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We constitute some necessary and sufficient conditions for the system A, X, = C,, X,B, = C,, A,X, =C,, X,B, =C,, A; X B; +
A,X,B, = C,, to have a solution over the quaternion skew field in this paper. A novel expression of general solution to this system
is also established when it has a solution. The least norm of the solution to this system is also researched in this article. Some former
consequences can be regarded as particular cases of this article. Finally, we give determinantal representations (analogs of Cramer’s
rule) of the least norm solution to the system using row-column noncommutative determinants. An algorithm and numerical

examples are given to elaborate our results.

1. Introduction

In the whole article, the notation R is reserved for the real
number field and H"™" stands for the set of all 7 x n matrices
over the quaternion skew field

H={b +bji+bj+bk|i =i =k =ijk
@
= —1,by, by, by, by € R}.

H™" specifies its subset of matrices with a rank r. For
A € H™" let A", #(A) and /' (A) designate the conjugate
transpose, the column right space and the left row space of A.
dim R(A) illustrates the size of Z(A) and dim Z(A)=dim
W(A) by [1], which is known as the rank of A denoted by
r(A).

Definition 1. The Moore-Penrose inverse of A € H™",

denoted by A", is defined to be the unique solution X to the
following four matrix equations

(1) AXA= A,
2) XAX =X,

(3) (AX)" = AX,

(4) (XA)" = XA.
(2)

Matrices satisfying (1) and (2) are known as reflexive inverses.

Note that the reflexive inverse is denoted most often by
A’ but sometimes by A" (see, e.g., [2]) that is different from
the denotation of the Moore-Penrose by A". We will use the
denotation A" for the reflexive inverse.

Suppose I refers an identity matrix with feasible size. In
addition, R, = I — AA", L, = I — A" A represent a pair of
orthogonal projectors induced by A, respectively, and R, =
Ry Ry =Ry, LA =L, LY =L, and Ry =Ly

Quaternions were invented by Hamilton in 1843. Zhang
presented a detail survey on quaternion matrices in [3].
Quaternions provide a concise mathematical method for rep-
resenting the automorphisms of three- and four-dimensional
spaces. The representations by quaternions are more compact
and quicker to compute than the representations by matrices
[4]. For this reason, an increasing number of applications
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based on quaternions are found in various fields, such as color
imaging, geometry, mechanics, linear adaptive filter, altitude
control and computer science, signal processing, in particular
as quaternion-valued neural networks, etc. [5-10].

The research of matrix equations have both applied
and theoretical importance. In particular, the Sylvester-type
matrix equations have far reaching applications in singular
system control [11], system design [12], robust control [13],
feedback [14], perturbation theory [15], linear descriptor
systems [16], neural networks [17], and theory of orbits [18].

Some recent work on generalized Sylvester matrix equa-
tions and their systems can be observed in [19-31]. In 2014,
Bao [32] examined the least-norm and extremal ranks of the
least square solution to the quaternion matrix equations

A X=C,
XB, =C,, 3)
A,XB,=C,.

Wang et al. [33] examined the expression of the general
solution to the system

A X, =C,,
A, X, =Gy, (4)
ASX,Bs + A, X,B, = C,,

And, as an application, the P-symmetric and P-skew-
symmetric solution to

AX=C,

)
AbXBb = Cb

has been established. Li et al. [34] established a novel
expression to the general solution of system (4) and they
computed the least-norm of general solution to (4). In 2009,
Wang et al. [35] constituted the expression of the general
solution to

A X, =Cy,
X,B, =Gy,
A, X, =Gy, (6)
X,B, =C,,

A;X By +AX,B, =C,,

and as an application they explored the (P, Q)-symmetric
solution to the system

AX=C,
XBy, =G, 7)
AXB, =C..
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Some latest findings on the least-norm of matrix equa-
tions and (P, Q)-symmetric matrices can be consulted in [36-
40]. Furthermore, our main system (6) is a special case of the
following system:

A X, =Cy,
X,B, =Dy,
A, X5 =0C,,

X3B, = D,, (8)
A X, =C;,
X,4B; = Ds,

AX, +X,B, +C,X3D, +Cs X, D5 =C,,,

which has been investigated by Zhang in 2014. But the
expressions provided for the X, X,, X5, and X, in [41], we
are in position to calculate the least-norm of the solutions
with its determinantal representations. When some given
matrices are zero in (8), then it becomes our system and we
will give such kind of expressions in which the least-norm
of the solutions can also be computed with its determinantal
representations. It is worthy to note that Zhang examined (8)
with complex settings and we will consider our system (6)
with quaternion settings.

According to our best of knowledge, the least-norm of
the general solution to system (6) is not investigated by any
one. Motivated by the vast application of quaternion matrices
and the latest interest of least-norm of matrix equations, we
construct a novel expression of the general solution to system
(6) and apply this to investigate the least-norm of the general
solution to system (6) over H in this paper. Observing that
systems (3) and (4) are particular cases of our system (6),
solving system (6) will encourage the least-norm to a wide
class of problems in the collected work.

Since the general solutions of considered systems are
expressed in term of generalized inverses, another goal of
the paper is to give determinantal representations of the
least-norm of the general solution to system (6) based on
determinantal representations of generalized inverses.

Determinantal representation of a solution gives a direct
method of its finding analogous to the classical Cramer’s
rule that has important theoretical and practical signifi-
cance. Through looking for their more applicable explicit
expressions, there are various determinantal representations
of generalized inverses even with the complex or real entries,
in particular for the Moore-Penrose inverse (see, e.g., [42-
44]). By virtue of noncommutativity of quaternions, the
problem for determinantal representation of generalized
quaternion inverses is more complicated, and only now it
can be solved due to the theory of column-row determinants
introduced in [45, 46]. Within the framework of the theory of
noncommutative row-column determinants, determinantal
representations of various generalized quaternion inverses
and generalized inverse solutions to quaternion matrix equa-
tions have been derived by one of our authors (see, e.g.[47-
54]) and by other researchers (see, e.g. [55-57]). Moreover,
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Song et al. [58] have just recently considered determinantal
representations of general solution to the two-sided coupled
generalized Sylvester matrix equation over H obtained using
the theory of row-column determinants as well. But their
proposed approach differs from our proposed. In [58], for
determinantal representations of the general solution to
the equation supplementary matrices have been used that
not always easy to get. While, by proposed method only
coefficient matrices of the equations are used. More detailed
Cramer’s rule to solutions and (skew-)Hermitian solutions of
some systems of matrix equations and generalized Sylvester
matrix equation over H are recently explored in [59, 60] and
[61, 62], respectively.

The remainder of our article is directed as follows. In
Section 2, we commence with some needed known results
about systems of matrix equations and determinantal rep-
resentations of the Moore-Penrose inverse and of solutions
to the quaternion matrix equations. In Section 3, we provide
a new expression of the general solution to our system
(6) and present an algorithm with an example. We discuss
the least-norm of the general solution to (6) over H in
Section 4. In Section 5, determinantal representations of the
general solution to (6) are derived and other example to
elaborate obtained Cramer’s Rule to system (6) with data
from the example in Section 3 is given. As expected, we get
the same solution. Finally, in Section 6, the conclusions are
drawn.

2. Preliminaries

We commence with the following lemmas which have crucial
function in the construction of the chief outcomes of the
following sections.

2.1. The General Solution to System (6)

Lemma 2 (see [63]). Let A € H™!, B € H™*, and C € H™ be
given. Then

(D) r(A) + 7(R,B) = r(B) + r(RgA) =7 [A B].

(2)r(A) +7r(CL,) =r(C) +r(ALy) = r [8].

(3) r(B) +r(C) + r(RgALc) = r [& §].

Lemma 3 (see [64]). Let A, B, and C be known matrices over
H with right sizes. Then
(1) AT = (A*A)TA* = A*(AA")".
(2)L,=1%=L"%R,=R,=R}
(3)L,(BL )" = (BL )", (R,C)'R, = (R,O).

Lemma 4 (see [65]). Let @, Q) be matrices over H and

o)

b = S

(DZ

Q=[Q, O], )
F=®,L,,

T = RQIQZ'

3
Then
Ly = Lq,lLF,
Lo -QIQ,L;
LQ = ! >
(10)
Rqg = RTRQl’
R(I)l 0
RCI) = o 5
—Rp®,®; Rg

where @, QF are any fixed reflexive inverses, Ly and Rq,
stand for the projectors Lg, = I — ®{®), Rq = I - Q,Qf
induced by @, Q,, respectively.

Remark 5. Since Moore-Penrose inverses are reflexive
inverses, this lemma can be used for Moore-Penrose inverses
without any changes. It has taken place in ([64], Lemma 2.4).
But for more credibility, we prove this lemma below for the
Moore-Penroses inverse as well.

Lemma 6 (see [66]). Suppose that
B,XC, +B,YC, = A (1)

is consistent linear matrix equation, where B, € H™?, C, €
H?", B, € H™, C, € H”" and A € ™", respectively. Then

(1) The general solution of the homogeneous equation,

B,XC, + B,YC, = 0, (12)

can be expressed by

X =X,X,+X,,
(13)
Y =Y,Y,+Y,,

where X, — X, and Y, — Y, are general solution of the
following four homogeneous matrix expressions

B X, = -B,Y;,
X,C, =Y,C,,
(14)
B, X,C, =0,
B,Y;C, = 0.

By computing the value of unknowns in the above
equations and using them in X and Y, we have

X =8, LGURLT, + Ly V; +V,Re,
(15)
Y = S,LGURLT, + Ly W, + W)Re,,

where $; = [I,, 0, S, = [0, IJ T, = [4], T, =
[1].G = [By, B),and H = [_Cclz ; the matrices
U, V., V,, W, and W, are free to vary over H.



(2) Assume that the matrix expression (11) is solvable, then
its general solution can be expressed as

X=X+ XX, +X;,
(16)
Y=Y,+Y,Y,+7;,

where X, and Y, are any pair of particular solutions to

(11).
It can also be written as

X = Xo+S,LURLT, + Ly V; + VyRe,,
(17)
Y =Yy + S,LGURGT, + Ly W, + WyR,.

Lemma 7 (see [67]). Let A, € H™™, B, € H", C, ¢
H™ ", and C, € H™ be given and X, € H"™™ to be
determined. Then the system

A X, =Gy,
(18)
X,B, =C,,
is consistent if and only if
R, Cy =0,
GLg =0, (19)
A,C, = CyB,.

Under these conditions, the general solution to (18) can be
established as

X, =AlC,+L, C,B +L, URy, (20)
where U, is a free matrix over H with accordant dimension.

Lemma 8 (see [35]). Let A, € H™*1, B, € HT"™, C, €
|]_|]m1><‘11) C2 c |]_|]P1><”1) A2 c Hmzxpz) 32 c |]_|]612><”z’ C3 c Hsz‘h,
C, € HP?™,, A, € H™P, By € H?™, A, € H"P, B, ¢
HZ*, C. € H™ be given and X, € HP*, X, € HP>*% to be
determined. Denote

A=AsLy,,

B =Ry B,

C=A,l,,

D =Ry B,

N = DLy, (21)
M =R,C,

S=CLy,,

E=C.- A;A'C,B; - AC,B'B, - A,AlC;B,
- CC,B!B,.

Then the following conditions are tantamount:
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(1) System (6) is resolvable.
(2) The conditions in (19) are met and

R, C;5 =0,
CyLg, =0,
A,C, =C;B,,
RyRAE =0, (22)
R4ELp, =0,
ELgzLy =0,
RcELg = 0.

(3) The equalities in (19) and (22) are satisfied and

MM'R,D'D = R,E,
(23)
CC'ELyN'N = EL,.

In these conditions, the general solution to system (6) can be
written as

X, =AlC, +L, C,B} + L A'EB'Ry,
~L, A'"CM'EB'R,,
— L, A'SC'EN'DB'R, (24)
— L, A'SV,RyDB'Ry
+ Ly, (L AU, + Z1Rg) R
X,=A%Cy+L, CB}+ Ly M'R\ED'Ry,

+Ly Ly, S'SC'EN'R,,
(25)
+ Ly Ly (Vy - S'SVINNT) Ry,

+ L, WRpR ,

where Uy, V, W, and Z, are free matrices over H with agree-
able dimensions.

2.2. Determinantal Representations of Solutions to the Quater-
nion Matrix Equations. Due to noncommutativity of quater-
nions there is a problem of a determinant of matrices
with noncommutative entries (which are also defined as
noncommutative determinants). There are several versions
of defining of noncommutative determinants (e.g., see [68-
70]). But any of the previous noncommutative determinants
has not fully retained those properties which it owned for
matrices with real settings. Moreover, if functional properties
of a noncommutative determinant over a ring are satisfied,
then it takes on a value in its commutative subset. This
dilemma can be avoided due to the theory of row-column
determinants.
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For A € H™", we define n row determinants and n
column determinants. Suppose S,, is the symmetric group on
theset I, = {1,...,n}.

Definition 9 (see [45]). Theith row determinant of A = (a;) €

H™" is defined for all i = 1,...,n by putting

.. a; ;
Tey+1p b

t (aik, T aik,+lrikr) > (26)

rdet;A = Z -n"r (aii a

ik ke
€S,

0= (1 Ve Ty +1 "'1k1+ll) (1k21k2+1 "'1k2+12)
P (lk,lk,+l P lk,+lr) >

where o is the left-ordered permutation. It means that its first
cycle from the left starts with 7, other cycles start from the left
with the minimal of all the integers which are contained in it,

iy, <igys forallt=2,...r s=1...1l, (27)
and the order of disjoint cycles (except for the first one) is
strictly conditioned by increase from left to right of their first

elements, i, <ip <-o- <ip.
r

Definition 10 (see [45]). The jth column determinant of A =
(a;;) € W™ is defined for all j = 1,...,n by putting

Cdeth = Z (_1)"—” (ajk,jkr+lr e ajkrﬂjkr)

TES,

(28)
- (“jjw R “jklj) >

= (jisr - Jesrdc ) Ukt - - Jrysni, )
(29)

(st - drysrdn J)

noindent where 7 is the right-ordered permutation. It means
that its first cycle from the right starts with j, other cycles start
from the right with the minimal of all the integers which are
contained in it,

jk,<jkt+s forallt=2,...,r, s=1,...,1, (30)
and the order of disjoint cycles (except for the first one) is
strictly conditioned by increase from right to left of their first
elements, ji < ji, <+ < ji

Since [45] for Hermitian A we have

rdet;A = --- = rdet,A = cdet;A = --- = cdet,A € R, (31)
the determinant of a Hermitian matrix is defined by putting
det A := rdet;A = cdet;A foralli=1,...,n (32)

Its properties are similar to the properties of an usual
(commutative) determinant and they have been completely
explored in [46] by using row and column determinants that
are so defined only by construction.

For determinantal representations of the Moore-Penrose
inverse, we shall use the following notations. Let o :=
o, ..oy € {1,...,mband B = {B,.... B} € {1,....,n}
be subsets of the order 1 < k < min{m,n}. Let A% be a
submatrix of A whose rows are indexed by & and the columns
indexed by f8. Similarly, let A% be a principal submatrix of
A whose rows and columns indexed by a. If A € H™" is
Hermitian, then |A|} is the corresponding principal minor
of det A. For 1 < k < n, the collection of strictly increasing
sequences of k integers chosen from {1,...,#n} is denoted by
Li,={a:a=(a,....0),1 <o <-- < <n}. For fixed
icaand je B letl,  {i} ={a:aeL,,,ica}denotesthe
collection of sequences of row indexes that contain the index
i,and J, {j} = {f: B € L,,, j € B} denotes the collection of
sequences of column indexes that contain j.

Let a; be the jth column and g; be the ith row of
A, respectively. Suppose A ;(b) denotes the matrix obtained
from A by replacing its jth column with the column-vector
b,and A, (b) denotes the matrix obtained from A by replacing
its ith row with the row-vector b. We denote the ith row and
the jth column of A" by a and a;, respectively.

Lemma 11 (see [47]). If A € H™", then the Moore-Penrose

inverse AT = (a;rj) € H™™ have the following determinantal
representations,

* * l;
Y sey gy cdet; ((A"A) , (a
af = S0 ( . ) )ﬁ, (33)
Zﬁe]m |A*A|ﬁ
and
S Z«e[,,m{j} rdet; ((AA )j‘ (ai.))‘x. (34)

! Leer,, [AA™]y

Remark 12. For an arbitrary full-rank matrix A € H™", a
row-vector b € H”™, and a column-vector ¢ € H™, we put

(i) rdet; ((AA"), (b)) = ) rdet;((AA"), (),

€Ly, it

det (AA") = Z |AA™[S, when r=m,

aEIm,m

(i) cdet; ((A"A) () (35)

= Z cdetj((A*A)‘j(c))i,

BeTunlj}
det(A"A) = ) |A*A|£, when r = n.
ﬁE]"y"

Corollary13. If A € H™", then the projection matrix ATA =:
Q4 = (qij)pxn has the determinantal representation

_ 2pey,, 0 Cdet ((a74), (%‘))ﬁ

« A1B
Zﬁe[m |A A|/;

where @ is the jth column of A"A € H™".

qij (36)

>



Corollary14. If A € H™", then the projection matrix AA" =:
Py = (Pij)mxm has the determinantal representation

B Zael,,m{j} rdetj ((AA* )j‘ (di‘))a
P Toer, [AAT

where d; is the ith row of AA™ € H™™.

(37)

>

Lemma 15 (see [2]). Let A € H™", B € H™, C € H™ be
known and X € H™" be unknown. Then the matrix equation

AXB=C (38)

is consistent if and only if AATCB'B = C. In this case, its
general solution can be expressed as

X =A'CB' + L,V + WR,, (39)

where VW are arbitrary matrices over H with appropriate
dimensions.

In [71], it’s proved that (39) is the least squares solution to
(38), and its minimum norm least squares solution is X ;¢ =
A'CB'.

Lemma 16 (see [48]). Let A € IHJ:?X", B ¢ IHJ::S. Then the
minimum norm least squares solution X = ATCB" = (i) €
H™" to (38) have determinantal representations,

~ 2pey, 0 cdety ((a74), (dﬁ'))ﬁ

x;j = 3 —, (40)
Zﬁe[rlm |A*A|ﬁ Z(xelrz,, |BB* |0¢

or
S ety (85, ()
Xij = Y — (41)
Yse,,, 1A Al Yaer,, 1BB[
where
* =\ nx
dﬁ. = Z rdet; ((BB )j_ (Ck'))a e W™,
“617‘2,7‘{]}
k=1,...,n,
(42)
d;' = cdet; (A" A), (51))§ e MY,
BeTyy mlit
I=1,...,r,

are the column vector and the row vector, respectively. ¢ and
¢, are the kth row and the Ith column of C = A*CB".

Corollary 17. Let A € H™, C € H™ be known and
X € W™ be unknown. Then the matrix equation AX = C

is consistent if and only if AA'C = C. In this case, its general
solution can be expressed as X = A'C + L,V, where V
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is an arbitrary matrix over H with appropriate dimensions.
Its minimum norm least squares solution X = A'C has the
following determinantal representation,

 Spancdet ((4°4),(5)),
Y pes,, 147 Alf

where € is the jth column of C= A*C.

, (43)

Xij

Corollary 18. Let B € H., C € H™ be given, and X €
H™" be unknown. Then the equation XB = C is solvable if
and only if C = CB'B and its general solution is X = CB' +
WRg, where W is a any matrix with conformable dimension.

Moreover, its minimum norm least squares solution X = CB'
has the determinantal representation,

% e [+
Yer,, () Tdet; ((BB )j_ (Ci.))a
2aer,, BB [,

where €, is the ith row of C = CB".

(44)

.xij =

>

3. A New Expression of the General
Solution to System (6)

First, we show that Lemma 4 is true for the Moore-Penrose
inverses.

Lemmal19. Let ©, Q) be matrices over H and

o)
O = ,
(DZ
Q=[Q ], (45)
F=®,L,,
T = Ranz.
Then
Ly =Lg Ly,
L (Lo, -QjO,L; (46)
Clo oL |
Rqg = RTRQl’
[ Ry, 0 (47)
RCI) = + .
__RFq)Z(Dl RF

where Qf, ®1 are the Moore-Penrose inverses, and Lo,
Rg, Ly, RF Ly, and Ry, are projectors with respect to the
corresponding Moore-Penrose inverses.

Proof. In ([65], Lemma 2.4), it is proved that for fixed
reflexive inverses Q)] and T, the reflexive inverse Q" can be
expressed as follows,

Qf - Q7 Q,T* Ry,

Q=
’1"“’1%01

(48)
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We choose Qf, T" as the Moore-Penrose inverses, and R as

the projector with respect to the Moore-Penrose inverse QI
and show that the obtained matrix

ol -afQ, TR
QT _ 1 1572 Ql] (49)

T'Ry,

is the Moore-Penrose inverse of Q. For this, it is enough
to proof that Q" satisfies the conditions (3) and (4) in
Definition 1.

Since by Lemma 3, TTRQ1 = (RQIQZ)TRQl =T", then QF
can be expressed as

T T T
o [ -Qia.r
- -

(50)

So,

T T T
of —alo,r

t_

1l 1l + +
=[Q,0] -0,0]Q,T" + Q,T"] (51)

= [Q,0] + Ry Q,T"]
= [Q,0] + Ro, 0, (Rq, @,)']
Since condition (3) is satisfied by components, namely,
(o,00) = 0,0f, (52)
(Ro,2 (R, 2)") = Ro 2 (Ry, Q) (53)

it follows that Q' satisfies condition (3) as well; i.e., (QQ")* =
Qo'

Similar, it can be shown that QF satisfies condition (4).
Hence, the Moore-Penrose inverse of Q) can be expressed by
(49). From this (46) immediately follow.

The equations (47) can be proved similarly. O

Now we demonstrate the principal theorem of this sec-
tion.

Theorem 20. Assume that S; = (I, 0,S, =100 I,] T =
[I%I]’ T, = 1%2],G =[ACLH=[5]H =L,L,
Hy=L, S LeHy = RyT\Ry , Hy =Ly L, Hs = Ly S,L,
Hg = RyT,Rg, and system (6) is solvable, then the general
solution to our system can be formed as

X, =AlC, +L, C,B + L, A'EB'Ry

~L, A'CM'EB'Ry,

7
I Vall il +
~L, A'SC'EN'DB'Ry + H, ViR
+ HyUH; + L, VyRgRy
(54)
_ a7t + il il

X,=AYCy+ L, C,B) + Ly M'RyED'Ry

+ Ly LyS'SC'EN'Ry + H,W Ry, (55)

+ HUH + Ly WyRpRp ,

where U,V,,V,,W,, and W, are free matrices over H with
allowable dimensions.

Proof. Our proof contains three parts. At the first step, we
show that the matrices X, and X, have the forms of

Xy =¢o+ H,ViRg + L, V,RgRg + H,UH;, (56)
X, =y + HW,Rg, + Ly W,RpRp + H;UHG, (57)

where ¢, and y,, are any pair of particular solution to system
(6), Vi, V5, Wy, W, and U are free matrices of able shapes
over H, are solutions to system (6). At the second step, we
display that any couple of solutions g, and v, to system (6)
can be established as (56) and (57), respectively. At the end,
we confirm that

p=A\C +L, CB +A"EB' - A"CM'EB'
(58)
- A"SC'EN'DB'

and

v=AYCy+ L, CB)+ Ly M'RyED'
(59)
+L, LyS'SC'ENR,

are a couple of particular solutions to system (6).

Now we prove that a couple of matrices X, and X, having
the shape of (56) and (57), respectively, are solutions to system
(6). Observe that

AlC,B, + L C,BIB; = A{A,C, + L, C, = C,, .
60
AYC3B, + L, C,BiB, = A5A,C,+ L, Cy=C,.

It is evident that X, having the form (56) is a solution of
A,X, = C,and X B, = C, and X, having the form (57)
is a solution to A, X, = C;, X,B, = C,. Now we are left to
show that A;X,B; + A,X,B, = C, is satisfied by X, and X,
given in (56) and (57). By Lemma 4, we have

L, —A'CL,,

ASiLg=All, 01| ©
M

=A[L, -A'CLy]=[0 —AA'CLy] (o))
=[0 —(C-M)Ly]=[0 -CL,]

=—[0 S] =-CS,Lg,



and
[ R 0171 R
RyT,B=| ' [ql]B: " |B
| RyDB" Ry |10 RyDB'

- 0 = [ 0 ] (62)
| RyDB'B RyD(I-Lpg)

[0
= = RyT,D.
_RND] H'2

Observe that AL , = 0 and by using (61) and (62), we arrive
that

A,X,B; +A,X,B, =C.. (63)

Conversely, assume that y, and v, are any couple of solutions
to our system (6). By Lemma 7, we have

AAlC, =C,
C,BIB, = C,,
A,ANC, =G,
24,03 =03 (64)
C,BiB, =C,,
A,C, =C,By,
A,C, = C;B,.
Observe that
Ly, HoRp = (I - AJEAl)#o (I - BlBJ{)
=ty — thoB, B} — AL Ay + AV A, B, B
Ho — Ho D15y 141Ho 141H0 515, (65)
= Ho — CzBI - AT1C1 + AEAlczBI
=WHo— LAICZBI - AECI
produces
po =L, CB] + AICy + L, phoRp, . (66)
On the same lines, we can get
vy =LA CyBY + ASCy + Ly wRy.. (67)

It is manifest that y, and v, defined in (66)-(67) are also
solution pair of

AX,B+CX,D =E. (68)
Since
AX,B+CX,D = A3LA1;40RBlB3 + A4LA27/0RBZB4

=4, (P‘o - LAICZBI B AECI) B,
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+A, (v — Lo, C4B) - ALC,) B,
= AspoB; — A3LA1CZBIB3
- A'C,B, + A,v,B,
- A,L, C,B}B,— A,AC,B,
= AsuBs + Ayv,B, — AC,B! B,
- A'c,B, - CC,B!B,
- A,ATC,B,
= C, - AC,B!B, - A'C,B,
-CC,B!B, - A,ATC,B, = E.
(69)
Hence by Lemma 6, y4, and v, can be written as
ty = Xoy + S,LGURLT, + LV, + V,Ry, (70)
Vo = Xog + S, LQURLT, + LoW, + WyRp,  (71)
where X,; and X, are a couple of special solutions to (68)
and U,V,,V,, W, and W, are free matrices with agreeable

dimensions. Using (70) and (71) in (66) and (67), respectively,
we get

po = Xyo + HJUH; + H\V\Rg + L, V,RgRy , )
72
Vo = Xp0 + HsUHg + H,W Ry + L W,RpRg,

where X}, = AIC, + L, C,B] + L, Xo Ry and Xy, =
AYCy + L C,B} + Ly Xp,Ry . It is evident that X, and
X,, are a couple of solutions to system (6). It is clear that
Uy and v, can be represented by (56) and (57), respectively.
Lastly, by putting U;, V;, W, and Z, equal to zero in (24) and
(25), we conclude that p and v are special solutions to system
(6). Hence the expressions (54) and (55) represent the general
solution to system (6) and the theorem is completed. O

Remark 21. Due to Lemma3 and taking into account
L s,Lar = LyL 4, we have the following simplification of the
solution pair to system (6) that is identical for (24)-(25) and
(54)-(55) when U, U,, V,, V,, Z,, W, and W, disappear,

X, =AlC, +L, C,B] + A"EB" - A"A,M"EB'
- A"SC'EN'B, B, (73)

X, =AYC;+ L, C,B} + M'ED' + S'SC'EN'.
Comment 1. We have established a novel expression of the
general solution to system (6) in Theorem 20 which is
different from one created in [35]. With the help of this novel

expression, we can explore the least-norm of the general
solution which can not be studied with the help of the
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expression given in [35], which is one of the advantage of our
new expression.

Now we discuss some special cases of our system.
If By, B,,C, and C, disappear in Theorem 20, then we
gain the following conclusion.

Corollary 22. Denote S, = [I, 0],S,=1[0 I, ], T, = [I(q)l ]
T = [I(q)z ]’G = [A CLH = [—Bzi,]’ Hy = Ly LyH, =
LAISILG’H3 = RHTI’H4 = LAZLC’HS = LAZSZLG’HS =
Ry T, and system (4) is solvable, then the general solution to
system (4) can be formed as

X, = A'C, + ATEB! - A"A,M"EB]
~ A'SC'EN'B,B! - H,Y, + H,VH,
+L, Y,Rp, (74)
X, = AlCy + M'EB! + STSC'EN' + H, 7,
+ H;VHg + LAZZZRB4,
where A,C,N, M, S are the same as in Lemma 6, E = C, —

A;ANC,By-A,AYC3B, V.Y, Y, Z,, and Z, are free matrices
over H obeying agreeable dimensions.

Comment 2. The above consequence is a chief result of [64].
If A,, B,,C;, Ay, B, and C, vanish in our system (6), then
we get the following outcome.

Corollary 23. Suppose that A, B;,C,,C,, A5, B; and C,_ are
given. Then the general solution to system (3) is established by

T T T
X, =AlC, + L, C,Bl +(AsL,)

-[C. - A;ATC\By - AsL, C,B]B;]
. (75)
* (IQB1 B3) + LAILA3LA1 WIRBl

+ LAIWZRRBIB3RBI’

where W, and W, are arbitrary matrices over H with appropri-
ate sizes.

Comment 3. Corollary 23 is the rudimentary result of [32].

Comment 4. When A, B, A, and B, become zero in (8),
then we will get the least-norm of the solution of (8) with the
help of Theorem 20 quite smoothly. This is one of the
advantage of the our expressions over the expressions given
in [41].

An algorithm and numerical example is provided to
obtain the general solution of (6) with the help of Theorem 20.

Algorithm 24. (1) Input A,, B;,C,, A,, B,,C,,D,, A5, B;,C;,
D,, A,, B, C, with viable dimensions over H.
(2) Evaluate X, and X, by (54)-(55).

9
Example 25. For given matrices
r1 —i
A= ,
Lj k
[ k i
B, = ,
Pl i—k]
[i k
C]: . ])
[ J -1
-i j 1
C, = ,
2k -1 j]
[ i
A, =|-k|,
L J
i k]
G=|11] |
LJ 1]
(i 1] (76)
Ay=|-11if,
Lk ]
-1
A, =10,
L)
j
B - >
2 -k]
B _'i 1
3__1( _j >
ik
B, = ,
folk _,-]
Cy = [-i+]],
-1-j+k -2+i-j+k
C, = —i -1
L-1+j+k —-i+j+k

By these given matrices, the consistency conditions of (6)
from Lemma3 are fulfilled. So, system (6) is resolvable.
Now we compute the partial solution to system (6) when
U,U,,V,V,,Z,,W,, and W, disappear. Using determinan-
tal representations (33)-(34) for computing Moore-Penrose
inverses, we find that

11 -j
A= |

4[1 —k]

11 i
L, == ,
. 2[—i1]
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o1
BI=% -k —i],
L-i k
g, o L[1
B, 2|51
1
1., .
A2=5[—1k—ﬂ,
0 0
A=10 0],
Lk j

00 —j
BT:l[_i —k]
411 j

k —j
E=|-1 1],
j k

11 i

Ry == .
= 2[—i 1]

(77)

Since LAz = 0and D = 0, then C,S, M, N are zero-
matrices. Hence the general solution to our system (6) is

X, =AlC, +L, C,B] + AEB'

1 [5+i-2j-k -2-i+7j+5k
T 12| 5ti-jr2k —1+2i-j-k| 8
X2=A2C3=§[2+k -i-2j].

4. The Least-Norm of the General
Solution to System (6)

We experience the least-norm to system (6) in this section.
We first modify the description of quaternionic inner product
space defined in [72] as follows:

A right H-vector space 7, is a quaternionic inner product
space if there is a mapping (-,-) : 7" x 7" — H such that for
allq,q, e Hand §,&,,8, € 7/,

M) & &a1+8,a,) = 41(E.§1)+8,(8,6,)5 (6191 +8,9,,§) =
<£1’€>ql + (52,5)112;
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(2) <£1’€2> = (Ez’£1>;
(3) (€,&) =0, and (¢,&) =0 if and only if &=0.

It can be achieved by putting ({,) = ), %% for & =
E)in = )L, € 7, &l = V(&) is referred as the

norm of &. It is routine to verify that H is a quaternionic inner
product space under the inner product defined by (C, D) =
tr(D*C) where C, D € H™" | A|| = (tr(A* A))"? is the matrix
norm defined by A. The real part of a quaternion ¢ is denoted
by relq].

By the definition and [73], we can get the following result
easily.
Lemma 26. Let A € H™", B € H"™"™. Then we have

(D 1A+ BI” = | AI* + |BI® + 2Re[tr(B" A)].

(2) Re[tr(AB)] = Re[tr(BA)].
Theorem 27. Assume that system (6) is solvable, then the least-

norm of the solution pair X, and X, to system (6) can be
extracted as follows:

T T, atpgt
“Xl"min = AICI + LAlczBl + A'EB (79)
- A"A,M"EB" - A"SC'EN"B,B",

1)l = ASCs + Lo, C4BL + MTED' + STSC'ENT. (80)

min

Proof. With the help of Theorem 20 and Remark 21, the
general solution to system (6) can be formed as

X, =A\C, +L, C,Bl + A'EB" - A"A,M"EB'

- A'SC'EN'B,B" - H,V, Ry + H,UH,

+ L, VoRgRg (81)
X, = ASCy+ L, C,B} + M'ED" + S'SC'EN'

+ HW, Ry + HsUHg + L, W,RpRg,

where U, V, V,, W, and W, are free matrices over H having
executable dimensions. By Lemma 26, the norm of X, can be
established as

IX,|* = [ATCy + L4, C,B] + ATEB" - A'A, M"EB'
- A'SC'EN'B,B" - H,V,Ry + H,UH,
+L, ViRsRy " = [ATC, + Lo C,B] + ATEBT (82)
~ ATA,M'EB' -~ ATSC'EN"BB'| + |H,V\Ry,

2
+ H,UH, + L, VoRgRy |+,
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where

= 2Re [tr ((H,ViRy,

11

+ HyUH, + L, V,RgRy )" (ATC, + L, C,B!
+ A'EB" - AT A, M"EB' - A'SC'EN"B,B"))].
(83)

Now we want to show that ] = 0. Applying Lemmas 3, 4, and
26, we have

Re[tr ((H,ViRg,) (ALC, + L C,B] + ATEB' - A'A,M'EB' - A'SC'EN"B,B"))|

=Re|[tr (Ry V'Hy (ATC, + L, C,B] + A'EB" - A"A,M"EB" - A"SC'"EN"B,B"))]

(84)

=Re[tr (R V' L,L, (A1C, + L, C,B + A"EB" — A"A,M"EB" - A"SC'"EN"B,B"))]

=Re[tr(Rg V' LyL, (Ls C,B))] =Re[tr (V'L L, (L4 C,B])Ry )] =0,

Re[tr((L, VaRgRg, )" (ALC, + Ly C,B] + A'EB" — A"A,M'EB' - A'SC'EN"B,B') )]

= Re|tr (RBIRBVZ*LZI (
=Re[tr (Rg RV, Ly (

1

AlC, + L, C,B] + A'EB" - ATA,M"EB" - A"SC'EN"B,B"))|

L, C,B}+A'EB" - A"A,M"EB" - A'SC'"EN"B,B"))] (85)

=Re[tr(V, L, (LsC,B} + A'EB" - A'A,M"EB" - A"SC'EN"B,B") Ry R} )]

=Re[tr(V, L, (A"EB" - A"A,M"EB" - A"SC'EN"B,B") R;)| =0,

Re [tr ((HUH,)" (A1C, + L, C,B] + A'EB" — A"A,M"EB" - A"SC'"EN"B,B"))]

=Re[tr (H;U"H; (AlC, + L, C,B] + A'EB" - A"A,M"EB" - A"SC'EN"B,B"))]
J

=Re[tr (H;ULgS Ly, (L C,B} + A'EB' — A"A,M"EB" - A'"SC"EN'B,B"))

L, -A'CL,,
0 Ly

=Re [tr <H3*U*

I
[ ] (L C,B] + A"EB" — A"A ,M"EB' - A*SC*EN*B4B*)>] (86)
0 1

=Re[tr (H;U"L, (A"EB" - A"A,M"EB" - A"SC'"EN"B,B"))]

=Re[tr (H;U"L L, C,B})] = Re [tr (Ry, Ty RyU"L 4L, C,B})]

=Re[tr (T RyU"L 4L, C,BIRy )| = 0.

By using (84)-(86) in (83) produces ] = 0. Since X, is
arbitrary, we get (79) from (82). On the same way, we can
prove that (80) hold. O

A special cases of our system (6) are given below.
If B,, B,, C, and C, become zero matrices in Theorem 27,
then again we get the principal result of [30].

Corollary 28. Assume that system (4) is solvable, then the

least-norm of the solution pair X, and X, to system (4) can
be furnished as

1%, = AYC, + AEB} — ATA,M"EB]

- A'SC'EN'B,BI,

|Xa],i = ALCs + M'EB] + S'SC'EN'.

(87)

If A,, B,, C;, Ay, By, and C, vanish in our system, then
we get the next consequence.

Corollary 29. Suppose that A, B;,C,,C,, A3, B;, and C, are
given. Then the least-norm of the least square solution to system
(3) is launched by

:
“Xlnmin = A];Cl + LAICZBI + (A3LA1) (88)
:
-[C.~ AsAYC, By - A;L, C,BB,]| (Ry,B,) -

Comment 5. Corollary 29 is the key result of [32].
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5. Determinantal Representations of
the Least-Norm Solution to System (6)

In this section, we give determinantal representations of the
least-norm solution to system (6). Let A, € H™", B, € H_,
A, e HYP, B, e HPY, A, € WY, B, € HP, A, € HXPB, €
HE, r(A) = 1o, 7(B) = 119, 7(C) = 113, (D) = 115, 1(M) =
713, 1(N) = 114, and 7(S) = 5.

First, consider each term of (79) separately.

% . ﬁ *
1 Zadw{j} rdet; ((BIBT)].‘ (ci(.lz)))z ) Zf Zﬁeblm{i} cdet; ((AIAI)J' (a_(})))ﬁ szEIrz,r{j} rdet; ((BIBI )j, (C}u)))z
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(i) Denote C,; = A]C,. Due to Corollary 17 for the first
term of (79), X, = ATIC1 = (xgjn)), we have

ey 0 edet; ((474,), (7))

an - (89)
Mo A P ’
Xger,., [A1A1]g
where c_(j”) is the jth column of C,;.
(ii) For the second term of (79) we have, X, = (xgjlz)) =

LAICZBI = Cszl‘ —QAlCzBJ{. So, due to Corollaries 18 and 13,

‘x; o o o (90)
/ Zael,w BlBiklzx Zﬁé],lm ATAlla zoce],w BIBTLX
where ci(.lz) is the ith row of C,, = C,B; and d_(}) is the fth  or
column of ATA,. «
% A
Construct the matrix ¥, = (1//1.(;)), where 1) _ Z0¢EI,10,{1'} rdetj ((BB )j‘ (di. ))‘x (96)
iji = B >
2 |A* Al 2 |BB*|
a _ - .(D))\B Belrgm B &acl,, «
Vig' = Z cdet; ((AIAI)J (“‘f ))ﬁ (91)
BeTr nli} where
and denote ¥, = ¥,C,B;. Then, from (90), it follows that i 7
B _ * (D)) \* px1
. (12)\\@ d’ = Z rdet. ((BB ): (eu. )) e HP,
(12) _ Z(xélrz,,{j} rdetj ((BIBI )j, (Ci. ))a g | ael, 4} ! ! “ ]
K Z(er,z,, B, By Z u=1 m
#y (D))" 2 i . NG
Laer,, j) et ((B,B)); (v ))a P
- > A _ * (1) 1xr
Zﬁel,l,n ATAL; Zael,z,r B, Bi [, di. = /;e/z {i}Cdeti((A A (e” ))ﬁ cH
where 1’/71.(_1) is the ith row of the matrix ¥, . S .

If we construct the matrix ¥, = (1//1.(;)), where
@ _ * (12))\*
v = ) et ((BB)); (cf?)) (93)
(XEI,Z’,{]'}
and denote ¥, = AT A,'¥,, and then, from (90), we obtain

a2 Lal,, 1) 19 ((B:8)); (Cislz))):

L= =
Y Z(xEIrzyr BIBT |oc

Y
zﬁe]w{,-} cdet; ((ATAl).i (&F]g)))ﬁ
AA Yaer,, [BiB] LG

o

2pe,,

where JFJ,Z) is the jth column of the matrix 'F,.

(iii) Due to Theorem 2.15 for the third term ATEB" =
X3 = (xgjls)), we obtain
* B B
) _ 2 ej,, i et ((aa), (d‘j))ﬁ (95)
" Tpg,, [ATAl Tea,, 1B

are the column vector and the row vector, respectively. ef}‘)
and e are the uth row and the vth column of E, = A*EB".

(iv) For the fourth term of (79), ATA4MTEBT = Xy =
(xEjH)), using the determinantal representation (33) for At
and by Theorem 2.15, we have

x§}4)
B
) 21 2pej, i Cdet; ((A*A)‘i (“-(}4))) B i (%8)
Ype, 1A A|§ Yper,,, IM* M|§ Yaer,,, |BB*|®
where
b= D cdety((M"M), (‘Plj))ﬁ
BT,y ot}
i (99)
= Y rdet;((BB"), (¢})).
ael, o Aj}
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and
4’5 = Z rdet; ((BB*)J,. (31(42))):] € B,
_szIrwJ{j}
u=1,...,p,
r (100)
‘Pj\f = Z cdet ((M*M).f (e(VZ)))/;] e H™,
| Belrisplf}
v=1,...,1,

are the column vector and the row vector, respectively. af}‘”

is the fth column of A, = A*A,, e,?, and e @ are the
uth row and the vth column of E, := M"*EB", respectively.

13

Construct the matrix ® = (¢;;), where ¢;; is given by (99)

and denote A*A® = © = ((zij). Then, from (98), we get
the following final determinantal representation of the fourth
term of (79),

9
e, i <oty ((4°4), (8,), (101)

Zﬁe],g,m |A*A|§ Zﬁe/,m |M*M|§ Zael,w |BB*|

where ¢ j is the jth column of ®.

(v) For the fifth term of (79), A'SC'EN'B,B" = X, =
(xgjls) ), due to Corollary 17 to ATS, by Theorem 2.15 to C'ENT,
and Corollary 18 to B,B', we obtain

Y5 21 X ey, i cdet; (A7), (5.(11)))2 @iy aer,,, i vdet; ((BB); (bj(‘.IS))):

(15) o
X7 = 3 3 (102)
2per,, 1A Alg 2pey,, , 1C7Clp e, INN"Ig e, 1BB"L,
where st is the Ith column of S, == A*S, b\ is the fth row
1 1 A c _ * 3)\\# 1xt
of B, = B,B", L= Z cdet; ((C C), (e‘v ))ﬁ eH,
, BeT ol
Wy = Z cdet; ((C*C)_z (CI}T));;
Belry il v=1...,q
e (103) o)
= Z rdet ((NN )f‘ ((l‘))a’
acl, f} ®)
are the column vector and the row vector, respectively. e,
and and ') are the uth row and the vth column of E; = C*EN*.
Construct the matrix Q = (wjs), where w); is determined
o A * * .
N = rdet. ((NN*) . (e® e H™, by (103), and denote Q) == A"SQB,B". Then, from (102), it
7 aezzq{f} ! (( )f( “ ))“ follows that
145
u=1,...,p,

S %1 ey, cdeti (A%A), (e))@y ¥ rdet; (BB, (ef))’

“61710,1{.7} (105)

1 * * * | * |
Sper,, JA AL Sper  1CClE Taer  INN*IS e, BB

where e, and e; are the unit row-vector and the unit
column-vector whose components are 0 except the fth or /th
components which are 1, respectively.

If we denote

W =Y Y cdet; (A" A), () @y
l ﬁE]rg,n{i}

(15) o€l 1j

= Y cdet, ((A%A), (‘D‘f))i’

BET g i}
(106)

then, from (102), it follows the determinantal representation

Y xdet; ((887); (")),

(107)

g * * * |00 * 06’
ey, VAT Al Ypey  1CClE Yoy INN*IS e, |BBY[
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where wg.l) is the ith row of the matrix Q¥ =

determined by (106).
If we denote

le Zwlf Z rdet; ((BB

ael, i}

(wf})) that is

. (o)),

2ge,

09 _

i) cdet; ((A*A)J. (
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- Z rdetj((BB*)j‘(cT)z.))Z,

ael, i}

(108)

then, from (102), it follows the determinantal representation

B
@)

(109)

ij

Y per, JATALL Tge,

IC*Cl, Ve,

" |NN* |Z ZﬁEIylo,r |BB*|Z

where ¥ )is the jth column of the matrix Q® = (wl(jz)) that (i) Denote C,, = A}C;. Due to Corollary 17 for the first
is determined by (108). term of (80), X,, = ATZC3 = (x(ngl)), we have
Similarly, consider each term of (80) separate-
ly. Y pes,. g Cdety ((A A,), ( (21)))ﬁ
(zfl) _ 't B (110)
g . ’
Z;;e]w |A2A2|;;
where c(fm is the fth column of C,;.
(ii) For the second term of (80) we have, X,, = (x (22) ) =
LA2C4B =C,B] - PA2C4BT. So, due to Corollaries 18 and 13,
* (22)\\*
(22) _ Zael,m{ rdetf ((BZB ) (Cg. ))(x
o “6174‘1 | ZB*l
; i an)
* .(2) (22)
%) Zper, pta cdety ((4542) o (7)) Eaer, i ety ((B2B3) (7)),
Zﬁe]w |A3A, [, Z(er,M |B,B;
where C(zz) is the gth row of C,, == C,B; and a( ) is the jth If we construct the matrix Y, = (U;;)), where
column of AZA,.
Construct the matrix Y; = (v(glj)), where O .
vy = IZU wdety ((B,8), (67)) (g
oe raq
O * .2)\\B
K Z{ }Cdetg ((4342),(a7))>
€lrs.plg -
’ and denote Y, = A;AZYZ, then, from (111), we obtain
and denote Y; = Y,C,B;. Then, from (111), it follows that
% o
IZ { f}rdetf ((B285); (5)),
* (22)\\* (22) _ “lua
g _ Zectn ety (BB2), (7)), Yol T > [B.B[:
af | B* | acl, *
Yeer,, 1B s (115)

(113)

Saer, i rdety ((B:B3)  (35))]

Yper,,, [A24ale X BB,

€y

>

where v(l) is the gth row of Y,.

~ Zper lo) 4t o ((4345), (5.(;)))2

Xper,,, 14340] aer,,, |B2B3 o

49

where D‘;) is the gth row of Y.
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(iii) Due to Theorem 2.15 for the third term MTED' =:

— (23 :
Xy = (ng ), we obtain

. g
@3) _ Lpey,,, ,to) ©dety ((M M), (d?))ﬁ (116)

* B >
7 Zﬁeblw |M*M|£ Zocel,lw |BB*|Z
or
* A [24
a3 Lach,, () rdet; ((BBY) i (df ))“
Xij = Y T 117)
Y per,, o |47 Al Yaer,  1BB*l;
where
B = * @Y\)* px1
d;= |: Z rdet; ((BB ); (eu. ))a] € HP,
acl, o 4}
u=1,...,m,
(118)

% B r
dt = |:,;€]Z {i}cdeti ((A A), (e.(f)))ﬁjl e H™,

are the column vector and the row vector, respectively. e,(ll_)

and e are the uth row and the vth column of E, == M*ED".

(iv) Using Corollary 13 to S'S and by Theorem 2.15 to
C'EN', we obtain the the following representation of the
fourth term, X,, = (x(;;)) = STSCTENT, of (80)

(24)
Xof

RN
Y1 Xper,, pta ety ((878)  (80)) gy (119)

Zﬁe]ﬁs)lﬂ |S*S|§ thelm,, | |Z ZﬁGIrlm INN* |z

where w; is determined by (103). Construct the matrix Q =
(wlf) and denote Q = §*SQ. Then, from (119) finally, we have

(24)
Xgf

Y gt plo) <dety ((878) 4 (@ f))ﬁ (120)

Yper,., |S"SI Taer, , 1CC 13 Xger,  INNVIS

where @ ; is the fth column of Q.
So, we prove the following theorem.

Theorem 30. Let A, € H™", B, € H*, A, € H?, B, ¢
HPY Ay € M, By € M), Ay € HUPB, € HE, r(A) = r,,
r(B) = 115, 1(C) = 1y, (D) = 115, r(M) = 115, r(N) = 114,
and r(S) = r,5. The least-norm solution (79)-(80) to system (8),
X, = (xgjl)) eH™, X, = (x(;f)) € HP*4, by components
At

(121)
@ _ @), (2 (23, (4

Xgf =Xgp ¥ Xgp T Xgr T Xg

15

has determinantal representations, where the term xlﬁ}l) is (89),
x(j?) is (92) or (94), x(;” is (95) or (96), x1¥ is (101), and x;”
is (107) or (109); similarly, x(;fl) is (110), xﬁffz) is (113) or (115),
x(;;) is (116) or (117), and x(;;) is (120).

A numerical example is provided to obtain the least norm
of the general solution of (6) with the help of Theorem 30.

Example 31. We use the given matrices from the Example 25.
Sincer(A,) =1and

. 1+i j+k
Cn=4C = .. ’
-1+i —j+k
(122)
ea _[2
i 2 )
and then, by (89),
ap _ 1 L.
u =g tgh
1 1
xglzl) = Z] + Zk’
- (123)
an .
=—— 4 - ,
X21 27"
an 1.1
-——j+ -k
X22 LR
Now, by (92), we find xgjlz) foralli, j =1,2. So,
Co—CB [—Zi—k —i+2k]
PO ik 2i-k
(124)
.3 -3
BB =| ,
3 3
Similarly, by (91), ¥, = A7A,. So
_ . [2-4i+4j-2k 4-2i-2j+4k
¥, = ¥,C,B] = (125)
4+2i+2j+4k 2+4i-4j-2k

Since r(B,) = 1, then by (92),

1) 1, . 1 R
x(ll)=g(—21—k)—ﬁ(2—4l+4]—2k)

a» _ 1, . 1 ..
= - (-i+2K) - — (4-2i-2j+4k
Xy = 2 (Ci42k) - (4= 2i - 2 + 4k)

1 1, 1 1

=-——-—i+ —j+ -k,
6 12 127 6



16

L 1

5 —g(i+2k)—i(4+2i+2j+4k)

xglj):é(zi—k)—i(z+4i—4j—2k)

1. 1, 1
:—E +gl+ g]—ak
(126)
Since r(A) = r(B) = 1 and
2 2j
E1=A*EB*=[ J],
-2i -2k
) 1
AA = [—i 1] , (127)
BB [ ? 2’]
125 2
and then, by (95),
2
(3]
-2i
(128)
2j
d5 = ,
-2
and
ax» _ 1
X0 = I
as _ 1,
X' = ZJ’
(129)
N

Further, due to Example 25, xEjM) = xgjls) =0foralli,j=1,2.
So,

50 1, 1, 1
w_> 1.

x i--j-—k,
nTRTRUY TR
w1 7. 5
S R
12 s 21T
(130)
w__ >, 1, 1.1
2T TR TR T
o__ bt L 1, 1
2= R TR TR
Since, 7(A,) = 1 and
Cy = ASCy = [2+k —-i-2j],
(131)

A4, = [3],

Abstract and Applied Analysis

and, due to Example 25, xgzjz) = x§21.3) = x§21.4) =0forall j =
1,2; then by (110) and (121)

2 1
R
. 5 (132)
2) (1) . .
X5 =X = ——i— =j.
12 12 3 3,'

Hence, the least norm solution of (6) obtained by Cramer’s
Rule and the matrix method in Example 25 are the same as
expected.

Note that we used Maple with the package CLIFFORD in
the calculations.

6. Conclusion

We have constructed a novel expression of the general
solution to system (6) over H and used this result to explore
the least-norm of the general solution to this system when
it is solvable. Some particular cases of our system are also
discussed. Our results carry the principal results of [32, 64].
Finally, we give determinantal representations (analogous of
Cramer’s Rule) of the least norm solutions to the systems
using row-column noncommutative determinants. Numeri-
cal examples are also provided to interpret the results.
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