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We establish fractional integral and derivative formulas by using Marichev-Saigo-Maeda operators involving the S-function. The
results are expressed in terms of the generalized Gauss hypergeometric functions. Corresponding assertions in terms of Saigo,
Erdélyi-Kober, Riemann-Liouville, and Weyl type of fractional integrals and derivatives are presented. Also we develop their
composition formula by applying the Beta and Laplace transforms. Further, we point out also their relevance.

1. Introduction and Preliminaries

In recent times, the fractional calculus is the most fast
growing subject of mathematical analysis. It is concern with
applied mathematics that deals with integrals and derivatives
of arbitrary orders. The fractional calculus operator linking
diverse special functions has found substantial significance
and applications in a variety of subfields of applicable
mathematical analysis. Numerous applications of fractional
calculus can be found in astrophysics, turbulence, nonlinear
biological systems, fluid dynamics, stochastic dynamical
system, plasma physics and nonlinear control theory, image
processing, and quantum mechanics. Since last four decades,
anumber of workers like [1-9] so forth have studied, in depth,
the properties, applications, and diverse extensions of a range
of operators of fractional calculus. A comprehensive account
of generalized fractional calculus operators along with their
properties and applications can be found in [10-13] and also
the research monographs [14, 15] and so forth.

On relation of success of the Saigo operators [16, 17], in
their study on various function spaces and their application
in the integral equation and differential equations, Saigo and
Maeda [18] introduced the following generalized fractional
integral and differential operators of any complex order with
Appell function F;(.) in the kernel which is extension of
Marichev [19], as follows.

Let u,u',v,v',6 € C and x > 0, then the gen-
eralized fractional calculus formulas (the Marichev-Saigo-
Maeda operators) involving the Appell function or Horn’s F;-
function are defined by the following equations:
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In (1) and (3), F;(.) denotes Appell function [20] in two
variables defined as

By (sl - - )
- i () (), O (), " 5 9)
A& O iy

(max {|x|,|y[} < 1).

Remark. The Appell function defined in above equation
reduces to Gauss hypergeometric function ,F, as given in the
following relations:

F (w6 —pwv,6 —v,8x,)
(10)
= oF (1 v; 5x + y = xy),
and
F, (u, 0,v,v',8; x, y) = ,F (wv8;x), (11)
and

F; (0, w8 x, y) = ,F (y',v';é; y). (12)

In view of the above reduction formula as given in (10),
the general fractional calculus operators reduce to the Saigo
operators [16] defined as follows:

i
(521 @ = T
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and

( yvé ) ( —p=V, 4+ )(x)
(4+k —v—k,u+6—k (17)
e f)@)
(D) () = (I " “”“f) (x)
(18)

d k
- (-52) () .

where , F,(.), aspecial case of the generalized hypergeometric
function, is the Gauss hypergeometric function and the
function f(t) is so constrained that the integrals in (13) and
(15) converge.

If we take v = 0 in (13), (15), (17), and (18), we obtain
the Erdélyi-Kober fractional integral and derivative operators
[11, 21], defined as follows:

— _6 x
flo _x —OF LR () dt,
IEEA) 0= J, oot 5
R (1) >0,
S o
"0 - t—x)P O () dt,
(1) 0 T (u) L =) 0 (20)
R () >0,
and
0 (4 o tkmpprok
(i@ =(5) @,
R (1) >0 k=[R(u)+1].
k
w0 _ (1)K i ek~ +0
(Do) @) = (1) ( dx) (k2 £ (), )

R () >0 k=[R(u)+1].

When v = —p, then operators in (13), (15), (17), and (18) give
the Riemann-Liouville and the Weyl fractional integral and
derivative operators [11, 22] are defined as follows:

(1. f) () = ﬁjx(x—t)“‘lf(t)dr,
R (1) >0,
(e v-or s

(23)

(24)
R () >0,
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k
(Dh) 0= (5 ) (G2,

R () >0 k=[R(+1].

(25)

d \*/
(Dl f) ) = (-1)f (a) (L") (),

R () >0 k=[R(u)+1].

(26)

Power function formulas of the above discussed frac-
tional operators are required for our present study as given
in the following lemmas [16, 18, 23].

Lemma 1. Let y,u',v,v',8,y € C, and x > 0 be such that
R(5) > 0, then the following formulas hold true:

(I(“;:)“: WV ,6ty—1) (x)

) F(y)l"(y+6—;4—y'—v)I“(y+v'—‘u') -1 (27)
T(y+v)T(y+8-p-p)T(y+8-4p' -v) '

R (y) > max {0, R (p+p +v-08),R (4 -v)}.

( Ii,g;,v,v',a tV") )

T(1-y-VT(1-y-8+u+u)T(1-y-8+u+v)
T(1-p)T(1-y=-8+u+u +V)T(1-y+u-v) (28)

% xy+5—14—14'-1)
R (y) < 1+min{9{(—v),91(;4+‘u'—8),9{(‘u+v'—5)},
and

(Dg’,i/,v,v',éty—l) ()

F(y)l"(y—6+;4+;/ +v')l"(y—v+u) xy—8+/4+#'-1 (29)
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R(y) >max{0,%(8—y—y'—v'), 91(1/—/4)}.
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- T(1-y+V)T(1-y+8—pu—p)T(1-yp+8-4' -v)
O TA-p)T(-y+d-pu—p —-v)T(1-y-u' +v)  (30)

!
% xV S+u+p 1’

R (y) < 1+min{§R(v'),m(8—y—M'),9{(8—‘1/_V)}.

Lemma?2. Let u,v,6,y € C, and x > 0 be such that R(u) > 0,
then the following formulas hold true:

F(Y)r(y-"a_v) xy—v—l
T(y-v)T(y+6+p) BES)
R (y) > max {0, R (v-9)}.

(10 () =

(22 (%)

_ I‘(l_y+v)r(1_y+6) xy—v—l

= (32)
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>

R(y) <1+min{R (v),R )},
and

F(V)F(y+5+#+V)xy+v_1
T(y+8)T(y+v) T33)

R(y)>-min{0, R (u+v+90)}.

(DL 0 -

(D) (x)
_ F(l—V—V)F(l—V+#+5)xy+v—1
F1-p)T(1-y+8-v) ’ (34)
R(y)<l+min{R(-v-n),R(E+u)}, n

=R (u)+ 1.

Lemma 3. Let 4,0,y € C, and x > 0 be such that R(u) > 0,
then the following formulas hold true:

Iy,6ty—1 _ I (Y + 6) y—l,
(™) o= ¢ o+ (35)
R (y) > R (0).
_ r(1-y+68)
o -1 _ -1
(et ™) T-y+o+u) (36)

R(y)<1+R (),
and

F(V+5+M)xy—1
T (y+9) ’ (37)
R(y)>-R(u+9).

(Dher™) () =

P(l-y+u+d) ,,

r-y+o) (38)
R(y)<1+R(u+96)-n.

(Do) () =

Lemma 4. Let u,y € C, and x > 0 be such that R(u) > 0,
then the following formulas hold true:

u o y-1 _ F(Y) y+u—1
(I "71) (x) = Top) M)x , R(y)>o. (39)
- T1-y =)
gl — vl
(™) 00 = 2y (40)

0<R(y)<1-R(y),



and
- U(y) e
pDF 1 _ you-l
(PE) = 15— ()

R(y)>R(u) >0

- T(L-y+4) un
Dt 1 _ yop-1
(Pret™) ) r1-y) (42)

R(y)<1+R(y)-n

2. S-Function

The S-function is defined by Saxena and Daiya [24] as

Soc,ﬁ,s,r,k

) by x ]

[al,az,...,ap;bl,bz,...
§ ol
=0 n...(bq)nl"k(noc+ﬁ) nl

keR,apfeteCR(>0,a (i=1,23,...,p),b (i =
1,23, .., R(@ > kR(D), and p < g+ 1. The k-

Pochhammer symbol and k-gamma function introduced by
Diaz and Pariguan [25] are as follows:

(S)n,k
M’ keReecC/{o} (44)
= I} (¢)
e(e+k)---(e+(n-1)k), (neC,eeC)

and the relation with the classical Euler’s gamma function is
as follows:

I, (¢) = KT (%) (45)

where e € C,k € R, and n € N. For further details of k-
Pochhammer symbol and k-special functions one can refer
to the papers by Romero et al. [26].

Special Cases

(1) When p = g = 0 in (43), the S-function reduced
to generalized k-Mittag-Leffler function, defined by
Saxena et al. [27]:

< (s)n‘r,k ‘xn

=T (na + B) n!

o, 6T,k

S(o,o) [ —x] = (46)

fo!
B, R(T-1)>p-g @)
(2) When K = 7 = 1 the S-function reduced to
generalized K-function, defined by Sharma [28]:

Saﬁsll

(pa) ,a, b0y, 0,

-+(p), (€ " 48)
b’i)n I (na + B)n!

bq;x]

[al,az,...

®©  (a),-
",
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_ ape . .
= K [an s sapb1,by, b x] )

R(x)>p-q.

(3) When 7 = k = ¢ = 1, the S-function reduced to
generalized M-series defined by Sharma and Jain [29]:

S‘(’;”Z;’l’l [al,ag,...,ap;bl,bz,...,bq; x]
@ (a),(a), & (50)
"B (o) Tea B
Méﬁ)[al,az,..., 30, by, b x ), -
R@>p-q-1

Here, our aim is to establish composition formula of
Marichev-Saigo-Maeda fractional integral and derivative
operators of the product of S-function. The main formulas
obtained here are represented in terms of the generalized
Wright function ,y,(2) defined for Z € C, a;,b; € C, and

Ai,Bj € ER(A,-,BJ- #0;i=1,2,...,p;j=1,2,...,9) which s
given by the series
(ai’Ai)l,p
Wa@=pVa) () gy |7
1’7 l,q
(52)

o T (a +AKk)...T

)

& T(b +Bk)...T

(ap + Apk) z*
(b, +Bk) k!

where I'(z) is the Euler gamma function and the function
was introduced by Wright [30] and is known as generalized
Wright function. Several theorems are on the asymptotic
expansion of ,y,(z) for all values of the argument z, under
the condition

q P
1+YB;— YA, 20 (53)
=1 i=1

For detailed study of various properties, generalization and
application of Wright function, and generalized Wright func-
tion, we refer to, for instance, [30, 31].

For A; = B; = 1, (52) reduces to the generalized hyper-
geometric function oFa (see [32]).

ays...»0,
F
P q[ bl" ’hq Z]
(54)
I(b)...T(b,) (@ 1)y,
= —_— l// z .
I(a)...T(a,) "] (5p1),,

3. Approach to Fractional Calculus

Throughout this paper, we assume that y, y',v, v, 6, P> o5
Bt € Ck; € R, p;,q; € Nyand x > 0, such that R(&) > 0,
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R(e;) > kR(1), and p; < g; + 1. Further, let the constants
satisty the condition a;,b; € C,and A;,B; € R (A;,B; # 0;
i=12,...,p;j=12,...,9), such that condition (53) is also
satisfied.

3.1 Left- and Right-Sided Generalized Fractional Integration
of S-Function. In this section, we establish image formulas
for the product of S-function involving left- and right-sided

PIRTIRN 1 BiseinTiok; +0— -1
<Io,x {ﬂ st) (@ s apis by ]]»)(x) PUALR ]_[

(upr,l),<2—ll,rl) ..... (;—' r) (y,7), (y+8—y—;4'—v,r),(y—;/+v',r)

(a1, 1)... (a5 1), (apl, 1)

(B 1) o (b 1) (1) o (1), (% %) ,,,,, (ii %

Proof. On using (43), writing the function in the series form,
the left-hand side of (55) leads to

<I(!)A,ﬁ e {ty lnsl(xpﬁqi ki [“1; ----- api;bli ----- bqi;t] }) (x) (56)

_ w8 ) -1 O all ( )y, (s')nrk "\
(I {t 3 o () })““)' &7

qi

By interchanging the order of integration and summation, we
reduce the right side of (57) to
L (alz

HZ (api)n (si)n‘r,»,k,» 1 )T

i=1n= O(blz) (bqi)n rki (I’IOCi + /3’) E (58)
' (Ig’f/)v,v’,é {ty+nr—1}) (X) )

By applying Lemma 1 (see (27)) in (58), we get

(59)

_Hi (@), ( )(')mk (1)’

i=1n=0 11) (qu) rk (H(X +ﬁl)

NIRRT ki
(Lﬁ‘,ﬁ;w ) {ty lnslxpﬁqj )T [“li _____ api;bli ))))) bq ]})(x) _ x}/+6 ' 11—[

operators of Marichev-Saigo-Meada fractional integral oper-
ators (1) and (3), respectively, in terms of the generalized
Wright function. These formulas are given by the following
theorems.

Theorem 5. Let R(5) > 0, R(y) > max{0,R(u + (4' +
v=38),R(u' — ')}, then the generalized fractional integration

! !
Ig)f w0 of the product of S-function is given by

(k) T () ...T (by)

(p+1)r+3l//( +1)r+3
(8 /k)l"(al,) r(api) 1

(55)

‘k;ﬁ“l/kl . k:,—a,/k,xr

,(y+v r) (y+8 -, r) (y+6—y’—v,r)

F(y+nr)l"(y+67pt7y'7v+nr)l"(y+v’7;4'+nr)
T(y+v +nr)T(y+8—p—p +nr)T(y+8 -y —v+nr) (60)

. xy+nr+6—;4—;/—1.
By applying (44) and (45) in (60) we get

oy F(s;/k;)r(“1i)-~~r(“pi)

© T(ay;+n)-- (ap, + n) (&/k; +n1;) 71\
) ol (b +n)---T (qu + ”) (ne/k; + Bi/k;) (;>

S—p—y'-1
= xVo-uu

(61)

T(y+nr)T(y+8—pu—u —venr)T(p+v -y +nr
()T (y+8-p—p POV —p o) s e (62)
T(y+vV +nr)T(y+8—pu—p +nr)T(y+8—p' —v+nr)

Interpreting the right-hand side of the above equation, in
view of definition (52), we arrive at result (55). O

Theorem 6. Let R(S) > 0, R(y) < 1+min{R(-v), iR(yﬂ,t'—
8), R(u +v' — 8)}, then the generalized fractional integration

! !
I © of the product of S-function is given by

(k) PT (Byy). T (by)

I (g/k;)T (“1i)---r(api

) (p+1)r+3¥(g+1)r+3

63
(ap1) ... (a5 1),y (apl,l)...(apr,l),(z—l,rl> ,,,,, (2—,1’,),(1—)} nr), (l—y S+u+y, r) (1—y—8+y+v’,r> Kotk gk, (63)
(O 1)... (B 1) (bgs 1) (b 1))(5—1,2—1) ..... (%,a—’ J1=pr), (1=y=0+u+u +v,r),(1-y+u-vr) x
Proof. The proof of Theorem 6 is a similar manner of (Ié’)’:l’v’vl’a) (x) = (Ié’;’éf) (x) (64)
Theorem 5. O
and
3.11 Special Cases. Now, we present some special cases of (Iﬁ,’go’v’v ’6) (x) = (I,i‘lf f ) (x) (65)

Theorems 5 and 6 given as follows.
If we put pu = y+v,y' =y =0,y =-8,8 = U, then we
obtain the relationship

which are defined in (13) and (15) as Saigo fractional integral
operator.



6 Abstract and Applied Analysis

Corollary 7. Let R(p) > 0, R(y) > max{0, R(v — 3)}, then S-function is given by
the generalized fractional integration Igf’;"a of the product of

r 1=B;/k;
(I.“vé {ty lnsrxﬂerk [ah ))))) upi;bli ))))) ]})(X) vl ) r(bli)-..r(bqi)

i=1 F f/ki)r(“li)---r(“pi)

(66)
(ap1).(ay. 1), (am 1) ( pr 1)’(;_1""1) ’’’’ <kr ) (p:r), (y +8-vr) i }
X (priyra2¥igrre2 B, ocll B, :x |k1l R e
oo (i 1) (1) (B 1) (k_l’kl) ,,,,, (E k,> (p=nr),(y+3+umr)
Corollary 8. Let R(p) > 0, R(y) < 1 + min{R(»),R(S)}, of S-function is given by
then the generalized fractional integration I J’:”gf of the product
r (k) T (by) .. T (by)
I‘“‘"S I [seebosmki [ sb bt ! = 5! (K, ol z
< { 1_[ (Pna) [“lz Apis Oy i ]}) (%) =x 1;[ T (e/k) T (@) T (upi)
(67)
(@0:1) ) 1) (1), (2 ) (05 ) Ly ) =y 28 i
X (p+1)r+2w(q+l)r+2 ! 7yr
Bi1).. (b1, (bql,l)..l(bqr,l),(%,%) ..... (;"j—Z) (L= ypor), (1= p 48+ u+vr) %
1 1 T T

Further, if we set v = 0, in Corollaries 7 and 8, then Corollary 9. Let R(u) > 0, R(y) > -R(S), then the
Saigo fractional integrals reduce to the following Erdélyi-

generalized fractional integration Ig’f of the product of S-
Kober type fractional integral operators. ’

function is given by

r r (k) P T ()T (by)
.0 — i>PirEis ,',k,' 1
(I{;’X {ty 1| |S‘(xpfq§ £ [ali,...,up,-;bl,»,..., i ]})(x) X! 7
i=1

i=1 F e/ki)r(au)--' (api)

(68)
(‘111’1)---(“1r>1)’-~->(“p1)1)~--(“pral),<;1,Tl> ><Ii—r,Tr>,(y+6,r) » k
X (pn)r+1¥(g+D)r+1 ﬁl 0611 ,8 r k? o 1'”k:y*06,/ r
B 1) (Bo 1) (Byro 1) (B 1) <k A > <kr k,) (p+8+m7)

Corollary 10. Let R(y) > 0, R(y) < 1+ R(J), then the  S-function is given by
generalized fractional integration I“ of the product of

) AT (by,)...T (by)

s/k) (ay).- F(api)

r
w0 y-1 o Bi€inTiok _1 y 1
(IX,OO {t HS(Pv‘Ii) [ali""’apl’ i e e oo qz’ ]})( ) = n
i=1

. . (69)
(ap1)...(a,, 1), .0, (apl,l)...(ap,,l),<k—l,rl) ..... (k—,'r,),(l—y+8,r) ek ek,
r 1 M
X (p+1)r+11//(q+1)r+1 ﬁ 051 /3 #
(bll,l)...(bl,,1),...,(bq1,1)...(bq,,1),(k—I,k—I),.. (kr . ) (1—yp+8+mr)
Further, if we set v = —p, in Corollaries 9 and 10, then  and the Weyl type fractional integral operators as the follow-

Saigo fractional integrals reduce to the Riemann-Liouville  ing results.
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Corollary 11. Let R(u) > 0, R(y) > 0, then the generalized
fractional integration 1}, . of the product of Sfunction is given by

r (k) PN T (). T (by)
VATTSEEs 5 ay . apis by by _ o1 - =
( {t n% ) [ Apis Oy ai t]]’) (x) =x L (o) T (o) - T (ay)

(au,1)...(a1r,1),...,(aP1,1)...(aP,,1),(;1,T1> <;—r,Tr>,(}/,r)
1 T
x (p+1)r+11//(q+l)r+l ‘3 o ﬁ

102 ) (1) (1), (B 2 ) (B ) 00

(70)

lk‘i’ﬁ“l/kl o k:fa,/k,xr

Corollary12. Let 1 — R(y) > R(u) > 0, then the generalized by
fractional integration I  of the product of S-function is given

(k)T (By)...T (by)

yl i BisiTiok; ) y+‘ul qt
< { HS“’*““ [ b By ]D Hr<s/k> <a1,->.--r(api)

(71)
(all,l)...(alr,1),...,(ap1,1)...((11,,,1),(;—11, ),...,( ,), —y—wr) k?—al/klmkr,—zx,/k,

X(p+1)r+ll//(q+1)r+1 ﬁ o
(bn,1)...(b1r,1),...,(bq1,1)...(%,1),(1 ‘)

xT

k&

If we put r = 1, then the results in (55), (63), and (66) to (71) Corollary 13. Let R(5) > 0, R(y) > max{0, Ry + pt' +
reduce to the following form. v—28),R(y' —v')}, then the generalized fractional integration

! !
e o of the S-function is given by

(IW '8 {ty 18(1’,‘;"E Tk [al,...,ap;bl,...,bq;t]}) (x) = XV

(k)lfﬁ/kr(bl)...r(bq) (al,1)...(ap,1),(%,1),()},1),()/+8—‘u—y'—v,l),(y—y'+v',1) o (72)
e ()1 (a) " By , SN
€ a)---1\a, (bl,l)...(bq,l),<E,E),(y+v,1),(y+6—y—‘u,1),(y+6—y—v,l)

Corollary 14. Let R(5) > 0, R(y) < 1 + min{R(—v), R(u +
- 0),R(u + v = 8)}, then the generalized fractional

! !
integration I "% of the S-function is given by

(I“” Wa{ty 1 geinPicpmik [al,...,ap;bl, bt })(x):xyw_"_“’_1

(Pidi) e
(k)l—ﬁ/k rd,).. F(bq) (al,l)...(ap,l),<£,‘r),(l—y—v,l),(l—y—8+y+(4',1),(1—y—8+/4+v',1) ek (73)
+a¥g+ .
TE/RT (@) T (a,) (b, 1)...(Bp1), (ﬁ ) (1=p1),(1-y=-8+pu+p +v,1),(1-y+u-v1) *

k' k
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Corollary 15. Let R(y) > 0, R(y) > max{0, R(v — §)}, then given by
the generalized fractional integration I ’;:’6 of the S-function is

LT (By)...T(by)

F(s/k)F(al)...F(ap)

W0 —1 %5555 ,',T,',k,‘
(ryve {ortsguboatitiq,

(Pidi by b f]})(x) S

€ (74)
(al,1)...(ap,1),<%,T>,(y,l),(y+8—v,l)
X p+3¥ge3 B« 'kr_a/kx
(bl,l)...(bq,l),<z,E),(y—v,l),(y+6+y,1)
Corollary 16. Let R(u) > 0, R(y) < 1 + min{R(v), R(O)},
then the generalized fractional integration Ifc‘:gf of the S-
function is given by
W0 [ y=1 oo iseisTiok; . e
(12 {rtsibsnti (o Lab,. bt} @)
1-B/k
g ® T(b)...T(b,)
F(s/k)I‘(al)...l"(ap) (75)
£
(al,l)...(ap,l),(E,T>,(1 —y+v1),(1-y+4,1) ralk
X p+3l//q+3 o
(bl,l)...(bq,l),<§,z>,(l ~p1),(1-y+8+u+nv1) | X
Corollary 17. Let R(pu) > 0, R(y) > —R(J), then the by
generalized fractional integration I} ’S of the S-function is given
()'F*1 (B,)...T (8
(£ [ I8555 [t agi] ) o9 = 2 LD ) T ()
" o T (¢/k)T(ay)...T (a,)
€ (76)
(al,l)...(ap,1),(—,1),(y+5,1)
X p2Wge2 B k kol
q o
(bl,l)...(bq,1),<E,E),(y+8+y,1)
Corollary 18. Let R(y) > 0, R(y) < 1 + R(J), then the given by
generalized fractional integration Ifc‘:go of the S-function is
)'"FRTb)...T(b
(Ii’go {ty_IS?;F{;f"’T"’k" [al,...,ap;bl,...,bq;t_l]}) (x) = 27 (b) ( q)
i I (e/k)T(a,)...T(a,)
3 (77)
(a,1)...(ap 1),<E,r),(1 —y+81) | peank
X pr2¥qe2 B «
(bl,l)...(bq,l),(i,z),(l—y+8+‘u,1) x
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Corollary 19. Let R(u) > 0, R(y) > O, then the generalized
fractional integration I{ . of the S-function is given by
1-B/k
(IS‘ {yIS‘ﬁ‘STk[al... ]}) l(k) F(bl)...r(bq)
’ (Po) b F(s/k)I‘(al)...F(aP)
€ (78)
(al,1)...(ap,1),<%,'r>,(y,1) i
X p+21//q+2 o x
(bl,1)...(bq,1),(§,z),(y+y, 1
Corollary 20. Let 1 - R(y) > R(u) > 0, then the generalized
fractional integration I¥ _ of the S-function is given by
1-B/k
(e S [ ity )y = v L) T
F(s/k)I‘(al)...F(aP)
(79)
(al’ ) . <k’ ) ) M: k‘r—rx/k
x p+21//q+2 o
(bpn p ) (E8) -y

3.2. Left- and Right-Sided Generalized Fractional Differen-
tiation of S-Function. In this section, we establish image
formulas for the product of S-function involving left- and
right-sided operators of Marichev-Saigo-Meada fractional
derivative operators (6) and (8), respectively, in terms of the

generalized Wright function. These formulas are given by the
following theorems.

Theorem 21. Let R(5) > 0, R(y) > max{0, R — u - /4' -
V'), R(v — )}, then the generalized fractional differentiation

! !
Dg:f: w0 of the product of S-function is given by

» (k)N (B) T ()
Dy,p w8 ) -1 Soc Gl PR Brros b _y-O+puty -1 q
< 0,x {t 1_[ (P) [au apz 1i ai t] (x) X 1_1[ F(s /k)r ah (apl) (p+1)r+3W(q+1)r+3
: (80)
(a,1) ... (a» 1),y (apl 1)...(%,,1),(;—11,11) ..... (%,T,),(y,r) (y S+u+u +v, r) (y-v+ur) ’kf— K ik
" l1 L5 v :r*“r i
(b, 1)... (b, 1), (by 1)...(bqr,1),<% %) ..... (%,%),(y—v,r) (y-0+u+ur),(y-0+u+v,r)
1 1 T T
Proof. Using (43) we can rewrite left side of (80) as follows: By applying Lemma 1 (see (29)) in (83), we obtain
<Dg”i’l’”’vl’6 {t" IHS‘("P/;? ok s apsbyp. bqi;t]}> x) (81 _ l—[i (a1:),, ( ) (&), (l)’ (84)
i1z (b1;) b,) T (no; + B
S (ali)n ( Pi) ( ')nrk ' 0 1 ( q) k ( ﬁ)

[T

|
(o

i=1n=0

(b)), - (byi), T, (e + B) (tn> ”>(x) (82)

By interchanging the order of differentiation and summation,
we reduce the right side of (82) to

_ < (all (aPi)n (si)"‘fi’ki l "
1_1[;;) (by;),,- (bqi)n T, (na; + ;) (n') (83)

. (Dg:il R {ty+nr—1}) (x).

F(y+nr)l"(y78+y+(/+v'+nr)l"(yfv+‘u+nr)
T(y—v+nr)T(y-8+pu+u +nr)T(y-8+u+v +nr) (85)

. xy+nr—6+‘u+‘u,—1.

By applying (44) and (45) in (85), we get

(k) PN (by). T (by)
i1 D (e/k) T (ay). ..

I (a)

_ xy—éﬂuy'—l
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© TI'(a;+n)...T (a +n) (&/k; +nt;)

p!
AT (byy + 1) T (by; +m) T (nog/k; + Bi/k;)

()
(86)

l"(y+nr)1"(y—5+y+y'+v'+nr)1"(y—v+;4+nr)

yilaailk) e (877
I(y-v+nr)L(y-8+u+u +nr)L(y-8+u+v +nr) (ks) <. (87)
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Interpreting the right-hand side of the above equation, in
view of definition (52), we arrive at result (80). O

Theorem 22. Let R(5) > 0, R(y) < 1+ min{R('), R(S -
- )RS - ¢ — v)}, then the generalized fractional

! !
differentiation Dt " © of the product of S-function is given
by

L (ki)liﬁ’/k‘ r(b)...T (hqi)

[a” ..... a
i=1

w8 1 JBiseisTisk; . L1 _ -6 /-1
<D"" {ﬂ ]‘[s‘(qu‘j’ by byt ]D(x)_xy ke l|

T(e/k) T (a) .. T (api) (p+Dr+3¥(g+1)r+3

88
(a1, 1)...(ay,,1),5..., (apl 1)...(011,,,1),(;—1,11) ,,,,, (%,‘r) (1—y+v' r) (1—y+6—y—(4',r),(1—y+5—[4'—v,r) Kok gk (88)
B ) e (b ) (bql,l)...(bq,,l),(%,%) ,,,,, (f_ k_') oy (1= p 8=t —wr),(1=yp— +77) e _
Proof. The proof of Theorem 22 is a similar manner of  and
Theorem 21. [ - .
SH VY 5 Vs
(D) () = (D ) () (90)

3.2.1. Special Cases. Now, we present some special cases of
Theorems 21 and 22 given as follows.

Ifweputy =pu+v,u =v =0,v = -5,8 = y, then we
obtain the relationship

(D5t"2) () = (D £) () (89)

which are defined in (17) and (18) as Saigo fractional deriva-
tive operator.

Corollary 23. Let R(p) > 0, R(y) > —min{0, R(y + v +
0)}, then the generalized fractional differentiation Dg:;’a of the
product of S-function is given by

(k) P T (by)... T (by)

v,0 - ki y—
| | e I
i=1

(&/k;) T (ay;)- ..F(api)
£, (o1
@) @)ooy 1) s (£ ) (00 ) (v e
X (prDyr+2¥(g+1)r+2 Lo rﬁr o, kl1 ' l'“k:' ST
101 1) (1) - (1) (2 k_l) ..... <k_, E)renn. o)
Corollary 24. Let R(u) > 0, R(y) < 1 + min{R(-v),R(6+  product of S-function is given by
W)}, then the generalized fractional differentiation D'¢7] 0 of the
r (k) P T (By)...T (by)
D;A,v,é ty—l Sai,ﬁ,,ei,ri,ki A b bt p+v-1 Li qi
< - { 1Sy oot st 00 = Hl /)T (@) - T ()
, (92)
(“11>1) (“1r 1),..., (“pl 1)" (apwl)’(z_l 1) ----- (Z_)Tr)’(l’Y’VJ)’(I’Y*H*&”) k?“"l/kl___k:r“y/kr
X (pr1)yr+2¥(g+1)r+ " -
R I W U (bql,l)...(bq,,l),(%,%) ..... (%,%)’(1,W),(l,y“;,w) *
1 1 r T

Further, if we set v = 0, Corollaries 23 and 24 and then
Saigo fractional differential formulas reduce to the following
Erdélyi-Kober type fractional differential formulas.

r
1,0 -1 s Bis€isTisk; . 1
<D0,x {ty HS(P{%‘) [ali" "’aPi’hli,.“ ql’ ]}> (x) y 1_[
i=1

Corollary 25. Let R(u) > 0, R(y) > —ER((S + u), then the
generalized fractional differentiation D of the product of S-

function is given by

(k) "1 (By) . T (by)

T (g/k) T (ay;).. (api)
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(au,1)‘..(a1r,1),...,(ap1,1)...(ap,,1),<;—1,Tl>,...,(8—',Tr>,(y+6+‘u,r)
(bu,l)...(bl,,1),...,(bq1,1)...(bqr,1),(%,%),. (f— :—),(y+6,r)

1

k;’l*o‘l/kl . k:r*"‘r/er’

x (p+1)r+11//(q+1)r+1

(93)

Corollary 26. Let R(u) > 0, R(y) < 1 + R(S + p), then the  S-function is given by
generalized fractional differentiation D oo Of the product of

r r 1‘Bi/ki1‘ b.)...I'(b,;
(522 T sttt | Yo = [T T )
i=1

i1 T (g:/k)T (al,-)...F(api)

e (94)
(au,l)...(alr,1),...,(%1,1)...(%,,1),(k—1, > < ) (1-y+u+é,r) gamealk | grealk,
X (p+1)r+11//(q+1)r+1 o - - :

(b 1)... (b 1)5 ., (bql,l).,.(bq,,l),<k—1,k—l> ,,,,, <k_ 5

x"

) (1-y+6,r)

Further, if we set v = —pu, in Corollaries 9 and 10 then =~ Corollary 27. Let R(y) > 0, R(y) > 0, and then the
Saigo fractional derivative formulas reduce to the Riemann-  generalized fractional differentiation D}, of the product of
Liouville and the Weyl type fractional derivative formulas as  S-function is given by
the following results.

r (k)P T(by,)...T (b,
( {ty 1n8?p,ﬁq,£ Tk, [ali)--')api;bli>""bqi; t]]») (x) = xy—y—ll—[( 1) F( i) F( qz)

i-1 T (&/k;)T(ay)...T (“pi)

£ &, (95)
(au,1)...((11,,1),...,(61?1,1)...(ap,>l),<k1 Tl) ’(k r>>(%") l ok Ik
X (pr1yr+1¥(gr1yr+1 B « B, a, N S
(bll’l) (blr’ 1) ( ql’l)"'(bqr’l) <kl kl> <k k > (y ‘l/l, )
Corollary 28. Let R(y) < 1 + R(u), then the generalized  given by
fractional differentiation DY, .| of the product of S-function is
r r (k) PR (b)), T (b,
<D5,oo {tylnschﬁée JTiok; [alp---)api;b1i>""bq1’t ]})(x) Y (k:) (Byy) .. ( qz)
g e _1 T (&/k) T (ay)...T (api)
(96)

(au,1)...(alr,1),...,(apl,l)...(apr,l),<;1,Tl> ,<;_:,Tr>,(1_y+%r)
(bro1).. (byyo 1 ),...,(bql,l)...(bq,,1),<k_i,%>,m <ﬁ, a,) (1=pr)

1

le—“l/lﬁ k‘rr—oc,/kr
1 Lok
X (p+1)r+11l/(q+l)r+l

If we put = 1, then the results in (80), (88), and (91) to Corollary 29. Let R(3) > 0, R(y) > max{0, R(6 — u - y' -
(96) reduce to the following form. V'), R(v — W)}, then the generalized fractional differentiation

! !
Dg)’f: w0 of the S-function is given by

w8 1 %Pt Tiok; . . _ .y '—1
(D {t” Sy [al,...,ap,bl,...,bq,t]})(x)—x” T

(k)lfﬁ/kr(bl)...r(bq) (al,1)...(ap,1),(%,1),()},1),(y—8+‘u+y'+v',1),(y—v+y,1) |kr—a/k (97)
x

.F(s/k)l“(al)...r(ap)p+4%+4 (bl,l)...(bq,l),<€ k) (y-w1), (y—8+,u+,u',1),(y—8+y+v',1)
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Corollary 30. Let R(5) > 0, R(y) < 1 + min{R ('), R(S -
u— u)RES - ¢ — v)}, then the generalized fractional

! !
differentiation DIyt ™" ° of the S-function is given by

o 'S [ y=1 oo BiseinTisk; .
(D {t S(pq) [al ..... a, b,

R)PET(By).
T (e/k)T (ay)..

F(bq) y (apl)n-(ap)l),(%f),(lfy+v 1) (lfy+8 JTRTIR )(17y+67y’7v,1) ek (98)
F(aP)P q (bl,l),,,(bq,l),<€ %) (1-y,1), (1_}’*'8—[4—[4’—1/,1),(1—)/—‘14’+v'),1) x

Corollary 31. Let R(u) > 0, R(y) > —min{0, R(p + v + 5)}, S-function is given by
then the gemeralized fractional differentiation Dg”;’(S of the

(&)1 (b,)...T (b,)
F(s/k)F(al)...F(ap)

(D#v&{ﬂ IS(‘;I/;,IET" [al’ _.,ap;bl,..., % ]})( )= x p+v-1

€ (99)
(@.1).. (ﬁ o). (D) (y 0+ 1)
Xp+31//q+3 o
k

jrolk s
(Bu1).. <§ ) (p4n1),(p+3,1)

Corollary 32. Let R(p) > 0, R(y) < 1 + min{R(-v), R(S + S-function is given by
W)}, then the generalized fractional differentiation DY, 0 of the

(&)1 (b,)...T (b))

F(s/k)F(al)...F(aP)

(Dyvé{ty lsot BisenTisk; [al’ .

(Podi) ayby,... byt ]})(x):xVV

e (100)
(al,l)...(ap,l),<i,r>,(l —y-v1),(1-y+u+d,1) -k
X p+3l//q+3 B o x
(bl,l)...(bq,l),<z,z>,(1 —1,1),(1=y+8-1)
Corollary 33. Let R(u) > 0, R(y) > —91(8 + u), then the  given by
generalized fractional differentiation Dfy of the S-function is
1-/k
(DWS {ty lsﬁpﬁé; o [a1’~--rap; b1,~--’bq;t”) (x) = P ®) L) .“I‘(bq)
ol I‘(s/k)I‘(al)...l"(ap)
(101)

(a,1).. (a 1) < ) (y+6+u1)
(bl,1)...(@,1),(%,%),@%,1)

T-a/k
x p+21//q+2 k X



Abstract and Applied Analysis 13
Corollary 34. Let R(u) > 0, R(y) < 1 + R(S + p), then the  given by
generalized fractional differentiation D o, of the S-function is
)"PRrb,)...T(b
(Dﬁja {ty 15((;!2; Tiok; [al,..., ib, _1”)(x) e (b)) ( q)
I(e/k)T (a))...T (ap)
€ (102)
(a,1)...(ay, 1),(%, ) (=y+u+8,1) [rean
X pi2¥
p+2¥q+2 B«
(bl,l)...(bq,l),<z E) (1-y+68,1) x
Corollary 35. Let R(u) > 0, R(y) > 0, and then the  given by
generalized fractional differentiation Dg)x of the S-function is
(K)' <1 (B,)...T (b
(Dg‘,x {ﬂ—ls‘(";_/f;«;;,r,-,k,- lay..... P;bl,...,bq;t”) (x) = %71 (by).-.-T (by)
i F(s/k)F(al)...F(ap)
€ (103)
(al,1)...(%,1),(%,1),(%1) -
X p2V¥ge2 B« kT x
(bl,l)...(bq,l),<—,—),(y—y,l)
k' k
Corollary 36. Let R(y) < 1+ R(u), then the generalized
fractional differentiation DY, | of the S-function is given by
)"Prr,)...T(b
(Dt st fay, ayby. bt ]}) (0 = 2 b) 1)
’ pedi F(s/k)F(al)...I‘(aP)
€ (104)
(@:1).(ap 1) (5o7) 1=y + 1) e
x p+21//q+2 o
(bl,l)...(bq,l),<§ E) (1-y,1) x
4. Integral Transform Formulas of gheC, R(g)>0, R(h) >0.
the Product of S-Function (105)
In this section, we establish some theorems involving the Theorem 37. Let u, ‘u',v, V.6, Vo, BT, c C

results obtained in previous sections pertaining with the
integral transform as like the Beta transform and the Laplace
transform.

4.1. Beta Transform. The Beta transform [33] of the function
f(z) is defined as

B(f(2); g.h) = Ll 2271 -2 f(2)da,

B((IW v 6{9/ 1H5"‘p”k [”n P,-;bli,'..bq,;tz]}>(x) 9 h)

— (O “Ir(h )H

ki € R prq € N R(y) > kR(r), x > 0, and
pi < q; + 1, where (i = 1,...,r), such that R(6) > 0,
R(y) > max{0,R(u + ‘u' + v - 6),9{(1/ — )}, then the
following fractional integral holds true:

r(k; )1 filkip T(by). "r(bqi)
T(ei/k)T (). T (ay)



14

X (p+ 1)1+4W(q+ Dr+4 {

(Bio1) ... (b 1), (bql,l)u.(bq,,l),<£—1,Z—I> ,,,,, (f—‘;—

Proof. On using (105), the left-hand side of (106) leads to

o'y y-1 (a), ( ) (Si)m,,k_ (t2)"\"
B<<’°v" {t 1o o), o (5) )“‘)""’h)‘(m)

Using definition of Beta transform right side of (107) becomes

- jmzﬂ* (12! (108)
0

w8 ] y-1 (@), ( ) (&) e i @)"Y
><<Ig,x ‘lf Hr;)(bn) (b ) T, (nog +ﬁ,)( l > })dz. (109)

qi

) 1) (y+8-p—u' —wr),(y-u' +v.r).(g7)

> (y+v r) (y+6—;4—;4',r),(y+8—;4'—v,r),(g+h,r)

Abstract and Applied Analysis

|k;x’“|/’ﬂ . k:"""/k'x’

(106)

By interchanging the order of integration and summation we
reduce the right side of (109) to

< ali)n e (api) (fi)nr‘ k. 1\
- n otk (2 (110)
1_1[,,23 (b)), - (bqi)n T (no + B;) <n'>

! ! (9]
(1t ) e | e -2 e
0

By applying definition of Beta transform in (111), we get

S Vou 11—15’: (ay). (“ i),, Q" <l)r (112)
i=11=0 (by;),, - ( qz) Iy, (nog + ;) \ !

T(y+nr)T(y+8—p—py' —v+nr)T(y+v' = +nr)T(g+nr)T () 113)

T(y+v +nr)F(y+8—y—y’+nr)F(y+8—y’—v+nr)F(g+h+nr)x

and using (44) and (45) in (113) we get
i, )ﬁ (k) T (By)...T () Lz T(ay; +n)...T (ay +n) T (g/k; +n7;) <i) yem)
iz1 L (&;/k;)T (ay)... ( ,») nzol"(bli+n)...l"(bq,~+n)1“(noci/k,~+ﬁi/k,~) n/) T(y+v' +nr)
+0- - v+nr +v =y +nr)T(g+nr

(Y v ‘u ) (Y ” ) (g ) ( )” Ti—‘xi/ki)xm . (115)

T(y+8—u—p +nr)T(y+8-y —v+nr)T(g+h+nr)

Interpreting the right-hand side of the above equation, in

view of definition (52), we arrive at result (106). O

Theorem 38. Let ,u',v,v',8,y, 0, Bine7; € C k; € R,
g € N, R(ey) > kKR(1y), x > 0, and p; < gq; + 1,

(a, 1) ... (a5 1), (apl,l)...

X (pr1)r+a¥igriyra |:

Proof. The proof of Theorem 38 is a similar manner of
Theorem 37. O

)(l y-wr)(1-y=8+u+pr),(1-y=8+u+v.r),(g.7) ‘kn-a,/k\ kf,-u,/k,}
neek g
x" :

where (i = 1,...,r), such that R(S) > 0, R(y) < 1+
min{R(—v), R(u + 4’ — 8), R(u +v' — 8)}, then the following

[fractional integral holds true:

r (k) PET (). T (by)

B<<I};go’ {ﬂ lnsy § ki [“1:"'upiibn"'bq,';Zt_l]})(x) 9, h) = xV1OH- “- lf(h)n

T (e/k)T (ay) ... T (ay)
(116)

k
B D)o B Do (B ) - (1), (IEI%) ,,,,, (ii %) (o), (1my =8+ pt i +4,r), (L -y +u-r), (g + hor)

Theorem 39. Let p,u',v,v',8,y,a; Bir & T; € C,
ki € R prq € N R(y) > kR(r), x > 0, and
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pi < q; + 1, where i = 1,...,r), such that R() > 0,
R(y) > max{O, RS — u — ¢ = V'), R(v — w)}, then the

g [ pre - oPtitiki QoAb btz (x):g,h | =x" b= T[]y
<< o g L pit 1 it2] & ﬂr(e/k) I(ay)...T (ay;)

(a1, 1)...(a; 1),y (apl,l)...

x (pH)rHW(qH)rH
(bi11) - (Byy1) 5o (B 1) -

Proof. On using (105), the left-hand side of (117) leads to

R (@), ( ),1 (&, (2" )
B((DW {t U;J o, (b )n I, (o + ) (7) })(x) : g,h>. (118)

qi

Using definition of Beta transform right side of (118) becomes

- L‘X’ 21—z (119)

v (alz) ( i) (Ei)m— k (tz)" 7} >
R T L dz. (120
<D { H"Z;)(hlx) ( q’) L, (ne + ;) ( nl > (120)

(ay;)- ( ) (Si)m,.,k,-

15

following fractional derivative formula holds true:

(k) PRI (by)... T (by)

gk gl |

} (117)

By interchanging the order of integration and summation we
reduce the right side of (120) to

(121)

_Hi (@), (a, )n(fi)m,.,k,. (1)’

i=1n= O(blz) (qu) rk (n(xi"’_ﬁi)
y (Dgﬁ,,v,v’,a {t}’Jrnr—l})(x)J 22 (1= 2z (122)

By applying definition of Beta transform in (122), we get

and using (44) and (45) in (124) we get

y6+;4+[4 1 ( )1_[

e S+ptp' -1 1 ' (123)
Hr;)(blz) (qz) rk,- (n“i+ﬁi) (I’l')
F(y+nr)l"(y—5+‘u+#'+v’+nr)1“(y—v+y+nr)1"(g+nr)r(h) - (124)
F(y—v+nr)F(y—8+y+.u’+nr)F(y—8+y+v’+nr)F(g+h+nr)x ’
r 1ﬁ"/k"F(bli)...r(bqi)>< T (ay +n)...T (ay +n)T (&/k +nr;) (i)r
1T (e/k)T (ay)...T(ay)  i=T (by +n)...T (b, +n) T (ney/k; + Bi/k;) \n! 3)

F(y+nr)l"(y—6+pt+y'+v'+nr)1“(y—v+/4+nr)I‘(g+nr)

T(y-v+nr)T(y-8+u+p +nr)T(y-8+u+v +nr)T(g+h+nr)

Interpreting the right-hand side of the above equation, in
view of definition (52), we arrive at result (117). O

Theorem 40. Let p,u',v,v',8,y, 0, B e7; € C k; € R,
g € N, R(y) > kKR(T), x > 0, and p; < q; + 1,

(k‘)n(‘ri_‘xi/ki) X

where (i = 1,...,7), such that R(S) > 0, R(y) < 1+
min{R('), RS - Y- pt'), RS - /4' — v)}, then the following

[fractional derivative formula holds true:

(k)" T (8y) .. (by)

ol s | g et [ by bzt B ) = e () [ e
B((Dm {t ,-[,IS‘P-W (@i sy b by 28 ]})(x) 9 ) x r()Hr( AT r(ap,.)

X (priyr+aW(gr)rea [

(a,1)...(a51) 5., (upl,l),“(a r,l) (;—I‘,Tl> AAAAA (k ,) (1 p+v, r) (l—y+57}4,#”r),(1—y+8,}4'71/,r),(g,r)
1) (oo 1)oos (B ) (B 1), (% %;) ,,,,, (% f) (o), (1 y 8- —wr)o(1—y— i v 1) (g + hr)

n—ay /k o, /K,
kel g

X"

} (126)
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Proof. The proof of Theorem 40 is a similar manner of  Theorem 41.
Theorem 39. O Let u,p ,v,v', 8, y,0;, Binen T, € C k; € R, pig; € N,
R(o;) > k;R(1),x > 0, and p; < q; + 1, where (i = 1,...,71),

4.2. Laplace Transform. The Laplace transform [33, 34] of 5’;‘Ch that R (8) > 0, R(y) > max{0, R(u+p' +v-08), Ry -
f(2) is defined as v')}, then the following fractional integral holds true:

L(f(2) = LOO CEf(2)dz, R(s)>0. (127

reud =1 () PN (b)) LT (b))

g-1 w8 ) -1 Saﬁsfk ..... b b “ qi
L(z <I 1[ H [“1, Api3 Oy i tz]})(x)) s9 i1 T(g/k;)T (uli)”-r(“pi)

€ g 128
(a,1) ... (@ 1), (ap,,l)...(a,,,,l),<k—‘,r,) ,,,,, (k—’ T) (1r).(y+8-p—p =vr).(y-4' +v.r).(g7) i N (128)
X (peDr+a¥(gryre3 ‘811 a, [r3, a, ' ' SO ,(;)
6y1,1) ... (bys 1), (bql’l)m(bqr’l)’(a’ki) ..... (?’i) (y+v,r) (y+6 u—u', ) (y+6—;4 —v,r)
Proof. In order to prove (128), we use (127) as
0 Tk,
L(zg ! <I“” 24 {ty 1I_ISO‘Plﬁqls i [ah,...,api;bli,.. ,bq,,tz]]»>( )>
o I 61 i a i (8')n‘r n\"
_ J e Ig,f RN - IHZ 1 ( ) ki ((Zt) ) dz,
0 i=ln= O(blz) ( ) Iﬂk (I’IOC +ﬁ1)
(129)
oyttt - IHZ al’ (aPi)n (si)”‘ri’ki ( 1 )r
=X al
i=1r=0(b1:),, (bqi)n I, (o + B;) \ 7t
F(y+nr)l"(y+6—pt—y'—v+nr)F(y+v' —pt'+nr) .
T(y+v +nr)T(p+8—pu—y +nr)1"(y+5—;4’—v+nr)x
[ee]
x J e 29"z, (130)
0
By interchanging the order of integration and summation and L+ ) r,(?’ HO—pow v ”/r) rev-u'+ ,”r) L(g-+r) (f) (132)
little simplification, we have T/ em) T+ d—p-p o) Ty +d-pl—vnr) L
_ DA s OZ": (ali)n"'(api)n (&) e, (l)r (131) By applying (44) and (45) in (132) we get
s9 i=1n=0(b1;),, -+ - (bqi)n T, (no; + ;) \ 1!
xy+6[4[4 -1 r (k)l ﬁ‘/k’r(blz) (ql)XOO F(a1i+n)... (Pl+n)F(s/k +1’1T) <l)r
s9 i1 r(sl/k,)r(ah)...r( pl) =l (by; +n)...F(bq,- +n)F(noci/k,- + Bi/k;) 133)
I‘(y+nr)1"(y+8—y—y' —v+nr)1"(y+v'—/4' +nr)I‘(g+nr)
T(y+v +nr)T(y+8—u—p +nr)T(y+8 -y —v+nr)
x () (27 (134)
s

Interpreting the right-hand side of the above equation, in ~ Theorem 42. Let u, ', v,v',8,y,a;, B 657, € C, k; € R,
view of definition (52), we arrive at result (128). O ppg € N, R() > kKR(r;),x > 0, and p; < q; + 1, where
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(i =1,...,7), such that R(5) > 0, R(y) < 1+ min{R(-v), integral holds true:
R+ u —8),R(u++' — 8)}, then the following fractional

vt e () R ()T (b))

N Bl st m PR P R s _ ; . -
L(z (I {f H(pq [!11, Apis O i ZE ]})(@) 59 gr(ei/ki)r(“n)---r(%i)

135
(a1, 1) (ay. 1), 0, (ap,,l)...(ap,,l),(;—ll,rl) ..... (Z—',T,) (y,1), (y+5 p—u -, r) (},,‘M’Jrv”r),(g,r) et g Ly (135)
AR AN Y ) FO (bql,l)...(bq,,l),(%,%) ..... (%,%),(ww) (y+6-u—sior)(y+6—4 —wmr) | xs
1 r Kr

Proof. The proof of Theorem 42 is a similar manner of (i=1,...,7),suchthat R(5) > OR(y) > max{O,iR((?—y—pt'—

Theorem 41. O V), R(v— )}, then the following fractional derivative formula
holds true:

Theorem 43. Let y, ', v,v',8,y,a;, B 7; € C k; € R,

Prg;i € N, R(e) > kR(1), x > 0, and p; < q; + 1, where

w1 1 (k) P (b)) LT (5
L(zg '(D’”‘ R a{t" 'nsaﬁerk [ﬂu ..... “pi;bn b tz]})(x)) = xrne H( ) (b)) ( qt)

s9 i=1 r(fi/ki)r(“li)“'r(“?i)

(a1,1)... (a5 1), .0, (upl,l)...(up,,l),(z—',rl) ..... (;—',r,),(y,r),(y—8+y+y’+v',r),(y—ery,r),(g,r)
1

gtk | gneelk, (f) .
N

l (136)

X (pr)rea¥(gryr+3 [

(bp1) ... (b 1) (bql,l)...(bq,,l),<%,%) ,,,,, (i%) -wr)s(p-0+u+ur),(y=8+u+v,r)
Proof. In order to prove (136), we use (127) as [ \ @) (@), @, (@Y
f p L DW e I:[nz‘a o ) (bq‘)n y ) ( o ) dz. (138)

. - e By interchanging the order of integration and summation, we
L<zﬂ (DM '8 {t" HS 13 ki [“1: ..... upi;bli,...,bqi;tz]}) (x)) (137) reduce the l’ight side of (138) to

N (all (‘1 i) (&) e 1\"
XV S+p+p' -1 Pi/n nt k; 1
1_1[7;) (blz) ( qz) Fk,» (nocl. + ﬁl) (n!)

(139)
T(y+n)T(y=8+pu+u +V +nr)T(y-vep+nr)

8 T(y-v+nr)T(y-8+u+pu +nr)T(y-8+u+v +nr)

x J e 29" dz. (140)
0
After alittle simplification and using (44) and (45), we obtain
xy+5 w1t (k)P By (q,) © T(ay;+n)...T (a +n)F(s/k +nr;) < 1)r
X J—
9 i T(e/k)T(ay)...T(ay) 4zl (by +n)...T(by +n)T (nay/k; + B/k;) (141
T(y+nr)T(y=8+pu+u +v +nr)T(y—v+pu+nr)T(g+nr)
T(y-v+nr)T(y-8+u+u +nr)T(y-8+u+v +nr)
x () (27 (142)
s

Interpreting the right-hand side of the above equation, in ~ Theorem 44. Let u,u',v,v',8,y, 0, B &7, € Ck; ¢
view of definition (52), we arrive at result (136). O R, 09 € N,R(y) > ki(1;),x > 0, and p; < q; + 1, where
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(i =1,...,7), such that R(5) > 0 R(y) < 1 + min{RG),
RO —p— ), RS — ' —v)}, then the following fractional

Abstract and Applied Analysis

derivative formula holds true:

R s (k,)lfﬁ’/k’l"(bl,)...l"(bq[)

r
g-1 w8 | y-1 & BrserTiok; . ot
L (z <Dxm {t lZIS(P"%) [ah. ,,,,, i by bq,,zt ]}) (x)> o

X (prDyrea¥(griyr+3 |:

5. Consequence Results and
Concluding Remarks

Marichev-Saigo-Maeda fractional integral and derivative
operators have advantage that they generalize the R-L, Weyl,
Erdélyi-Kober, and Saigo’s fractional integral and derivative
operators; therefore, many authors called this a general
operator. So, we conclude this paper by emphasizing that
many other interesting image formulas can be derived as
the specific cases of our leading results (Theorems 5, 6, 21,
and 22), involving familiar fractional integral and derivative
operators as above said. Further, the S-function defined in
(43) possesses the lead that a number of k-Mittag-Leftler
functions, K-function, M-series, and Mittag-Leftler function
happen to be the particular cases of this function. Some
special cases of fractional calculus involved as above said
function have been explored in the literature by a numeral of
authors ([35-41]) with different arguments. Therefore, results
presented in this paper are easily converted in terms of a
comparable type of novel interesting integrals with diverse
arguments after various suitable parametric replacements.
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