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In this paper, we derive explicit determinantal representation formulas of general, Hermitian, and skew-Hermitian solutions to
the generalized Sylvester matrix equation involving %-Hermicity AXA" + BYB* = C over the quaternion skew field within the
framework of the theory of noncommutative column-row determinants.

1. Introduction

Let H™" and H""™" stand for the set of all m X n matrices and
for its subset of matrices with rank r, respectively, over the
quaternion skew field

H={a+ai+aj+ak|i’=i=k=-1, ij = —ji
)
=Kk, ay,a,,a,,a, € R},

where R is the real number field. For A € H™", the symbol
A’ stands for conjugate transpose (Hermitian adjoint) of A.
A matrix A € H"" is Hermitian if A* = A.

The Moore-Penrose inverse of A € H™" is called the
unique matrix X € H™"" satisfying the following four equa-
tions

1. AXA = A,
2. XAX =X,
) 2)
3. (AX)" = AX,
4. (XA)" = XA.
It is denoted by A™.
The two-sided generalized Sylvester matrix equation
AXB+CYD =E 3)

has been well studied in matrix theory. For instance, Huang
[1] obtained necessary and sufficient conditions for the
existence of solutions to (3) with X = Y over the quaternion
skew field. Baksalary and Kala [2] derived the general solution
to (3) expressed in terms of generalized inverses which has
been extended to an arbitrary division ring and on any regular
ring with identity in [3, 4]. Ranks and independence of
solutions to (3) were explored in [5]. In [6] expressions, as
well as necessary and sufficient conditions, were given for
the existence of the real and pure imaginary solutions to the
consistent quaternion matrix equation (3).

The high research activities on Sylvester-type matrix
equations can be observed lately. In particular, we note the
following papers concerning methods of their computing
solutions. Liao et al. [7] established a direct method for
computing its approximate solution using the generalized
singular value decomposition and the canonical correlation
decomposition. Efficient iterative algorithms were presented
to solve a system of two generalized Sylvester matrix equa-
tions in [8] and to solve the minimum Frobenius norm resid-
ual problem for a system of Sylvester-type matrix equations
over generalized reflexive matrix in [9].

Systems of periodic discrete-time coupled Sylvester
quaternion matrix equations [10], systems of quaternary cou-
pled Sylvester-type real quaternion matrix equations [11], and
optimal pole assignment of linear systems by the Sylvester
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matrix equations [12] have been explored. Some constraint
generalized Sylvester matrix equations [13, 14] were studied
recently.

Special solutions to Sylvester-type quaternion matrix
equations have been actively studied. Roth’s solvability crite-
ria for some Sylvester-type matrix equations were extended
over the quaternion skew field with a fixed involutive auto-
morphism in [15]. Simsek et al. [16] established the precise
solutions on the minimum residual and matrix nearness
problems of the quaternion matrix equation (AXB, DXE) =
(G, F) for centrohermitian and skew-centrohermitian matri-
ces. Explicit solutions to some Sylvester-type quaternion
matrix equations (with j-conjugation) were established by
means of Kronecker map and complex representation of a
quaternion matrix in [17, 18]. The expressions of the least
squares solutions to some Sylvester-type matrix equations
over nonsplit quaternion algebra [19] and Hermitian solu-
tions over a split quaternion algebra [20] were derived.
Solvability conditions and general solution for some general-
ized Sylvester real quaternion matrix equations involving #-
Hermicity were given in [21, 22].

Many authors have paid attention also to the Sylvester-
type matrix equation involving *-Hermicity

AXA* +BYB* = C. (4)

Chang and Wang [23] derived expressions for the general
symmetric solution and the general minimum-2-norm sym-
metric solution to the matrix equation (4) within the real
settings. Xu et al. [24] have given a representation of the
least-squares Hermitian (skew-Hermitian) solution to the
matrix equation (4). Zhang [25] obtained a representation
of the general Hermitian nonnegative-definite (respectively
positive-definite) solution to (4) within the complex settings.
Yuan et al. [26] derived the expression of Hermitian solution
for the matrix nearness problem associated with the quater-
nion matrix equation (4). Wang et al. [27] gave a necessary
and sufficient condition for the existence and an expression
for the re-nonnegative definite solution to (4) over H by
using the decomposition of pairwise matrices. Wang et al.
[28] established the extreme ranks for the general (skew-
)Hermitian solution to (4) over H.

Motivated by the vast application of quaternion matrices
and the latest interest of Sylvester-type quaternion matrix
equations, the main goal of the paper is to derive explicit
determinantal representation formulas of the general, Hermi-
tian, and skew-Hermitian solutions to (4) based on determi-
nantal representations of the Moore-Penrose inverse.

Determinantal representation of a solution gives a direct
method of its finding analogous to classical Cramer’s rule
that has important theoretical and practical significance.
However, determinantal representations are not so unam-
biguous even for generalized inverses within the complex
or real settings. Through looking for their more applicable
explicit expressions, there are various determinantal rep-
resentations of generalized inverses (see, e.g., [29-31]). By
virtue of noncommutativity of quaternions, the problem
for determinantal representation of generalized quaternion
inverses is even more complicated, and only now it can
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be solved due to the theory of column-row determinants
introduced in [32, 33]. Within the framework of the theory of
row-column determinants, determinantal representations of
various generalized quaternion inverses, namely, the Moore-
Penrose inverse [34], the Drazin inverse [35], the W-weighted
Drazin inverse [36], and the weighted Moore-Penrose inverse
[37], have been derived by the author. These determinantal
representations were used to obtain explicit representation
formulas for the minimum norm least squares solutions
[38] and weighted Moore-Penrose inverse solutions [39] to
some quaternion matrix equations and explicit determinantal
representation formulas of both Drazin and W-weighted
Drazin inverse solutions to some restricted quaternion matrix
equations and quaternion differential matrix equations [40-
42]. Recently, determinantal representations of solutions to
some systems of quaternion matrix equations [43, 44] and,
in [45], two-sided generalized Sylvester matrix equation (3)
have been derived by the author as well.

Other researchers also used the row-column determi-
nants in their developments. In particular, Song derived
determinantal representations of the generalized inverse A%,s
[46] and the Bott-Duffin inverse [47]. Song et al. obtained the
Cramer rules for the solutions of restricted matrix equations
[48] and for the generalized Stein quaternion matrix equation
[49], and so forth. Moreover, Song et al. [50] have just
recently considered determinantal representations of the
general solution to the generalized Sylvester matrix equation
(3) over H using row-column determinants as well. But
their approach differs from ours because for determinantal
representations of solutions we use only coefficient matrices
of the equation, while in [50] supplementary matrices have
been constructed and used.

The paper is organized as follows. In Section 2, we start
with some remarkable results which have significant role
during the construction of the main results of this paper.
Elements of the theory of row-column determinants are given
in Section 2.1, determinantal representations of the Moore-
Penrose inverse and of the general solution to the quaternion
matrix equation AXB = Cand its special cases are considered
in Section 2.2, and the explicit determinantal representation
of the general solution to (3) previously obtained within
the framework of the theory of row-column determinants
is in Section 2.3. The main results of the paper, namely,
explicit determinantal representation formulas of the general,
Hermitian, skew-Hermitian solutions to (4), are derived in
Section 3. In Section 4, a numerical example to illustrate
the main results is considered. Finally, in Section 5, the
conclusions are drawn.

2. Preliminaries

We commence with the following preliminaries which have
crucial function in the construction of the chief outcomes of
the following sections.

2.1. Elements of the Theory of Row-Column Determinants.
Due to noncommutativity of quaternions, a problem of defin-
ing a determinant of matrices with noncommutative entries
(which is also defined as noncommutative determinants) has
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been unsolved for a long time. There are several versions of
the definition of noncommutative determinant (see, e.g., [51-
56]). But any of the previous noncommutative determinants
has not fully retained those properties which it has owned for
matrices with commutative entries. Moreover, if functional
properties of noncommutative determinant over a ring are
satisfied, then it takes on a value in its commutative subset.
This dilemma can be avoided thanks to the theory of row-
column determinants.

Suppose S, is the symmetric group on the set I, =
{1,...,n}. Let A € H™". Row determinants of A along each
row can be defined as follows.

Definition 1 (see [32]). The ith row determinant of A = (a;) €
H™" is defined for alli = 1,...,n by putting

rdet, A=Y (-1)"7

o€S,

. (aiikl aikl ik1+l e aik1+ll i) e (aikrikrﬂ e aikr“r ik, ) 5 (5)
o= (”kllk1+1 ---1k1+11) (’k2’k2+1 ---1k2+12)
e (lk,lk,+l . lkr+lr) N

where i, < i < -

- < and i < i, forallt =2,...r
ands=1,...,1[.

Similarly, for a column determinant along an arbitrary
column, we have the following definition.

Definition 2 (see [32]). The jth column determinant of A =
(a;;) € H" is defined for all j = 1,...,n by putting

cdet;A = Z -0

T€S,
’ (ajk,jk,H, cee ajk,ﬂjk,) cee (ajjk1+ll cee ajklﬂjkl ajklj) > (6)
T= (]k,+l, .- -Jkr+11kr) e (Jk2+lz .- -Jk2+1]k2)

(gt - Frsrdi d)

where ji < ji, <o+ < ji and ji, < ji.sfort=2,...,rand
s=1,...,1.

So an arbitrary n x n quaternion matrix inducts a set
from n row determinants and » column determinants that are
different in general. Only for Hermitian A, we have [32],

rdet;A =--- =rdet,A = cdet;A =+ = cdet, A
(7)
€R,

which enables defining the determinant of a Hermitian matrix
by putting

det A := rdet;A = cdet;A (8)

foralli=1,...,n.

Its properties are similar to the properties of an usual
(commutative) determinant and they have been completely
explored in [32] by using row and column determinants that
are so defined only by construction. We note the following
that will be required below.

Lemma3. Let A € H™". Then cdet;A” = rdet,A, rdet,A™ =
cdet;A.

2.2. Determinantal Representations of the Moore-Penrose
Inverse with Applications to Some Quaternion Matrix Equa-
tions. For introducing determinantal representations of the
Moore-Penrose inverse, the following notations will be used.

Leta :={a,...,oq} € {1,...,m}and B = {B;,..., B}
{1,...,n} be subsets of the order 1 < k < min{m,n}. A
denotes a submatrix of A whose rows are indexed by & and the
columns indexed by f3. So AY denotes a principal submatrix
of A with rows and columns indexed by . If A € H™"
is Hermitian, then |A[; denotes the corresponding principal
minor of det A.

LetLy, = {a:a=(a,....00), l <o <+ <oy <
n} denote the collection of strictly increasing sequences of k
integers chosen from {1,...,n} for all 1 < k < n. Then, for
fixedi € o and j € f, the collection of sequences of row
indexes that contain the index i is denoted by I, {i} = {« :
a € L,,, i € o} similarly, the collection of sequences of
column indexes that contain the index j is denote by J, ,{;j} =
(B:BeL,, jcpl.

Let a. be the jth column and a; be the ith row of
A. Suppose A ;(b) denote the matrix obtained from A by
replacing its jth column with the column b and A; (b) denote
the matrix obtained from A by replacing its ith row with the
row b. Denote by a; and a; the jth column and the ith row

of A*, respectively.

Theorem 4 (see [34]). If A € H™", then the Moore-Penrose

inverse AT = (a:j) € H™™ have the following determinantal
representations,

* * ﬁ
. Lpe,, 0 Cdet; ((aa), (a.j)),; ©)
a.. =
' Eper, 1AL}
% 1 \%
i Zach, (P ((an7); (ai'))a_ (10)
v Yeer,, IAAT]L

Remark 5. For an arbitrary full-rank matrix A € H™", a
column vector b € H™! and a row vector ¢ € H"" we put

cdet; (A°A), () = Y cdet; ((A"A), (b)),

BEJnli}
det(A"A) = Z |A*A|§ when r = n,
BETn
.,
rdet; ((AA*)j_ (0) = IZ { '}r det; ((AA” ); (c))“ ,
®e mm 7]

det(AA") = Z |AA*|7  when r =m.

e Im,m



Remark 6. First note that (A*)" = (A")*. Because of symbol

equivalence, we shall use the denotation A™ = (A")T aswell.
So by Lemma 3, for the Hermitian adjoint matrix A* € H™"
determinantal representations of its Moore-Penrose inverse
(A" = ((a)") € H™" are

Laer,, (jy T det; ((A*A)Jz (ai.))z

NS
(ei) = (o) = To, WAL
. p
(@) - % e ot < det; (A7), (a~j))ﬁ. 13)

B
2 ey, 1AA" g

Since the projection matrices ATA = P, = ( pi;) and
AAT=Q, = (q;;) are Hermitian, then p;; = pj; and q;; = q;;
for all i # j. So due to Theorem 4 and Remark 6 we have
evidently the following corollaries.

Corollary 7. If A € H™", then the projection matrix P, =
(Pij)uxn has the determinantal representations

 Zpe,, 0 Cdety ((A*A), (al))l;
Sper,, IA*Alj

Yaer, i 1det; (A"4), &),
Zoce[,),, |A*A|Z

Pij
(14)

>

wherea ; and a; are the jth column andith row of A*A € H™",
respectively.

Corollary 8. IfA € H"™", then the projection matrix AA" =:
Q4 = (Gij)mxm has the determinantal representation

Yael,, i) T det; ((AA*)]-_ (ii.))“
ZoceI,’m |AA* |Z

qij =

. B (15)
 2pey, i Cdet ((aA"), (a]))ﬁ

«|B
S e, A"

where &; and &;_ are the ith row and the jth column of AA™ €
mem.

Determinantal representations of orthogonal projectors
L, = I-A'Aand R, = I - AA" induced from A can be
derived similarly.

Theorem 9 (see [3]). Let A € H™", B € H™*, C € H™" be
known and X € H™" be unknown. Then the matrix equation

AXB=C (16)

is consistent if and only if AA'TCB'B = C. In this case, its
general solution can be expressed as

X =A'CB" +L,V+WR,, 17)
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where V,W are arbitrary matrices over H with allowable
dimensions.

Theorem 10 (see [35]). Let A € [H]:TX", B ¢ I]-I]::S. Then the
partial solution X = A'CB' = (x?j) € H™ to (16) has
determinantal representations,

. B
o Y pe,, i € det; ((ATA), (dﬁ-))ﬁ )
Xij = —>
Yper, , JAALL Yoer,  [BB[S
or
* A\ ¥
o Zaer,, i rdet; (BB, (d)) o
*ij = NT: w1
Ypey,, | Al Yooy BB
where
di=| ) rdet;((BBY), ('c“k‘))“] e W™,
| ael,, 4}
k=1,...,n,
i (20)
dh=| Y cdet ((A"A),@))f | 1™,
[ el

I=1,...,r,

are the column vector and the row vector, respectively. €, and
¢ are the ith row and the jth column of C= A*CB".

Corollary 11. Let A € H"™, C € H™ be known and
X € H™ be unknown. Then the matrix equation AX = C is
consistent if and only if AA'C = C. In this case, its general
solution can be expressed as X = A'C + L,V, where V is
an arbitrary matrix over H with an allowable dimension. The
partial solution X° = A'C has the following determinantal
representation,

o Lper, i cdet ((a*a), (e]))ﬁ

x;j Z (21)
Zﬁe]ky" |A Alﬁ

where € ; is the jth column of C=A"C.

Corollary 12. Let B € H*, C € H™ be given and X € H™"
be unknown. Then the equation XB = C is solvable if and only
if C = CB'B and its general solution is X = CB' +WRy, where
W is any matrix with an allowable dimension. Moreovet, its
partial solution X = CB' has the determinantal representation,

~ Y, () T det; ((BB*)J; (Ei.))a

X;; = — (22)
/ Yaer,, BB

where €, is the ith row of C = CB*.
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2.3. Determinantal Representations of the General Solution to
the Sylvester Matrix Equation (3)

Lemma 13 (see [3]). Let A € H™", B € H™, C € H™?,
D € H™, E € H™. PutM = R,C,N = DL, S = CL,,.
Then the following results are equivalent.

(i) Eq. (3) has a pair solution (X,Y), where X € H, Y €
HP>,

(i) RyR4E = 0, R,EL,, = 0, EL,L,, = 0, R.EL; = 0.

(iv) rank [A C E] = rank [A C], rank [B* D* E*] =
rank [B* D*], rank [§ E] = rank [§ 5], rank [§ E ]
=rank [§ 2]

In that case, the general solution to (3) can be expressed as

X = A'EB" - A'TCM'R ,EB" - ATSC'EL,N"DB'
(23)
~ —A"SVRDB' + L,U + ZRy,

Y =M'R,ED" + L,,S'SC'EL,N"

(24)
+Ly (V-S'SVNN') + WR,

where U, V, Z, and W are arbitrary matrices over H obeying
agreeable dimensions.

Some simplifications of (23) and (24) can be derived due
to the quaternionic analog of the following proposition.

Lemma 14 (see [57]). If A € H™" is Hermitian and idempo-
tent, then for any matrix B € H™" the following equations
hold

ABA)" = (BA),
(25)
(AB)" A = (AB)".

Since Ry, L, and L, are projectors, then by Lemma 14
the simplifications of (23) and (24) are as follows:

X = A'EB' - A'"CM'EB" - ATSC'EN'DB’
~ A'SVRDB' + +L,U + ZR,,
(26)
Y = M'ED' + P,C"EN" + L, (V - P,VQy,)
+ WRp,.

By putting U, V,Z, and W as zero-matrices, we obtain the
partial solution to (3),

X =A"EB" - AT"CM'EB' - A'SC'EN'DB', (27)
Y = M'ED' + P,C'EN". (28)

The following theorem gives determinantal representations of
(27)-(28).

Theorem 15 (see [45]). Let A € H:'I’X", B¢ I]-I]::S, Ce I]-I]:';Xp,
D € HT®, rankM = r5, rank N = rg, rank § = r;. Then the
pair solution (27)-(28), X = (x;) € H™, Y = (x40) € HP>,
to (3) by the components

)
(1) (2) 29)
_a 2
Yof =Vaf T Vs>
has the determinantal representation, as follows.
(i)
* B B
o Yper, i det; ((A7A), (d7)) (30)
ijo B re
Zﬁe[rlm |A A|£ Zael,z), |BB |(x
or
% A%
i Z(xer,z,,{j}rdetj ((BB ),; (di.))a 31
xi. = >
" Xper, AL Te, BB
where
B _ * (D)\* nx1
d‘j = |: Z r det; ((BB )j. (ek. ))a} e H™,
aEI,z),{j}
k=1,...,n,
(32)
=] Y cdet((ATA), ()] | €m™,
BeT nli}
I=1,...,r,
are the column vector and the row vector, respectively. e,(cl_) and

esll) are the kth row and the Ith column of B, = A"EB".
(i)

@)
Xij

e (85, () 69

S per,, A Al g, IMMYIZ Toc; [BB

q
t=1 (Piq Z(xel

where ef;) is gth row of E, == EB".

0= Y cdet((a%), (),
Bel,, i}

Y rdet, (M), ()"

o€l . {q}

1//24 = Z rdet, ((MM*)q. (c;l))): e H™,

a€l, ,{q}

5,m



(34)

. g
Tt Zper, 0 < dety ((AA) (s )) Sper, i <dety ((€7C), (e (3)))ﬁ "5
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are the column vector and the row vector, respectively. c(l) and

¢V are the fth row and the sth column of C, = A* CM .
(iii)

(35)

.xij
2pe,,

where s'! is the tth column of S, = A*S, eF;)
of E; := C'E, and

is the fth column

ng= », rdet;((BB"), (¢F))
ael,, ,{t}
= Y cdet (NN, (¢5)],
Be, el f)
&= det, (N'N) , (d)) | e w™,
! _ﬁe%{f}c oty (NN, (4)), (36)

k=1,...,r,

G=1 ) rdetj((BB*)j‘ (d}”))Z} e H™,

oceI i}

o
I=1,...,s,

are the row vector and the column vectot, respectively. dfi) and
dl(.l) are the kth column and the Ith row of D, = N*DB".
(iv)

# B
Zﬁélrs,p{y} cdet, ((M M)‘g (d?))ﬁ

W _ (37)
y
Y Vg IMMIS Y, DD
or
* [+4
S0 2 Yaer, i T dety ((0D%), (dlgv'[))“ (38)
af — * * |
Yses,, IM M|§ Yaer,,, DD*[
where
d7=| Y rdet; ((DD7), ()] | e,
| a€l, q1f}
k =
] (39)
A=Y cdet, (MM), ()] | e ™,
| BEs plg}

|A*AIL Ye, IC*Cl4 Yacr,, IN“NI3 Yo, IBB*

>

are the column vector and the row vector, respectively. e](f) and
eFf) are the kth row and the Ith column of E, .= M"ED".
)

Y
Y11 Yper, o1 ety ((878) 4 (51)) s

@ (40)

y ,
T Spey, 18°85 Vg 1CCI Y ey INNYI
where
§r= Y rdety (NN'), ()]
acl ,{t}
= Y cder((C0), (¢))]
BeT,, pit}
C = det, ((C*C), (e2))} | e 1™,
" _ﬁebzw{t}c (el ))ﬁ] e (4)

k=1,...,q

¢I}I = Z rdet; ((NN* )f. (el(5))):] c WL,

| o€l g1}

I=1,...,p,

are the row vector and the column vector, respectively. e_(,f) and
el(_s) are the kth column and the Ith row of E; = C'EN™.

3. Determinantal Representations of
the General and (Skew-)Hermitian
Solutions to (4)

Now consider (4). Since for an arbitrary matrix A it is evident
that P,. = (A*)'A* = (AA")* = Q,,50Q, = P4, L. =
I-P,. =1-Q4 = Ry, and Ry = L. Due to the above,
M=R,Band N=B"L,- =B*R, = (R,B)" = M", and we
obtain the following analog of Lemma 13.

Lemma16. Let A € H™", B € H™*, C € H™™ Put M =
R,B, S = BL,. Then the following results are equivalent.

(i) Equation (4) has a pair solution (X,Y), where X ¢
ann Y ¢ Hkxk
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(ii) R,R,C = 0, R ,CR;, = 0, CRzR,, = 0, R;CR,, = 0.
(iii) QuR,CQp = R,C, QzCR,Q,, = CR,,.
(iv) rank [A B C] = rank[A B], rank[§ ] =

rank [ 4 2 |, rank [B S ] =rank [§ 2
In that case, the general solution to (4) can be expressed as
follows:
X=A'CA"" - A'BM'CA*"
- A'sB*TcM*TB*A™T - ATSVL, B AT
+L,U+ZL,, (42)
Y =M'CB*" + P.B'"CM*' + L,, (V- PgVP,,)
+ WL;.

where U, V, Z, and W are arbitrary matrices over H with
allowable dimensions.

By putting U, V, Z, and W as zero-matrices with compat-
ible dimensions, we obtain the following partial solution to

4),

X =A'ca*" - ATBMTcA™'
(43)
- A'SB'fCcM*'B*A™T,

Y =M'CcB*" + PB'CM™". (44)

The following theorem gives determinantal representations of
(43)-(44).

Theorem17. Let A € H"", B ¢ I]-l]:ij, rank M = r;, rank S =
r4. Then the partial pair solution (43)-(44) to (4), X = (x;j) €
H™", Y = (y,,) € H**, by the components

— @ ®3)
Xij =X =X =X
1 (2) (#5)
_.a 2
Ypa = Vog * Vpg>
possesses the following determinantal representations:
(i)
% o
(1) _ Z(XEI,IY"{]'} rdetj ((A A)] (vi'))“
X = 2 (46)
(ZLXELM |A*A|oc)
or
> det; ((A°A), (v,));
(1) &Be iy €9t i\V-i))g
xij = > (47)

(Zpes,, |A*A|§)2

7
where
A\ cdet; (A*A)i C.(sl) 5] c Hlxn,
_ﬁe%{i} ( ' ( ))ﬁ (48)
S = 1, N,
i = det; ((A*A). (¢ “« c anl,
h -"‘E%{j}r o (A7), (< ))“] (49)

f=1L...,n

are the row vector and the column vectot, respectively; c_(sl) and
c?) are the sth column and the fth row of C; = A*CA.
(ii)
% ~ \\ O
el Z(xer,m{j} rdet; ((A A),; (‘/’i.))a

1] 1B 2 "
(Sper,, IAAL) Toey,, IMMC:

> (50)

where ¢, is the ith row of ® = ®CA and ® = (¢y,) € H"™ is
such that

big = Z cdet; ((A*A).i (ﬂf))ﬁ

BeTy il

= Y rdet, (M), ()]

o€l .{q}

(51)

I, mid}

1724 = |: Z rdet, ((MM*)q. (bi}))):] e H™,
f

11;_l = |: Z cdeti((A*A)_i (b(j)))ﬁjl e H™™,
Belrail

are the column vector and the row vector, respectively. b}%) and
b('(il)) are the fth row and the sth column of B, = A"BM" and
<, Zi:)he qth row of C, = CA.

3)

xi]

B 2 ey, 10y € det; ((a*A), (o j))ﬁ (53)

- A BV B p’
(Sper,, IATALE) Sper,, IBBIS S ey, IMMC[§

where 0 ; is the jth column of Y = A*SY, the matrix Y =
(vy)) € H" such that

vor (= WA
v = ), cdet,((B B)‘p(c‘j))ﬁ’ (54)
Bel,x(p}



where € ; is the jth column of C = B*CD* and ®* is Hermitian

adjoint to ® = (¢;,) from (51).
(iv)
* B\\B
w_ Zgeratp) ety (M'M), (de))ﬁ (55)
pg % % b
zﬁE]r3,k |M M|§ zoce],zyk |B Blz
or
* M)\
1) _ Z“EIrzyk{g} rdetg ((B B)g (dp ))“
ypy - wnn B ro (56)
Yo, MMl Yoc;  1B*BIg
where
B = * @\\* kx1
d, = |: Z rdet, ((B B), (cq. ))‘x] e H™!,
aEI,z)k{g}
q = 1) L) k)
(57)
M _ * @\)\# 1xk
d, = |: Z cdet, ((M M).p (c.l ))ﬁ} e HY,
Bel i ip}
I=1,...,k,

are the column vector and the row vector, respectively. c(;) and

c(l4) are the qth row and the lth column of C, := M*CB.
)

« — \\A
zﬁél,4,k{p} cdet, ((S S).p (w.y))ﬁ

Zﬁe]’l}v" |S*S|£ Zlgejrz,k |B*B|£ Z(XEIryk |M*M|z

@

Ypg = (58)

% o
M _ pYED Y 12/3e]r1 g cdet; (A"A); (a ))ﬁ G szelrm{j}rdetj ((A A)j, (at.))“
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where Q = $*SQ and Q =

Wy = Z Cdett ((B*B).t (dl\;))f;

BEJ,, it}

Z rdet, ((M*M)g_ (d?)): ,

“6173,k{g}

(wtg) such that

d=| Y rdet,((M'M), (Cif))):} € W™, (59)

“61r3 k{g}

d’=| ) cdet,((B'B),( ““”))i} e 0V,

L BT kit

*)

are the column vector and the row vector, respectively. c,(;’ and

c.(;l’*) are the qth row and the Ith column of C; = M"CB.

Proof. The proof evidently follows from the proof of
Theorem 15 by substitution corresponding matrices. For a
better understanding more complete proof will be made in
some points, and a few comments will be done in others.

(i) For the first term of (43), X, =ATc(A") = (x(l)) we
have

(1) Zzazlcltat] . (60)

I=1t=1

By using determinantal representations (9) and (13) of the
Moore-Penrose inverses A” and (A*)T, respectively, we obtain

(61)

X,

Suppose e; and e are the unit row vector and the unit column
vector, respectively, such that all their components are 0,

X S gy 0 et ((A"A) () Toer,

ij *
er,, [A"Al Y, | |ATAl

except the /th components, which are 1. Denote C, := A*CA.
Since Y,") Y1) afcuay, = c ), then

jrdet; ((A*A)j, (65.)):

©)
ZOCEI”" |A*A|‘x Zl;e]rl,n |A Alﬁ
If we denote by the sth component of a row vector v; = [v;,...,V;,], then
: * B S * x
Z Z cdet; ((A"A), (e.f))ﬁ Y Sve Y rdet; ((A"4); (e,)),
f=1 e, ul (63) =1 ael, ,{j} (64)

= ) cde ((a*A), (c(:)))f;

BET, i}

- Z rdetj((A*A)j.(Vi.)):‘

a€l, . {j}

11
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Further, it is evident that } g, |A*A|£ = Yo |ATALS,
rin rin

so the first term of (43) has the determinantal representation
(46), where v; is (48).
If we denote by

=Y T rde (a4, (e.)),

“EIrl,n{j}

— Z r det; ((A*A)Jz (C}l))):

ael, {j}

1M

(65)

the fth component of a column vector v; = [v;,...,v
then

Y 3 cde(n o))

1 Bel,, i}

nj])

* *\\ B
Zﬁe Jonfit © det; ((A A)‘i (a.z )) B blp ZaEI,S)m{q}

- Z cdet; ((A*A)‘i (VJ))i ’

B, i}
(66)

So another determinantal representation of the first term of
(43) is (47), where v;is (49).

(ii) For the second term ATBMTCA™" =
(43), we have

XZ—(x )) of

(2) T N
lb,pmpchta:j . (67)

525

I M§
LM§

Using determinantal representations (9) for the Moore-
Penrose inverse A", (10) for M' = (m ), and (13) for (A*)T,
respectively, we obtain

rdet, ((MM* )q. (m;)):

th Zoce[,l At
X

Sper,, AAL | Ter,

. rdetj ((A*A)j, (at‘ )z

Suer IAAT,
Further, thinking as above in the point (i), we obtain

Y cdet; ((A"A), (al))ﬁblp

1 Be),, i}

> rdet, (MM"), (m;))"

138

rymiq}
= Z Cdeti((A*A)_i(nZI))ﬁ
BeJ, wli}

=Y rdet, (M), ()"

a€l,, ,,{q}

r3,m

big = i Z,:

I=1 p

(69)

where

nx1
eH™,

Z rdet, ((MM*)q. (b;l.)))“

(04
a€l,, . {q}

r3,m

M
My =

k
szl Ziz1 2pes,

x® —

j cdet; ((A"A), (S.(;)))l; 3 pe,, ipp cdet, (B'B) , (cf )) %

IMM* [y
(68)

=] Y cdey((a%4),(60))) | € WO
BTy, i}
s=1,...,m,

(70)

are the column vector and the row vector, respectively. b%)

and b" are the fth row and the sth column of B, = A*"BM".
Construct the matrix ® = (¢,,) € H™ such that ¢,, are

obtained by (69), and denote ® := ®CA. Since

S e Y rdet ((A°A), )"

q=1t=1 ael, . {j}

TN

= Y rdet;((a°4), (&))"

ael, . {jt

(71)

where ¢, is the ith row of @, then we have (50).

(iii) For the third term ATSBTCM*"B*A*T = X, = (x(3))
of (43), we use the determinantal representation (9) to A'and
(B)". Then by Corollary 11 and taking into account the fact
that M*"B*A*" = (ATBM")*, we have

’J

« 1B\ .y 1B
(Sper,, 1A°ALL) Sger, BBl S, | IMM[f

(72)
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where SF;) is the pth column of §; = A"S, c(f ) is the tth
column of C; = B'C, ¢;; is the tjth entry of ®" that is
Hermitian adjoint to ® = (¢;,) from (51). Denote C;@* =
B*C®* = C. Then,

S Y cder, (8°B), ()4

t=1 peJ,, kip}

= Y cdet, (B°B),,(¢))))

BeT, kip}

(73)

Construct the matrix Y = (vpj) € M such that

. NN
V= ), cdet,((B B), (C‘j))ﬁ : (74)
BeJ,ilp}
Denote S,Y = A"SY = Y = (;;) € H"™". Since

T cden((a°), (4o

- Z cdet; ((A*A).,. (51))2 ’

BeT nli}

(75)

it follows (53).

(iv) Due to Theorem 10 and similarly as above for the
first term Y, = M'CB*' = (y;};) of (44), we have the
determinantal representations (55) and (56).

(v) Finally, for the second term Y, = PSBTCM*’T =( y‘f;)
of (44) using (14) for a determinantal representation of Pg,
and due to Theorem 10 for B'CM ™, we obtain

k « . V)P
= Y pe,,cip) € det, ((8°8),, (S.r))ﬁ Wi 76)
Ypg = P
" Eper 178l X e, 1B Bl Tey, , MM
where ¢, are
. B
Wiy = Z cdett((B B), (d.l\;))ﬁ
Bel, it}
(77)
= z rdetg ((M*M)g_ (df))a ,
oceI,S’k{g}
M _ * (4,%)\\* kx1
d.g - [ Z rdetg ((M M)g. (Cq. ))a:| eH™ >
oceI,S,k{g}
q=1,...,k
(78)

df = [ Z cdett((B*B).t (c(f*)))ﬁl e Uk,
Bel, i)

are the column vector and the row vector, respectively. c(q‘_l’*)

and c‘(f’*) are the gth row and the Ith column of Cj := M*CB.

Abstract and Applied Analysis

Construct the matrix Q = (w,,) € H** such that w,, are
obtained by (77), and denote Q = $*SQ. Since

Y Y cdet, ((5°S), (st))ﬁ Wy

t=1eJ,, ip}

=y cdetp((S*S).p(cB.g))ﬁ,
Bel i ip} 4

(79)

it follows (58). O
Due to [24], the following lemma can be generalized to H.

Lemma 18. Suppose that matrices A € H™" and B € H™"
and C € H™™ are given with C = C* = (-C"). Then when (4)
is solvable, it must have Hermitian (skew-Hermitian) solutions.

The general Hermitian solution to (4) can be expressed as
X = (1/2)(X + X*), Y = (1/2)(Y + Y*), where (X,Y) is an
arbitrary solution to (4). Since by Lemma 18 the existence of
Hermitian solutions to (4) needs that C is Hermitian, then

X*=AT'ca*" - A'Tcm*'B*A*"
~-A'BM'CB*Ts* AT, (80)
Y* =B'cM* + MTCB*'Pq.

It is evident that the determinantal representations of X =
(5E,~j) and Y = ()Zj) can be obtained as 5Eij = (1/2)(x,~j + x_ji)
foralli,j=1,...,nand y,, = (1/2)(y,, +¥,,) forall p,g =
1,...,k, where x; i and Vpg aTE determined by Theorem 15 and

— _ (D (2) (3)
Xjj =Xy =Xy =X

o (81)
- (6] )

_ 2
Yap = Yap T Vap-

Moreover, xg.') for all y = 1,2, 3 has the following determi-
nantal representations.

) x) = xf).
(ii)

* Tk ﬁ

ey zﬁel,l,n{j} ¢ det; ((A A).i (‘/5]))1;

@ _ = . @)
(Zpe,, 1AALG) Tpe,, MM

ji

where ¢ ;is the jth column of ®" = A*C®" that is Hermitian

adjoint to ® from the point (i) of Theorem 17, and ®* =
(</>{;k i) € H™ is such that

Y rdet;((a%), (63)),

ael, o{j}

= Z cdet, ((MM*)‘q ((?))ﬁ ’

Bery mia P

* p—
¢qj -

(83)
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Qo] Y e (), (bf}’*)))ﬁ]
| B€lismiq) B

f=1L...,n,
(84)

S rdetj((A*A)j‘ (bS’*)))Z} e H™™,

_oceI i}

T1n

s=m,...,1,

are the row vector and the column vector, respectively. b.(}’*)

and b{") are the fth column and the sth row of B = MB*A.
(iii)
NE)
x5
Zaez,m{j} rdet; ((A*A)j, @ ))a (85)

2 b
A*ALS) Sger,, IB°BIE Xpey, MM

(Z(xel

.M

where ¥ is the ith row of Y = Y*S*A, the matrix Y* =
(v:p) € H™* such that

U = Z rdet, ((B*B)p (ej))z (86)

a€l, 1 {p}

where € is the ith row of C* = ®CB, and @ is obtained by
(51).

Similarly, E for all § = 1,2 has the following determi-
nantal representations.

(i)
% B «
W ) thelrs,k{g} rdet, ((M M)g. (dP‘))a
gp — % « *
Yucer, o IM"MIS Y., IB*B;
. (87)
B Zﬁehz,k{P}CdetP ((B B)-P (d-g))l;
Zm@k IM*M[* Zﬁe,,z,k |B*BI§
where
B _ * 4,9)\\B 1xk
d, = |: Z cdetp((B B).P(c.q ))ﬁ} e H™,
Bel, kip}
q=1,...,k
(88)

dZ[ = |: Z rdet, ((M*M)g. (cl(4*)))::| e HF,
aEI,&k{g}

I=1,...,k

are the row vector and the column vector, respectively. c.(;;’*)

and cl(_4’*) are the gth column and the /th row of C; = B*CM.
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(ii)
@
Yap
* ~\\* (89)
~ Za61,4,k{p} rdet, ((S S)P‘ (wg.))“
Zaefw |S* S| Z,;e,w IB*Blfé Zadw IMM*|*
where @ = Q*$*Sand Q* = (w;t) such that
* * B B
Wy, = z cdet, ((M M).g (d_t))ﬁ
ﬁelryk{g}
* 24
= Z rdet, ((B B), (df))“ ,
“€Ir2,k{t}
d’ = Z r det, ((B*B)t‘ (cf;)))z e Y,
a€l,, i {t} (90)

q=1,...,k

& = [ Y cdety (M™M),, (cff)))ﬁ] e H™,
ﬁE]r3,k{P} p

I=1,...,k,

are the row vector and the column vector, respectively. c.(g)
and cl(_4) are the gth column and the /th row of C, :== M*CB.

Remark19. By Lemma 18, if C = —C" and (4) is solvable, then
ithas skew-Hermitian solutions. The general skew-Hermitian
solution to (4) can be expressed as X = (1/2)(X - X"),
Y = (1/2)(Y - Y*), where (X,Y) is an arbitrary solution to
(4). So due to the above one we can obtain corresponding
determinantal representations of skew-Hermitian solution.

4. An Example

In this section, we give an example to illustrate our results.
Let us consider the matrix equation

AXA" + BYB" = C. (91)
where
[—j+k 1+i
A= ,
| 1+i j-k
K]
B= , (92)
| 2+1 |
]
C:
__1 k-
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Since det A*A = det [;{ _ik] = 0, then rank A = 1, and,

evidently, rank B = 1. By Theorem 4, one can find

AT:l[j_k 1—i]

311-i —-j+k

BT:;[1+k 2-i], (93)
05+j-k
)
8 11+i-0.5

and S = 0. It is easy to check that (91) is consistent. First, we
can find the solution to (91) by direct calculation. By (43),

X=A'ca*" - A"TBM'cA*" - ATSB'TcM™'B*A™"

1 [-2+4i+3j—-4k -2-3i+2j+2k

72 | 4-3i+4j-2k —2—4i—3j—4k] (94)

0 L 2 — 4i - 3j + 4k 2+3i—2j—2k]
C 72| —4+3i-4j+2k 2+4i+3j+4k]’
and by (43) Y = M'CB*' + PsB'CM™' = (1/63)[-4 + 8j +
10k].

Now, we find the solution to (91) by determinantal
representations. So,

1 i
MM*:g[ J],
4

_j 1
-1+i j+k
C,=CA=
itk 1-i (95)
B, = A"BM"
1 [6—2i+j+7k —1—7i+6j—2k]
S 2|-7-i-2j+6k 2-6i-7j-k |
Since
@ =3-1+0.55 + 3.5k,
(96)
@1, = —0.5-3.5i +3j - k,
and (35, |A*A|§)2 =64, Yocr,, IMM'[] = 4.5, then
X1
~(6-2i+j+7k) (=1 +1) + (-1 -7i+6j - 2k) (j + k)
T 288 7)

So x,, obtained by Cramer’s rule and the matrix method (94)
are equal.
Similarly, we can obtain for all x;;, i, j = 1,2 and y;;.

Abstract and Applied Analysis

5. Conclusions

Within the framework of the theory of row-column determi-
nants, we have derived explicit determinantal representation
formulas (analogs of Cramer’s rule) of the general, Hermitian,
and skew-Hermitian solutions to the Sylvester-type matrix
equation AXA® + BYB* = C over the quaternion skew
field. To accomplish that goal, we have used determinantal
representations of the Moore-Penrose matrix inverse, which
were previously introduced by the author.
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