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ABSTRACT. In this paper, upper semicontinuity and continuity of the set-
valued metric generalized inverse T2 in nearly dentable spaces are investigated
using the methods of Banach space geometry. Moreover, it is proved that if
X is a nearly dentable space and if C' is a closed convex set of X, then C is
approximatively compact if and only if Po(z) is compact for any = € X.

1. INTRODUCTION AND PRELIMINARIES

Let (X,| - ||) be a real Banach space. Let S(X) and B(X) denote the unit
sphere and the unit ball of X, respectively. By X* we denote the dual space of X.
Let N, R, and R denote the set of natural numbers, reals, and nonnegative reals,
respectively. By x,, — x, we denote that {z,,}°°, is weakly convergent to z. By
C we denote the closed hull of C, while dist(x, C') denotes the distance of x and
C, and B(z,r) denotes the closed ball centered at z and of radius r > 0. Let
C C X be a nonempty subset of X. Then the set-valued mapping Pc : X — C,

Po(w) = {2 € C: o - 2| = dist(x, C) = inf ||z - y|},
Yy

is said to be the metric projection operator from X onto C. A nonempty set
C is said to be a Chebyshev set if Po(x) is a singleton. A subspace L C X
is said to be a maximal subspace of X if there exists z* € S(X*) such that
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L ={x € X :z*(xz) = 0}. Moreover, if a maximal subspace L is a Chebyshev set,
then L is said to be a Chebyshev maximal subspace.

It is well known that geometric properties of Banach spaces have also brought
great attention to many mathematicians, and such is the case, for example, of
differentiability (see [9]), nonsquareness (see [6]), the Mazur intersection property
(see [3]), the Banach—Saks property (see [2]), and the approximative compactness

(see [1], [4], [8], [11])-

Definition 1.1 (see [8]). A nonempty subset C' of X is said to be approzima-
tively compact if, for any {y,}>>, C C and any x € X satisfying ||z — y,|| —
inf,cc ||z —y|| as n — oo, the sequence {y,}»>, has a subsequence converging
to an element in C'. Also, X is considered approximatively compact if every
nonempty closed convex subset of X is approximatively compact.

Definition 1.2. A Banach space X is said to be nearly dentable if, for any f €
S(X*) and any open set Uy, D Ay, we have Ay # () and AyNco(B(X)\Ua,) =0,
where Ay = {z: f(z) = ||z]| = 1}.

In the present article, we present the history of near dentability and related
notions. This notion was introduced in [13] as a property of Banach spaces that
guarantees that the metric projection operator is upper-semicontinuous. By the
James theorem, it is easy to see that if X is a nearly dentable space, then X is
reflexive; Shang, Cui, and Fu in [13] proved that X is approximatively compact
if and only if X is a nearly dentable space and if X is a nearly strictly convex
space. In 2015, Shang and Cui [12] proved that if X is a nearly dentable space
and if H is a hyperplane of X, then H is approximatively compact if and only if
Py (x) is compact for any x € X.

Definition 1.3 (see [1, p. 39]). Set-valued mapping F : X — Y is said to be
upper-semicontinuous at xg if, for each norm open set W with F(xy) C W, there
exists a norm neighborhood U of zy such that F(z) C W for all z in U. Note
that F is called lower-continuous at xy if, for any y € F(zo) and any {z,}2, in
X with x,, — zo, there exists y,, € F(x,) such that y, — y as n — oco. Also, F
is called continuous at xq if F' is upper-semicontinuous and is lower-continuous
at Zo-

Let T be a linear bounded operator from X into Y. Let D(T'), R(T), and N(T)
denote the domain, range, and null space of T, respectively. If N(T") # {0} or
R(T) # Y, then the operator equation Tx = y is generally ill posed; that is, there
exists yp € Y such that ||T'z — yo|| # 0 for any x € D(T'). In applications, one
usually looks for the best approzimative solution (bas) to the equation Tx = y.
A point xy € D(T) is said to be the best approximative solution to the operator
equation Tx = y if

720 —y|l = inf{|Tz —y|| : = € D(T)}

and if

= mi : D), ||Tv—y|| = inf ||Tx— .
ol = min{|jo] s v € D), 70—yl = inf [Tz =y}
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Nashed and Votruba in [10] introduced the concept of the set-valued metric gen-
eralized inverse 71" as follows.

Definition 1.4 (see [10, p. 834]). Let X, Y be Banach spaces, and let T be a linear
operator from X to Y. The set-valued mapping 7% : Y — X defined by

T?(y) = {xo € D(T) : xy is a best approximative solution to T'(z) = y}

for any y € D(T?) is said to be the (set-valued) metric generalized inverse of T,
where

D(T?) = {y € Y : T(x) = y has a best approximative solution in X }.

During the last three decades, the linear generalized inverses of linear operators
in Banach spaces and their applications have been investigated by many authors.
In 2008, Chen et al. [4] gave some necessary and sufficient conditions for T" to have
a continuous Moore—Penrose metric generalized inverse in Banach spaces. Also in
2008, Hudzik, Wang, and Zheng [7] gave criteria for the metric generalized inverses
of linear operators and their homogeneous selections in terms of Moore—Penrose
conditions. Other research on generalized inverses of linear operators can be found
in [5], [14]-[16].

In the following, the author proves that if X is a nearly dentable space, then Y
is a Banach space, D(T') is a closed subspace of X, and R(7') is a Chebyshev max-
imal subspace of Y. Then the following statements are equivalent: (1) Pr(r)(y)
is a compact set for any = € T~ (Prim(y0)); (2) T%(yo) is a compact set and the
set-valued mapping 79 is upper-semicontinuous at yo; (3) 79(yo) is a compact
set, and the set-valued mapping T‘9|{ay0:a€ R} is continuous at yo. Moreover, it is
proved that if X is a nearly dentable space, then Y is a Banach space, D(T) is
a closed subspace of X, and R(T) is a Chebyshev maximal subspace of Y. Then
the following statements are equivalent: (1) N(T') is an approximatively compact
subspace of D(T); (2) T?(y) is a compact set for any y € Y, and the set-valued
mapping 79 is upper-semicontinuous; (3) 79(y) is a compact set for any y € Y,
and the set-valued mapping Ta\{ay;ae Ry is continuous. Finally, the author proves
that if X is a nearly dentable space, then the set Ay is compact if and only if =
is an H-point for any x € Ay.

2. MAIN RESULTS

In 2015, Shang and Cui [12] studied upper semicontinuity and continuity of
the set-valued metric generalized inverse 79 in approximatively compact Banach
spaces. Moreover, we know that if X is approximatively compact, then X is
nearly dentable. It is very natural to ask whether the set-valued metric generalized
inverse T is continuous for a nearly dentable Banach space. In Theorems 2.1
and 2.6, the author answers the question.

Theorem 2.1. Let X be a nearly dentable space, let Y be a Banach space, let
D(T) be a closed subspace of X, and let R(T') be a Chebyshev mazimal subspace
of Y. Then the following statements are equivalent:

(1) Prery(y) is a compact set for any x € Tfl(PR(T) (y0));
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(2) T(yo) is a compact set, and the set-valued mapping T is upper-
semicontinuous at yo;

(3) T?(yo) is a compact set, and the set-valued mapping T°|(ayoacry 1S con-
tinuous at .

In order to prove the theorem, we first give some lemmas.

Lemma 2.2. Let X be a Banach space, and let H be a Chebyshev maximal
subspace of X. Then the metric projector operator Py is continuous.

Proof. Since H is a Chebyshev maximal subspace of X, there exists zf € S(X*)
such that H = {z € X : z}(x) = 0}. Let z,, — = as n — oo. Pick z, € H and
z € H such that ||z, — z,| = dist(z,, H) and ||z — z|| = dist(z, H). Since H
is a Chebyshev maximal subspace of X, we have z, = Pg(z,) and z = Py(z).
Moreover, there exist y, € S(X) and y € S(X) such that

r—z=ay and Tn — Zn = QpYn
for all n € N, where a € R and {a,,}5>,; C R. Then it is easy to see that

z5(7) z5(7)

rT—z=—=Y and Ty — 2p = — Yn. (2.1)
xo(y) xo(yn)
Let {y1,}22, C S(X), and let z{(y1,,) — 1 as n — co. Then
xy(x) : .
Apn=0T— ——~1n€H and lim || — 21| = |2o(x)|.
xo(yl,n) oo I | | of )‘
Therefore, by [z — 2I| = leg(@)|(lyl/lz3@]) > l3(2)], we obtain [z — 2| =

dist(x, H) = |z§(z)|. Similarly, we have ||x,, — z,|| = dist(z,, H) = |z{(x,)]| for all
n € N. Therefore, by formula (2.1), we obtain |z{(y)| = ||y|| = 1 and |z§(y.)| =
|lyn]| = 1 for all n € N. We claim that y = y, for all n € N. In fact, suppose that

y # y1. Then

ri(x
210=2T — *0( ) yn€H and |z — z10]| = |2§(x)| = dist(z, H).
x5 (y1)
This implies that 219 € Py(x) and 219 # 2. Hence we obtain that H is not a
Chebyshev subspace of X, which is a contradiction. Therefore, by formula (2.1)
and y = y,, we obtain

() — —%(x)y =z asn — oo.

z5(y) z5(y)
This implies that the projector operator Py is continuous. This completes the
proof of the lemma. O

Zp = Tp —

Lemma 2.3. Let X be a nearly dentable Banach space, and let C' be a closed
convex set of X. Then the following statements are equivalent:
(1) the set Po(xo) is compact;
(2) if {yn}oy C C and ||zg — yn|| — infyec||zo —y|| as n — oo, then the
sequence {y,}>2, has a subsequence converging to an element in C.
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Proof. (1) = (2). Suppose that {y,}22, C C, that ||xg — yn| = inf,ec [|zo — Y|
as n — 0o, and that the sequence {y,,}>2, does not have a Cauchy subsequence.
Moreover, we may assume, without loss of generality, that xq = 0. For clarity, we
will divide the proof into two parts.

Case I. Let {y,}5°, N Pc(0) be an infinite set. Since Po(0) is a compact set,
the sequence {y,,}>° ;| has a subsequence converging to an element in C'.

Case II. Let {y,}52, N Pc(0) be a finite set. Then we may assume without
loss of generality that {y,}52; N Pc(0) = 0. We claim that, for any z € Pc(0),
there exists £, > 0 such that {y,,}52, N B(x,e,) = 0. Otherwise, there exists a
subsequence {yn, }3; of {y,}22, such that y,, — x as k — oo. This implies that
the sequence {y, }°°, has a subsequence converging to an element in C, which is
a contradiction. Hence

b (U {zeXille—zll<=}) =0, (2.2)

z€Pc(0)

Moreover, we may assume without loss of generality that 0 ¢ C. Otherwise, it is
easy to see that (2) is true. Hence d = dist(0,C') > 0. This implies that

int B(0,d)nC =0 and  B(0,d)NC = Ps(0).
Therefore, by the separation theorem, there exists f € S(X*) such that
d =sup{f(z):z €int B(0,d)} <inf{f(z): 2z € C}.
Therefore, by int B(0,d) = B(0,d), we have
d=sup{f(z):2z € B(0,d)} <inf{f(z):ze€C}.

Since Po(0) C C, we get f(z) > d for any = € Px(0). Since Po(0) C B(0,d), we
have f(x) < d for any x € Pc(0). This implies that f(z) = d for any x € P(0).
Hence Po(0) C {z € B(0,d) : f(x) = d}. Moreover, since B(0,d) N C' = P¢(0),
we obtain that dist(y,C) > 0 for any y € {x € B(0,d) : f(z) = d}\Pc(0). Let
de, = dist(y, C) for any y € {x € B(0,d) : f(z) = d}\Pc(0). Then

{yn}or, N {z eEX:|z—y| < 2€y} =0 (2.3)

for any y € {z € B(0,d) : f(z) = d}\Pc(0). Hence we define a sequence {z,}5°,,
where

d n
nA 1 gl
Then
nd Yn nd
e =gl = || =27 - 2 = = | = = 1 Il 50 (24)
n 1 gl (n+ Dlyal
and
nd Y nd Yn
F(n :f< : ): f( )<d. 2.5
) = I T Tl = 7 1 (25)

Therefore, by formulas (2.4) and (2.5), we have z, ¢ {x € B(0,d) : f(x) = d}
and z, € B(0,d). Noticing formula (2.4), we then get, for any y € {x € B(0,d) :
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f(x) = d}\Pc(0), that there exists n, € N such that ||z, — y,| < ¢,/4 whenever
n > n,. Therefore, by formula (2.3), we have

€ 3
1z =yl = Ny — ynll = [lyn — 2all Zﬁy—j’ = 1% (2.6)

whenever n > n,,. Since z, ¢ {z € B(0,d) : f(z) = d} and z, € B(0,d), it holds
that

win{ [z = yll, 122 = yll, - ll2n, = w1} >0 (2.7)
for any y € {x € B(0,d) : f(z) = d}\Pc(0). Let
. (3 .
ny = min{ Zey,min]lz gl 22 = oll, -1z, — i}

for any y € {x € B(0,d) : f(z) = d}\Pc(0). Then n, > 0. Therefore, by formulas
(2.6) and (2.7), we have
bz n{zeX:lly—zl <n} =0 23)

for any y € {z € B(0,d) : f(z) = d}\Pc(0). Moreover, by formulas (2.2) and
(2.3), for any x € Px(0), there exists n, € N such that ||z, — y,|| < £./4 whenever
n > n,. Therefore, by formula (2.2), we have

|| || > || || || || > &, — —E, = —35
n = n n n|l = cx | T | T
zZ X T —Y Y z

for any z € Po(0). Moreover, by z, ¢ {x € B(0,d) : f(z) = d},
min{||z; — z||, |22 — 2|, ..., |20, — 2|/} >0

for any x € P(0). Let

Mo = min{%sx,min{ﬂzl —allllz =2l Nz, — 2} }
for any x € Po(0). Then 7, > 0. This implies that
e n{ze X o=l <n} =0 (2.9)
for any x € Po(0). Let

v = U ze X :lly—2l <n})

ye{zeB(0,d):f(x)=d}\Pc(0)

U( U {zEX:Ha:—zH<77:c}).

xEPc(O)

Then, by formulas (2.8) and (2.9), we have {z,}22, NV, = 0.

Since ||0 — y,,|| = infyec [|0 — y|| as n — oo, it holds that the sequence {y,}7°,
is a bounded sequence. Since X is a nearly dentable space, X is a reflexive space.
Hence we may assume without loss of generality that y, —* yo as n — oco. Since
C is a closed convex set, we have that C' is a weakly closed convex set. Hence
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yo € C. Moreover, by the Hahn—Banach theorem, there exists fy € S(X*) such
that fo(yo) = ||vo||- Hence

dist(0,C) = lim [|0 = yp[| > lim fo(yn —0) = fo(yo) = [|0 = ol = dist(0, C).

This implies that yo € Po(0). Since v, —* yo and ||y, — zn|| — 0 as n — oo, we
obtain z, =" yo as n — oo. Since {z,}7°, C B(0,d) and {z,}>°, NV = 0, we
have

1y 1 1 oy 1 1 Yo

Za ZB(0,d) = B(X d {—n} m—V:{—n} AU,
{czz}nzlcd( )=BX) an S ey AT TG S A

This implies that {z,/d};2; C B(X)\Ua,. Moreover, it is easy to see that Uy, D
Ay. Since X is a nearly dentable space, we get

A;n@(B(X)\Uas,) = 0.

Since X is a reflexive space, Ay and ¢o(B(X)\Uy,) are weakly compact. There-
fore, by the separation theorem, there exist g € S(X*) and r > 0 such that

inf{g(x) : 2 € As} —r >sup{g(z) : x € co(B(X)\Uy,) }. (2.10)
Since {z,/d};2; C B(X)\Ua, and yo/d € Ay, by formula (2.10), it holds that

g(égm) —r> sup{g(x) cx € {ézn}jl}

Then g(yo) — r/d > g(z,) for all n € N, which contradicts z, =" yo as n — 0.
Hence the sequence {y, }2°; has a Cauchy subsequence. Then it is easy to see
that the sequence {y, }>°, has a subsequence converging to an element in C'.

(2) = (1) is obvious. This completes the proof of the lemma. O

Proof of Theorem 2.1. (1) = (2). Let yo € Y and Pg(r)(x) be compact for any
x € T Pgrery(yo)). We next will prove that T is upper-semicontinuous at yo;
that is, for any {y,}>°, C Y, v — yo € Y, and any norm open set W with
T?(yo) C W, there exists a natural number Ny such that T?(y,) C W when-
ever n > Np. Otherwise, we may assume that there exists =, € T%(y,) such
that {x,}22, N W = 0. Since R(T) is a Chebyshev maximal subspace of Y, by
Lemma 2.2 it holds that the metric projector operator Pgr) is continuous. There-
fore, by yn — wo, we get Prry(yn) — Prery(yo) as n — oo. Noticing that
T, = Pgrer)(yn), we obtain that Tx, — Prr)(yo) as n — oo. Since T' is a
bounded linear operator, it holds that N(T') is a closed subspace of D(T). Put

T:D(T)/N(T)— R(T),  Tlx]=Tux,

where [z] € D(T)/N(T) and x € D(T). It is easy to see that R(T) = R(T).
Moreover, R(T) = R(T). In fact, suppose that R(T) # R(T). Then there exists
y' € R(T) such that y ¢ R(T). It is easy to see that {y € R(T) : ||y —y| =
dist(y’, R(T))} = (. This implies that R(T) is not a Chebyshev subspace of Y,
which is a contradiction. Since R(T) = R(T'), we get that R(T) is a Banach space.
It is, moreover, clear that T is a bounded linear operator and that N(T) = {0}.
This implies that the bounded linear operator T is both injective and surjective.
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Therefore, by the inverse operator theorem, T ' is a bounded linear operator.
Hence

[2,] = T_1<PR(T)(yn)) — T_I(PR(T) (vo)) = [zo] as n — oo. (2.11)

This implies that ||[z,]|] — ||[z]|| as n — oo. Noticing that

Tn € Ta(yn)7 H[xn]H = inf |z, + 2], T[xn] =T(zn+2) = PR(T)(yn)7
zeN(T)
zo € T%(yo), ||[wo]|| = Zei]{/l(fT) |zo + 2|, Txo) = T(xo + ) = Prery(yo),
it is easy to see that ||[z,][| = [|z,|| and [[[zo]|| = [zol|- Since [[[z,]]] — [|[zo]ll,
\[zn]ll = ||l@nll, and ||[zo]|| = [|zol|, we have ||z,|| — [|zo]] as n — oco. We will

derive a contradiction for each of the following two cases.

Case I. Let zp = 0. Then, by formula (2.11), we have [z,] — [zo] = 0 as
n — oo. This implies that ||[z,]|| — 0 as n — oo. Hence ||z,|| — 0 as n — oo.
Since xg = 0, we have 0 € T?(y) C W. Moreover, by ||x,| — 0, we have z,, — 0
as n — oo, which contradicts {x,}>°, N W = 0.

Case II. Let o # 0. Pick ' € T~ (Pg(r)(yo)). Then, by the definition of the
set-valued metric generalized inverse, there exists 7y () (2') € Pn (') such that
ro = &' —7mn(r)(2'). Since Priry(yn) — Prer)(yo), by the definition of the quotient
space, there exists 21, € T~ (Pr(r)(y»)) such that ||[z] — [z1,]|| = 0 as n — oo.
Hence we may assume without loss of generality that ||z’ — x1,|| — 0 as n — 0.
Moreover, by the definition of the set-valued metric generalized inverse, there
exists () (1) € Pnr)(®1,) such that x, = 21, — Ty(1)(21,). Therefore, by
|21 — Tnery (T1n)]] = [J2n]] = [|2o]] and [|2" — 21,]] = 0 as n — oo, we have

|2 = mvery (@) < Y inf [|2” = e (@) |

< lim sup Hx, — WN(T)(Iln)H
n—00

<lim sup (|2’ — 21l + ||210 — Tver) (210) ]
n—oo

< lzoll = [|&" — wn(ry (2)])-

This implies that ||2" — 7x ) (21n)]| = ||2" = vy (27)|| as n — oo. Since the set
Py(ry(2") is compact, by Lemma 2.3, the sequence {myr)(1,)}oo, has a Cauchy
subsequence. Hence we may assume without loss of generality that 7y (21,) —
r € N(T) as n — oo. Then |2’ —z| = |2’ — wyr)(2)]|. This implies that
v —x € T(y). Since z,, = 1, — Ny (T1n) — @' — x as n — oo, there exists
ng € N such that x,, € W whenever n > ng, which is a contradiction. Hence the
set-valued mapping 79 is upper-semicontinuous at vj.

Pick € T~ (Pg(r)(y0)). Then, by the definition of the set-valued metric gener-
alized inverse, we have T%(y) = x — Py(r)(z). Since Py (r)() is compact, T9(yo)
is a compact set.

(2) = (3). Suppose that T?(yo) is a compact set, let the set-valued mapping 7
be upper-semicontinuous at yo, and let y, — yo, where {y,}°2, C {ayo : « € R}.
Then there exists {a,}°°; C R such that y, = a,yo. If yo = 0, then it is easy
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to see that (3) is true. If yo # 0, then we may assume without loss of generality
that o, # 0. Hence, for any y € R(7T'), we have

1
=en(a)| -
O-/n

Moreover, since R(T') is a Chebyshev subspace of Y, we get

1 .
o —ull = vo = (=-v)|| = an dist (so, R(T)).

Hyn — anPr(r) (yO)H = Oén”yo - PR(T)(ZJU)H = On diSt(y(), R(T))-
This implies that

|y — nPrery(Yo)|| = o dist (yo, R(T)) = dist (yn, R(T)). (2.12)
Since R(T) is a Chebyshev subspace of Y, by formula (2.12), we have
{PR(T)(yn)}Zozl - {CYPR(T)<y0) o e R} (213)

Pick zg € T~ (Prr)(y0)). Then Txg = Pgrery(yo). This implies that T'(c,zo) =
o Prery(yo). Therefore, by formula (2.12), we have ay, 29 € T (Pgrery(y,)). There-
fore, by the definition of the set-valued metric generalized inverse, we obtain that

T%(yo) = w9 — Prn(ry(70) and T?(yn) = anwo — Pnry(anmo)  (2.14)
for all n € N. Let us define a subspace
Xo= {a$0+y o€ Ry € N(T)}

of X. Then X, is a closed subspace of X, and N(T') is a maximal subspace of
Xo. Hence there exists fo € S((Xy)") such that

N(T) = {z € Xo: fo(z) =0}.

Moreover, by formula (2.14), it holds that T9(yy) C Xo and T?(y,) C X, for all
n € N. From the proof of Lemma 2.2, we get

Pycry(an) = {an = 24202 € o' foe) = ol = 1}
and
Py (o) = { oo %’g‘))x € Xo: folw) = Jlall = 1}.
Then

Ta(yo) =Ty — PN(T) (-’Eo)

— 2o — {xo - ?O(Z;))x € Xo: folz) = ||z|| = 1}

x € Xo: folx) =|z]| = 1}.

- fo(on)
N { fo(zx)

Similarly, we have

17(0) = 77w = { 22050 € X, s folo) = ol = 1}
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for all n € N. Since y, = a,yo and y, — Yo, by yo # 0, we have o, — 1 as
n — oo. Hence, for any (fo(z0)/fo(2))z € T?(yp), we have

lim fO(Oén«TO) - fO(l’O) and MZ c Ta(Oényo) _ Ta(yn)'

e foz)  fo() fo(2)
This implies that the set-valued mapping T8|{ayo:a€R} is lower-semicontinuous
at 1. Since the set-valued mapping T° a|{ay0:a€ R} 1s upper-semicontinuous at ypo,
we obtain that the set-valued mapping T6|{ay0:ae R} 1s continuous at .

(3) = (1). By the definition of the set-valued metric generalized inverse, we
have T%(yo) = & — Py () () for any @ € T~ (Pr(r)(yo)). Since T?(yo) is compact,
by T%(yo) =  — Pnr)(x), it holds that the set Py () () is a compact set. This
completes the proof. O

Theorem 2.4. Let X be a nearly dentable space, let Y be a Banach space, let
D(T) be a closed subspace of X, and let R(T) be a Chebyshev mazximal subspace
of Y. Then the following statements are equivalent:
(1) N(T) is an approxzimatively compact subspace of D(T);
(2) T(y) is a compact set, and the set-valued mapping T® is upper-
semicontinuous for anyy € Y;
(3) T?(y) is a compact set, and the set-valued mapping T?|(ay.acry is contin-
uous for anyy € Y.

Proof. By Theorem 2.1, it is easy to see that (1) = (2) and (2) = (3) is true.
We next will prove that (3) = (1) is true. Let € D(T'). Then Tz € R(T).
Therefore, by the definition of the set-valued metric generalized inverse, we have
T9(Tx) = x — Pyry(x). Since T?(yp) is a compact set, by T9(yo) = « — Pyr)(),
we obtain that Py(r)(z) is a compact set. Therefore, by Lemma 2.3, it holds that
if {yn}re, C N(T) and if ||z — y,|| — infyen(r) ||z —y|| as n — oo, then the
sequence {y,, }°2; has a subsequence converging to an element in N(7'). This im-
plies that N(7T') is an approximatively compact subspace of D(7T). This completes
the proof. O

Theorem 2.5. Let X be a nearly dentable space, and let C' be a closed convex
set of X. Then the following statements are equivalent:

(1) Po(x) is compact for any x € X,

(2) C is approzimatively compact.

Proof. By Lemma 2.3, it is easy to see that Theorem 2.5 is true. This completes
the proof. |

Theorem 2.6. Let X and Y be nearly dentable spaces, let D(T) be a closed
subspace of X, and let R(T) be a Chebyshev subspace of Y. Then the following
statements are equivalent:
(1) N(T) is an approzimatively compact subspace of D(T), and R(T) is an
approzimatively compact subspace of Y';
(2) T(y) is a compact set, and the set-valued mapping T® is upper-
semicontinuous for anyy € Y;
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(3) T?(y) is a compact set, and the set-valued mapping T°|ay.acry is contin-
uwous for anyy € Y.

Proof. (1) = (2). Since R(T) is an approximatively compact subspace of ¥ and
is a Chebyshev subspace of Y, we obtain that the metric projector operator Pg(r)
is continuous. Therefore, by the proof of Theorem 2.1, we obtain that (1) = (2)
is true.

(2) = (3). From the proof of Theorem 2.1, (2) = (3) is obvious.

(3) = (1). Since R(T) is a Chebyshev subspace of Y, we obtain that, for any
y €Y, Pgry(y) is a compact set. Therefore, by Theorem 2.5, we obtain that
R(T) is an approximatively compact subspace of Y. Therefore, by the proof of
Theorem 2.1, (3) = (1) is obvious. This completes the proof. O

Finally, we will discuss the relationship between near dentability and other
geometric properties.

Definition 2.7 (see [4, p. 294]). A point € S(X) is said to be an H-point if, for
{z,}22, € S(X) and z, —" x as n — oo, we have x,, — x as n — oo. Moreover,
if the set of all H-points is equal to S(X), then X is said to have the H-property.

Theorem 2.8. Let X be a nearly dentable space. Then the set Ay is compact if
and only if x is an H-point for any x € Ay.

Proof. <= Since X is a nearly dentable space, we obtain that X is reflexive.
Hence, for any {z,}7>, C Ay, there exist 2/ € B(X) and a subsequence {z,, }32,
of {x,}>°, such that z,, =" 2’ as k — oo. It is easy to see that 2’ € A;. Then
«' is an H-point. Hence z,, — 2’ as k — oo. This implies that the set Ay is
compact.

= Pick 2y € Ay and x,, =" 9 as n — oo, where {z,}°2, C S(X). Then
f(xg) = 1. For clarity, we will divide the proof into two parts.

Case 1. Let {z,}32, N Ay be an infinite set. Since the set Ay is compact,
there exists a subsequence {z,, }32, of {z,}2, such that {z,, }?2, is a Cauchy
sequence. Therefore, by x,, =" xy, we have z,, — xy as k — co. Then z,, = x¢
as n — 0o. Otherwise, there exist ¢y > 0 and a subsequence {x,, }72; of {z,}>°,
such that ||z, — xo|| > €. From the previous proof, there exists a subsequence
{xn,}32, of {x,,}°, such that x,, — x¢ as i — oo, which is a contradiction.

Case II. Let {x,}2°, N Ay be a finite set. Then we may assume without loss of
generality that {z,}5°, N Ay = (). We next will prove that there exists 2’ € Ay
such that 2’ is an accumulation point of {x,}°,. In fact, suppose that z is not
an accumulation point of {z,,}2, for any € A;. Then there exists ¢, > 0 such
that {z,}22, N{y € X :|ly —z|| < e,} =0 for any x € Ay. Put

Ur, = | J{yeX:lly—al <e}.
TCAf

Then it is easy to see that Us, D Ay and {z,};2; C B(X)\Uy,. Since X is a
nearly dentable space, we have

A;n@(B(X)\Uas,) = 0.
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Since X is a nearly dentable space, we obtain that X is reflexive. Hence A; and
€o(B(X)\Uy4,) are weakly compact. Therefore, by the separation theorem, there
exist g € S(X*) and r > 0 such that

inf{g(z) : 2 € As} —r >sup{g(z) : x € co(B(X)\Uy,) }. (2.15)

Since xy € Ay, by formula (2.15), we have g(x¢) —r > g(x,) for all n € N, which
is a contradiction. Hence there exists 2’ € Ay such that 2’ is an accumulation
point of {z,,}7° . Then there exists a subsequence {z,, }32, of {z,}7, such that

Zn, — 2" as k — oo. Therefore, by x, —" ¢, it holds that zo = z’. Then
ZTn, — Zo as k — oo. Therefore, by the proof of Case I, it is easy to see that
Tnp — T as n — 0o. Hence xg is an H-point. This completes the proof. 0

Corollary 2.9. Let X be a nearly dentable space. Then the following statements
are equivalent:

(1) the set Ay is compact for any f € S(X"),
(2) X has the H-property.
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