
trivial bimodule 4A4 replacing the right structure by defining z -, a = za(a)
and (z,y)% = o !(a*d) for a,x,y € A, to get a C*-bimodule, denoted by A,
satisfying A x, Z = A x A, canonically.

Green’s theorem, as stated in [5, Theorem 4.22], gives a Morita equivalence
Co(G/H,A) x G ~ A g, H for a general locally compact C*-dynamical system
(A, G, «) and a closed subgroup H < G. In the special case G = Z, H = nZ, for
n € N, we have G/H = Z,, so that Cy(G/H, A) = Cy(Zy, A) = A™ (n-fold direct
sum) and (H, o|g, A) = (nZ, a|nz, A) = (Z,a™, A) so that A xq, H= A X Z,
where « also denotes the single automorphism generating the action of Z on A,
and o™ denotes its nth composition power. Then, for this special case, we have the
Morita equivalence A" X, Z ~ A Xn Z for a certain action o on A”. Translating
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this into the C*-bimodule language, we get A" x A? ~ A x Agn = A x [A,]®7,
where we use the isomorphism A,» = [A4,]®™ (n-fold tensor product).

In this context, we show that one can replace A, by a general right full Hilbert
A-A bimodule X and establish a Morita equivalence of the form

A" X X~ A x XO

We obtain this as a consequence of Theorem 3.1, which states a Morita equiv-
alence of the form

(A® - PA)NX1® DX ~r A X (X1 @ ®X,),

for a “cycle” of bimodules 4, X14,, 4,X0455 -5 4,1 Xn-14,5 A, Xna,, the special
case A;, = A, X; =X, i=1,...,n, giving the desired result.

2. PRELIMINARIES

2.1. C*-modules, C*-bimodules, equivalence bimodules, and fullness.
A right Hilbert B-module Xp is defined as a vector space X equipped with a
right action of the C*-algebra B and a B-valued right inner product, which is
complete with respect to the induced norm. A left Hilbert A-module 4 X is defined
analogously. A Hilbert A-B bimodule 4 Xp is a vector space X with left and right
compatible Hilbert C*-module structures over C*-algebras A and B, respectively.
Compatibility means that (z,y)r -z = x - (y,2)g, for all z,y,z € X. We say
that a Hilbert A-B bimodule is right full if (X, X)r = B, where (X, X)r =
span({(z,y)r : =,y € X}), is the span denoting the closed linear spanned set.
Left fullness is defined analogously. Finally, an equivalence bimodule is a Hilbert
A-B bimodule 4 X which is right full and left full. When an equivalence bimod-
ule 4 Xp exists, the C*-algebras A and B are said to be Morita equivalent, a
situation denoted A ~ B. (See [3] for reference.)

2.2. Operations with subspaces. For linear subspaces X, X, ..., X, of a fixed
normed x-algebra C, we define

dXi=Xi+ Xt A Xo={mi ot + a1 € X}

X=X X, = {3 wvan - s 2 € X},
k

X ={a" 2z € X}.

If Y;,...,Y, is another family of subspaces and X; = Y] for i = 1,...,n, then
> Xi = Yiand [[ X; = [[Vi. Consequently, equalities of the form XY = XY,
X+Y =X +Y, and so on hold for subspaces X and Y. Also, the following
properties are easily checked for subspaces X,Y, Z:

. X+V)+Z=X+Y+Z=X+ (Y +2), 2. X+Y =Y +X,

3. (XYVVZ=XYZ=X(YZ), 4. XY+2)=XY+XZ,

5. (X +Y) =X"+Y", 6. (XY)" =Y X" 7. (X)=X.
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For a general family of subspaces {X;};c;, we extend the definition of sum as

ZXZ- = {sz : Iy C [ finite, z; € Xi}.

icly

For every such a family and subspace X, we have

s x(Yx) =Y xx, o (in)*:ZX;.

2.2.1. Let C be a fixed normed x-algebra, let A C C be a *-subalgebra, and let
X C C be a linear subspace such that

1. AXCX, 2. XACX, 3 X'XCA, 4 XX'CA

For k € Z, we define X* = XX --- X (k times) if k > 1, X* = Aand X* = (X*)7*
if £k < —1. We have X*X! C X** for all k,l € Z, and X¥ X! = X**if kI > 0.
Denote by A[X] the closed *-subalgebra of C' generated by AU X. That is,

AX]=C"(AuX)=> X~
kEZ
2.2.2. With A, X C C as before, let B C C be a x-subalgebra. Note that
if BA=AB and BX = XB, then BA[X]|= A[X]B.
Indeed, in this case BX* = X*B for all k € Z; then
BAX]=B) X"=) BX*=) X"B=A[X]B.
k k k

In a similar fashion, we can prove that
if BA=Aand BX =X, then BA[X]= A[X].

2.2.3.  Ifin the context of Section 2.2.1 C'is a C*-algebra and A and X are closed,
then A is a C*-algebra and X is a Hilbert A-A bimodule with the operations given
by the restriction of the trivial Hilbert C'-C bimodule structure of C'. Then we have
AX = X and XA = X because both actions are automatically nondegenerate.
Moreover, if we assume that X is right full, that is, X*X = A, then we have
XFX = X"k for k, 1 > 0.

2.3. Crossed product by a Hilbert bimodule. Crossed products of C*-alge-
bras by Hilbert bimodules are introduced in [2]. We summarize here their defini-
tion and principal properties.

2.83.1. Covariant pairs. Given a Hilbert A-A bimodule X and a C*-algebra C,
a covariant pair from 4 X4 to C is a pair of maps (¢,v) where p: A — C'is a
sx-morphism and ¢: X — C a linear map satisfying

L Yla-z)=pla)(z), 2. o((z,y)L) =v(@)(y)*,
3. Y(z-a)=v(@)p(a), 4. o((z,y)r) =v(@)Y(y)

forall a € A, x,y € X. That is, the pair preserves the Hilbert bimodule structure
considering on C' the trivial Hilbert C-C' bimodule structure.
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2.3.2. The crossed product. A crossed product of a C*-algebra A by a Hilbert
A-A bimodule X is a C*-algebra A x X (denoted A xx Z in [2]) together with
a covariant pair (14,tx) from 4 X4 to A x X satisfying the following universal
property: for any covariant pair (p, ) from 4 X4 to a C*-algebra C' there exists
a unique *-morphism ¢ x : A x X — C such that ¢ = (¢ X ) o 1a and
= (pX1)ouix.

2.3.3. Basic properties. The crossed product exists and is unique up to isomor-
phism. The maps ¢4 and ¢x are injective, so that we may consider A, X C Ax X
and the induced x-morphism ¢ x 1) as an extension of the covariant pair (@, ).
Moreover, for any covariant pair (p, 1) we have that Im ¢ x 1 = C*(Im ¢ UIm 1))
and that ¢ x @ is injective if ¢ is injective.

3. THE MAIN THEOREM

3.1. Twisting Hilbert modules. If Xz is a right Hilbert B-module, C' a
C*-algebra, and o: C' — B a x-isomorphism, then we denote by X, the right
Hilbert module over C' obtained by considering on the vector space X the oper-
ations

tgc=z-0(c) and (z,y) =0 '((z,y)) force C,z,ye€X.

If in addition X is a Hilbert A-B bimodule, then X, is a Hilbert A-C' bimodule
with the original left structure. The module X is right full if and only if X, is
right full.

3.2. The twisted sum of a cycle of Hilbert bimodules. Given Hilbert
bimodules 4,X;p, for ¢ = 1,...,n, we have that @ X, is a Hilbert & A;-P B;
bimodule with pointwise operations. The bimodule @ X is right full if and only
if X is right full for alli=1,...,n.

Now, given a “cycle” of Hilbert bimodules 4, X1 4,, 4, X245, -, 4, Xna,, We can
make @ X; into a Hilbert bimodule over @ A; twisting the right action in the
previous constriction with the isomorphism o: A Ay B - B A, > AP --- P
A, & A; given by

o(ay,ag,...,a,) = (ag,...,an,a1) for ay € Ay.

Theorem 3.1. Let 4, Xi4,, 4, X044, -5 4,Xna, be right full Hilbert bimodules
and consider their twisted sum (X1 & --- & X,,), as in 3.2. Then we have the
following Morita equivalence

AX(X1® X)) ~(A1D--BA)X (X1 D X,),.

Proof. Let A=A @ - DAy, let X =(X1D--- D X,)o, and let C = A x X.
We may suppose that Ay, CAC C and X, C X CC, for k=1,...,n, so that
the module operations of each bimodule X, and also the ones of the bimodule X
are given by the operations of the C*-algebra C', that is, by the restriction of the
trivial Hilbert C-C' bimodule structure of C'. Note that as the spaces A, X C C
verify the conditions in Section 2.2.1, then we can define X* for k € Z as done
there. Moreover, as X is a Hilbert A-A bimodule (hence, nondegenerate for both
actions) and is right full, because each X}, is, we have that A, X C C verify the
conditions of Section 2.2.3.
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We extend the families {Ax}7_; and { X, }}_; to families { Ag }rez and { X trez
letting A, = A; and X, = X, if kK = [modn. For all k € Z, we have

Ap Xy = Xy = XpApya, XpXp C Ag, and  XpXp = Apy,

because each X}, is a Hilbert Aj-Ayy; bimodule (hence nondegenerate for both
actions) and right full. We also have

ALA = ALX, = XkAl—i-l =0 for k,l S Z, k 7& lmodn;
therefore, as A=>"7  Ayand X =5, | X,
Ak = AkA = AAk, Xk = AkX = XAkJrl for k € Z,

and then
Ale = XlAk_H for k’,l € 7.
In particular, for k& € Z we have that A, X" = X™A; so that the pairs Ay,

AR X" satisfy the conditions of Sections 2.2.1 and 2.2.3. Following the notation in
Section 2.2.1, we define the C*-subalgebra

and the closed subspace
Z=BX"®BX ®---®BX"' C M,,(C),

where M;,(C) is considered as a Hilbert C-M,(C) bimodule with the usual
matrix operations. To prove the theorem, it is enough to show that ZZ* C ' and
Z*7Z C M, (C) are C*-subalgebras, that Z is an equivalence ZZ*-Z*Z bimodule
with the restricted (matrix) operations, and that we have isomorphisms Z7* =
Al bl <X1®®Xn) and Z*Z = C.

Let us consider the issues concerning the left side first. Note that the equalities
AAl = Al = AlA and A(Aan) = Aan = (Aan>A 1mply, by Section 222,
that AB = B = BA, because B = A;[A; X"| by definition. Then we can calculate

n—1
22 =3 (BX*)(Bx*)* (ZX X~ >B — BAB = B,
k=0

where we use the fact that Zz;é X*X~% = A, which is a consequence of the
relations X*X % C A and X° = A, and that AB = B. Besides, from the definition
of Z it is apparent that Z is B-invariant for the left action. Then we have shown
that Z is a full left Hilbert B-module. Finally, to see that B = A; x(X;®---®X,,),
consider the covariant pair (¢,) given by

p: Ay = C, ¢(a)=a forae A,

VX100 X,=>C, V(X ®-Qux,)=x1--1, forz € X;.
By the universal property of the crossed product (see Section 2.3.2), this covariant
pair extends to a x-morphism @ x¢: A; % (X;®---®X,) — C, which is injective
because ¢ is injective (see Section 2.3.3). Moreover, Im o x ¢ = C*(Im pUIm ) =
B because Imyp = Ay, Im¢y = X;--- X, = A1 X---A,X = A1X", and B =
C*(A; U A1 X™) by definition. Hence we have the desired isomorphism.
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Now, turning to the right side, note that Z*Z is clearly a closed self-adjoint
subspace of M, (C). From the equalities ZZ* = B and BZ = Z we also deduce
that (Z*2)(Z*Z) = Z*BZ = Z*Z, so that Z*Z is a C*-subalgebra of M,,(C') and
Z is a full right Hilbert Z*Z-module.

To show that Z*Z = (', consider the pair of maps p: A — M, (C) and ¢): X —
M, (C) given by

a, 0 - 0 0 x --- 0

0 ay : 0 O :
‘;O(ala aan) = 2 ) 77Z}(5E17 ,an) = . ’

: .0 : R O |

0 0 0 a o oo 00

for (ai,...,a,) EA=A1®--- P A, and (xq,...,2,) € X = (X1 B D X,,),.
The following calculations show that this pair is a covariant pair. For every
ap € A, i, yr € Xi, k=1,...,n, we have

w((al, coan) - (x, . ,xn))

=Y(ay - x1,... a4, Ty)
) ap -y - 0
B 0 0
a : Ap—1* Tp-1
an T, - 0 0
fa;, 0 - 0 0 2, -~ 0
10 ap : 0 O :
B N 0 O A
0 - 0 an] |z - O 0

=(ay,...,a)0(x1,. .., 2T);
gp(<(:€1, ces Tn), (Y1, - ,yn)>L)
= @(("L‘lyyl>L7 oy T, yn>L)

[(z1,y1)1 0 0
_ 0 (T2, 92)r :
) ) 0
O 0 <Inayn>L
0 = 0 0 0 Yn
_ 10 0 yi 0
: '- '- xnil E '. '. O
2, - 0 0 0 - y', 0

=y, )Y, Yn)
w((xl, cey Tp) o (ag, . ,an))
= @/}((:L‘l, co ) - o(ag, .. .,an))



GREEN’S THEOREM FOR CROSSED PRODUCTS BY HILBERT C*-BIMODULES 287

:w((xl,...,xn)-(ag,...,an,al)) = (X1 a9, ..., Tp1 " Ap, Ty - ay)
T 0 T -ay - 0
oo 0
B : : Tp—1 - O
| Tp -y 0 0
[0 a4 0 a; 0 0
oo o a
B : .. . Tp_1 .. .0
z, - 0 0 0 --- 0 a,

=(xy, ..., xn)p(al, ... a,);
(((z1, -y zn), (Y1, Un)) )
=o(o (@1, ), (W1 un)) )
= 80(071(@:1’ YI)Rs - - - s <$myn>R)) = @((wn,yn>3, (T1, Y1) R, - s (Tn_1, yn,l)R)

-<$n7yn>R 0 e 0
_ 0 (xr,y)r :
: ) 0
0 e 0 <xn—1a yn—1>R
0 0 x) 0 1 0
ozt o0 1lo o
N ’ . c. 0 N . c. yn_l
i o -.-- l‘;—l 0 Yn - 0 0

= w(ﬂh, cee 7$n)*w(yla s 7yn)

By the universal property of the crossed product, the covariant pair (¢, )
extends to a *-morphism ¢ x ¢: A x X — M,(C), which is injective because ¢
is injective. Then, to end the proof, it suffices to show that Im p x ¢ = Z*Z.

We calculate that Z*Z C M, (C) by adopting the following matrix notation:

Z*7 = |Eylt,_,, where Ej; = (BX" ") (BX7™') CCi,j=1,...,n.
Simplifying the expressions of the E;;’s, we get
E; = (BX"™)"(BX'™ N =Xx""BX/"L.
Note that
E;=X""BX"™' D X7A X = X1TIXTI4, = A, fori=1,...,n,
E“_H:E”XQAZX:XZ forizl,...,n—l
and that

Ep = X""BX° D X' "(A41X")A = A, X""X" = A, X = X,.
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Then we see that Im¢ C Z*Z and Im C Z*Z. As Im ¢ x¢p = C*(Im o UIm 1)),
we conclude that Imp x ¢ C Z* 7.
To prove the reverse inclusion, denote D = Im ¢ x 1) = C*(Im ¢ U Im ¥)),

A0 - 0
Imyp = O Az cD
' 0
0 0 A,
and
0 X 0
X =Imy = 00 cD
Xn—l
X, 0 0
Note that
0O Xy --- 0[O0 O --- 0] o o0 --- 0 0 0O --- 0
0O 0 0 :|]0 0 Xg 1 |0 0 . : 0 O :
oo : O oo O S X, S 0
0 0 O | 0 0 0 X, 0 O
X1 X, 0 [A; X" 0 0
_ 0 0 0 0 cD.
: 0
0 | 0 0 0
015 (n—1 A Xm O1%(n—1
Then, with [0(n s On 1)(><(n)1) | € D and [O(nl—l)xl O(n—l)(x(nil)] C D, we can gen-
crate By = [, " O1x(n—1) ] € D because E;; = B = A;[A;X"]. Now, for

O(n—1)x1 O(n—1)x(n-1) e T
k.l =0,...,n —1 we have that the product X *FE;; X' C D is the space that,
with the matrix notation, has X}/ --- X{BX;--- X; = X*BX!' = By ,1 14 at the
(I 41,k + 1)-entry and 0 elsewhere. As (k + 1,1+ 1) ranges over all entries when

k,l=0,...,n—1, we conclude that Z*Z = [Ey]i';_; C D, as desired. O
Remark 3.2. For the special case of Theorem 3.1 in which A; = A and X; = X for
i=1,...,n, we obtain A" x X ~ A x X®". As pointed out in the Introduction,

this can be viewed as a generalization to the C*-bimodule context of Green’s
theorem (see [5, Theorem 4.22]) for the cases in which G = Z and H = nZ. That
is, if a: A — A is a x-automorphism, taking X as the trivial Hilbert bimodule
1A 4 twisted by «, the equivalence A" x X" ~ AxX®" becomes Co(G/H, A)xG ~
A X4, H, where a also denotes the action of Z generated by the automorphism.

Corollary 3.3. Let 4 X and gY, be full right Hilbert bimodules. Then
AX(X®Y)~Bx(Y®X).

ol g
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Proof. Note that the twisted sums (X @Y), and (Y @ X), are isomorphic Hilbert
bimodules. Indeed, the pair (¢, ) where p: A®B — B® A, p(a,b) = (b,a), and
v: X®Y - YBX, ¥(xr,y) = (y,x), is an isomorphism. Then, the corresponding
crossed products are isomorphic as well. Therefore

AX(XQY)~(AeB)x(XaY),2(BaA)x (Yo X), ~Bx(Y®X),
where we applied Theorem 3.1 twice for n = 2. 0

Corollary 3.4 ([2, Theorem 4.1]). Let 4 X4 and gYp be full right Hilbert bimod-
ules, and let AMp be an equivalence bimodule such that X @ M = M ® Y. Then

AxX ~BxY.

Proof. As M is an equivalence, we have A = M ® M*, where A is considered as
the trivial Hilbert A-A bimodule and M* denotes the conjugated bimodule of M.
Then X 2 A X 2 M ® M*® X. Besides, M* ® X ® M =Y by hypothesis.
Then, as all these isomorphisms give isomorphic crossed products, we have

AXXZAXAQX)ZAX(MOIM @ X)~BXx (M@ X®@M)=BxY,
where we applied Corollary 3.3 to commute M and M* ® X. Il

Remark 3.5. In [1] the augmented Cuntz—Pimsner C*-algebra O associated to an
A-A correspondence X (see [4]) is described as a crossed product A, X X, where
X is a Hilbert A,.-A. bimodule constructed out of the A-A correspondence X.
Then, by combining this description with [2, Theorem 4.1] (Corollary 3.4 here), we
can show an analogue of this theorem in the context of augmented Cuntz—Pimsner
C*-algebras (see [1, Theorem 4.7]). We believe that using similar techniques to
those of [1], it is possible to obtain versions of Theorem 3.1 and Corollary 3.3 for
augmented Cuntz-Pimsner algebras. For example, the corresponding version of
Corollary 3.3 should establish that Oxgy ~ Oygx for full correspondences 4 Xp
and gYy.
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