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ABSTRACT. Let Zp(/\/l) be the space of bounded L,(M)-quasimartingales.
We prove that, with equivalent norms, (Lp, (M), Ly, (M))a,p = L,(M), where
1-6

1<po,p1 <o0,1<0<1, and%: — —&—I%.Wealsoprovethat, forl<p<

q < oo, (ﬁ/[\OC(M),ﬁg(M))%q = HS(M) and (ﬁa\orw)ﬁ;(m)g =

»d

ﬁg(/\/l), where ﬁp(./\/l) and ﬁ/[\O(M) are, respectively, the Hardy space and
the bounded mean oscillation space of noncommutative quasimartingales.

1. INTRODUCTION

Inspired by quantum mechanics and probability, noncommutative probability
has become an independent field of mathematical research. Today, many of the
classical martingale inequalities have been transferred to the noncommutative set-
ting. These include, in particular, the Doob maximal inequality, the Burkholder—
Gundy inequality, several weak-type (1, 1) inequalities, and the Gundy decompo-
sition.

As for the interpolation between the spaces of noncommutative martingales,
we recall the formula on real and complex interpolation of noncommutative
L,-spaces. More precisely, for 0 < ¢ <1 and 1 < pg, p1 < oo, we have

(Lpo(M)7 Ly, (M)) = LP(M) and (Lpo(M)v Lm<M>) = LP(M)7
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where 117 = 117;09 + pil. The real interpolation results between bounded mean oscil-
lation (BMO) spaces and L,-spaces (resp., Hardy spaces) were discussed by M.
Musat [3]. In this paper, we study interpolation in the noncommutative quasi-
martingale setting. We first prove a real interpolation theorem between the spaces

Ep(./\/l) of bounded L,(M)-quasimartingales. And then we prove several real
interpolation theorems between BMO(M) and ﬁp(/\/l), where BMO(M) and

’;Qp(./\/l) are, respectively, the BMO space and the Hardy space of noncommuta-
tive quasimartingales.

2. PRELIMINARIES

Let M be a von Neumann algebra acting on a Hilbert space H, and let 7 be
a normal faithful trace on M with 7(1) = 1. We call (M, 1) a noncommutative
probability space. For 1 < p < oo, let L,(M) be the associated noncommutative
L,-space. Recall that, for 1 <p < oo, the norm on L,(M) is defined by

||J7||p = T(|x|p)57 YIS LP(M>7

where |z| = (2*z)? is the usual modulus of z. Note that if p = oo, then Lo (M)
is just M with the usual operator norm.

The noncommutative column spaces L,(M;($) and the row spaces L, (M;1)
were introduced in [4]. For 1 < p < oo, define L,(M;I5) (resp., L,(M;15)) as the
completion of the family of all finite sequences = = (z,,),>1 in L,(M) under the
norm

)

1 1
lellyany = | ()| (respe Nolzymeap = [| (2 al?)°

Let us recall the general setup for noncommutative martingales. Let (M,,),>1
be an increasing filtration of von Neumann subalgebras of M such that the union
of M,,’s is weak*-dense in M and &, (with & = 0) is the conditional expectation
with respect to M,,. A sequence x = (z,,),>1 is said to be adapted if x,, € L1(M,,)
for all n > 1 and predictable if x, € Li(M,_1). A noncommutative martingale
with respect to the filtration (M,,),>1 is a sequence x = (z,),>1 in Li(M) such
that

En(Tpy1) =x, foralln > 1.

If, additionally, * = (2,)n>1 C L,(M) for some 1 < p < oo, we call x an
L,(M)-martingale. In this case, we set ||z||, = sup,, ||za]lp. If ||z||, < 0o, then =
is called a bounded L,(M)-martingale. We refer to [5] for more information on
noncommutative martingales.

We briefly recall some basic notions concerning the real method of interpola-
tion. Let (X, X;) be a compatible couple of quasi-Banach spaces. Its K-functional
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is defined by
Kt(l’;Xo,Xl) = il’lf{”l’o”xo + tH:clHXI X =20+ 21,20 € Xg, 21 € Xl}
forre Xg+Xiandt>0.Let 0 <0 <1and0<qg<oo. Set

e gdt\ g

lellog = (| [ K X X0 ")

(The usual modification should be made for ¢ = 0o.) Then the real interpolation

space (Xo, X1)g,q is defined as (Xo, X1)gq = {z € Xo+X7 : [|z|lg4 < 00} equipped

with the norm || - ||g,,. Another method of interpolation is complex interpolation.
We refer to J. Bergh and J. Lofstrom [1] for more information.

In this paper, we focus on noncommutative quasimartingales, which are the gen-

eralizations of noncommutative martingales and the noncommutative analogues

of classical quasimartingales.

Definition 2.1. Let 1 < p < oo. An adapted sequence z = (x,),>1 in Ly (M) is
called a p-quasimartingale with respect to (M,,),>1 if

ZHEn,l(dxn)Hz < o0, (2.1)
n=1

where dz,, = ©,, — x,—1 (with dz; = z1). If, in addition, z,, € L,(M) (n > 1), we
call x an L,(M)-quasimartingale. In this case, we set

o 1
lally := sup llgally + (3| &s(dmn)|[2)”
n n=1

where y,, = >, (dxy — E—1(dxy)). If ||z]], < oo, then x is called a bounded
L,(M)-quasimartingale. The noncommutative quasimartingale space Ep(/\/l) is
defined as the space of all bounded L,(M)-quasimartingales and is equipped
with the norm || - ||,.

Remark 2.2. Another kind of p quasimartingale is defined by replacing (2.1) with

ZHE,L,l(dxn)Hp < 0.
n=1

The quasimartingale defined in Definition 2.1 is more general, which is more
suitable for the study of interpolation theorems.

A basic fact with respect to quasimartingales is that each p quasimartingale
can be decomposed as a sum of a martingale and a predicable quasimartingale,
which we call Doob’s decomposition. Doob’s decomposition plays a key role in
this paper.

Lemma 2.3 (Doob’s decomposition). Let 1 < p < oo, and let © = (xp)n>1
be a p-quasimartingale. Then x can be uniquely decomposed into x, = y, + 2,
(n > 1), where y = (Yn)n>1 s a martingale and z = (z,)n>1 5 a predictable
p-quasimartingale with z; = 0.
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Proof. We define two sequences y = (y,)n>1 and z = (z,)n>1 by

n n

Yn = Z(dm —&i(dzy))  and oz, =) (Ei(dxy)). (2.2)

k=1 k=1

Then z,, = y, + 2, is the desired decomposition. The proof is similar to the proof
of Lemma 2.2 in [2]. We omit the details. O]

The space F,(M) defined in the following will play an important role later in
the paper.

Definition 2.4. For 1 < p < oo, let F,(M) be the subspace of [,(L,(M)) of all
sequences dx = (dx,),>1 such that x = (x,,),>1 is a predictable p-quasimartingale
with 1 = 0, equipped with the norm

00 1
ldelr v = el = (3o IEn-a(dea)]2)
n=1

3. MAIN RESULTS

Our first result in this section is concerned with the real interpolation between
the spaces L,(M) of bounded L, (M)-quasimartingales. Later, we use p’ to denote
the conjugate index of p for 1 < p < oo.

Theorem 3.1. Let 1 < pg,p; <00, 1 <0 <1, and % = 11);00 + p%. Then

~

(zpo (M), Zpl (M), = L,(M) (with equivalent norms). (3.1)

0,p
For the proof of Theorem 3.1, we will need the following lemmas.

Lemma 3.2 (see [1]). Let (Xo, X1) be a couple of Banach spaces such that XoNX;
1s dense in both Xy and X;. Assume that 1 < g < oo and 0 < 0 < 1. Then

(X0, X1)p, = (X5, XT)og  (with equivalent norms).

Lemma 3.3. Let 1 < p < co. Then L,(M)* = Ly (M) with equivalent norms.
The duality 1s given by

o0

(7, 1) = T(YooVoo ) + ZT(dZn dw,), x€ Zp(/\/l),u € Zp/(M),

n=1

where x, = yp + z, and u, = v, + w, are Doob’s decompositions of x and u,
respectively; Yoo s the limit of (yn)n>1 in L,(M); and v is the limit of (vy)n>1
mn Lp/ (M)

Proof. Let u = (uy)n>1 € Zp/ (M). We define a linear functional on EP(M) by

Eu(aj> =T yoovoo —+ ZT dZn dwn xr = (xn)n21 € ZP(M)7

n=1
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where x, = vy, + 2, and u,, = v, + w, are Doob’s decompositions of x and u,
respectively; Yo is the limit of (y,,)n>1 in L,(M); and ve is the limit of (v,,),>1
in L, (M). Then, by Hélder’s inequality, we have

0a()] < U pllemolly + (Zudznup) (Zudwnup)
< (o l+ (32 ) ) (s ol + (3 o))

= llzllpllully-

Thus ¢, (x) is continuous on Zp(./\/l) and [|€y || < [July-
We pass to the converse inclusion. Let ¢ € L,(M)*, and let £; be the restriction

of £ on L,(M). Then there exists an element v € L, (M) with ||v]|,, < ||¢]| such
that

1
7/

li(a) = 7(av), a € Ly(M). (3.2)
On the other hand, we define a functional on F,(M) by
lo(db) = €(b), db= (db,)n>1 € Fr(M).
Then ¢ is a continuous linear functional on F,(M) and ||¢2|| < ||¢]| since
|€2(db)| < 11018l agy = NI, zany) = 111Dz, an)

By the Hahn-Banach theorem, {5 extends to a functional on [,(L,(M)). Since
(I,(Ly(M)))* = ly(L,y(M)), by the representation theorem there exists a se-
quence w' = (w),)n>1 € ly(Ly(M)) such that

o0

bs) = S r(w)s)) (s = (st € L(L(M))) (33)
n=1
and [[w'll, () < [[lel- Set wi =0 and w,, = >4, E—1(wy,) (n > 2). For any
db = (dby,)n>1 € F,(M), noting that db = (db,),>1 is predictable, it follows from
(3.3) that

ZT 1 (w,db,)) = ZT(dwn dby,). (3.4)

It is easy to see that w = (wy,),>1 is a predictable p’-quasimartingale with
wy =0 and

(S llews ) 2)7 (annup) ST e A}
n=1

Set u,, = v, +w, (n > 1), where v, = &,(v) (n > 1). Then u = (uy,),>1 € Ep,(M)
and

\\H

1

)" <2l

lullz, v = ol + (Zusn (duw,)
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For any = = (z,)n>1 € Ep(/\/l), let ©, = y, + 2, (n > 1) be its Doob’s de-
composition. Noting that y = (y,)n>1 is a bounded L, (M)-martingale and that
dz = (dzp)n>1 € F,(M), it follows from (3.2) and (3.4) that ¢(z) = £(y) + {(z) =
T(YooVoo) + D ney T(dwy, dzy,). O

Our last lemma concerns the real interpolation of F,(M).
Lemma 3.4. Let 1 <pg,p1 < o0, 1 <0 <1, and % = 1p;09 + pil. Then
(Fpo(M), F (M)
Proof. Notice that F,(M) is 1-complemented in [,(L,(M)) via the projection

P lp(Ly(M)) — F,(M),
| @n)nz1 — (En1(an))nz1-

0, = Fp(M)  (with equivalent norms). (3.5)

The fact that {,(L,(M)) forms an interpolation scale with respect to the real
interpolation yields the required result. O

Now we are in a position to prove Theorem 3.1.

Proof of Theorem 5.1.

Case 1: 1 < py,p1 < oo. Let = € (Z (M), L Ly, (M), and let z = 2° + !
be a decomposition with 20 € L, (M) and zt e L, (M). Let ak = gk 4 ok
(n > 1) be the Doob’s decomposition of z* (k = 0, 1). Then y* = (y¥),>1 is a
bounded L, (M)-martingale and dz* = (d2F),>, € F, (M). Let y = y° + ¢! and
z =2+ 2. Then

K, (313 Lpo (M), Lpl (M)) + Kt(dZQ Fpo (./\/l), Fpl (M))
<Yz r0) + Y 2y ) + 1422 By a0y + A2t 5, ()
= ||x0||ip0(M) + t||$1||ipl(M)'
Taking the infimum over all decompositions of x, we get
K (5 Ly (M), Ly (M) + Ko (dz: Fy (M), (M) < (25 Ly (M), Ly, (M)
By the equality ||z ||(xo,x1),, = (fy [t K25 Xo, X1)]P4 )p we get that

1901 0.2y V0205 + 12 )5, 905 < 2212 (01121, 010,
Noting that (L,,(M), L,,(M))g, = L,(M) and by Lemma 3.4, we obtain that
1

lylly + Izl < 277 Nl @, (a2, A1),

This means that [|z]|; ) < 217;||x||(ip0(M),Ep1(M))9,p and that
(Lpo (M), Ly, (M), € Ly(M). (3.6)

Using (3.6) and Lemma 3.2, we have that

Lp’(M)* C (LPG(M)aLp’l (M))* ;= (Lp{)(M)*7Lp’1 (M>*)

0,p

0.p

0,p°
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By Lemma 3.3, we have that

Ly(M) € (Lpy (M), Ly, (M)
Putting (3.6) and (3.7) together, we obtain that

(Lpo (M)7 Lp1 (M)) - LP(M)'

Case 2: 1 < py < p; = oo. Notice that (3.6) holds when p; = 1 or p; = oc.
Then, by Lemma 3.2,

Ly (M)" C (Lyy (M), L1 (M))
Using Lemma 3.3, we have that

Ly(M) C (Lyy(M), Loo(M)),

(3.7)

0,p°

0,p

* ~ -~

o= (L (M) LMY,

P’
Therefore,

Ly(M) = (Lyy(M), Los(M)), .. 0

0.p
By the connection between real and complex interpolation, we obtain a result
for complex interpolation.

Corollary 3.5. Let 1 < py < p; <00, 0<n<1, and % = % - pﬂl. Then the
following holds with equivalent norms:

(Lpo<M>> Lpl <M>)n = LP(M)‘
Proof. Take py such that 1 < py < pg, and let §p = 1 — ;?_(2)’ 0, =1—22 and

p1’

0=1-"2.Then0 <6y <6 <1andf= (1 —n)B + nb;. By Theorem 4.7.2 of
[1] on the connection between real and complex interpolation, we obtain

((Zps (M), Lo (M) . (Lpa(M), Lo(M)) ) = (L (M), Loc( M),

Notice that =% = L 1=0 — 1 anq =0 — 1 Uging Theorem 3.1, we get that
= b2 P’ p2 p1 p2 P
(Lpo (M), Ly, (M) = Lp(M). O

The second part of this section is concerned with real interpolation between the

spaces B/l\m(/\/l) and the Hardy spaces ’ﬁp(/\/l) of noncommutative quasimartin-
gales. First, we introduce the Hardy spaces of noncommutative quasimartingales.

Definition 3.6. Let 1 < p < oc.

(1) The column Hardy space ﬁ;(./\/l) of noncommutative quasimartingales
is defined as the space of all L,(M)-quasimartingales = (x,),>1 such that
(dx)p>1 € Ly(M;15), equipped with the norm

elagian = | (3 1) | + (Sl r(amnE)”
n=1 n=1

where y,, = > 7, (dxy — E,_1(dxy)). Similarly, the row space ﬁ;(/\/l) is defined
as the space of all L,(M)-quasimartingales = (x,),>; such that z* € 7:[\10,(/\/1),
equipped with the norm [|z{[z, ) = [[2]

HG (M)
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(2) The space ﬁp(/\/l) is defined as the sum space H »(M ;(/\/l) + ﬁ;(/\/l)

) =
for 1 < p < 2 and the intersection space H,(M) = HE(M o(M) N 7/{\;(./\/1) for
2 <p<o0.

Now we turn to the definition of the BMO space of quasimartingales ﬁ/I\O(M)
Recall that the dual space of H;(M) is BMO(M), which is defined in [4] as the

intersection space
BMO(M) = BMO“(M) N BMO" (M),
where

BMO‘(M) = {a: € Ly(M) : ||z]lBmoc(m) = sgp“é’nﬂx — 5”—1(37)}2)”;/32}7

BMO"(M) = {z € Ly(M) : [lz]|lzmormy = 12" |[Broea }-

This leads us to consider the spaces defined in the following.

Definition 3.7. We define B/I\EC(M) as the space of all adaptable sequences
x = (xp)n>1 which can be decomposed as © = y + z such that y € BMO“(M)
and dz € F, (M), equipped with the norm

e300t = I9llBni0sre) + 5P 120 o (3.8)

Similarly, the space ﬁ\/I\O’"(M) is defined as the space of all adaptable sequences
T = (Tp)p>1 such that z* = (23),>1 € BMO®(M), equipped with the norm

H{L‘HmT(M) = ||x*||m)c(M). We define ﬁ/I\O(M) as the intersection space of
ﬁ/I\OC(M) and E\/I\O"(M)
We are ready to state the following result.

Theorem 3.8. Let 1 < p < g < co. Then, with equivalent norms,
(BMOC(M), ’Hf,(/\/l))gq = Hy(M)
and
(BMOT(M),H;(M))%(I = Ho(M).
The following lemma is a key step toward the proof of Theorem 3.8.

Lemma 3.9.

(1) Let 1 < p < co. Then HE(M)* = H (M) and Hy(M)* = Hi, (M) with
equivalent norms.

(2) HE(M)* = ﬁ\_/[bc(./\/l) and Hi(M)* = B/l\ET(M) with equivalent norms.
Proof. (1) Let uw = (uy)n>1 € ﬁg,(/\/l), and let u, = v, +w, (n > 1) be its Doob’s

decomposition. Define a linear functional on H¢ o(M) by

T) = ZT(dv,’; dyn) + ZT (dw} dz,) (v € ﬁ;(/\/l)),
n=1 n=1
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where x,, = y, + 2z, (n > 1) is the Doob’s decomposition of x. Notice that the
series Y dvy dy, converges in Li(M) and that

IS o], = (S )’ (S v

It follows that the series ) 7(dv} dy,) converges and that

‘iT(de dyn)| < Hidv; dy, 1 < H(i |dvn|2>5Hp/H<§: |dyn|2>é
n=1 — 2 2

Then, by Holder’s inequality,

o < (05 ) | (S )],
< (), + (S i) )
(IS ), + (S as))

= [lul

p

p

1
7

(Z Idewall?)” (Z Idzal)”

e, v 12 g -

Thus ¢, is continuous on ﬁ;(/\/l) and |4, | < [lul

He, (M)°

We pass to the converse inclusion. Let ¢ € Hg(/\/l) . First, we restrict ¢ on
the subspace H;(M). Since Hy(M)* = H;, (M), there exists a sequence v =
(Un)n>1 € H;, (M) such that

o

Ua) = 7(dv;da,) (a=(an)nz1 € HG(M)). (3.9)

n=1
Imitating the proof of Theorem 3.1, there exists a predictable quasimartingale
w = (Wp)p>1 in Ly (M) with wy = 0 such that

= 7(dw}, db,) (3.10)
n=1
for any db = (db,)us1 € Fy(M) and (5, [|dw,|[2)7 < ||£]. Set w, = v, + w,
(n>1). Then u = (up)p>1 € ﬁgl(./\/l) and

1
ol

- — . )P
o = [0l v + (21 lduwnll) ™ < 21i).

i

For any = (2, )ns1 € HE o(M), let x,, = yn + 2z, (n > 1) be the Doob’s decom-
position of x. It follows frorn (3.9) and (3.10) that

Ux)=Ly) +(z) = ZT(CZU: dy,) + ZT (dw? dzy).
n=1 n=1
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Therefore, this proves that ﬁg(/\/l)* = ﬁg, (M). Passing to adjoint, we obtain the
identity H,(M)* = H,,(M).

(2) Let u = (up)n>1 € ﬁ/I\OC(M), and let u, = v, + wy (n > 1) be its
decomposition. Define a linear functional on H{(M) by

Culw) =Y r(dvy dy,) + > r(dw) dz,)  (z € HS(M)),
n=1 n=1
where x,, = y, + 2z, (n > 1) is the Doob’s decomposition of x. Notice that

< V2|y]

He (vl BMos ()

‘i 7(dv} dyy)
n=1

(see [4, Appendix]). Putting the preceding inequalities together, we obtain that

()| < V2l llusao 1ollmmosca + sup lldwallo Y dzall:

n=1

< v2(Jly
= V2|

Thus £, € H§(M)* and [[€]] < v2lull 55700 1g)-

We pass to the converse inclusion. Let ¢ € ﬁf( )*. First, we restrict ¢ on
the subspace H{(M). Since H{(M)* = BMO(M), there exists a martingale
v = (Up)n>1 € BMO°(M) such that

He (M) T Z ||dzn||1> ([lv]lByoe ) + sup [|dwy[|s0)
n=1 n

715 (o 1| 5510 (1a)-

Us) = 7(dvyds,) (5= (sn)nz1 € H{(M)) (3.11)
n=1
and [|v|lsmocmy < ||€]|. Similarly to the proof of (i), there exists u = (un)n>1 €

BMO*(M) and [[u g50. (g < 2II€] such that

oo

lz) = ZT(d’U: dy,) + ZT(dw; dzy,) (x € ﬁi(/\/l))
n=1 n=1

Therefore, this proves that ﬁi(M)* = B/I\EC(M) Passing to adjoint, we obtain

the identity Hj(M)* = BMO"(M). O

Proof of Theorem 5.5. Let © € (]_%/I\EC(/\/l),’7'/—l\}‘§(./\/l))g,q7 and let z = 2% + 2! be

a decomposition with z° € ﬁ/I\OC(M) and x! € ﬁg(./\/l) Let 20 = 9 + 20
(n > 1) be the decomposition as in (3.8). Then ¢° = (°),>; € BMO°(M) and
dz? = (dz20),>1 € Foo(M). Let z), =y} + 2} (n > 1) be the Doob’s decomposition
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of z'. Then y' = (yp)n>1 € Hy(M) and dz' = (dz))n>1 € Fp(M). Let y = ° +y!
and z = 2% + 2!, Then
K, (y; BMOC(M),H;(M)) + K; (dz; Foo(M), F,,(M))
< 19°lBmocmy + Hly g + 1d2° | oy + tlldzt | 5o

= Jl2® 570 cap + tl12*]

He (M)
Taking the infimum over all decompositions of z, we get
Kt (y; BMOC(M)a /H;(M)) + Kt (dZ, Foo(-/\/l)? FP<M))
< K; (x,B/l\mc(/\/l),”;’:[\;(M))

By the definition of ||$||(A07A1)E , we get that

c c + ||dz
Il myos a5, , + N2, P M50 <2 e v

»D\"d

»q

By the equality (BMO“(M), H;(M))» , = Hi(M) and Lemma 3.4, we obtain

ESYLS)

HyH?-LC(M +HdZHFq(M <2 prL’H(BMOc(M)Hc( M))

[S]ks

sq

and

This means that ||z| <2

ﬁS(M) p HxH(BMOC(M) H‘(M))g

A~

(BMO“(M), Hi(M)) ., € Ho(M), (3.12)

Replacing Ep(./\/l) (resp., Epk (M) (k=0,1)) with ﬁg(./\/l) (resp., ﬁpk (M) (

0,1)) and L,(M) (resp., Ly, (M) (k = 0,1)) with Hs(M) (resp., Hp,(

0,1)) in the proof of (3.6), we have that, for 1 < py,p; < 0o, and 1 < 9 <
(Hy (M), Hy, (M), C Hy(M),

0,p

where 1 = 1=¢ 4 % Then, by Lemma 3.2,
p po p1

Hiy(M)* € (HEM), H (M), = (HE M) (M)") o,

q

By Lemma 3.9, we have that

He(M) € (BMO“ (M), HE(M)) 5 . (3.13)
Putting (3.12) and (3.13) together, we obtain

(BMO*(M), HE(M))

q

= HI(M).

d

Similarly, we have that

(ﬁ/I\OT(M),ﬁ;(M))% = H'(M). -
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Lemma 3.10. Let 1 < p < o0o. Then there exist two positive constants oy, and
By depending only on p such that, for each quasimartingale x, it holds that

a ezl < ll2llg, oy < Bollzlp

Proof. Let x be a quasimartingale, and let x,, = y, + z, (n > 1) be the Doob’s

L. 0 1
decomposition of z. TheI} Izl = [lyll, + ZoZs ldzalB)? and [lzfl7
1912, (a) + Oy lldza|%) 7. The desired inequality follows from the Burkholder-
Gundy inequalities for noncommutative martingales. O

Corollary 3.11. Let 1 < pg,p1 < 00, 1 <0 <1, and % = 1p;09 + pil. Then, with
equivalent norms,

(?:ZPO(M)u?:Zpl (M)) b= 7-A[p(,/\/l)_

0,
Proof. Since EP(M) = ﬁp(/\/l) by Lemma 3.9, the desired result comes from
(3.1). O

Corollary 3.12. Let 2 < p < q < 0. Then, with equivalent norms,
(BMO(M). L, (M)) 5, = Ly(M).
Proof. Using Lemma 3.10 and Theorem 3.8, we obtain, for 2 < p < ¢ < o0,
(BMO(M), L, (M) s, = (BMO(M), Hy(M)) 5, € Hy(M) N H(M)

= Lq(M)-
By Theorem 3.1, we get that

Ly(M) = (Loo(M), Lp(M)); , © (BMO(M), Ly (M) . 0
Acknowledgment. This research is supported by the National Science Founda-
tion of China (NSFC) (grant numbers 11271293 and 11471251).

REFERENCES

1. J. Bergh and J. Lofstrom, Interpolation Spaces: An Introduction, Grundlehren Math. Wiss.
223, Springer, Berlin, 1976. 7Zbl 0344.46071. MR0482275. 486, 487, 490

2. Y. L. Hou and C. B. Ma, Duality theorems for noncommutative quasi-martingale spaces,
Acta Math. Hungar. 148 (2016), 132-146. MR3439289. DOI 10.1007/s10474-015-0549-y.
487

3. M. Musat, Interpolation between non-commutative BMO and non-commutative Lp-spaces,
J. Funct. Anal. 202 (2003), no. 1, 195-225. 7Zbl 1042.46038. MR1994770. DOT 10.1016/
S0022-1236(03)00099-5. 485

4. G. Pisier and Q. H. Xu, Non-commutative martingale inequalities, Comm. Math. Phys. 189
(1997), 667—-698. Zbl 0898.46056. MR1482934. DOI 10.1007/s002200050224. 485, 491, 493

5. G. Pisier and Q. H. Xu, “Non-commutative L,-spaces” in Handbook of the Geometry of
Banach Spaces, Vol. 2, North-Holland, Amsterdam, 2003, 1459-1517. 7bl 1046.46048.
MR1999201. DOI 10.1016/S1874-5849(03)80041-4. 485

SCHOOL OF MATHEMATICS AND STATISTICS, WUHAN UNIVERSITY, WUHAN 430072, CHINA.
E-mail address: congbianm@whu.edu.cn; ylhou323@whu.edu.cn


http://www.emis.de/cgi-bin/MATH-item?0344.46071
http://www.ams.org/mathscinet-getitem?mr=0482275
http://www.ams.org/mathscinet-getitem?mr=3439289
http://dx.doi.org/10.1007/s10474-015-0549-y
http://www.emis.de/cgi-bin/MATH-item?1042.46038
http://www.ams.org/mathscinet-getitem?mr=1994770
http://dx.doi.org/10.1016/S0022-1236(03)00099-5
http://dx.doi.org/10.1016/S0022-1236(03)00099-5
http://www.emis.de/cgi-bin/MATH-item?0898.46056
http://www.ams.org/mathscinet-getitem?mr=1482934
http://dx.doi.org/10.1007/s002200050224
http://www.emis.de/cgi-bin/MATH-item?1046.46048
http://www.ams.org/mathscinet-getitem?mr=1999201
http://dx.doi.org/10.1016/S1874-5849(03)80041-4
mailto:congbianm@whu.edu.cn
mailto:ylhou323@whu.edu.cn

	1 Introduction
	2 Preliminaries
	3 Main results
	Acknowledgment
	References
	Author's addresses

