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LOCAL LIE DERIVATIONS ON CERTAIN
OPERATOR ALGEBRAS

DAN LIU' and JJANHUA ZHANG?

Communicated by S.-H. Kye

ABSTRACT. In this paper, we investigate local Lie derivations of a certain class
of operator algebras and show that, under certain conditions, every local Lie
derivation of such an algebra is a Lie derivation.

1. INTRODUCTION AND PRELIMINARIES

A well-known and active direction in the study of derivations is the local deriva-
tions problem, which was initiated by Kadison [10] and by Larson and Sourour
[11]. Recall that a linear map ¢ of an algebra A is called a local derivation if,
for each A € A, there exists a derivation ¢4 of A depending on A such that
©(A) = @a(A). The question of determining under what conditions every local
derivation must be a derivation has been studied by many authors (see [6], [7], [13],
and [14]). Recently, Bresar [1]| proved that each local derivation of algebras gen-
erated by all their idempotents is a derivation.

A linear map ¢ of an algebra A is called a Lie derivation if p([A, B]) =
[0(A), B+ [A, o(B)] for all A, B € A, where [A, B] = AB — BA is the usual Lie
product, also called a commutator. A Lie derivation ¢ of A is standard if it can
be decomposed as ¢ = d + 7, where d is a derivation from A into itself and 7 is
a linear map from A into its center vanishing on each commutator. The classical
problem, which has been studied for many years, is to find conditions on A under
which each Lie derivation is standard or standard-like. This problem has been
investigated for general operator algebras (see [4], [9], and [12]).
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A linear map ¢ of an algebra A is called a local Lie derivation if, for each
A € A, there exists a Lie derivation ¢4 of A such that p(A4) = @4(A4). In [3],
Chen et al. proved that each local Lie derivation of B(X) where X is a Banach
space of dimension greater than 2 is a Lie derivation. Later, Chen and Lu [2]
proved that each local Lie derivation of nest algebras on Hilbert spaces is a Lie
derivation. It is quite common to study local derivations in algebras that contain
many idempotents in the sense that the linear span of all idempotents is “large.”
The main novelty of this paper is that we deal with the subalgebra generated by
all idempotents instead of the span. Let M be the algebra of 2 x 2 matrices over
L]0, 1]. By [8], M is generated by, but not spanned by, its idempotents. In what
follows, we denote by J(A) the subalgebra of A generated by all idempotents
in A. The purpose of the present paper is to study local Lie derivations of a
certain class of operator algebras. We also provide an example of an algebra with
a nontrivial local Lie derivation.

Let X and Y be Banach spaces over a real or complex field F. By B(X)
we denote the algebra of all bounded linear operators on X. Let A and B
be unital subalgebras of B(X) and B(Y), respectively, and let M be a uni-
tal (A, B)-bimodule, which is faithful as a left A-module and also as a right
B-module. Under the usual matrix operations,

A M

romia s - {(4 Y

):AEA,MGM,BEB}

is an operator algebra with the unit 1 = (§* ?B), where 14 and 1z are the units

of the algebras A and B, respectively.
Let Z(T) be the center of T. It follows from [4] that

Z(T):{(g1 g) :AM:MBforallMeM}.

Let us define two natural projections w4 : 7 — A and 75 : T — B by

mp(é ]\g)r—mél and WBZ(IS ]\]g)'_)B'

Then m4(Z(T)) € Z(A) and m(Z(T)) C Z(B).
Throughout this paper we will use following notation:

14 0 0 0
P1:<64 0)7 P2:1_P1:(0 15)7

and

It is clear that the algebra 7 may be represented as
T =Ti1® T2 ® Tao.

We close this section with a well-known result concerning Lie derivations.
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Proposition 1.1 ([4, Theorem 11]). Let T = Tri(A, M, B) with Z(A) = wA(Z(T))
and Z(B) = ng(Z(T)). Then every Lie derivation ¢ : T — T is standard; that
18, p is the sum of a deriwation d and a linear central-valued map T vanishing on
each commutator.

2. MAIN RESULTS

Our main result reads as follows.

Theorem 2.1. Let A and B be unital subalgebras of B(X) and B(Y'), respectively,
let M be a faithful (A, B)-bimodule, and let T = Tri(A, M, B). Suppose that
(1) A=J(A) and B= J(B),
(2) Z(A) = 7ma(Z(T)) and Z(B) = n5(Z(T)).

Then every local Lie derivation ¢ from T into itself is a Lie derivation.

To prove Theorem 2.1, we need some lemmas. In the following, ¢ is a local Lie
derivation and, for any A € T, the symbol ¢ 4 stands for a Lie derivation from
T into itself such that ¢(A) = pa(A). It follows from A = J(A) and B = J(B)
that every Agg in Ti, can be written as a linear combination of some elements
A,(J,i)A,(ﬁf) . -A(Z" ) (i=1,2,...,m), where A,(;,;), A,(;,j), . ,A,(j,:i) are idempotents
in T (k=1 2)

Lemma 2.2. For every idempotent P,Q) € T and A € T, there exist linear maps
T1,To, T3, T4 - T — Z(T) vanishing on each commutator such that

p(PAQ) = p(PA)Q + Pp(AQ) — Pp(A)Q + Prr(PAQ)Q*
= Pry(PHAQ)Q™ + Prs(PHAQH)Q — Pmi(PAQHQ,

where P =1—P and Q+ =1 — Q.

Proof. Assumption (2) of Theorem 2.1 and Proposition 1.1 imply that, for every
idempotent P,Q) € T and A € T, there exist derivations dy,ds, d3,dy : T — T
and linear maps 1,7, 73,74 : T — Z(T) vanishing on each commutator such
that

P(PAQ) = ppag(PAQ) = di(PAQ) + 1 (PAQ), (2.1)
(PHAQ) = ppiag(PHAQ) = do(PHAQ) + 7(PHAQ), (2.2)
p(PTAQ ) = SOPLAQL(PLAQ ) = d3(PTAQ") + m3(PHAQ™), (2.3)
P(PAQY) = ¢pagr (PAQ") = dy(PAQ™) + T (PAQ™). (2.4)

It follows from (2.1)—(2.4) that

Prp(PAQ)Q' = P (PAQ)Q™,
Po(PHAQ)Q* = Pry(PHAQ)Q™,
Pp(PTAQM)Q = Pr3(PAQM)Q,
Pro(PAQM)Q = Py (PAQMQ.



LOCAL LIE DERIVATIONS ON CERTAIN OPERATOR ALGEBRAS 273

Hence
p(PAQ)Q™ = Pp(PAQ )QL + Prp(PAQ)Q™
= Po(AQ)Q" — Po(PTAQ)Q" + PHo(PAQ)Q™
= Po(AQ)Q" + P 1 (PAQ)Q" — Pry(PTAQ)Q"
= Po(AQ) — Po(AQ)Q + P mi(PAQ)Q" — Pra(PHAQ)Q*
and

e(PAQM)Q = Pp(PAQM)Q + Prp(PAQM)Q
= Po(AQT)Q — Pp(PTAQM)Q + Prp(PAQ™M)Q
= Pp(AQH)Q — Pr3(PHAQY)Q + PHry(PAQH)Q.
Thus

p(PAQ) = p(PAQ)Q™ + p(PAQ)Q
= p(PAQ)Q™ + ¢p(PA)Q — o(PAQM)Q
= p(PA)Q + Pp(AQ) — Pp(A)Q + P*m(PAQ)Q*
— Pr(PHAQ)Q + Pr3(PAQM)Q — PH7y(PAQM)Q,
where we have used p(AQ) = p(A) — p(AQ™). O

Lemma 2.3. For any A;; € Ti; (1 <i<j<2), we have

(1) P“D(Pl)Pl + PQ(,D(P1>P2 € Z(T) and @(Alg) S 712,
(2) PISO(All)PQ = A11Q0(P1)P2 CLTld PISO(AQQ)PQ = —Plgp(P1>A22.

Proof. (1) For any Ajs € Ti2, we have

op, (A12) = op, ([P, A12])
= [e(P1), Ai2] + [P, ¢op, (A12)]
= p(P1) A1z — A1ap(P1) + Prop, (A1) Pa.

Left-multiplying by P; and right-multiplying by P, this implies that
Pip(P1)A1s = A19p(Py) Py, and so

Prp(PL) Py + Pop(P) Py € Z(T).
It follows from Ay = [Py, Ajo] that

0(A12) = ©a,, ([Pr, A1a])
= [@a(P1), Arz] + [P1,p(A1)]
= 0,5 (P1)A12 — A1204,,(P1) + Prp(Ara) P

Multiplying the above equality from both sides by P, and P, respectively, we
have Plcp(Alg)Pl = PQQO(AH)PQ = (. Hence (,O(Alg) = P1QD(A12)P2 - 712.
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(2) Let Bn c 73171412 c 7i12 Taklng P = All? A = BH, and Q = P1 in
Lemma 2.2, we have from PAQ+ = P*AQ+ = 0 that

P(AY Bir) = (A Bu) Py + AlY o(Buir) — A o(Bu)
+ (1= A (AY Bi) P, — Ao (By — AY B Py
= (Al Bu) Py + AYp(Bir) Py + 11(A) Buy) P,
This implies that
Pip(AY Bu) Py = A o(B1) Py.
In particular,
Pip(AR) Py = AR o(P1) Py,
By the above two equations, then
Pip(AT ALY - A Py = AV o(AT - ATY) P,
= AR AT - A V(A Py
= Agll)A?l o 'A§1 o(P1) Py
for any idempotents Agll),Aﬁ), . 11 € Ti1. It follows from A = J(A) that

Pip(An) Py = App(P)P, for all A1 € Tii. Similarly, we can obtain from
Lemma 2.2 and the fact p(1) € Z(T) that

P190(A22)P2 = PlSO(P2)A22 = —P1<P(P1)A22
for all A22 € 7—22. O

Next we define a linear map § : 7 — T by §(A) = p(A) — [A, Pip(P1)Py).
Then 6 is also a local Lie derivation, and by Lemma 2.3, §(P;) € Z(T) and

0(Ti2) € Tha, (Tu) CTu @ T (1=1,2). (2.5)
Remark 2.4. Tt is easy to verify that, for each derivation d : T — 7T, we have
d(Ti2) € Tia, d(Ta) CTu® T2 (1=1,2). (2.6)

Lemma 2.5. We have the following.

(1) 0([A11, Ar2]) = [0(A11), Ara]+[A11,0(Ar2)] for all Ayy € Thy and Ays € Tho,
(2) 6([A12, Aga]) = [0(Ar2), Aga]+[A12,0(As2)] for all Ary € Tra and Ay € Taa.

Proof. (1) To prove this statement, we only need to prove that
5([14&11)14521) o 'qu)> Alz])
= [S(AR AR - AT), Ap] + [AF AT AT 0(Ap)] 27)

for any idempotents Aﬁ), Aﬁ), . ,AY{) € Ti1 and Ajp € Tis.
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Let By; € Th1, and let Ajy € Tip. Taking P = AY. A = By, and Q = P, + Ay,
in (2.2) and Lemma 2.2, it follows from the facts PTAQ+ and PAQ"* can be
written as commutators that 73(PtAQ+) = 74(PAQ*) = 0. Then we can get

§(Bi1 + By A, — AYVB — AYVB A)
= dy(Byy + B A, — AV By — AYVB A)
+ 79(By1 + By A, — AYB — AYVB A)
= do(Byy + B Ao — AV By — AV B A)
+1o(By — AYVBy) (2.8)
and
O(AY By + AY B A)
5(/111 Bi)(Pr + App) + Au §(By1 + BiiAr) — Aﬁ)ts(Bll)(Pl + Aa)
+ (1= AN AYB) + AV B A) (P — Ap)
— AV (Byy + B A — AVBy — AV B AR) (P — Ap)
= §(A)B) (P + Aw) + AVS(Byy + BiiA) — ADS(BL) (P + Ap)
+ (1= AT (AT Bu)(Py — Av) — AV (Byy — AT Bu)(Py — A)
— §(AY B P+ 0(AY B Ay + AV (B Ars) — ASVS(Bi) Ar
+ 1 (AYB) Py — Apr (AYB) + AV A (AYByy)
+ AV Apr(By — AV By, (2.9)

where we have used (2.5) in the third equality. It follows from (2.5), (2.6), and
(2.8) that

P25(311 — Agll)Bll)PQ = TQ(BH — Agll)Bll)PQ (210)
It follows from (2.5) and (2.9) that
PQ(S(Agll)Bll)PQ == Tl(Agll)Bll)PQ. (211)

By (2.10) and (2.11), then Ao7 (A By1) = A0(AYByy) and
AY Apry(Byy — A By) = AN Ad(B — AN Buy)
=AY A1,6(Byy) — AV 41,640 Byy)
= AWM A1,6(By1) — AV A7 AV By).
This together with (2.9) gives us that
§(AY) By + A By Ayy)
= 5(AYB) P+ 6(AY B A + AVS(BrA) — AVS(B1) A
+ Po(AY B )Py — Apd(AY B + AV ALS(Byy). (2.12)
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It follows from 6(T71) C Tr1®Tas that S(AY By) = 6(AY By ) Pi+Pas(AY By ) Py,
and so, by (2.12),
§(AYBAp) =54V B )A +A<”5(B Ap) — AY§(B)A
11 1143112 11 11 12 11 1143112 11 11 12
Taking By; = P; in (2.13), we have from §(7Ti2) C T2, T12T11 = 0 and 6(P;) €
Z(T) that
S([AR, A]) = [8(AT)), Ava] + [AFY, 6(A)].

This shows that (2.7) is true for n = 1. One can verify that (2.7) follows easily by
induction based on (2.13). Similarly, we can show that statement (2) is valid. O

Lemma 2.6. We have the following.

(1) 5([1411,311]) = [5(1411), 311] + [Alb (Bll)] Jor all Ayy, By € Th,
(2) 5([1422,322]) = [(5(1422), 322] + [Azz, (322)] Jor all Agz, Bay € Tas.

Proof. Let Ay1, By € Ti1. The assumption (2) of Theorem 2.1 and Proposition 1.1
imply that there exist a derivation d : 7 — Tand a linear map 7 : T — Z(T)
vanishing on each commutator such that

5([1411, B11]) = 0[A41,B11] ([An, Bn])
= d([An, Bn]) + T([An, B11])
= d([AH, BH]).
This and the facts §(7T11) € Ti1 @ Ta2 and d(771) € T @ Tip imply that
6([A11, Bui]) € T
For any C}5 € Ti2, we have from Lemma 2.5 that
6([[Aun, Bu), Ci2])
= 5([1411, Bncm]) - 5([311,A11012])
= {5(1411)7311012] + [A11,5(B11C12)}
- [5(311),A11012] - [311,5(1411012)]
= {5(A11)7311012] + [An7 [5(311),012} + [311,5(012)“
- [5(311),A11012] - [311, [5(1411),012} + [A11,5(Cl2)ﬂ
= [5(1411)7 Bn} Cra + [Ally 5(311)]012 + [A11, B1]6(Cha),

where we have used (2.5) in the fourth equality. On the other hand, we have from
5([1411,311]) € 711 and 5(012) € 712 that

5([[1411,311],012}) = [5([1411,311}),012] + [[A11,B11],5(C12)]
= 5([1411, Bn])Clz + [A11, Bi1]6(Cha).

Comparing the above two equalities, we have

{5(["411’311]) - [5(1411)7311] - [AH,CS(BH)] }012 =0
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for any C1o € T1o. Since Tis is a faithful left 7;;-module, we get
5([A11,Bll]) = [5(1411),311] + [A11,5(Bll)]
for all Ajq, Byy € Tip. Similarly, we can show that statement (2) is valid. O
Proof of Theorem 2.1. Let A, B € T. Then
A= A+ Agg + Ag, B = By1 + Bia + B
for some A;;, B;; € T;;. It follows from (2.11) that
Pyo(Ti1) P2 C Z(T) Py and Pi6(Ts2)PL C Z(T)Py.
This implies that [0(A;;), Bj;] = 0 for all A;; € T;; and that Bj; € T;; (1 < i #
J < 2). Hence we have from 6(712) € 712 that
5(4), B] + [4,608)
= [5(1411 + A1z + Agz), Bin + Bz + B22]
+ [An + Aig + Aoz, 6( By + Biz + 322)]
= [6(An), Bi1] + [A11,6(B11)] + [0(An), Bia| + [A11,6(Bi2)]
+ [5(1412),311] + [A12,5(311)} + [5(/112)7322} + [A12,5(B22)}
+ [6(Ass), Bia| + [A22,6(Bi2)] + [0(A2), Baa] + [As, 8(Baa)].
On the other hand, it follows from Lemmas 2.5 and 2.6 that

5([14, B]) = (5([1411, Bll]) + 5([/111, B12]) + (5([1412, Bll])
+ 6([A12, Bao]) + 6([A22, Bi2]) + 6([Az2, Baa))
= [5(A11),B11} + [A11,5(B11)} + [5(1411)7312} + [A11,5(312)]
+ [6(A12), Bi1] + [A12,6(Bn)] + [0(A12), Baa] + [A12,6(Ba2)]
+ [5(1422),312} + [A22a5(312)} + [5(1422),322] + [A22,5(322)]-
Then 6([A, B]) = [6(A), B] + [A,0(B)] for all A, B € T; that is, ¢ is a Lie deriva-

tion. By the definition of §, we have p(A) = §(A) + [A, Pip(P,)Ps] for all A € T.
Hence ¢ is a Lie derivation as required. 0

Let N be a von Neumann algebra acting on a separable Hilbert space H. A nest
B in NV is a totally operator-ordered family of projections in N, which is closed
in the strong operator topology, and which include 0 and I. The nest subalgebras
of N associated to a nest 3, denoted by Alg,[3, is the set

AlgyB={T € N: PTP =TP for all P € 8}.

Corollary 2.7. Let 8 be a nontrivial finite nest in a factor von Neumann alge-
bra N'. Then every local Lie derivation of Algx5 is a Lie derivation.

Proof. Let P € [ be a nontrivial projection. Write N7 = PNl|py, No =
PNlpiy. Let By = {QP : Q € B}, and let By = {QP+ : Q € B}. Then B,

and [y are nests in factor von Neumann algebras N; and N5, respectively. Let
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M = PNlpry. Then M is a faithful (Algy, 51, Algy,B2)-bimodule. The nest
subalgebra Alg,5 can be represented as

(Alg/vlﬁl M >

0 AlgNQ/B2 ’
Since Z(Algy8) = CI, Z(Algy,p1) = CP, and Z(Algy, B>) = CP*, the second
condition of Theorem 2.1 is satisfied. The first condition is also satisfied because
[y and [y are finite. It follows from Theorem 2.1 that every local Lie derivation
of Alg,/3 is a Lie derivation. O]

Let A and B be norm-closed unital subalgebras of B(H) and B(K), respec-
tively. In [5], Gilfeather and Smith defined an operator algebra analog A#B, which
is called the join of A and B, as a subalgebra of B(H & K) of the form

(B(Iﬁ K) zg) '

Corollary 2.8. Let A and B be factor von Neumann algebras of B(H) and B(K),
respectively. Then every local Lie derivation of AtB is a Lie derivation.

Proof. Tt is clear that A and B are generated by their idempotents. Since Z(A) =
Cly, Z(B) = Clk, and Z(A#B) = Clygk, the second condition of Theorem 2.1
is satisfied. It follows from Theorem 2.1 that every local Lie derivation of AfB is
a Lie derivation. O

Let M, »(F) be the set of all n x k matrices over F. For n > 2 and m < n,

the block upper triangular matrix algebra T%(IF) is a subalgebra of M, (IF) of the
form

My, (F) My (F) -+ Migy e, (F)
0 My, (F) - My, (F)
0 0 s My, (F)
where k = (ki, ks, ..., ky) € N™ is an ordered m-vector of positive integers such

Corollary 2.9. Every local Lie derivation of a block upper triangular matriz
algebra T*(F) is a Lie derivation.

Proof. The block upper triangular matrix algebra T%(F) can be represented as
T (F)  Mixn-(F)
0 TxEFE) )’

where 1 <1 < mand k; € N ky € N*! Tt is clear that Tkl( )and 7> ( ) satisfy
the condition (1) of Theorem 2.1. Since Z(THF)) = FI,, Z(Tkl( )) = F1;, and
Z(T" (F)) = FI,_;, the condition (2) of Theorem 2.1 is satisfied. O

Corollary 2.10. Let A be a unital algebra over F. Then every local Lie derivation
of the algebra T = Tri(M,,(A), M« (A), Mi(A)) is a Lie derivation for n,k > 2.



LOCAL LIE DERIVATIONS ON CERTAIN OPERATOR ALGEBRAS 279

Proof. For n,k > 2, it follows from the result of [1] that M, (A) and M(A) are
generated by their idempotents. On the other hand, we have Z(T) = Z(A) L4,
Z(M,(A)) = Z(A)1,, and Z(My(A)) = Z(A)I;. Hence, by Theorem 2.1, every
local Lie derivation of T is a Lie derivation. O]

We denote by {E;; } the standard matrix units of M3(IF). The following example
shows that the conditions (1) and (2) of Theorem 2.1 cannot both be dropped.

Example 2.11. Let A = span{FE}; + E9, E12}, let B = span{FEs3}, let M =
span{ E13, Fa3}, and let T = Tri(A, M, B). Then there exists a local Lie derivation
of 7 which is not a Lie derivation.

Proof. 1t is clear that A # J(A) and Z(A) # m4(Z(T)). It can be shown that a
linear map ¢ : T — T is a Lie derivation if there exist scalars A\, Ao, A3 € F such
that

() =0,  @(Ew) = MEwn,  @(Ey)= AEs+ A3k,
and
p(Ers) = (A1 4 As) Ens.
We define a linear map ® : 7 — 7T by

O(A) = (2a13 — ag3) Erg + a12E42
for each A = (a;;) € T. It is easy to check that
(I)([) = O, (I)<E12) = E127 @(Egg) = _E137 and ®<E13) = 2E13.

If ass # 0, then let 1 be the linear map of 7 with (1) = 0, p1(FE12) = Eio,
©1(Ea3) = (assa13 — 1)Ey3, and ¢y(E13) = Ei3. Then ¢, is a Lie derivation
of T. It follows from the definition of ® that ®(A) = ¢1(A). If ass = 0, then
let 9 be a linear map with po(I) = 0,p2(E12) = FEio, wo(Fa3) = FEas, and
wo(FEh3) = FEi3. Then ¢y is a Lie derivation of 7. By the definition of &, we
have ®(A) = po(A). Therefore, ® is a local Lie derivation. Let A = Ej5 and
B = E12 + Egg. Then @([A,B]) = (b(ElB) = 2E13 and [@(A),B] + [A,@(B)] =
(B, Erg + Eas| + [Eqg, g — Ey3] = Ey3. Hence

®([A, B)) # [®(A), B] + [A, ®(B]).

We conclude that & is a local Lie derivation, which is not a Lie derivation. [l
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