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ABSTRACT. We give a sufficient and necessary condition for an analytic func-
tion f(z) on the unit ball B in C™ with Hadamard gaps, that is, for f(z) =
> pey Pne(2) where P, (z) is a homogeneous polynomial of degree nj and
ngt1/nk > ¢ > 1 for all k € N, to belong to the weighted-type space Hp® and
the corresponding little weighted-type space H ;) under some condition posed
on the weighted funtion p. We also study the growth rate of those functions
in H;°.

1. INTRODUCTION

Let B be the open unit ball in C" with S as its boundary and let H(B) be
the collection of all holomorphic functions in B. Here H*>°(B) denotes the Banach
space consisting of all bounded holomorphic functions in B with the norm || f{|. =
sup.cg |£(2)].

A positive continuous function p on [0, 1) is called normal if there exists positive
numbers « and §, 0 < a < 3, and 6 € (0,1) such that

_ulr) is decreasing on [d,1), lim _plr) =0,

(1 —r)> ro1 (1 — 7)o L)
M is increasing on [4,1), lim LT) = 00 '
(L—r)? S (1= )P

(see, e.g., [7]). Note that a normal function p : [0,1) — [0, 00) is decreasing in a
neighborhood of 1 and satisfies lim,_,;- u(r) = 0.
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An f € H(B) is said to belong to the weighted-type space denoted by H:° =
HX(B) if
171 = sup u(Jz0)] £ ()] < oo,

where 1 is normal on [0, 1). It is well known that HS° is a Banach space with the
norm | - .

The little weighted-type space, denoted by H%, is the closed subspace of H
consisting of those f € Hp° such that lim, ;- ,u(]z\)|f( )| = 0. When u(|z]) =
(1—2]*)*, a > 0, the 1nduced spaces H:® and H are denoted by Hg® and HJY,
respectively.

We say that an f € H(B) has the Hadamard gaps if f(z) = Y roy P, (2), where
P,, is a homogeneous polynomial of degree n; and there exists some ¢ > 1,

Nk+1
ng

>c, Yk>0

(see, e.g., [8]).

Hadamard gap series on spaces of holomorphic functions in the unit disk D or
in the unit ball B have been studied quite well. We refer the readers to the related
results in [2], [4], [5], [8], [10]-][14], and the reference therein.

In [12], the authors studied the Hadamard gap series and the growth rate of
the functions in H:° in the unit disk. Motivated by [12], the aim of this paper
is to study the Hadamard gap series in H° as well as its little space HJ5, on
the unit ball. Moreover, as an application of our main result, we characterlze the
growth rate of those functions in H;°.

Throughout this article, for a,b € R, a < b (a 2 b, respectively) means that
there exists a positive number C', which is independent of a and b, such that
a < Cb (a > Ob, respectively). Moreover, if both a < b and a 2 b hold, then we
say that a ~ b.

2. HADAMARD GAP SERIES IN H7° AND H

Let f(z) = > 4o Pe(z) be a holomorphic function in B, where Py(z) is a
homogeneous polynomial with degree k. For £ > 0, we denote

M, = sup’Pk(f)’.
£es

We have the following estimations on M}, of a holomorphic function f € H}®
(or f € H, respectively).

Theorem 2.1. Let p1 be a normal function on [0,1). Let f(z) = > 7, Pu(2), 2 €
B. Then the following statements hold:

(1) if f € HX, then supyso Mypu(1 — ) < oo,
(2) if feH s then limy o My (1 — %) =0.

Proof. (1). Suppose that f € H°. Fix a § € S, and denote

= P(Qu* =D Pi(éw), weD.
k=0 k=0
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Since f € H(B), it is known that, for a fixed £ € S, f¢(w) is holomorphic in D
(see, e.g., [6]). Hence, for any r € (0, 1), we have
My, = sup| Py (€)| = sup

1 fe(w)
£es ges 2mi /|w|:,, Wkt dw (2.1)
1 f(§w)
/|w|=7' warl dw‘
< iSup/ . |f(£w)‘|dw|

prk+1

Ly [ lemlien

G S
k> 2,k €N, we have

L/l
(L= =5

In (2.1), letting r =1 —

=

M, <

Thus, for each k > 2,

1 11l
Mku<1 - E> < W < 4[| fl],

which implies that
1
sup Mo (1= 1) < max{u(0)M1, 4] fI|} < oc.
k>1
(2). Suppose f € H%; that is, for any € > 0, there exists a 6 € (0,1) when

0 < lz] <1, u(|z])|f(2)] < e. Take Ny € N satisfying § < 1— 3 <1 when k > No.
Then for any k> Ny and r =1 — %, as the proof in the previous part, we have

€
M, < sup u(E)|f)] < ,
- n S VO <
which implies
1 €
M, @——)<____<4, k> No.
Hence we have limy_o Myu(1 — ) = 0. O

Theorem 2.2. Let p be a normal function on [0,1). Let f(z) = > 7y Pn,(2)
with Hadamard gaps, where P, is a homogeneous polynomial of degree ny. Then
the following assertions hold:

(1) f € HY if and only if supys, pu(1 — n_lk)Mnk < 00,
(2) f € HS, if and only if limg oo p(1 — %)Mnk =0.

Proof. By Theorem 2.1, it suffices to show the sufficiency of both statements.
(1). Noting that

761 = 3 R ()

f: n f: 2|
k=0 k=0 K Nk
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from the proof of [12, Theorem 2.3], we have

OIS < 1 ) Iz
S — )" S )
U= S 2\ 2 e )R
S S —
(1= [z[)u(lz])
which implies f € H°, as desired.
(2). Since limg_y o0 p(1— i)Mnk = 0, we have sup;>; p(1— i)Mnk < 00. Hence,
by part (1), we have f € H°. For any ¢ > 0, there exists a Ny € N satisfying
when m > N

1
Mnm,u(l — —) <e.
T

For each m € N, put f,,(2) = > ;" Py, (2), which clearly belongs to H}, since it
is a polynomial. Hence it suffices to show that || f,, — f|| = 0 as m — oo. Indeed,
for m > Ny, we have

i) =12 = | 3 Pl 2 30 Myl < Z

k=m+1 k=m+1 k= m+1 nk)

|"’“

From this, the result easily follows from the proof of part (1). O

3. GROWTH RATE
As an application of Theorem 2.2, in this section, we show the following result.

Theorem 3.1. Let i be a normal function on [0,1). Then there exists a positive
integer M = M (n) with the following property: there exists f; € HF 1<i<M,
such that

Z}fl |z|) z € B.

Note that the result in [12, Theorem 2.5] in the unit disk is a particular case
of Theorem 3.1 when n = 1.

Remark 3.2. We observe that M cannot be 1. Indeed, assume that there exists a
[ € H.? such that
1

f(z

IOy
It implies that f(z) has no zero in B, and it follows that there exists g € H(B)
such that f = e9. Thus

z € B.

’f | — ‘69(2)| — eReg(Z)’

which implies that efe9() > (‘Z|
(0, 1), integrating on both sides of the above inequality on S = {z € B, |z| =},

we have
/TS Reg(z) do /rs log( (|12|)> do = log(ﬁ> .o (rS).

and hence Re g(z) 2 log m For each r €
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By the mean value property, we have Reg(0) 2 log(#(lr)),Vr € (0,1), which is

impossible.

Before we formulate the proof of our main result, we need some preliminary
results. In the sequel, for &, ( € S, denote

2\ 1
d(&,¢) = (1= (& 0[)*
Then d satisfies the triangle inequality (see, e.g., [1]). Moreover, we write Fs(()
for the d-ball with radius 6 € (0,1) and center at ¢ € S:

E5(¢) = {¢€ €S+ d(¢,¢) < d}.

We say that a subset I' of S is d-separated by 6 > 0 if d-balls with radius ¢ and
center at points of I' are pairwise disjoint.

We begin with several lemmas which play an important role in the proof of our
main result.

Lemma 3.3 ([3, Lemma 2.2, [9]). For each a > 0, there exists a positive integer
M = M,(a) with the following property: if 6 > 0, and if I' C S is d-separated
by ad, then I' can be decomposed into I' = Uj\il I'; in such a way that each I'; is
d-separated by §.

Lemma 3.4 ([3, Lemma 2.3]). Suppose that I' C S is d-separated by &, and let k
be a positive integer. If

¢er
then

—m252k
2 .

|P(2)] <14+ (m+2) %
m=1

Proof of Theorem 5.1. We will prove the theorem by constructing f; € H;° sat-
isfying the given property only near the boundary (then, by adding a proper
constant, one obtains the given property on all of the unit ball). Since u is nor-
mal, by the definition of normal function, there exists positive numbers «, § with
0<a<f,and ¢ € (0,1) satisfy (1.1). Take and fix some small positive number
A < 1 such that

> 21
D (m+2) ez < > (3.1)
m=1

Let M = M, (%) be a positive integer provided by Lemma 3.3 with 4 in place of
a. Let p be a sufficiently large positive integer so that
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and M—0.5
BM  9—p" " 1
P 2M—0.5_,M—0.5 < 5 (34)
1—pfM. 2= —p ) — 200
For each postive integer j < M, set J, such that
A2p75j2-70 =1, (3.5)
and inductively choose d;, such that
pMo3, =07, ., v=12... (3.6)
From (3.5) and (3.6), we get
2, vM+j52  _
ATp"iey, =1 (3.7)

For each fixed j and v, let ['"* be a maximal subset of S subject to the condition
that [V is d-separated by Ad;,/2. Then, by Lemma 3.3, write

M
Fj’v = U Fj,vM—H (38)
=1

in such a way that each I';,ar4; is d-separated by 9, ,.
For each 4,5 =1,2,..., M and v > 0, set
vM—+j

Pz’,uMJrj(Z) = Z <Z7 §>p )

€L Mt i)

where 7° is the ith iteration of the permutation 7 on {1,2,..., M} defined by

. j+1, 7<M,
() =17 .
, j =M.
By (3.7), Lemma 3.4, and (3.1), we get that

00 _m26J2_7vpv]W+j
}PLUM-&-]'(Z” <1+ Z(m + 2)2n—26f

m=1

(o] m2
<1+ Z(m +2)" %7247 <2, z€B (3.9)
m=1
forall7,7 =1,2,..., M and v > 0.
Define

= f)ivaLj(Z)
gi;(2) = — zE€DB.
=20 )
By Theorem 2.2, it is clear that, for each i,j € {1,2,..., M}, gi; € H°.
We will show that, for every v > 0,1 < 57 < M, and z € B with

1
- 10
p’UM+]+§

- <lol<1- (3.10)

va+j

> _C , where C is some

there exists an i € {1,2,..., M} such that |g;;(2) iED

constant independent of the choice of 7, 7, and z.
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Fix v, j, and z for which (3.10) holds. Let z = |z|n, where n € S. Since d-balls
with radius Ad;, and centers at points of IV cover S by maximality, there exists
some ¢ € 'Y such that n € Eys,,(¢). Note that ¢ € I'j ypr4q for some 1 <1 < M
by (3.8), and hence ¢ € I'; ,pr4-i(;) for some 1 <@ < M.

We now estimate |g; ;(z)|. By (3.9),

|9w |_‘Z ”ﬂprj

kMJrJ)
-PZUM—i—j i Z sz—i—]
B M( - UM+J - kM+J)
v M
= |2[? ﬂ‘Pi,vMJrj(n)’ _ ‘ Bl +JPi,kM+j(77)‘
pn(1— Iﬁ) o (= 7 )
|Z|puM+g |PZ UM+] Z1 | |pkM+J
o ,U(l - pU1W+J) k— o pkMJFJ)
o
— 2
kzv;tl B p"M”)
= Il - [2 - [37
where
vM+j v—1 kM
P P ()] _ Ea
]1 — 1 I , _[2 =2 1 1 )
(1 — Im) —0 n(l— W)
and . | |pkM+]
I3 =2
k;l (1 — i)
Now we estimate Iy, 5, and I3, respectively.
e Estimation of I.
By (3.2) and (3.10), we obtain
) 1 pv]\4+j 1
va+] - -
12 = (1 va+J'> = 3’

and therefore
1o Pasresn)
3p(l — oores )
S ([{n, )P P derj,v]\/[+‘ri(j)’£;é< |<777€>|va+j>
N 3u(l — rer)

(by the proof of [3, Theorem 2.1])
2

= 2Tl — )

o Estimation of Is.




266 B. HU and S. LI

By the definition of normal function, we have for each s € N

(1= (1= o))" - (1 — irey) - (1= (1= 5mr))
(1= = s )~ p( = o) — (0= (1= sorar)?
that is,
1
L <o < T Em) s

= (1 = )

Combining this with (3.3), we have

1
I, <2
p p(l zﬁ)
_ 2 v_l[ p(1 = ) (1 = i)
(1 = o) = L1 = St ) (L = o)

(1 — Im)]
p(l = g )

v—1

< 2 Z 1 < 2 1
T (= ) e pMOTR T (1 = ) M -1

< S
1004(1 — oirey)

e Estimation of I3.
Note that, by (3.2) and (3.10), we have

v j ]_ p
|z|P < (1 - —1>
pUM+J+§

Hence, by (3.4), (3.11), and (3.12), we have

RUESES IS Inp™

<)

[T

I; = M . i u(l_—p“&[ﬂ)‘ ’(pkMﬂ',p(vﬂ)Mﬂ)]

p(l = ), b = ey

—M f: ,u(l—}ﬁ) Ml_W)
N(l—zﬁ) k=v+1 M(l_ m) /L(l —p—k]\}lﬂ.)
x \z!‘pkM”*p(”*”Mm]
2|Z|p(”+1)M+j [e%¢) V .

< —F Z [p(BM)(kfv)|Z|(p’“M+Lp(v+1>M+J)]
Iu(l N lm) k=v+1
2 |p(v+1)M+j oo '

= |Z— . Z [pﬁMp(ﬁM)(k—u—l)|Z|p7(pkM,p(v+1)M)]

1
w1 = o) k=v+1
(Let s=k—v—1.)

(3.11)

(3.12)
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2 P (v+1)M+j [e'e]

| | Z BM BMs| |p1+(”+1>M( sM 1)]
(-

p”Mﬂ 5=0

(by p*M~1 > s(p™ — 1), where s and M are two positive integers)

2| ’p (v4+1)M+j o0

Z /3M ,BMS| |p3+(““>M(pM—1)]
:U’( - va+J) s—0

2| |p (v4+1)M+j o0

('U+2)I\/I+ _o(v+1)M+
—(1_ - ).Z[pﬂM( /BM’ |p I—p 7)”
K pvM+i s=0

T T o (o
p(l = o) 1= Mt @t
9 pPM L oM 70% 1

T (1= ) 1—pf 2T %) = 01 = 7).

Combining all the estimates for I, I5, and I3, we get

1 2 1 1
‘QZJ(Z>‘ >h—L—1I3 > M——l-)<_____>

(1— 2=)\27 100 100
1 - 1 ’u(l o UM+]+%)
20#(1 — ) 20p(1 — m) p(l — i)
1 1
>

= B = B ’
20pz p(1 — m) 20p= pu(|2])

In summary, we have

1
Z\g,J —— (3.13)
1 j=1 20p2u(|z|)

k=1,2,....

=

for all z such that 1—— <|z|<1-

p’chl 7

Next, pick a sequence of positive integers g, such that 0 < ¢, — pk+% <1,
and, for each 1 < 57 < M, pick a sequence of positive numbers €;, such that
A2q'UM+j€?,v =1.

Choose a sequence of subsets ¥, of S with the following property: for each
nonnegative interger v, the set Ul]‘il U wam4 1s a maximal subset of S which is
d-separated by Ae;, /2, and each ;a4 is d-separated by €, ,.

For each i, =1,2,..., M and v > 0, set

Qionr+j(2) = Z (2, &),
€Y ot pri(s)

and define

Z szM+] )

v=0 M q'UMJrj
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Then h,; ; is in the Hadamard gap since, for each v > 0,

M4+1
Gory o P t2 -

> > > 1.
Qo-1ym+j  p—DM+3 4

.
2

Moreover, the homogeneous polynomials ); ,ar+; are uniformally bounded by 2 as
before. Hence each h; ; belongs to H;° by Theorem 2.2, and an easy modification
of the previous arguments yields that, for each v > 0,1 < j < M, and z € B
satisfying

1

1
L= g S FI S 1=

pUM+j+§

there exists an index i € {1,2,..., M} such that

a2 ey

where C), > 0.
Hence

ZZ‘hl}j(z)‘ 2 M(C‘Y;) (3.14)

i=1 j=1

forallzsuchthat1—pk+%§|z|§1—#,k:1,2,....

Consequently, we finally have

DD (Jgii(2)] + |has(2)]) = ¢

()

for all z € B sufficiently close to the boundary and for some constant C'. Therefore,
the proof is complete. |

As a corollary, we get the following description of the growth rate on the space
H® (o > 0) by taking p(|z]) = (1 —|2]*)* in Theorem 3.1.

Corollary 3.5. There exists some positive integer M and a sequence of functions
fie HX,1 <1< M such that

M 1
;\fi(zﬂ > T - € B.
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